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Abstract. In this paper we prove existence and L1 stability of travelling waves for a
class of second-order nonlinear parabolic equations in divergence form. As a consequence
of the previous result, we get stability in the L°° norm of travelling waves for a class of
fully nonlinear second-order equations.

1. Introduction. In this paper we investigate the asymptotic stability of travelling
wave solutions to the equation

vt+F{v,vx)x = 0, (1.1)

where v = v(x,t),x £ 1,( > 0 and F: R x M —+ R is twice continuously different iable
and satisfies

(HI) Fm{p, M) < —a for some a > 0, for any (p, M) elxl;
(H2) Fmm{p, M) > 0 for any (p, M) eMxR.

A large literature has been devoted to the study of stability for scalar viscous conservation
laws, i.e., for F(p,M) — f(p) — M (see, for example, [1058, GJK93, MN94, Ser99] and
the references therein).

Concerning results in the L1 norm, the first one was obtained by Osher and Ralston
[OR82]. Imposing the restriction that the initial data is a perturbation of the travelling
wave that does not exceed its profile, they proved that the corresponding solution of the
viscous conservation law converges in the L1 norm to the travelling wave as t —> +00.
The proof is based on the semigroup properties of the equation. The same result was
later proved by Serre [Ser99] in generalized form.

In [FS98] the restriction on the perturbation of the initial data made in [OR82] was
removed. The key step here is to prove the stability in the case of a constant travelling

Received October 3, 2000.
2000 Mathematics Subject Classification. Primary 35K55, 35B35.
E-mail address: camilli@ing.univaq.it
E-mail address: molinari@dm.unito.it

©2002 Brown University
533



534 FABIO CAMILLI and MANUELA MOLINARI

wave. Then this result, together with the semigroup properties of the equation, allows
us to control the behaviour of the part of the initial data exceeding the profile of the
travelling wave.

Recently, using a similar technique, some stability results for a system of conservation
laws coming from relaxation have been obtained in [MN96, Ser98].

The aim of this paper is to extend the result of [OR82], [FS98] to the case of Eq. (1.1).
We will adopt the technique used in [Ser99, FS98].

We first prove existence of a travelling wave solution to (1.1), making use of conditions
analogous to the Rankine-Hugoniot condition and the Oleinik entropy condition for scalar
conservation laws. Then (Sec. 2) we prove stability of the asymptotic profile under the
Osher and Ralston condition on the initial data. The final step is to remove the restriction
on the initial data and this will be done in Sec. 3. In this part a crucial role is played by
hypothesis (H2), which allows us to control the nonlinear second-order term.

In Sec. 4, employing the well-known relation between conservation laws and Hamilton-
Jacobi equations, we show that the L1 stability of travelling waves for conservation laws
is translated into L°° stability of travelling waves for fully nonlinear equations of the
type

Ut -I- F{ux^uxx^ — 0.

In the appendix we prove a lemma that allows us to control the number of zeros of a
solution of Eq. (1.1).

Acknowledgments. The authors would like to thank Professor P. Marcati for having
suggested to them this problem and for his continuous support.

2. Stability under Osher-Ralston assumption. Equation (1.1) generates a semi-
group as in the case of viscous conservation laws. For an initial data vq(x) we denote
by S(t)vo(x) the solution to (1.1) at time t. Then {5(<): L°°(IR) —> L°°(M.);t > 0} is a
semigroup satisfying the following properties:

(PI) (Regularity). If vo £ L°°(R), then S(t)v,o(x) is regular for all t > 0.
(P2) (Comparison). If vq < uq a.e., then S(t)vo < S(t)uo a.e. for all t > 0.
(P3) (Conservation). If «o ~ "o € -^(R), then for all t > 0, S(t)vo — S(t)uo £ -LJ(R)

and f*™{S(t)v0 - S{t)u0}dx = J*™{v0 - u0}dx.
(P4) (Contraction). If v0 - u0 e LJ(R), then ||S(t)v0 - ^(^uoIIl^r) < ||v0 - "olli^R)

for all t > 0.
While (P2)-(P4) are easily obtained employing the divergence structure of the equation,
(PI) comes from regularity results for fully nonlinear second-order equations (see, for
example, [VH69, Don91, Wan92]). Now we study existence of a travelling wave, i.e., of
a solution of the type f(x,t) — ip(x — st), for (1.1)

Proposition 2.1. Let v+ / v~ and v+ < v~. Set

<=F(,-.0)-F(»-,0) (21)
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and assume that F satisfies

s < F(v,0)-F(v ,0) for all v e („+„-). (2.2)
v — u-

Then there exists a (unique up to a translation) travelling wave solution ip of (1.1)
satisfying y?(±oo) = vn, with speed s given by (2.1).

Proof. We look for a solution of (1.1) in the form v{x,t) = ip{x — st). Then we get
the ordinary differential equation for the function <p,

-sip' + F(ip,<p')' = 0.

Integrating the previous equation between — oo and x, we obtain

-sip + F(<p, tp') = q, (2.3)

where

q = — sv~ + F(v~, 0). (2.4)

Passing to the limit as x —» +oo in (2.3) we have

-sw+ + f>+,0) = q, (2.5)

that, together with (2.4), gives (2.1). Existence and uniqueness of a local solution to
Eq. (2.3) follows by (HI). Conditions (HI) and (2.2) imply that this solution is strictly
decreasing. Finally, (2.4), (2.5) give the conditions at infinity <^(±oo) = v±. □

Remark 2.2. Conditions (2.1) and (2.2) can be seen as a generalization of the
Rankine-Hugoniot and, respectively, of the Oleinik entropy condition for fully nonlin-
ear equations.

Let v be the solution of (1.1) with an initial data vq that does not exceed the profile
of the travelling wave. We will show that the w-limit set of v(x, t) is attractive in L1 and
reduces to a single element that is a translation of the travelling wave.

Theorem 2.3. Let ip be a travelling wave solution of (1.1) with y>(±oo) = v± (u+ ^ v~
and v+ < w-). Then for any function vo € ip + ip, V* 6 ^1(®)> such that

vq(x) G [inf ip,sup</?] for all x € K, (2.6)

the solution v of (1.1) with initial data vo satisfies

lim IH',0 - <p(- - st + <J)||li(r) = 0,
t—» + OO v '

where

/+,!°{^o(a:) - ip{x)}dx6 = 1 — (2.7)
v+ - v~

Proof. We assume that s = 0, i.e., ip(x,t) = <p(x), since we can always reduce to this
case by changing variables.

We first observe (see Lemma 2.4) that it is not restrictive to assume the initial data
to be in between two translations of the travelling wave, i.e.,

ip{x + a) < Vo(x) < <p(x + /3) for all x £ R

for some a, f3 £ R.
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Hence, the comparison property (P2) implies

ip(x + a) < v(x, t) < ip(x + (3) for all i£R, t > 0.

Define

w(x, t) = v(x, t) — <p(x).

Then

(p(x + a) — (p(x) < w(x, t) < <p(x + (3) — tp(x).

Since <p(- + a) — </?(•), (p(- + /3) — </?(•) € i'1(K), ||ui(■, t) ||z,i(R) is uniformly bounded for
any t > 0. Moreover, by the contraction property (P4), it follows that

IH' + M)IIli(r) < K- + M)-*>(-,i)||Li(R) + IM- + M
< ||«o(- + h) - ^(OIUhk) + IM" + h) — ̂(OIIl^r)
< ||<p(- + h) - v^OIU^R) + ||?/>(- + h) - ^(OlliMR)

+ \W(' + h) — </'(-)||ii(R) —> 0 as h —> 0.

Therefore {w(-,t)}t>0 is also equicontinuous in L1 and the Riesz-Frechet-Kolmogorov
theorem [Bre83] implies that it is relatively compact in Denote by Bs the set of
accumulation points of {u>(-, t)}t>s- By compactness, Bs is not empty and, since

a=<p(x)+pi bs
s> 0

is the intersection of a decreasing family of not empty compact sets, it is not empty.
The set A is invariant under the semigroup S, since if a £ A, then a = limn^+00 v(tn)

implies that S(t)a = limn^+00 S(t)v(tn) = limn_+00 v(t + tn) e A. Finally, the semi-
group S is surjective on A and, by the regularity property (PI), the elements of A are
regular functions.

For any k G K fixed, the function

t !-> \\V(; t) - (p(- - fc)||Li(R) (2.8)

is decreasing because of (P4). Therefore, it admits a limit c{k) for t —^ +oo. Take a £ A
and let {tn} be such that

lim ||u(*,£«) —a(-)llz-i(R) = (2-9)
n—>+oo

Then (2.8) and (2.9) imply

IK') - ¥>(' - fc)||Li(R) = c{k). (2.10)

We claim that

a(xo) = <p(xo — k) implies a'(xo) = <p'{xq — k). (2-11)

Assume that the claim is true. Let k(x) be a function such that a(x) = ip(x — k(x))
for any i£l. Since f is strictly decreasing and smooth and a(x) is smooth, then k(x)
is well defined and smooth. By construction, a(x) = <p(x — k(x)) and by (2.11), we have

tp'(x — k(x))k'(x) = 0.
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Then fc'(x) = 0 for any and therefore

a(x) = tp(x — k),

i.e., the attractor reduces to {<£>(x — k)}. The final step is to show that k = —6 with 6
given by (2.7). By the conservation property (P3) we have

0— lim {f(x, tn) — Vo(x)}dx = {ip(x — k) — vo{x)}dx,
JR *-»+<» JR

and therefore,

/ {ip(x — k) — (p(x)}dx = — {f{x) — vo(x)}dx. (2-12)
J R J R

On the other side,

f {<p{x - k) - y(x)}dx = -k(v+ - v~),
J R

which, together with (2.12), implies

k _ f~™ivoW ~ V>{x)}dx _ ^
v+ — v~

Since the family {w(t)}t>o is relatively compact in Ll(R), it converges as t —> +oo and
therefore

lim ]|v(-,0-^(- + ^)IIli(R) =°-
t—»+oo V '

To complete the proof of the theorem, we have to show the claim (2.11). Set

3 = S(t)a - <p(- - k),

u = S(t)a.

Since ip verifies Eq. (1.1), we have

Zt + {F{u, ux) - F(ip, yx)}x = 0.

Multiplying the previous equation by sgnz and integrating with respect to x, we get

d
dt / \z(x,t)\dx = - / {F(u,ux) - F(ip,tpx)}xsgazdx.

J R J R
Recalling (2.10) and since A is invariant, we have ||^:||/,i(®) = ||<S(t)a — <p{- — /c)||li(r) is
constant and therefore

- / {F{u,ux) - F(tp, ipx)}xsgnzdx = 0. (2.13)
JWL

Set Je(r) = y/e2 + r2. From (2.13) it follows that

0 = lini / iF(u>u*) ~ F(<P' Vx)}xJ'e{z)dxe~*°J R

= lim f {F(u,ipx) - F(tp,ipx)}xJ'e(z)dx (2.14)

+ lim / {F(u,ux) - F(u,<px)}xJ'e(z)dx.
R
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The first term in the previous equation vanishes. Indeed,

lim / {F(u, <px) - F(ip,ipx)}xJ'e(z)dx
R

= lim [ ( [ Fp^du + (1 — y^)^^ zzx J"(z)dx.
£^°J{Uyiv} \Jo J

Observing that \z\J"(z) —* 0 as e —» 0 a.e. on {\z\ > 0} = {u / (p}, by the dominated
convergence theorem we get

lim / {F(u,ipx) - F(ip, tpx)}xJ'e(z)dx = 0.
R

Then integrating by parts the second term in (2.14), we get

lim [ {F(u,ux) - F(u,tpx)}zxJ"(z)dx = 0. (2-15)
E~^°J R

Let xo be such that z(xo) = 0 and take 7 > 0 in such a way that \z\ < s in (xo — 7£, xo +
75). Since J"(r) = jj(j), where j(r) = (1 + r2)-3/2, using (H2), we obtain

/
{F(u,ux) - F(u,ipx)}zxJ"(z)dx

R

< -a f \zx\2J"(z)dx
J R/R

j-x0+7£

/ |zx|2J"(z)cfa:
Jxo-7£

/*£o+7£
/ |zx|2j(l)dx -> -27aj(l)zx(x0)

J xo—^e

< —a

< I \zx\zj(l)dx —> -27a7'(l)z.r(xn) as e —> 0.
^ J Xq— 76

Hence from (2.15) it follows that

2X(£0) = 0.

In this way, we have proved that for all a € ^4 and for all k G R,

.z(xo) = 0 implies ^x(^o) = 0-

Taking £ = 0 in the previous formula we get the claim. □

Lemma 2.4. In order to prove Theorem 2.3, it is sufficient to assume that there exist
a, (3 € R such that

ip(x + a) < vo(x) < ip(x + f3) for all x £ R.

Proof. A similar lemma has been proved in [MN96], and we sketch it here for the
reader's convenience.

Let vo(x) = <p(x) + i[>(x) be the initial data, with ip G L1(R). By our assumption,
vq(x) e [inf f/?,sup</?]. Let {ipn}nbe a sequence of functions such that {ipn} G Co(®0
and

nii™[00 HV'n - V'IIlhr) = 0. (2.16)
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Set von = <p + ipn and denote by vn the solution of (1.1) with initial data VQn. Since von
satisfies (2.6), there exists a sequence {<$n}neN such that

lim |K('> t) — ip(- + i5n)||ti(R) = 0. (2.17)
n-^+oo v 7

The sequence {ip(- + <5n)}„eN is a Cauchy sequence in L1(K). Indeed,

IM- fin ) ~ + <^m) Hi1 (R) ̂  llv(" fin) ~ vn{'i t) Hi1 (M)
+ IK{-,t) - fm("! ^)||l1(R) + ||- <p{- + <5m)|Ul(R) 0 as U -> +OO, (2.18)

from the contraction property (P4), (2.16) and (2.17). Since

{ip(x + 8n) - ip(x + Sm)}dx = (Sn - 8m)(v+ - v~), (2.19)
/<J R

(2.18) implies that {£„} converges, as n —> +oo, to some limit 8 and

lim M- + <*n)-¥>(- + £)IUi(R) =°-
n—*+00 v '

Finally,

IK-,*) - <p{- + <s)IIli(k) < IK-,*) -^(-,*)IIli(r),
+ |K('> t) ~ tp(- + fin) || Lx(R) + ||^(" + fin) ~ <fi{- + <5)||l1(R) > 0 aS 11 —> +00.

□

3. The general result. This section is devoted to the proof of our main result.

Theorem 3.1. Let ip be a travelling wave of (1.1) with <^(±00) = v± (i;+ ^ v~ and
v+ < v~). Then for any function vq 6 </3 + L1(K), the solution v of (1.1) with initial data
vo satisfies

lim |K-,i)-<£(•-s* + <5)||Li(K) =0, (3-1)
t—> + OO '

where 6 is given as in (2.7).

We start stating a lemma that allows us to control the number of zeros of a solution
of (1.1) and whose proof will be given in the Appendix. We denote with the number
of elements of ft.

Lemma 3.2. Assume that vo{x) e C1(M) has only a finite number of zeros, say M, where
it changes sign. If v(x,t) is a solution of (1.1) with initial data Vq, then the number of
zeros of v(x ,t) where it changes sign is bounded by 2M for any t > 0.

Following [FS98], we first prove Theorem 3.1 in the case of a constant state wave;
namely, we suppose that the travelling wave <p is a constant function c (without loss of
generality, we assume that c = 0).

Theorem 3.3. For any function vq € L1(R) such that

vo(x)dx — 0, (3.2)
/J R
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the solution v of (1.1) with initial data vo satisfies

lim ||w(-, i)|Ui(R) = 0.
i—>+oo

Proof. Thanks to the contraction property (P4), we can suppose that vq e W, where
W is the set of Co°(M) functions having a finite number of zeros and where the function
changes sign and satisfies ||vo||l°°(R) < r for r > 0 and

lt'''o||/.US) SUP Ifp(p>°)I <
[—r,r]

where a is as in hypothesis (HI). We may also assume without loss of generality that
F(0,0) = Fp(0,0) = 0.

In order to estimate the L1-norm of v, we consider the function V defined by

V(x,t)= f v(y, t)dy.
J — OO

From the conservation property (P3) and (2.8), we get that V(x, t) —> 0 as x —> ±oc, for
any t > 0. Integrating Eq. (1.1) with respect to x, it follows that V satisfies the equation

Vt + F(Vx,Vxx) = 0.

Expanding F(p, M) with respect to the second variable at (Vx, 0) and using the concavity
assumption (H2), we get that

Vt + F{Vx,0) + FM(Vx,0)Vxx<0 (3.3)
for any x £ K, t > 0. Moreover, replacing V by V + ||V||/,<»(K), we can assume that
V > 0. Multiplying (3.3) by V and integrating with respect to x, we get

1 d
2 dt- f V2(x,t)dx+ I F(Vx(x,t),0)Vdx

f is J R

[ FAi(Vx(x,t),0)Vxx(x,t)V(x,t)dx < -a||u(-,f)|||/2(R), (3.4)
J R

<

where we used that if H(p) is a primitive of Fm(p,0), then by (HI), H(VX)VX < —aVx.
Now to estimate the L2-norm of v, we rewrite (1.1) as

vt + F(v, 0)x + {F(v, vx) - F(v, 0)}^ = 0.

Multiplying by v, integrating with respect to x, and using the assumption (HI), we obtain

1 d
2 dt / v2(x,t)dx = - / F(v(x,t),0)xv(x,t)dx

J R J R

- / {F(v(x,t),vx(x,t)) - F(v(x,t),0)}xv(x,t)dx
J R

= [ {F(v(x,t),vx(x,t)) - F(v(x,t),0)}vx(x,t)dx
J R

= J |y FM{v(x,t),'dvx(x,t))d'dvx(x,t)^ vx(x,t)dx

< —a / vx(x,t)dx < 0,
J R
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and therefore

2^"u('>*)"i2(R) - (^-®)

By the contraction property (P4),

II^(->£)I|l~(M) < ||w(-,t)||Li(R) < II^oIIl^R)
for all t > 0. Since ||uo||li(R) suP[-r,r] |Fp(p,0)| < a for ||wo||l~(r) < r by the assump-
tions, we have

f F(Vx(x,t),0)V(x,t)dx <||V(-,*)IU~(R) [ \F{Vx(x,t),0)\dx
J R J R

sup |Fp(p,0)|||uo||li(R) [ vl{x,t)dx < ^ [ v2x(x,t)dx. (3.6)
— r.rl J R ^ JR

1< -~ 2 ,
-r,r]

Then (3.4) and (3.6) imply

2^m^)iii2(R) ~
Estimates (3.5) and (3.7) yield

tUmoIK,,t)||i2(R)=° (3.8)

and

II^('^)I|l2(r) < ||^(-,0)||L2(R) for all t > 0. (3.9)

Since

V(x,t)2 = 2 f v(y,t)V(y,t)dy <2\\v{-,t)\\L2(R)\\V(-:t)\\L2{R),
J — OO

(3.8) and (3.9) imply

lim ||V(-, t)|Uoo(r) = 0. (3.10)
t—>+oo V

By Lemma 3.2, the number of zeros of v(•, t) where the function changes sign is uniformly
bounded for all t > 0, by 2M, for some integer M > 2. Then there exist 2M — 1 points
x\, ■ ■ ■, X2M-1 whh Xq = —oo, X2m = +oo, such that v(-,t) has no change of sign on
each of the intervals [xi, Xi+1], i — 1,..., 2M — 1. Then

r rxi+i
IK-.OIU'tR) = / \"{x,t)\dx= V / v{x,t)da.

Jr i=0 JXi

2M-1

= ^2 \v{xi+1 ,t) -V{xi,t)\
i=0

< 2(2M - 1)|| V(-, t)||(R) -> 0 as f -> +oo,

by (3.10). □
In the case of the viscous scalar conservation law, the proof that Theorem 3.1 follows

from Theorem 2.3 and Theorem 3.3 is purely based on the semigroup properties satisfied
by the equation. Since the same properties are satisfied by Eq. (1.1), the proof in [FS98]
also applies to our case and we refer to it for the details.
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4. Stability for fully nonlinear equations. Let us consider the nonlinear second-
order parabolic equation

lit -H F(ux, uXx) 0, (4-1)

where F is a twice continuously differentiable function verifying the assumptions (HI),
(H2). Examples of equations satisfying (HI), (H2) are the Hamilton-Jacobi-Bellman
equation of control theory (but in this case F is not regular), the following parabolic
equation describing the evolution of a graph in the plane

u2
Ut ~t~

1 + U%

and an equation of the type

ut + u2x - (1 + u2x)uxx = 0.

Other examples can be found in [Don91],
In this section, we will exploit the fact that if u is a solution of (4.1), then v — ux is

a solution of (1.1) to get stability results for perturbation of travelling waves of (4.1).
A function $(x,t) = $(x - st) that satisfies Eq. (4.1) is said to be a travelling wave

for (4.1). The following proposition gives the existence of travelling wave solutions to

(4.1).
Proposition 4.1. Let u+ < 0. Define s as in (2.1) and assume that F satisfies (2.2).
Then there exists a travelling wave solution $(x — st) of (4.1) such that $'(—oo) = 0,
<£'(+00) = u+.

Proof. Differentiating (4.1) with respect to x we get the equation

vt + F(v,vx)x — 0. (4.2)

Let tp be the travelling wave for (4.2) given by Proposition 2.1 with v~ — 0, v+ = u+.
Then ip verifies

-sip + F(ip,ip') - F(0,0) = 0. (4.3)

Therefore, we have

-s<p = F(ip, p') - F(0, ip') + F(0, ip') - F{0,0)

= F(ip, ip') - F(0, ip') + [ Fm{0, V W (4-4)
Jo

< F(ip,ip') - F(0,ip') - cap',

where a > 0 is given by assumption (HI). Then from (4.4) we get

i ffWi-noV), 1 (4.5)
a { ip J

Since ip is decreasing and (4.3) holds, using (HI) we have

-sip + F(ip, ip') = F(0,0) < F(0, ip').

Therefore, from (4.5), for any xq G R, there exists 7 > 0 such that

< —7<p < 0,
a
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for any x E (—oo,xo). It follows that

/x—st
f'(y)dy

-oo
j nX — st

< -7 / <p{y)dy < o.
® J—oo

Therefore, the function

is well defined and satisfies

<3>(:r /x—st <p(Z)d£
-OO

-s& + F(&,$")= 0

with the conditions at infinity $'(—oo) = 0, <3?'(+oo) = u+. Hence $ is a travelling wave
for (4.1). □

In the next theorem, we give the stability results for Eq. (4.1). The L1 result for (1.1)
translates into an L°° result for its primitive.

Theorem 4.2. Let $ be a travelling wave for (4.1). Then if uo = $ + where ^ is a
continuous function with € L1(K), the solution u of (4.1) with initial data uq satisfies

lim \\u(-,t)-<f>{--st + S)\\Loo{R)=0, (4.6)
t—> + 00 v '

where <5 is given by (2.7) or equivalently by

(u0(+oo) - u+) - u0(-oo)s = ^ ■
Proof. Let $ be as in Proposition 4.1 and observe that the function = <p is a

travelling wave for (4.2) satisfying </>(—oo) = 0, y(+oo) = u+. Set v0(x) = u'0(x) =
<&' + tp', and let v be the solution of (4.2) with initial data v$. Since vq satisfies the
assumptions of Theorem 3.1, it follows that

tii+oo iM'' ~ ~st+^)iUi(R) = °-

Then

u{x,t) = j ii(y,t)dy (4.7)
J — OO

and therefore we have

|u(:r,t) - $(x - sf+ 6)| < f {v(y,t)-<p(y-st + 6)}dy
J —OO

< [ \v(y,t) - <p(y - st + 6)\dy -> 0,
J R

as t —» +oo, for any x£l. □
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5. Appendix. Denote by dfl, Cl(fi), and Int(fi), respectively, the topological bound-
ary, the closure, and the interior of the set Q and by the number of elements of fl.
Let Hn be a smooth approximation of the Heaviside function in L:(R), such that

H'n —> 50 in the sense of measure, (5-1)

where So denotes the usual Dirac unit mass.
We first quote the following lemma from [Mar96].

Lemma 5.1. Let / £ C1(E) be such that

df~\0) = {ai,..., ajv}.
Denote by Af = (/')_1(0) and assume that

Cl(IntJS0na/-1(0) = 0.
Then

and

lim inf /n^+°° JR

[ dx < lim inf /
JK dx jw + oo JR

JJ R

dx < 2N

YxHnU{X)) dx

< 2

Moreover, if none of the zeros of / is a minimum point, then

dx = N.

dx.

lim
n—>+oo £*.</(*»

Proof of Lemma 3.2. Rewrite Eq. (1.1) in the form

vt + a(x, t)vx + b(x, t)vxx = 0, (5.2)

where

a(x, t) = Fp(v(x, t), 0) + (/ Fm(v{x, t),tfvx(x, t))di9

b(x,t) — f FM(v{x,t),dvx{x,t))dti.
Jo

Hn(x) = Hi(nx),

HiW = c f exp{ —[y(l - y)]+}~1dy,
Jo

where the normalizing constant c is chosen in such a way that -Hi(l) = 1. Multiplying
(5.2) by H'n(v), we have

(Hn(v))t + a(x,t)(Hn(v))x + b(x,t)H'n(v)vxx = 0. (5.3)

and

Define

with
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Since
[6(x, t) (Hfi (^) )xjx bx (*£> (-^n (^))a: ~t~ b^X^t^ i^Hji (v^xx

= bx(x,t)(Hn(v))x + b(x,t)H'^{v)vl + bH'n(v)vxx

= bx(x, t)(Hn(v))x + b(x, t) (^)2 (Hn(v))t

+ b(x,t)H'n(v)vxx,

from (5.3) we get

(Hn{v))t + (a(x, t) - bx{x,t))(Hn(v))x + {b(x,t)[Hn(v)]}x

-b(x,t)H';(v)(Hn(v))l(H^(v))-2 = 0. (5.4)

Differentiating (5.4) with respect to x, setting Vn = Hn(v)x and multiplying the resulting
equation by sgn Vn, we obtain

\Vn\t + {(a(x,t) - bx(x,t))\Vn\}x + (a(x,t) - bx{x,t))\Vn\sgii(Vn)x

+ (b(x,t)\Vn\)xx-b(x,t){Vn(sgnVn)x}x-{b(x,t)\Vn\VnH';(HX2}x

-b(x,t)\Vn\VnH';(HX2sgn(Vn)x.

Integrating the previous equation with respect to i on R and observing that the terms
containing \ Vn\ sgn(Vn)x give no contribution to the integral, that sgn' is a positive mea-
sure and b < 0 by assumption (H2), we finally get

d
dt

and therefore,

f \Vn(x,t)\dx < 0 (5.5)
J R

/ \Vn(x,t)\dx < / \Vn(x,0)\dx. (5.6)
JR JR

Since Hn{v) —> H(v) pointwisely and \Hn(v) — H(v)\ < 2, Hn(v) - H(v) in L\oc.
Recalling Lemma 5.1, from (5.6) it follows that

/ \H(v(x, t))x\dx < liminf / \Hn(v(x,t))x\dx < liminf / \Hn(v(x: 0))x\dx < 2M.JR n—>-f-oo JR n »+oo JR

Now, since H is the Heaviside function, JR \H(v(x, t))x\dx gives the number of zeros of
v(x,t) where it changes sign and therefore the result. □
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