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Abstract. We investigate the formation of singularities in thermoelasticity with

second sound. Transforming into Euler coordinates and combining ideas from Sideris

(1985), used for compressible fluids, and Tarabek (1992), used for small data large time

existence in second sound models, we are able to show that there are in general no

global smooth solutions for large initial data. In contrast to the situation for classical

thermoelasticity, we require largeness of the data itself, not of its derivatives.

1. Introduction. We consider blow-up phenomena in one-dimensional nonlinear

thermoelasticity with second sound. The – essentially nonlinear – equations are de-

scribed as follows: ⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

ωt = vx,

vt = Sx,

et = Svx − qx,

τqt + q + kθx = 0,

(1.1)

where ω, v, S, e, η denote strain, velocity, Piola-Kirchhoff stress tensor, internal energy,

and entropy, respectively, and the constitutive equations are given by

ψ = e− θη, ψω = S, ψθ = −η, (1.2)

where ψ = ψ(ω, θ, q) is the Helmholtz free energy, and θ and q denote the temperature

and the heat flux, respectively. The parameter τ is a positive constant, the relaxation

constant. k > 0 is also a given constant. For a derivation of the equations see [12] or

[11], where we have taken Cattaneo’s law (1.1)4 in the linearized form; see also [7] for

the limit case τ = 0.
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We shall consider the Cauchy problem for the functions

ω, v, θ, q : R× [0,∞) −→ R (1.3)

with initial conditions

(ω(x, 0), v(x, 0), θ(x, 0), q(x, 0)) = (ω0(x), v0(x), θ0(x), q0(x)), (1.4)

where x ∈ R; S(x, 0), e(x, 0), η(x, 0) can be determined through the constitutive equations

(1.2).

For the limit case τ = 0, the equations (1.1) and (1.2) constitute the system of one-

dimensional classical thermoelasticity, in which the relation between the heat flux and

the temperature is governed by Fourier’s law,

q = −kθx.

For this system, global existence of solutions for small data has been established by Hrusa

and Tarabek in [6]. Later, the formation of singularities for large data was considered by

Dafermos and Hsiao [1], Hrusa and Messaoudi [5], and Hansen [3]. They proved that if

the derivatives of the initial data are sufficiently large (in appropriate norms), then the

derivatives of the solution will necessarily tend to infinity in finite time.

In case τ > 0, Fourier’s law is replaced by Cattaneo’s law (1.1)4 for heat conduction,

and the corresponding system is called thermoelasticity with second sound reflecting the

appearance of heat waves with finite propagation speed. In [15], Tarabek established a

global existence theorem for small initial data and the decay to an equilibrium. The local

existence theorem, stated in [15] with a hint to the paper of Hughes, Kato and Marsden

[4], was completely proved, and the decay rates for global solutions were given by Racke

and Wang [12]. It is a natural question to ask whether a global solution exists for any

large data, or whether singularity will form in finite time if the data are sufficiently large.

Meanwhile, quite a number of results nourish the expectation that the dissipative

effect induced by Fourier’s law is not weaker (cp. [11] for a survey in thermoelasticity)

but really stronger than the damping effect induced by Cattaneo’s law; see [2, 9] for

situations in bounded domains where one has exponential stability for Fourier’s law but

no exponential stability for Cattaneo’s law. Therefore, one might expect that smooth

solutions blow up in finite time for sufficiently large data, since this is known under the

Fourier law, i.e., in classical thermoelasticity, as explained above. However, there seem

to be no results yet about the formation of singularities for these systems. We shall fill

this gap.

The methods having been used for showing the blow-up results in classical thermoelas-

ticity do not carry over to our situation due to the change of the character of the system

from a hyperbolic-parabolic to a purely hyperbolic one. An appropriate transformation

of variables, the choice of constitutive equations as a model system, and choosing the

right functionals for the blow-up arguments will allow us to obtain a blow-up result.

We will show that the maximal existence time for smooth solutions of system (1.1)

with sufficiently large initial data must be finite. In contrast to [5], we require largeness

of the solution (initially) itself but not of its derivatives. More precisely, we shall assume

that the initial data have sufficiently large compact support, and the initial velocity

should be large enough in a sense to be made precise later; see Theorem 4.1.
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The method we use is mainly motivated by Sideris’ paper [14], in which he showed

several blow-up results for a compressible fluid system using finite propagation speed

and appropriately averaged quantities. We shall first transform system (1.1) in order

to get a compressible fluid-like system for which we can extend Sideris’ approach. The

system (1.1) will have the property of finite propagation speed, which is guaranteed by

the hyperbolicity of the system (1.1). Introducing some proper averaged quantities and

using energy estimates derived from [15], we obtain the desired blow-up result.

So, the new ingredients of our paper are a first blow-up result in thermoelasticity

with second sound, a short proof using Euler coordinates and corresponding elaborate

averaged quantities and estimates.

The paper is organized as follows. In Section 2 we recall a local existence theorem

and describe the chosen constitutive equations. In Section 3 we establish the finite

propagation speed of the system and transform to Euler coordinates. Section 4 presents

the main theorem (Theorem 4.1), and Section 5 presents its proof.

2. Local existence and constitutive equations. As in [15], we assume that the

Helmholtz energy takes the following form:

ψ(ω, θ, q) = ψ0(ω, θ) +
1

2
χ(ω, θ)q2,

for some smooth function ψ0 and with χ(ω, θ) := τ(ω,θ)
θκ(ω,θ) . The Clausius-Duhem inequality

ψt + ηθt − Sωt +
qθx
θ

≤ 0 (2.1)

holds under this special choice of the Helmholtz free energy. The strain and the temper-

ature are required to satisfy

ω > −1, θ > 0. (2.2)

Moreover, it is reasonable to assume that there exists a fixed temperature θ̄ such that

when ω = q = 0 and θ = θ̄, the specific heat, the elastic modulus, the thermal relaxation

time and the thermal conductivity are positive, while the stress-temperature modulus is

non-vanishing, i.e.,

eθ(0, θ̄, 0) > 0, Sω(0, θ̄, 0) > 0, τ (0, θ̄) > 0, κ(0, θ̄) > 0, Sθ(0, θ̄, 0) �= 0. (2.3)

We shall choose δ > 0 small enough such that eθ, Sω, τ, κ, |Sθ| are positive and bounded

away from zero on

Ω := (−δ, δ)× (θ̄ − δ, θ̄ + δ)× (−δ, δ).

Now we present a local existence theorem for the problem (1.1),(1.4): (see [4, 12, 15])

Lemma 2.1. Suppose that (2.3) holds. Let ω0, v0, θ0, q0 : R → R be given with

ω0, v0, θ0, q0 ∈ H2(R), (2.4)

∀x ∈ R : (ω0, θ0, q0)(x) ∈ Ω. (2.5)

Then the initial-value problem (1.1),(1.4) has a unique solution (ω, v, θ, q) on a maximal

time interval [0, T0), for some T0 > 0, with

(ω, v, θ − θ̄, q) ∈ C0([0, T0), H
2(R)) ∩ C1([0, T0), H

1(R)), (2.6)
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and

∀x ∈ R, ∀ t ∈ [0, T0) : (ω(x, t), θ(x, t), q(x, t)) ∈ Ω. (2.7)

We consider special constitutive equations of the form:⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

ψ = Cvθ − θRln((ω + 1)θ
1

γ−1 ) + τ
2κθ q

2,

S = −R θ
ω+1 ,

e = Cvθ +
τ
κθ q

2,

η = Rln(ω + 1) + Cvlnθ +
τ

2κθ2 q
2,

(2.8)

where τ, κ,R,Cv are positive constants, and

γ := 1 +
R

Cv
.

We choose Cv large enough such that

Cv >
τδ2

κ(θ̄ − δ)2
. (2.9)

For this special choice of the Helmholtz free energy ψ, we can easily check that the

constitutive equations (1.2) hold, and that the conditions Sω > 0, ηθ > 0, Sθ �= 0 are

satisfied for (ω, θ, q) ∈ Ω. Moreover, the Clausius-Duhem inequality (2.1) holds.

The idea for this special choice of the constitutive equations arises from the compress-

ible fluid system for a polytropic gas. In order to use and to extend the methods from

Sideris [14], we have to have an internal energy e and a stress tensor S to be related in a

similar way as for a polytropic gas – except for the quadratic terms for heat flux arising

here additionally.

The constitutive equations (2.8) satisfy the assumptions used to establish the global

existence of smooth solutions (see [15]) when the data are sufficiently small. Moreover,

they are fully compatible with the second law of thermodynamics; in particular, there is

a free energy.

3. Finite propagation speed and Euler coordinates. We shall first show the

finite propagation speed property for system (1.1).

Lemma 3.1. Let (ω, v, θ, q) be a local solution to (1.1),(1.4) on [0, T0). Let M > 0.

Assume that the initial data (ω0, v0, θ0− θ̄, q0) are compactly supported in (−M,M) and

(ω0, θ0, q0) ∈ Ω. Then there exists a constant σ such that

(ω(·, t), v(·, t), θ(·, t), q(·, t)) = (0, 0, θ̄, 0) =: (ω̄, v̄, θ̄, q̄) (3.1)

on D(t) := {x ∈ R | |x| ≥ M + σt}, 0 ≤ t < T0.

Proof. We use an estimate on appropriately truncated cones, extending the standard

arguments from [10, 13] to non-symmetric hyperbolic systems with lower-order terms.

With the constitutive equations (2.8) we rewrite (1.1) as

A0(U)Ut +A1(U)Ux + BU = 0, (3.2)
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where U := (ω, v, θ, q) and

A0(U) :=

⎛
⎜⎜⎝

1 0 0 0

0 1 0 0

0 0 Cv − τ
κθ2 q

2 2τ
κθ q

0 0 0 τ

⎞
⎟⎟⎠ , (3.3)

A1(U) :=

⎛
⎜⎜⎜⎝

0 −1 0 0

− Rθ
(ω+1)2 0 R

ω+1 0

0 Rθ
ω+1 0 1

0 0 κ 0

⎞
⎟⎟⎟⎠ , B :=

⎛
⎜⎜⎝

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 1

⎞
⎟⎟⎠ . (3.4)

Let Ū := (ω̄, v̄, θ̄, q̄) and V := U − Ū . Rewrite (3.2) as follows:

Vt +A−1
0 (Ū)A1(Ū)Vx +A−1

0 (Ū)BV = H(Ū , U, Ut, Ux), (3.5)

where

H(Ū , U, Ut, Ux) := A−1
0 (Ū)(A0(Ū)−A0(U))Ut +A−1

0 (Ū)(A1(Ū)− A1(U))Ux.

The four different real eigenvalues

λ1 < λ2 < 0 < λ3 < λ4

of A−1
0 (Ū)A1(Ū) are easily computed to be

λ1/2/3/4 = ±

√√√√√1

2

⎛
⎝ κ

τCv
+

R2θ̄

Cv
+Rθ̄ ±

√(
κ

τCv
+

R2θ̄

Cv
+Rθ̄

)2

− 4Rθ̄κ

τCv

⎞
⎠.

Therefore, there exists an invertible matrix L(Ū) and a diagonal matrix Λ(Ū) such that

L(Ū)A−1
0 (Ū)A1(Ū) = Λ(Ū)L(Ū).

Let W := L(Ū)V ; then

Wt + Λ(Ū)Wx + B̃W = H̃, (3.6)

where

B̃ := L(Ū)A−1
0 (Ū)BL−1(Ū), H̃ := L(Ū)H.

Now take σ to be the largest eigenvalue of A−1
0 (Ū)A1(Ū),

σ := λ4.

Let 0 ≤ t0 < T0, and let x0 ∈ D(t0). Define, for 0 ≤ τ ≤ t0,

P (τ ) := {x | |x− x0| ≤ σ(t0 − τ )}

and

Q(τ ) := {(x, t) |x ∈ P (t), 0 ≤ t ≤ τ}.
The outer normal to Q(τ ) along the lateral surface

Q+(τ ) := {(x, t) : x0 − x = σ(t0 − t), 0 ≤ t ≤ τ}

is given by

n+ :=
(−1, σ)√
1 + σ2

,
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and along the lateral surface

Q−(τ ) := {(x, t) : x0 − x = −σ(t0 − t), 0 ≤ t ≤ τ},

it is given by

n− :=
(1, σ)√
1 + σ2

.

Now, multiplying (3.6) by W and integrating over Q(τ ), (0 < τ < t0), using the diver-

gence theorem, we obtain∫
P (τ)

|W |2dx+

∫
Q+(τ)

(σ − Λ)W ·Wd(x, t)

+

∫
Q−(τ)

(σI + Λ)W ·Wdxdt ≤ C

∫ τ

0

∫
P (τ)

|W |2dxdt. (3.7)

Here C denotes a positive constant (varying in the sequel), and we have used the fact

that

|H̃ ·W | ≤ C|W |2,
which follows from the fact that U,Ut, Ux are bounded on the domain of integration since

U ∈ C0([0, T0), H
2(R)) ∩ C1([0, T0), H

1(R)).

By definition of σ, the second and third terms on the left hand-side of (3.7) are positive.

So, by Gronwall’s inequality, we getW = 0 on P (τ ). Since L(Ū) is invertible, U(x, t) = Ū

on P (τ ) for any 0 < τ < t0. Thus, U(x0, t0) = Ū and the proof is finished. �
Now, we transform from Lagrange to Euler coordinates:{

dy = (ω + 1)dx+ vdt,

ds = dt.
(3.8)

Without confusion, we still denote (y, s) by (x, t). Then system (1.1) becomes⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

ρt + (ρv)x = 0,

ρ(vt + v · vx) = Sx,

ρ(e+ v2

2 )t + ρv(e+ v2

2 )x = (Sv − q)x,

ρτ (qt + vqx) + ρq + κθx = 0,

(3.9)

where

ρ :=
1

ω + 1
.

We note that this transformation does not change the size of a given compact support

of the solution.

4. Statement of the main theorem. We define some useful averaged quantities:

G(t) :=

∫
R

(E(x, t)− Ē)dx,

F (t) :=

∫
R

xρv(x, t)dx,
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where E(x, t) := ρ(e + 1
2v

2) is the total energy, ρ̄ := 1
ω̄+1 = 1, and Ē, S̄, ē are defined

through the constitutive equations (2.8), i.e.,

Ē := ē := Cvθ̄, S̄ := −Rθ̄.

We mention that the functionals defined above exist since the solution (ρ− 1, v, θ− θ̄, q)

is zero on the set D(t) defined in Lemma 3.1.

Our main result is stated as follows:

Theorem 4.1. We assume that the initial data satisfy the assumptions in Lemma 3.1.

Moveover, we assume that

G(0) > 0. (4.1)

Then there exists v0 satisfying

F (0) >
16σmaxρ0

3− γ
M2, with 1 < γ < 3, (4.2)

such that the length T0 of the maximal interval of existence of a smooth solution

(ω, v, θ, q) of (1.1),(1.4) is finite, provided the compact support of the initial data is

sufficiently large.

Remark 4.2. It is easy to show that there exist initial data (ρ0, v0, θ0, q0) such that

(4.1) holds. For example, we can take θ0 ≥ θ̄ appropriately, and then (4.1) follows

immediately.

Remark 4.3. In [15], Tarabek has shown that a unique global solution exists provided

that the initial data are small enough, i.e.,

‖(ω0, v0, θ0, q0)‖H2 ≤ ε,

for some small ε > 0. Our theorem shows that a global smooth solution cannot exist

provided the initial velocity v0 is large in the sense of (4.2).

Compared to the blow-up result for the Euler system in [14], we require that the size

of the compact support of initial data should be large. We do not need any conditions

on the initial mass. This is due to the different structure of the two systems.

It is interesting to observe that the blow-up results in classical thermoelasticity (τ = 0)

are different (see [5]). This is due to the different structures of these two systems, i.e.,

one is hyperbolic-parabolic, and one is purely hyperbolic. There is no uniform method

for these systems.

5. Proof of the main theorem. Now we are ready to prove Theorem 4.1. First we

can easily get from (3.9)3 that G is constant,

G(t) = G(0). (5.1)

We have

F ′(t) =

∫
[ρ|v|2 + (S̄ − S)]dx. (5.2)
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Then, by the constitutive equations (2.8) and using (5.1), we get∫
Bt

Sdx = −
∫
Bt

Rρ(
e

Cv
− τ

κCvθ
q2)dx

=

∫
Bt

Rρτ

κCvθ
q2dx−

∫
Bt

R

Cv
(E − 1

2
ρv2)dx

≤
∫
Bt

(
Rρτ

κCvθ
q2 +

Rρ

2Cv
v2)dx−

∫
Bt

R

Cv
Ē

=

∫
Bt

(
Rρτ

κCvθ
q2 +

Rρ

2Cv
v2)dx+

∫
Bt

S̄dx,

where Bt = {(x, t); |x| ≤ M + σt}. Therefore,∫
Bt

(S̄ − S)dx ≥ −
∫
Bt

γ − 1

2
ρv2dx−

∫
Bt

(γ − 1)ρτ

κθ
q2dx.

Thus, (5.2) turns into

F ′(t) ≥ (1− γ − 1

2
)

∫
Bt

ρv2dx−
∫
Bt

(γ − 1)τ

κθ
ρq2dx. (5.3)

By the definition of F (t), we know

F (t) =

∫
R

xρ(x, t)v(x, t)dx

≤ (

∫
Bt

x2ρdx)
1
2 (

∫
Bt

ρv2dx)
1
2

≤ (M + σt)(

∫
Bt

ρdx)
1
2 (

∫
Bt

ρv2dx)
1
2

= (M + σt)(

∫
Bt

ρ0dx)
1
2 (

∫
Bt

ρv2dx)
1
2

≤ (maxρ0)
1
2 (M + σt)(2(M + σt))

1
2 (

∫
Bt

ρv2dx)
1
2 .

In the following, we assume that

F (t) ≥ c1 > 0 (5.4)

holds for some constant c1, and for any t, which will be justified below. Then we get∫
Bt

ρv2dx ≥ (2maxρ0(M + σt)3)−1F 2. (5.5)

Therefore, equation (5.3) becomes

F ′(t) ≥ 3− γ

2
(2maxρ0(M + σt)3)−1F 2 − 2(γ − 1)τ

κθ̄

∫
R

ρq2dx, (5.6)

where we used an a priori estimate for θ, i.e., θ > θ̄− δ > θ̄
2 . By exploiting an idea from

Tarabek [15], we get the following relation:

∂t(ψ − ψ̃ − S̃ω + (θ − θ̄)η +
1

2
v2) +

θ̄

κθ2
q2 = ∂x((S − S̃)v − (θ − θ̄)

q

θ
) (5.7)
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holds where S̃ = S(0, θ̄, 0), ψ̃ = ψ(0, θ̄, 0). We use the transformation (3.8) in this

equation and thus get the following energy estimates:∫
R

ρ(ω2+v2+(θ− θ̄)2+q2)dx+

∫ t

0

∫
R

ρq2dxdt ≤
∫
R

ρ0(ω
2
0+v20+(θ0− θ̄)2+q20)dx. (5.8)

Then, dividing equation (5.6) by F 2 and integrating over (0, t), we get

1

F0
− 1

F
≥ − c3

2c2
(1 + c2t)

−2 +
c3
2c2

− 2(γ − 1)τ

κθ̄c21

∫
R

ρ0(ω
2
0 + v20 + (θ0 − θ̄)2 + q20)dx

≥ − c3
2c2

(1 + c2t)
−2 +

c3
2c2

− c4 − c5‖v0‖2L2 , (5.9)

where

c2 :=
σ

M
, c3 :=

3− γ

4maxρ0M3
,

c4 :=
12(γ − 1)δ2Mmaxρ0τ

θ̄κc21
, c5 :=

2(γ − 1)maxρ0τ

κθ̄c21
.

We claim that there exists some initial value v0 such that, for some large M , the following

two conditions hold:

F0 >
4c2
c3

, (5.10)

c3
4c2

≥ c4 + c5‖v0‖2L2 . (5.11)

We shall prove this claim at the end of this section. We first can now justify the positivity

of F assumed in (5.4). Let

c1 :=
c2
c3

.

From (5.10) we conclude that there is t1 > 0 such that

F (t) ≥ c1 for t ∈ [0, t1].

If

T ∗ := sup{0 < t1 < T0 |F ≥ c1 on [0, t1]},
we have the maximality of T ∗, i.e., T ∗ = T0, since the assumption that T ∗ < T0 would

yield by (5.9)

1

F
≤ 1

F0
+ c4 + c5‖v0‖2L2 , (5.12)

and thus by (5.11)

F ≥ 2c1 on [0, T ∗],

contradicting the definition of T ∗ as supremum.

Now, from (5.4), (5.9), and (5.11), we get for any t ∈ [0, T0),

1

F0
≥ 1

F0
− 1

F
≥ c3

4c2
− c3

2c2
(1 + c2t)

−2. (5.13)

Therefore, T0 cannot become arbitrarily large without contradicting (5.10).
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Thus, the proof will be finished if we can show that (5.10),(5.11) hold for some ad-

missible initial data v0. We choose v0 ∈ H2(R) ∩ C1(R) as follows:

v0(x) :=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0, x ∈ (−∞,−M ],
L
2 cos(π(x+M))− L

2 x ∈ (−M,−M + 1],

−L, x ∈ (−M + 1,−1),

L cos(π2 (x− 1)), x ∈ (−1, 1],

L, x ∈ (1,M − 1],
L
2 cos(π(x−M + 1)) + L

2 x ∈ (M − 1,M ],

0, x ∈ (M,∞),

(5.14)

where L is a positive constant to be determined later. We assume M ≥ 4. Since

F0 =

∫
ρ0xv0dx ≥ L

2
minρ0M

2,

we can choose L large enough, and independent of M , such that

L

2
minρ0 >

4σmaxρ0
3− γ

.

Therefore, (5.10) holds. On the other hand, since ‖v0‖2L2 ≤ 2L2M , we can choose M

sufficiently large such that

2L2M ≤ κθ̄σ

2(γ − 1)(3− γ)τ
M2 − 6δ2M.

Therefore, (5.11) holds too, and the proof of Theorem 4.1 is finished.
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