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Abstract. In this paper we study three time scale singular perturbation problems

εx′ = f(x, ε, δ), y′ = g(x, ε, δ), z′ = δh(x, ε, δ),

where x = (x, y, z) ∈ R
n × R

m × R
p, ε and δ are two independent small parameters

(0 < ε, δ � 1), and f , g, h are Cr functions, where r is big enough for our purposes. We

establish conditions for the existence of compact invariant sets (singular points, periodic

and homoclinic orbits) when ε, δ > 0. Our main strategy is to consider three time

scales which generate three different limit problems. In addition, we prove that double

regularization of nonsmooth dynamical systems with self-intersecting switching variety

provides a class of three time scale singular perturbation problems.

1. Introduction. The present work fits within the geometric study of singular per-

turbation problems expressed by two parameters families of vector fields on R
�. A classic

singular perturbation problem is expressed by a differential equation z′ = h(z, ε) with

z ∈ R
n+m, ε ≥ 0 and h ∈ C∞, where we want to study the phase portrait for small

values of ε > 0 near a set that contains a manifold of singular points of z′ = h(z, 0). Let

z = (x, y) ∈ R
n+m and f, g be smooth functions. We deal with equations that may be
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written in the form

x′ = f(x, y, ε), y′ = εg(x, y, ε). (1)

The main trick in geometric singular perturbation theory consists in considering the

family (1) in addition with the family (2) obtained after the time rescaling t = ετ

εx′ = f(x, y, ε), y′ = g(x, y, ε). (2)

Equation (1) is called the fast system and (2) is the slow system. Observe that for ε > 0

the phase portraits of the fast and slow systems coincide. For ε = 0 let S be the set

of all singular points of (1). We call S the slow manifold of the singular perturbation

problem, and it is important to notice that equation (2) (with ε = 0) defines a dynamical

system on S, called the reduced problem. Combining results on the dynamics of these

two limiting problems, one obtains information on the dynamics for small values of ε.

When systems present a clear separation in time scales, methods of approximations of

slow-fast systems can be applied. Around 1980, geometric singular perturbation theory

was introduced. The foundation of this theory was laid by Fenichel [3] (see also [19])

and essentially uses geometric methods from dynamical systems theory for studying the

properties of solutions of the system.

Singularly perturbed systems arise in a great variety of areas, as for instance traveling

wave problems in reaction–diffusion equations, enzyme kinetics, the propagation of action

potentials in neurophysiology, perturbed Hamiltonian systems, control theory, coupled

mechanical oscillators, etc. For a more complete introduction about the techniques which

led to a geometric analysis of singularly perturbed problems, including proofs and several

examples, we refer to the surveys of Jones ([6]) and Kaper ([7]). We note that for the

singular perturbation problems studied by Fenichel only two different time scales can be

derived: a slow and a fast one. In this setting there appears a third time scale which

provides an intermediate problem.

Example 1. Systems in nature, which are modeled by ordinary differential equations

(ODE), often involve two or more different time scales. For instance, in biological liter-

ature we can find many examples of models which present such features. The classical

Rosenzweig–MacArthur predator-prey model (see [12], [18] and [16]) that is in a rescaled

form given by

x′ = x

(
1− x− ay

x+ d

)
, y′ = εy

(
ax

x+ d
− 1

)
serves as an example of a problem involving two different time scales. In the above

system x and y represent the number of prey and predators, respectively, the parameter

ε > 0 is the ratio between the linear death rate of the predator and the linear growth

rate of the prey, and the positive parameters a and d determine the impact of predation

on the prey.
Example 2. Examples of models involving three time scales are for instance found in

food chain models with a third class of so–called super- or top-predators ([14], [1] and [2])
or in hormone secretion models ([9]). For instance, the Rosenzweig–MacArthur model
([17]) for tritrophic food chains (as proposed by [1])

εx′ = x

(
1− x− y

x+ b1

)
, y′ = y

(
x

x+ b1
− d1 −

z

y + b2

)
, z′ = δz

(
y

y + b2
− d2

)
(3)
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is an example of a problem involving three different time scales. It is composed of a

logistic prey x, a Holling type II predator y and a Holling type II top–predator z. Models

with three or more time scales are also used to study neuronal behavior, in particular to

explain the firing of neurons or so–called mixed mode oscillations (see [8], [13]).

Here we will study systems with three distinct time scales. These systems are in

general written in the form

εx′ = f(x, ε, δ), y′ = g(x, ε, δ), z′ = δh(x, ε, δ), (4)

where x = (x, y, z) ∈ R
n × R

m × R
p, ε and δ are two independent small parameters

(0 < ε, δ � 1), and f , g, h are Cr functions, where r is big enough for our purposes.

Now, in system (4) three different time scales can be derived: a slow time scale t, an

intermediate time scale τ1 := t
δ and a fast time scale τ2 := τ1

ε .

Note that the model (3) is a system of the form (4). Some authors studied the

Rosenzweig–MacArthur model (3) applying geometric singular perturbation techniques;

see for instance [5], [1], [2] and [14]. Such techniques have also been used to study

other problems in population dynamics, such as competitive co–existence [15] and insect

outbreaks in forest ecosystems [11].

In this paper we develop a mathematical theory in order to study systems (4). Our

main goal is to build a theory, inspired by the one given by Fenichel in [3], for sys-

tems involving three different time scales. Finally, we apply this new approach to study

nonsmooth dynamical systems with self-intersecting switching variety.

The paper is organized as follows. In Section 2 we state the main results involving

system (4). In Theorems A and B we study the persistence and the stability properties of

compact normally hyperbolic invariant sets of the reduced problem (see system (8)). The

proofs these theorems appear in Section 4. In Section 3 we give some further examples

where Theorems A and B are applied. In Section 5 we consider nonsmooth dynamical

systems with a self-intersecting switching variety. We prove that double regularization

of these systems provides a class of three time scale singular perturbation problems; see

Theorem C.

2. Statement of the main results. The system (4) is written with respect to the

time scale τ1, so it is called intermediate system. By transforming (4) to the slow and

fast variables t and τ2 we obtain, respectively, the slow system

εδx′ = f(x, ε, δ), δy′ = g(x, ε, δ), z′ = h(x, ε, δ), (5)

and the fast system

x′ = f(x, ε, δ), y′ = εg(x, ε, δ), z′ = εδh(x, ε, δ). (6)

Remark 1. To simplify our notation, we will use the notation x′ to indicate the

derivative with respect to the three time scales. More specifically, for the systems (4),

(5) and (6), x′ indicates the derivatives dx
dτ1

, dx
dt and dx

dτ2
, respectively.

Note that, for ε, δ �= 0, systems (4), (5) and (6) are equivalent. By setting ε = δ = 0

in (4), (5) and in (6) we obtain three systems with dynamics essentially different: the
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intermediate problem

0 = f(x, 0, 0), y′ = g(x, 0, 0), z′ = 0, (7)

the reduced problem

0 = f(x, 0, 0), 0 = g(x, 0, 0), z′ = h(x, 0, 0), (8)

and the layer problem

x′ = f(x, 0, 0), y′ = 0, z′ = 0. (9)

For each ε and δ, consider the following sets:

Sδ
1 = {x ∈ R

n+m+p : f(x, 0, δ) = 0}

and

Sε
2 = {x ∈ R

n+m+p : f(x, ε, 0) = g(x, ε, 0) = 0}.

Note that the intermediate and reduced problems (7) and (8) are dynamical systems

defined on S0
1 and S0

2 , respectively. On the other hand S0
1 is a manifold of singular

points for (9). In what follows we refer to S0
1 and S0

2 as the intermediate and slow

manifolds, respectively. The reason for these names is that on S0
1 the intermediate time

scale is dominating and on S0
2 the slow time scale predominates.

Following the ideas of the geometric singular perturbation theory [3], our goal will be

to prove that one can obtain information on the dynamics of system (4), for small values

of ε and δ, by suitably combining the dynamics of the three limit problems (7), (8) and

(9).

Four other systems will also play an important role in our analysis of system (4). By

setting ε = 0 in (4) (or in (5)) and in (6) while keeping δ fixed but nonzero, we obtain

the δ–intermediate problem

0 = f(x, 0, δ), y′ = g(x, 0, δ), z′ = δh(x, 0, δ) (10)

and the δ–layer problem

x′ = f(x, 0, δ), y′ = 0, z′ = 0. (11)

By setting δ = 0 in (4) (or in (6)) and in (5) while keeping ε fixed but nonzero, we obtain

the ε–intermediate problem

εx′ = f(x, ε, 0), y′ = g(x, ε, 0), z′ = 0 (12)

and the ε–reduced problem

0 = f(x, ε, 0), 0 = g(x, ε, 0), z′ = h(x, ε, 0). (13)

Note that when both ε, δ → 0, the two δ, ε–intermediate problems (10) and (12) become

the same limit problem (7). The problems (10) and (13) are dynamical systems defined

on the manifolds Sδ
1 and Sε

2 , respectively. On the other hand, Sδ
1 and Sε

2 are sets of

singular points for the problems (11) and (12), respectively.
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problem equation label

intermediate system

⎧⎨⎩
εx′ = f(x, ε, δ)

y′ = g(x, ε, δ)

z′ = δh(x, ε, δ)

(4)

slow system

⎧⎨⎩
εδx′ = f(x, ε, δ)

δy′ = g(x, ε, δ)

z′ = h(x, ε, δ)

(5)

fast system

⎧⎨⎩
x′ = f(x, ε, δ)

y′ = εg(x, ε, δ)

z′ = εδh(x, ε, δ)

(6)

intermediate problem

⎧⎨⎩
0 = f(x, 0, 0)

y′ = g(x, 0, 0)

z′ = 0

(7)

reduced problem

⎧⎨⎩
0 = f(x, 0, 0)

0 = g(x, 0, 0)

z′ = h(x, 0, 0)

(8)

layer problem

⎧⎨⎩
x′ = f(x, 0, 0)

y′ = 0

z′ = 0

(9)

δ-intermediate

⎧⎨⎩
0 = f(x, 0, δ)

y′ = g(x, 0, δ)

z′ = δh(x, 0, δ)

(10)

δ-layer

⎧⎨⎩
x′ = f(x, 0, δ)

y′ = 0

z′ = 0

(11)

ε-intermediate

⎧⎨⎩
εx′ = f(x, ε, 0)

y′ = g(x, ε, 0)

z′ = 0

(12)

ε-reduced

⎧⎨⎩
0 = f(x, ε, 0)

0 = g(x, ε, 0)

z′ = h(x, ε, 0)

(13)

Table 1. Summary of equations which appear in three time scale
singular perturbation problems.

Definition 2.1. We say that system (4) is normally hyperbolic at x0 ∈ S0
2 if the real

parts of the eigenvalues of the Jacobian matrix

(
D1,2 f(x0, 0, 0)

D1,2 g(x0, 0, 0)

)



678 P. T. CARDIN, P. R. DA SILVA, AND M. A. TEIXEIRA

are nonzero. We say that system (4) is δ–normally hyperbolic at x0 ∈ Sδ
1 if the real parts

of the eigenvalues of the Jacobian D1 f(x0, 0, δ) are nonzero.

Now we are in a position to state our main results.

Theorem A. Consider the Cr family (4). Let N ⊆ S0
2 be a j-dimensional compact

normally hyperbolic invariant manifold of the reduced problem (8). Then there are

ε1 > 0 and δ1 > 0 and a Cr−1 family of manifolds {N ε
δ : δ ∈ (0, δ1), ε ∈ (0, ε1)} such

that N 0
0 = N and N ε

δ is a hyperbolic invariant manifold of (4).

Consider system (10) supplemented by the trivial equation δ′ = 0:

0 = f(x, 0, δ), y′ = g(x, 0, δ), z′ = δh(x, 0, δ), δ′ = 0. (14)

Let G(x, δ) := (g(x, 0, δ), δh(x, 0, δ), 0) be the vector field defined by (14). Assume that

the linearization of G at points (x, 0), such that x ∈ S0
2 , has k

s eigenvalues with negative

real part and ku eigenvalues with positive real part. The corresponding stable and

unstable eigenspaces have dimensions ks and ku, respectively.

Similarly, consider system (6) supplemented by the trivial equation ε′ = 0:

x′ = f(x, ε, δ), y′ = εg(x, ε, δ), z′ = εδh(x, ε, δ), ε′ = 0. (15)

Let H(x, ε, δ) := (f(x, ε, δ), εg(x, ε, δ), εδh(x, ε, δ), 0) be the vector field defined by (15).

Assume that the linearization of H at points (x, 0, δ), such that x ∈ Sδ
1 , has ls and lu

eigenvalues with negative and positive real parts, so that the corresponding stable and

unstable eigenspaces have dimensions ls and lu, respectively.

Theorem B. Under the hypotheses of Theorem A, suppose that N has a (j + js)–

dimensional local stable manifold W s and a (j+ju)–dimensional local unstable manifold

Wu. Then there are ε1 > 0 and δ1 > 0 and Cr−1 families of (j + js + ks + ls)–

dimensional and (j+ ju+ ku + lu)–dimensional manifolds {Ws
δ,ε : δ ∈ (0, δ1), ε ∈ (0, ε1)}

and {Wu
δ,ε : δ ∈ (0, δ1), ε ∈ (0, ε1)} such that for δ, ε > 0 the manifolds {Ws

δ,ε} and

{Wu
δ,ε} are local stable and unstable manifolds of N ε

δ , respectively.

Theorems A and B are proved in Section 4. They are illustrated by the example below.

Let us start with a simplest possible example of a system of the form (4).

Example 3. Consider the following 3–dimensional system:

εx′ = x− ε+ δ, y′ = −y + ε+ δ, z′ = δz. (16)

The intermediate and slow manifolds S0
1 and S0

2 are given, respectively, by S0
1 ={(x, y, z)∈

R
3 : x = 0} and S0

2 = {(x, y, z) ∈ R
3 : x = y = 0}. On S0

1 we have defined the

intermediate problem

0 = x, y′ = −y, z′ = 0, (17)

and on S0
2 we have defined the reduced problem

0 = x, 0 = y, z′ = z. (18)

Moreover, the layer problem is given by

x′ = x, y′ = 0, z′ = 0. (19)
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0S1
0S1

0S2
zz z

Fig. 1. Phase portraits of systems (17), (18) and (19), respectively.

Figure 1 illustrates the phase portraits of the intermediate, reduced and layer problems,

respectively.

By using the notation given in Theorem B, note that we have j = 0, js = 0, ju = 1,

ks = 1, ku = 0, ls = 0 e lu = 1. We can then apply Theorems A and B at the normally

hyperbolic singular point N = (0, 0, 0) of (18). Applying Theorem A, we obtain for small

nonzero δ, ε, a family N ε
δ of hyperbolic singular points of (16). In fact, the family N ε

δ of

singular points is given by (ε−δ, ε+δ, 0). Applying Theorem B, we can conclude that each

singular point N ε
δ has a 1–dimensional local stable manifold Ws

δ,ε and a 2–dimensional

local unstable manifold Wu
δ,ε.

3. Further examples. In this section we give some further examples where Theo-

rems A and B are applied. In the next example we study the dynamics of a biological

model.

Example 4. Consider the Rosenzweig–MacArthur model ([17]) for tritrophic food

chains (as proposed by [1])

εx′ = x

(
1− x− y

x+ b1

)
= xf(x, y),

y′ = y

(
x

x+ b1
− d1 −

z

y + b2

)
= yg(x, y, z),

z′ = δz

(
y

y + b2
− d2

)
= δzh(y),

(20)

where x, y and z are 1–dimensional variables which represent a logistic prey, a Holling

type II predator and a Holling type II top–predator, respectively. All parameters b1, b2,

d1 and d2 are assumed to be positive and less than 1, i.e., 0 < b1, b2, d1, d2 < 1. We note

that all discussions below are restricted to the first octant, i.e., x ≥ 0, y ≥ 0 and z ≥ 0.

The intermediate and slow manifolds S0
1 and S0

2 are given, respectively, by S0
1 =

{xf(x, y) = 0} = {(x, y, z) : x = 0} ∪ {(x, y, z) : y = (1 − x)(b1 + x)} = M1 ∪M2 and
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0S10S2

z
z

b1

(1,0,0)

(0,0,0)
y = (1– x)(b1+x)

x =
0

(1,0,0)

(0,0,0)

Fig. 2. Phase portraits of systems (23) and (24), respectively.

S0
2 = {xf(x, y) = yg(x, y, z) = 0} = {(x, y, z) : x = y = 0} ∪ {(x, y, z) : x = 1, y = 0} =

M3 ∪M4.

The intermediate problem is a dynamical system defined on S0
1 = M1 ∪M2. On M1

it is given by

y′ = y

(
− d1 −

z

y + b2

)
, z′ = 0, (21)

and on M2 it becomes

y′ = y

(
x

x+ b1
− d1 −

z

y + b2

)
, z′ = 0. (22)

The reduced problem is a dynamical system defined on S0
2 = M3∪M4. On both M3 and

M4 it is given by

z′ = −d2z. (23)

The layer problem is given by

x′ = x

(
1− x− y

x+ b1

)
, y′ = 0, z′ = 0. (24)

Figure 2 illustrates the phase portraits of the reduced and layer problems, respectively.

Figure 3 illustrates the phase portraits of systems (21) and (22), respectively. For the

phase portrait of (22) we are assuming that 1/(1 + b1) > d1.

Note that N = (0, 0, 0) and M = (1, 0, 0) are singular points of (23). Moreover,

according to Definition 2.1, system (20) is normally hyperbolic at N and M (for the

point M we are supposing that d1 �= 1/(1 + b1)). Applying Theorem A, we obtain for

small nonzero δ, ε, families N ε
δ and Mε

δ of hyperbolic singular points of (20). In fact, the

persistent singular points N ε
δ and Mε

δ are given by (0, 0, 0) and (1, 0, 0), respectively.

By using the notation given in Theorem B, we have that: for the point N , j = 0,

js = 1, ju = 0, ks = 1, ku = 0, ls = 0 e lu = 1, and for the point M, j = 0, js = 1,

ju = 0, ks = 0, ku = 1, ls = 1 e lu = 0. Applying Theorem B, we can conclude that each
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z

b1

y = (1– x)(b1+ x)

z

x = 0
g(x,y,z) = 0

Fig. 3. Phase portraits of systems (21) and (22), respectively.

singular point N ε
δ has a 2–dimensional local stable manifold Ws

δ,ε and a 1–dimensional

local unstable manifold Wu
δ,ε. Moreover, each singular point Mε

δ has a 2–dimensional

local stable manifold Ws

δ,ε and a 1–dimensional local unstable manifold Wu

δ,ε.

Example 5. Consider the following 4–dimensional system:

εx′ = x− z1 + δ + ε = f(x, z1, δ, ε),

y′ = −y − z2 + δ − ε = g(y, z2, δ, ε),

z′1 = δh1(x, z1, z2),

z′2 = δh2(y, z1, z2),

(25)

where

h1(x, z1, z2) = −z2 − z1(−1 + z21 + z22) + (x− z1)
2

and

h2(y, z1, z2) = z1 − z2(−1 + z21 + z22)− (y + z2)
2.

The intermediate and slow manifolds S0
1 and S0

2 are given, respectively, by S0
1 =

{(z1, y, z1, z2) ∈ R
4 : y, z1, z2 ∈ R} and S0

2 = {(z1,−z2, z1, z2) ∈ R
4 : z1, z2 ∈ R}.

Note that S0
1 and S0

2 are manifolds of dimension 3 and 2, respectively.

On S0
1 we have defined the intermediate problem

x = z1, y′ = −y − z2, z′1 = 0, z′2 = 0, (26)

and on S0
2 we have defined the reduced problem

x = z1, y = −z2, z′1 = −z2 − z1(−1 + z21 + z22), z′2 = z1 − z2(−1 + z21 + z22). (27)

Moreover, the layer problem is given by

x′ = x− z1, y′ = 0, z′1 = 0, z′2 = 0. (28)

For the phase portrait of the reduced problem we can use polar coordinates z1 = r cos θ

and z2 = r sin θ. Using these coordinates it is easy to see that system (27) presents a

singular point P at the origin and a stable limit cycle Γ, as shown Figure 4.
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x =
z 1

0
S 2 { y = – z 2

Fig. 4. Phase portrait of system (27).

According to Definition 2.1, all points of the slow manifold are normally hyperbolic.

Applying Theorem A, we obtain for small nonzero δ, ε, families Pε
δ and Γε

δ of hyperbolic

singular points and limit cycles of (25), respectively, such that P0
0 = P and Γ0

0 = Γ. By

using the notation given in Theorem B, we have that: for the point P, j = 0, js = 0,

ju = 2, ks = 1, ku = 0, ls = 0 e lu = 1, and for the limit cycle Γ, j = 1, js = 1, ju = −1,

ks = 1, ku = 0, ls = 0 e lu = 1. In agreement with Theorem B, each singular point

Pε
δ has a 1–dimensional local stable manifold Ps

δ,ε and a 3–dimensional local unstable

manifold Pu
δ,ε. Each limit cycle Γε

δ has a 3–dimensional local stable manifold Γs
δ,ε and a

1–dimensional local unstable manifold Γu
δ,ε.

4. Proofs of Theorems A and B. In this section we prove Theorems A and B.

First we prove Theorem A.

Proof of Theorem A. Firstly we use Fenichel’s first theorem to study the persistence

of N under δ–perturbations of the system (10). Fenichel’s first theorem states that the

compact normally hyperbolic invariant manifold N of the reduced problem (8) persists,

for δ �= 0 small, as an invariant manifold Nδ for system (10). More precisely, there exists

δ1 > 0 and a Cr−1 family of manifolds {Nδ : δ ∈ (−δ1, δ1)} such that N0 = N and Nδ is

a hyperbolic invariant manifold of (10). Now, for each δ fixed, we again use the Fenichel’s

theory to study the persistence of Nδ under ε–perturbations of system (4). Note that

system (10) corresponds to the reduced problem associated to system (4). Fenichel’s

first theorem says that the compact δ–normally hyperbolic invariant manifold Nδ of (10)

persists, for ε �= 0 sufficiently small, for system (4); that is, there exists ε1 > 0 and a

Cr−1 family of manifolds {N ε
δ : ε ∈ (−ε1, ε1)} such that N 0

δ = Nδ and N ε
δ is a hyperbolic

invariant manifold of (4). This completes the proof of Theorem A. �
Now we prove Theorem B.
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Proof of Theorem B. Fenichel’s second theorem says that, for small nonzero δ, the

invariant manifold Nδ of (10) has a (j + js + ks)–dimensional local stable manifold Ws
δ

and a (j + ju + ku)–dimensional local unstable manifold Wu
δ . Now, for each δ fixed,

Fenichel’s second theorem also states that, for ε �= 0 sufficiently small, the invariant

manifold N ε
δ of (4) has a (j + js + ks + ls)–dimensional local stable manifold Ws

δ,ε and

a (j + ju + ku + lu)–dimensional local unstable manifold Wu
δ . This completes the proof

of Theorem B. �

5. Application: Non-smooth dynamical systems. The study of non-smooth

dynamical systems has, in recent years, established an important frontier between math-

ematics, physics and engineering. For a survey on qualitative aspects of such systems we

refer to [20] and the references therein.

Consider Σ = Σ1 ∪ Σ2 ⊂ R
3, where Σ1 and Σ2 are codimension one sub–manifolds

of R3 with 0 ∈ Σ1 ∩ Σ2, that are in general position. Around 0 ∈ R
3, we have that

Σ1 ∪ Σ2 separates R
3 into four open quadrants: Q1, . . . , Q4. In our approach Σ will be

the discontinuity boundary of our systems also named switching variety.

Let Xi, i = 1, . . . , 4, be Cκ vector fields, with κ � 1, κ = ∞ or κ = ω, defined on R
3.

Consider the discontinuous differential system

ρ′ = X(ρ) = Xi(ρ), ρ ∈ Qi, i = 1, . . . , 4. (29)

We will denote these systems by X = (X1, . . . , X4) ∈ Ωκ and the intersection Qi ∩ Qj

by Σij . We consider local coordinates (x, y, z) such that Σ1 = Σ14 ∪ Σ23 = {z = 0} ,
Σ2 = Σ12 ∪ Σ34 = {y = 0} and

Q1 = {y > 0, z > 0}, Q2 = {y < 0, z > 0},

Q3 = {y < 0, z < 0}, Q4 = {y > 0, z < 0}.
Denote by Σ∗ = Σ \ (Σ1 ∩ Σ2) the regular part of Σ. In Σ∗ the definition of an orbit-

solution obeys, whenever is possible, the Filippov convention (see [4]). Consider Qi and

Qj , i �= j, having a common boundary. According to this convention there may exist

generically a sliding region Σsl ⊂ Σ∗ such that any orbit which meets Σsl remains tangent

to Σ∗ for positive time. This region is the part of Σ∗ on which Xi and Xj point inward

to Σ∗. Analogously there may exist generically an escaping region Σes ⊂ Σ∗ such that

any orbit which meets Σes remains tangent to Σ∗ for negative time.

On Σsl ∪ Σes the flow slides on Σ∗; the flow follows a well defined vector field XΣ

called a sliding vector field. The sewing region Σsw ⊂ Σ∗ is the part of Σ∗ where the

flow crosses Σ∗. The boundary between the three regions is the locus of points where the

vector field is tangent to Σ∗. One of our concerns is to know when a sliding flow in Σ∗

can be continued until the intersection Σ1 ∩ Σ2.

The sliding vector field XΣ is defined at q ∈ Σkj ∩ (Σsl ∪Σes) by XΣ(q) = m− q with

m being the point where the segment joining q +Xk(q) and q +Xj(q) cuts Σkj .

We denote

Σ̂1 = {(θ, x, y); θ ∈ (0, π), (x, y) ∈ R
2}
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and

Σ̂2 = {(ψ, x, z);ψ ∈ (0, π), (x, z) ∈ R
2}.

In a previous work [10] we proof the following theorem.

Theorem C. Consider X = (X1, . . . , X4) ∈ Ωκ. There exist slow–fast systems

θ′ = αi(r, θ, x, y), x′ = rβi(r, θ, x, y), y′ = rσi(r, θ, x, y), i = 1, 2; (30)

ψ′ = γi(u, ψ, x, z), x′ = uδi(u, ψ, x, z), z′ = uνi(u, ψ, x, z), i = 1, 2; (31)

and a three time scale singular perturbation problem

uψ′ = rζ(r, u, θ, ψ, x), θ′ = ξ(r, u, θ, ψ, x), x′ = rφ(r, u, θ, ψ, x) (32)

with r, u ≥ 0, θ, ψ ∈ [0, π], (x, y, z) ∈ R
3, αi, βi, σi, γi, δi, νi, ζ, ξ, φ ∈ Cκ for i = 1, 2,

satisfying:

(a) The sliding region (Σsl ∪ Σes) ∩ Σ1 is homeomorphic to the slow manifold

{αi(0, θ, x, y) = 0} of (30), with i = 1 at Σ̂1 ∩ {y > 0} and with i = 2 at

Σ̂1 ∩ {y < 0}. The sliding vector field XΣ is topologically equivalent to the

reduced problem αi(0, θ, x, y) = 0, x′ = βi(0, θ, x, y) and y′ = σi(0, θ, x, y).

(b) The sliding region (Σsl ∪ Σes) ∩ Σ2 is homeomorphic to the slow manifold

{γi(0, ψ, x, z) = 0} of (31), with i = 1 at Σ̂2 ∩ {z > 0} and with i = 2 at

Σ̂2 ∩ {z < 0}. The sliding vector field XΣ is topologically equivalent to the

reduced problem γi(0, ψ, x, z) = 0, x′ = δi(0, ψ, x, z) and z′ = νi(0, ψ, x, z).

(c) System (32) is the blowing up of the regularization of systems (30) for i = 1, 2.

The intermediate manifold is given by S0
1 = {ζ(0, 0, θ, ψ, x) = 0}. Furthermore,

the intermediate flow is the limit, for r, u ↓ 0, of the trajectories of another

singular perturbation expressed by

rθ′ = ξ(r, u, θ, ψ, x), x′ = φ(r, u, θ, ψ, x). (33)

The slow manifold of (33) is the set on R
� given by

S0
2 = {ξ(0, 0, θ, ψ, x) = 0, ζ(0, 0, θ, ψ, x) = 0} ⊆ S0

1 .

The proof of Theorem C, for systems defined on R
�, can be found in [10]. To make

our text more complete, we reproduce the steps of the proof in the following example.

Example 6. Consider X=(X1, . . . , X4), where X1=(−x,−1,−1), X2=(−x, 2,−3),

X3 = (−x, 1, 2) and X4 = (−x,−3, 1). Consider the transition function ϕ : R :→ R given

by ϕ(s) = 2
π arctan(s).

The ϕy–regularization of X is the one–parameter family given by

X12
ε = (1/2) [(1 + ϕ(y/ε))X1 + (1− ϕ(y/ε))X2]

=
(
−x, 1

2 − 3
2ϕ(

y
ε ),−2 + ϕ( yε )

) (34)

for z > 0, ε > 0, and

X43
ε = (1/2) [(1 + ϕ(y/ε))X4 + (1− ϕ(y/ε))X3]

=
(
−x,−1− 2ϕ( yε ),

3
2 − 1

2ϕ(
y
ε )
) (35)

for z < 0, ε > 0.
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The ϕz–regularization of X is the one–parameter family given by

X14
a = (1/2) [(1 + ϕ(z/a))X1 + (1− ϕ(z/a))X4]

=
(
−x,−2 + ϕ( za ),−ϕ( za )

) (36)

for y > 0, a > 0, and

X23
a = (1/2) [(1 + ϕ(z/a))X2 + (1− ϕ(z/a))X3]

=
(
−x, 32 + 1

2ϕ(
z
a),−

1
2 − 5

2ϕ(
z
a )
) (37)

for y < 0, a > 0.

z z

y

y

x
x

0

π/2

π/2

Fig. 5. A sequence of slow manifolds S0
2 ⊆ S0

1 .

Now we blow up the variables y and ε in X12
ε and X43

ε with y = u cosψ, ε = u sinψ;

after we will blow up the variables z and a in X14
a and X23

a with z = r cos θ, a = r sin θ.

Denoting λ(s) = ϕ(cot s), Sα = − sin(α) we have:

X12
u : uψ′ = Sψ

(
1

2
− 3

2
λ(ψ)

)
, x′ = −x, z′ = −2 + λ(ψ),

X43
u : uψ′ = Sψ(−1− 2λ(ψ)), x′ = −x, z′ =

3

2
− 1

2
λ(ψ),

X14
r : rθ′ = −Sθλ(θ), x′ = −x, y′ = −2 + λ(θ),

X23
r : rθ′ = Sθ

(
−1

2
− 5

2
λ(θ)

)
, x′ = −x, y′ =

3

2
+

1

2
λ(θ).
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Rescale X14
r and X23

r , perform the ϕy–regularization and blow up y = u cosψ, ε =

u sinψ:

uψ′ = rSψ

(
− 1

4 + 3
4λ(θ)−

7
4λ(ψ) +

1
4λ(θ)λ(ψ)

)
,

θ′ = Sθ

(
− 1

4 − 7
4λ(θ) +

1
4λ(ψ) +

3
4λ(θ)λ(ψ)

)
,

x′ = −rx.

The intermediate manifold S0
1 is given by −1 + 3λ(θ)− 7λ(ψ) + λ(θ)λ(ψ) = 0. This is a

surface parameterized by (θ, ψ(θ), x) with θ ∈ [0, π]. The slow manifold S0
2 is represented

by {
−1 + 3λ(θ)− 7λ(ψ) + λ(θ)λ(ψ) = 0,

−1− 7λ(θ) + λ(ψ) + 3λ(θ)λ(ψ) = 0.

This curve is parameterized by (θ0, ψ0, x), x ∈ R, with λ(ψ0) = 11−4
√
11

2 and λ(θ0) =
3−

√
11

2 . Since x′ = −x the slow flow on S0
2 has an attracting singular point at (θ0, ψ0, 0).

See Figure 5.
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