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Abstract. In this paper, a family of first-order hyperbolic integro-differential equa-

tions introduced to model the decomposition of organic matter (OM) are studied. These

original equations depend on an extra variable named “quality”. We prove that these

equations admit solutions in particular Banach spaces ensuring the continuity and the

N -order closure of equations (N ∈ N
∗) according to “quality”. We first give a result of

existence, uniqueness and smoothness in a general framework. Then, this result is applied

to specific transport equations. Finally, a numerical illustration of solutions properties

is given by using an implicit-explicit finite difference scheme.

1. Introduction. The decomposition of soil organic mater (SOM) is a key process of

nutrient cycling in all forest ecosystems. It is the result of various interactions between

organic matter and soil biodiversity, i.e. macro, meso and micro faunae and also associ-

ations of fungal and bacterial species. The resulting production of organic and mineral

compounds is an important part of nutrients’ bioavailability in soils. Since 1970 scien-

tists have produced more than 250 models to study SOM dynamics with various time
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and space scales, level of complexity and non-linearity [18]. Most of these models are

probably special, discrete cases of the continuous formulation we are going to investigate

here.

Among these approaches, Göran Ågren and Ernesto Bosatta developed an original

formalism to describe this dynamic by using integro-differential equations (IDEs). The

concepts of organic matter quality and decomposer community they introduced in 1985

[4] permit us to describe the dynamics of a heterogeneous substrate of SOM and to

consider properties of storage and mineralization rates of elements C, N , P and S. The

resulting complex formalism strongly differs from classical approaches, usually based on

systems of ordinary differential equations (ODEs) describing chemical kinetics. As this

complex approach does not have analytic solutions, Göran Ågren and Ernesto Bosatta

simplified their models by considering the zeroth and first-order closure properties of their

IDEs. This, in turn, results in classical partial differential equations (PDEs). Complete

descriptions of these simplification are given for instance in [2, 7].

Literature concerning the quality concept includes in-situ modeling and model analysis

[1,3,5,8,9]. In particular, a model version [7] including the vertical dimension introduced

a more complex IDE problem. This vertical approach has not been developed since its

early publication despite several advantages. The integration of the vertical dimension

makes it possible to describe several soil-plant interactions such as root uptakes and

concepts arising from microbiology.

Our aims are: i) a study of existence, uniqueness and smoothness of solutions to a

general IDE suited to the theory of Ågren and Bosatta; ii) an application to the particular

equations including a vertical transport; and iii) a numerical application of the vertical

model at three scenarios illustrating the natural dynamics of SOM under forestry and

agricultural management practices.

2. Model description. As Ågren and Bosatta have introduced numerous model

versions, we instead introduce one of the most suggested formulations which considers

SOM decomposition along a vertical soil profile [7].

To introduce the equations describing SOM decomposition over the time (t), let us

give some background. First, the soil is assumed to be horizontally homogeneous with

reduced spatial variability in the vertical dimension (z). From here, we consider the

OM contained in a thin soil layer dz, at depth z. Second, the microbial decomposers

of SOM are encompassed in a unique community named the decomposers community.

This community is assumed to be in a steady state (i.e. mortality = production [6])

which corresponds to the assumption that decomposer biomass responds rapidly relative

to changes in substrate availability. Third, the quality theory [4] expresses how SOM is

accessible to the decomposers community. Hence, SOM is considered as a mixture of

qualities, i.e. a mixture of materials of different ages and degrees of decomposition. The

decomposers use OM as an energy source and their growth performance is related to the

SOM substrate accessibility.

The quality (q ∈ R+) permits us to define ρc(q, z, t) (gC cm−1 q−1) and ρn(q, z, t)

(gn cm−1 q−1) as the distribution functions of carbon (C) and elements (n ≡ N , P or

S) over the quality spectrum. Hence, ρcdqdz (resp. ρndqdz) is the amount of carbon
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(resp. element n) in the layer dz and in the interval dq of qualities. These amounts will

change due to decomposers activity and transport processes. A graphical representation

of these processes is given in Figure 1.

Fig. 1. Conceptual scheme of the model functioning over a time
interval [t, t+dt]. At a depth z, we consider a distribution of SOM in
a soil layer dz at time t (left graph). The evolution of a portion dq of
carbon centered at q0 is the combination of three processes: (M&B)
modification of SOM accessibility and biosynthesis by decomposers

production and death; (R) mass loss due to decomposers respiration;
(Tblack) mass loss by vertical transport of SOM combining biological
and geological processes; and (Tgray) an income of SOM by transport
process. The resulting distribution (right graph) is an addition of: i)
SOM (dark gray) in the interval dq resulting from M&B and Tgray ;
and ii) new SOM compounds (light gray) resulting from M&B.

Initially, SOM starts at some distribution of carbon and elements

ρc(q,z,0) = ρ0c(q,z), (1)

ρn(q,z,0) = ρ0n(q,z). (2)

We also define the inputs of OM at the soil surface over the time

ρc(q,0,t) = ιc(q,t), (3)

ρn(q,0,t) = ιn(q,t). (4)

The dynamics of carbon is determined by considering a mass balance combining three

processes: i) production and death of microbial biomass modifying the quality of assim-

ilated biomass; ii) mass loss due to respiration; and iii) vertical transport. In addition,

we do not allow for any inputs of OM inside the soil profile.

First, for each cycle through the decomposers (Figure 1-process M&B), the quality

distribution will change. This process is described by the dispersion function D(q, q′)

(q−1), which expresses how assimilated carbon of quality q′ is transformed to biomass

carbon of quality q and returned to SOM with the death of the decomposer. D is a

frequency distribution which implies that, for all q,
∫
R+

D(q, q′)dq = 1. The substrate

assimilation rate per unit of substrate carbon is denoted as u (gdec g−1
C ) and depends

on quality. Furthermore, factors such as temperature and soil moisture, varying with
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depth, may modify this rate. In addition, the decomposer carbon (resp. element) con-

centrations is denoted with fc (gC g−1
dec) (resp. fn (gn g−1

dec)). Therefore, we define the

rate of decomposer production of carbon of quality q as fc
∫
D(q, q′)u(q′, z)ρc(q

′, z, t)dq′.

Similarly, we obtain fn
∫
D(q, q′)u(q′, z)ρn(q

′, z, t)dq′ for elements.

Second, the decomposer efficiency e(q) defined as the ratio of production-to-

assimilation permits us to estimate the fraction 1− e(q) of carbon which is lost as respi-

ration (Figure 1-process R) at each cycle. Therefore, the rate at which substrate carbon

of quality q is used for production (assimilated) equals

fc

∫
D(q′, q)

u(q)

e(q)
ρc(q, z, t)dq

′ = fc
u(q)

e(q)
ρc(q, z, t).

Third, the velocity of the particles ν of OM determines the change in the amounts

contained in dz due to transport (Figure 1-processes T ). The velocity ν(q, z) may de-

pend explicitly on q, accounting for the possibility that particles of different quality

are transported at different velocities, and on z, accounting for the possible effects of

depth-varying environmental factors, e.g. water movement.

Finally, mass balance gives the following equation for the dynamics of carbon:

∂ρc
∂t

(q,z,t) =− fcu(q,z)

e(q)
ρc(q,z,t)

+ fc

∫ +∞

0

D(q,q′)u(q′,z)ρc(q′,z,t)dq
′ − ∂

∂z
[ν(q,z)ρc(q,z,t)] .

(5)

To determine the dynamic equations for the elements, we assume that the decomposer

community is limited by carbon. The turnover of n is regulated by the carbon utilization

which means that whenever a given amount of carbon is taken by a decomposer from

the quality q, an amount of n corresponding to the concentration ρn/ρC is removed at

the same quality. This gives

∂ρn
∂t

(q,z,t) =− fcu(q,z)

e(q)
ρn(q,z,t)

+ fn

∫ +∞

0

D(q,q′)u(q′,z)ρc(q′,z,t)dq
′ − ∂

∂z
[ν(q,z)ρn(q,z,t)] .

(6)

3. A general framework for quality equations. Here we consider a general for-

mulation of IDEs suitable to the various models considered in literature. Existence and

uniqueness of solutions are given in specific Banach spaces satisfying properties used

by Ågreen and Bosatta in their model simplifications (N -order closure in quality with

N ∈ N). In particular, solutions of IDEs have to admit N -order moments in quality, i.e.∫
R+

qNρ(q)dq < +∞.

Here we introduce the parameter λ. In particular, it permits us to introduce the

method of characteristics in the next section in the vertical case. Let the following be
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the general formalism of IDEs for all q, t ∈ R+:

∂ρc
∂t

(λ, t, q) = −f(λ, t, q)ρc(λ, t, q) +

∫
R+

D(q, q′)g(λ, t, q′)ρc(λ, t, q
′)dq′, (7)

∂ρn
∂t

(λ, t, q) = −f(λ, t, q)ρn(λ, t, q) + μ

∫
R+

D(q, q′)g(λ, t, q′)ρc(λ, t, q
′)dq′, (8)

where λ is a parameter in a metric space (F, dF ) and μ is a positive constant. Consider

also the positive initial conditions ρ0c(λ, q) = ρc(λ, 0, q) and ρ0n(λ, q) = ρn(λ, 0, q). We

also define Θn = ρn − μρc and obtain the ODE

∂Θn

∂t
(λ, t, q) = −f(λ, t, q)Θn(λ, t, q), (9)

with the initial condition Θ0
n(λ, q) = Θn(λ, 0, q) = ρn(λ, 0, q)− μρc(λ, 0, q).

We introduce the space C0(R+) of continuous functions with a zero limit in +∞.

C0(R+) is a Banach space for the uniform norm ‖ . ‖L∞(R+) [11] and ensures the continuity

of solutions in quality.

The N -order moments in the quality of solutions are characterized by the R-vector

spaces

L1,N (R+) =
{
ϕ ∈ L1(R+) | ∀j ∈ �0, N�, q �→ qjϕ(q) ∈ L1(R+)

}
. (10)

The norm ‖ . ‖L1,N (R+) is defined for all ϕ ∈ L1,N (R+) as ‖ϕ‖L1,N (R+) =
∑N

j=0 ‖q �→
qjϕ(q)‖L1(R+).

(
L1,N (R+), ‖ . ‖L1,N (R+)

)
is a Banach space.

Then, E = L1,N ∩ C0 (R+) is a Banach space with the norm ‖ . ‖E = ‖ . ‖L∞(R+) +

‖ . ‖L1,N (R+).

We now introduce several hypotheses on the terms of equations (7)-(8).

Definition 1 (Hypothesis on the kernel D). Recall that the dispersion function D

satisfies D ≥ 0 and
∫
R+

D(q, q′)dq = 1. In addition, assume the following smoothness

and integration properties:

(1) for all j ∈ �0, N�, there exists M ∈ R
∗
+ such that for all q′ ∈ R+,∫

R+

qjD(q, q′)dq ≤ Mq′j ;

(2) assume that M ′ = sup
q∈R+

∫
R+

D(q, q′)dq′ < +∞;

(3) for all q0 ∈ R+, lim
q→+∞

∫ q0
0

D(q, q′)dq′ = 0;

(4) for all ε > 0 and q ∈ R+, there exists η > 0 such as for all q̃ ∈]q− η, q+ η[ ∩ R+,∫
R+

|D(q, q′)−D(q̃, q′)|dq′ ≤ ε.

Definition 2 (Hypothesis on functions f, g). Let the map f (resp. g) be positive

and satisfy the smoothness properties:

(1) f (resp. g) is an element of C0 ∩ L∞(F × R
2
+);

(2) the map λ �→ f(λ, t, q) (resp. λ �→ g(λ, t, q)) is of class C1(F ), for all q, t ∈ R+;

(3) the differential of f and g with respect to the variable λ, Dλf and Dλg are

C1 ∩ L∞(F × (R+)2.
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Definition 3 (Hypothesis on initial conditions). Assume that initial conditions λ �→
ρ0c( . , λ) and λ �→ ρ0n( . , λ) are of class C1(F,E) and non-negative.

Under these hypotheses, we have a theorem of existence, uniqueness and smoothness

of IDEs (7)-(8) and ODE (9).

Theorem 1 (Existence, uniqueness of non-negative solutions). Assume Definitions 1, 2,

and 3. Then there exist unique solutions ρc, ρn and Θn satisfying:

• q �→ ρc(λ, t, q), q �→ ρn(λ, t, q) and q �→ Θn(λ, t, q) are in E,

• t �→ ρc(λ, t, q), t �→ ρn(λ, t, q) and t �→ Θn(λ, t, q) are of class C1(R+),

• λ �→ ρc(λ, t, q), λ �→ ρn(λ, t, q) and λ �→ Θn(λ, t, q) are of class C1(F ).

In addition, ρc and ρn are non-negative.

This result is an application of Cauchy-Lipshitz theory in Banach spaces as presented

in [15], [10], [12] and [16].

3.1. A technical lemma. The proof of Theorem 1 essentially relies on a technical lemma

introducing properties related to the Banach space E and the kernel D.

Lemma 1. Assume the conditions of Definition 1 and let be A a metric space. Then, we

have the properties:

(1) For all f ∈ C0 ∩ L∞(R+) and ρ ∈ E, we have fρ ∈ E and ‖fρ‖E ≤ ‖f‖L∞‖ρ‖E .
(2) For all g ∈ C0 ∩ L∞(R+) and ρ ∈ E, the map

ψ : q �→
∫
R+

D(q, q′)g(q′)ρ(q′)dq′

is an element of E and we have ‖ψ‖E ≤ max(M,M ′)‖g‖L∞‖ρ‖E .
(3) For all f ∈ C0 ∩ L∞(A × R+) and ρ ∈ E, the map x �→ f(x, . )ρ( . ) is of class

C0(A,E).

(4) For all g ∈ C0 ∩ L∞(A× R+) and ρ ∈ E, the map

ψ. : x �→ ψx =

∫
R+

D( . , q′)g(x, q′)ρ(q′)dq′

is of class C0(A,E).

(5) For all f ∈ C0 ∩ L∞(A × R+) and ρ ∈ C0(A × R+) verifying for all x ∈ A,

ρ(x, . ) ∈ E, we have fρ ∈ C0(A× R+), and for all x ∈ A, fρ(x, . ) ∈ E.

Proof. This proof uses the following property and notation several times: for all ρ ∈ E

and ε > 0, there exists q0, q1 > 0 such that:

|ρ(q)| ≤ ε for all q0 ≤ q,∫∞
q1

qj |ρ(q)|dq ≤ ε for all j ∈ �0, N�.

(1) The hypotheses give immediately fρ ∈ C0(R+) and ‖fρ‖L∞ ≤ ‖f‖L∞‖ρ‖L∞ .

Besides, we obtain easily that ‖fρ‖L1,N ≤ ‖f‖L∞‖ρ‖L1,N , which proves fρ ∈ E

and the norm inequality.
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(2) Firstly, by using D properties, we have

‖ψ‖L1,N =

N∑
j=0

∫
R+

∣∣∣∣∣qj
∫
R+

D(q, q′)g(q′)ρ(q′)dq′

∣∣∣∣∣ dq,
≤ M‖g‖L∞‖ρ‖L1,N ,

and for all q ∈ R+,∣∣∣∣∣
∫
R+

D(q, q′)g(q′)ρ(q′)dq′

∣∣∣∣∣ ≤ M ′‖g‖L∞‖ρ‖L∞ .

Secondly, as ρ ∈ C0 (R+), there exists q0 > 0 such that, for all q′ ≥ q0,

|ρ(q′)| ≤ ε. Then, we have the inequality∣∣∣∣∣
∫
R+

D(q, q′)g(q′)ρ(q′)dq′

∣∣∣∣∣
≤ ‖g‖L∞‖ρ‖L∞

∫ q0

0

D(q, q′)dq′ + ‖g‖L∞ε

∫ +∞

q0

D(q, q′)dq′

≤ ‖g‖L∞‖ρ‖L∞

∫ q0

0

D(q, q′)dq′ + ‖g‖L∞M ′ε,

and by D properties, we obtain lim
q→+∞

∫
R+

D(q, q′)g(q′)ρ(q′)dq′ = 0.

Thirdly, for all q, q̃ ∈ R+, the inequality

|ψ(q)− ψ(q̃)| ≤ ‖g‖L∞‖ρ‖L∞

∫
R+

|D(q, q′)−D(q̃, q′)| dq′

and Definition 1 is sufficient to prove that ψ is continuous.

(3) Let ρ ∈ E and x ∈ A be fixed. Consider that for all y ∈ A close enough to x,

|f(x, q)− f(y, q)| |ρ(q)|
{

ε‖ρ‖L∞ , if q < q0,

2‖f‖L∞ε, if q0 ≤ q,

and for all j ∈ �0, N�,∫
R+

qj |f(x, q)− f(y, q)| |ρ(q)|dq

≤
∫ q1

0

qj |f(x, q)− f(y, q)| |ρ(q)|dq + 2‖f‖L∞ε

≤ ε‖ρ‖L1,N + 2‖f‖L∞ε,

which is sufficient to prove the result.

(4) Let ε > 0, ρ ∈ E and x ∈ A be fixed. Similarly to the previous point, we obtain

that for all y ∈ A close enough to x,

|ψx − ψy| (q) ≤
∫
R+

D(q, q′)|g(x, q′)− g(y, x′)||ρ(q′)|dq′

≤ M ′ε(‖ρ‖L∞ + 2‖g‖L∞),
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and for all j ∈ �0, N�,∫
R+

qj |ψx − ψy| (q)|ρ(q)|dq

≤ M

∫ q1

0

qj |g(x, q′)− g(y, q′)| |ρ(q′)|dq + 2M‖g‖L∞ε

≤ Mε(‖qjρ(q)‖L1 + 2‖g‖L∞),

which is sufficient to obtain the result.

(5) fρ ∈ C0(A × R+) is trivial and the first point of the lemma gives for all x ∈ A,

fρ(x, . ) ∈ E. �
3.2. Existence, uniqueness and properties. The carbon equation (7) permits us to

define a Cauchy problem on E, for all t ∈ R+ and λ ∈ F fixed:⎧⎨
⎩

∂ρc
∂t

(λ, t, . ) = Hc(λ, ρc(λ, t, . ), t),

ρc(λ, 0, . ) = ρ0c(λ, . ),
(11)

where Hc : (λ, ρ, t) ∈ F × E × R+ �→ f(λ, t, . )ρ +
∫
R+

D( . , q′)g(λ, t, q′)ρ(q′)dq′ ∈ E.

According to technical Lemma 1, the map Hc is well defined.

To study the element n problem, we consider the following equivalent Cauchy problem

on E obtained from equation (9):⎧⎨
⎩

∂Θn

∂t
(λ, t, . ) = f(λ, t, . )Θn(λ, t, . ),

Θn(λ, 0, . ) = Θ0
n(λ, . ).

(12)

As this problem is a simplified version of problem (11), the results concerning Θn are

identical to ρc, excepted for the sign of the initial condition Θ0
n. Then, ρn also has the

same properties and we only focus on problem (11) in the proofs below, except for the

study of the solution’s positivity.

Remark 1. As the map f is non-negative, Θn has an exponential decay in time.

Hence, the ratio ρn

ρc
converges to the constant μ. As μ = fn

fc
, it implies that soil substrate

composition converges to the microbial community composition.

Proposition 1. For all λ ∈ F fixed, problems (11)-(12) admit unique solutions t �→
ρc(λ, t, . ) and t �→ Θn(λ, t, . ) in C1(R+, E).

Proof. In this proof, λ ∈ F is fixed. To ensure existence and uniqueness of the solution

of problem (11), we prove that Hc(λ, . , . ) is continuous on E×R+ and globally Lipschitz

on E.

First, we prove that for all ρ ∈ E, t �→ Hc(λ, ρ, t) is continuous on R+. Consider

the points (3)-(4) of Lemma 1 with t ∈ A = R+. In addition, the maps f(λ, . , . ) and

g(λ, . , . ) are in C0∩L∞(R2
+). Hence, the map t �→ Hc(λ, ρ, t) is in C0(A,E) = C0(R+, E).

Second, we introduce a lemma ensuring that Hc(λ, . , . ) is continuous on E × R+ and

globally Lipschitz on E.

Points (1)-(2) of Lemma 1 give the following result.
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Lemma 2. Let be N ∈ N
∗ fixed. Then, for all λ ∈ F and t ∈ R+, the map

Hc(λ, . , . ) : E → E

is linear and continuous with the continuity constant CL = ‖f‖L∞ +max (M,M ′) ‖g‖L∞ .

As Hc(λ, . , . ) is continuous on t and CL is independent of t, Hc(λ, . , . ) is continuous

on E × R+. We have existence and uniqueness of global solutions since Hc is globally

Lipschitz in ρ which is proved by the lemma. �

Proposition 2. For all λ ∈ F fixed, ρc and ρn are non-negative.

Proof. Consider first ρc. Let be wc(λ, t, q) = ρc(λ, t, q) exp
(
−
∫ t

0
f(λ, s, q)ds

)
. As

q �→ f(λ, t, q) and q �→ ρc(λ, t, q) are continuous, q �→ wc(λ, t, q) is continuous. Then, we

have

∂wc

∂t
(λ, t, q) =

∫
R+

D(q, q′)g(λ, t, q′)ρc(λ, t, q
′)dq′ exp

(
−
∫ t

0

f(λ, s, q)ds

)
.

By defining W (λ, t, q, q′) = D(q, q′)g(λ, t, q′) exp
(
−
∫ t

0
(f(λ, s, q′)− f(λ, s, q)) ds

)
, we

obtain
∂wc

∂t
(λ, t, q) =

∫
R+

W (λ, t, q, q′)wc(λ, t, q
′)dq′.

Remark that W ≥ 0 and let us assume the following absurd hypothesis: there exist T ≥ 0

and q0 ≥ 0 such that i) for all t ∈ [0, T ] and q ≥ 0, wc(λ, t, q) ≥ 0, ii) wc(λ, T, q0) = 0,

iii) ∂wc

∂t (λ, T, q0) < 0.

On the one hand, we have W (λ, T, q, q′) ≥ 0 and wc(λ, T, q
′) ≥ 0 for all q′ ∈ R+,

which gives
∫
R+

W (λ, T, q, q′)wc(λ, T, q
′)dq′ ≥ 0. On the other hand, ∂wc

∂t (λ, T, q0) < 0,

which is a contradiction. Then, we have two possibilities: i) wc(λ, T, q0) �= 0; or ii)
∂wc

∂t (λ, T, q0) ≥ 0. In either case, wc ≥ 0. As wc and ρc have the same sign, we have the

result.

Consider now ρn. Let be wn(λ, t, q) = ρn(λ, t, q)e
(−

∫ t
0
f(λ,s,q)ds). We obtain

∂wn

∂t
(λ, t, q) = e(−

∫ t
0
f(λ,s,q)ds)μ

∫
R+

D(q, q′)g(λ, s, q′)ρc(λ, s, q
′)dq′,

which gives ∂wn

∂t (λ, t, q) ≥ 0. Furthermore, wn(λ, 0, q) = ρn(λ, 0, q) ≥ 0; then wn and ρn
are non-negative. �

We now consider the dependence to λ of Cauchy problems (11)-(12). The underlying

theory is fully describe in literature [10].

Proposition 3. Solutions of problems (11)-(12) are continuously dependent on λ.

Proof. We consider the problem (11). The result is obtained when: (i) the solution

t �→ ρc(λ, t, . ) is continuous in E in the neighborhood of initial condition ρ0c ; (ii) the

solution t �→ ρc(λ, t, . ) is continuous in λ; and (iii) the map λ �→ ρ0c(λ, . ) is continuous.

According to [10], the first point is obtained immediately. Besides, Lemma 2 proves

that Hc is continuous and globally Lipschitz in ρ, with a Lipschitz constant independent

of λ. The continuity of Hc in (λ, t) is given by points (3)-(4) of technical Lemma 1 with

(λ, t) ∈ A = F × R+. �
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Proposition 4. The solutions (λ, t) �→ ρc(λ, t, . ) and (λ, t) �→ Θn(λ, t, . ) of Cauchy

problems (11)-(12) are of class C1(F × R+, E).

Proof. Consider the Cauchy problem (11). We first prove that the IDE solution can

be differentiated in the neighborhood of initial condition ρ0c . Consider λ ∈ R
∗
+ fixed. As

ρ �→ Hc(λ, ρ, t) is linear and continuous (Lemma 2), we have DρHc(λ, ρ, t) = Hc(λ, . , t).

Then, (ρ, t) �→ DρHc(λ, ρ, t) is continuous on E × R+, which ensures that the map

(ρ0c(λ, . ), t) �→ ρc(λ, t, . ) is of class C1(E × R+) [10].

Secondly, due to the role of λ as a parameter, we considerer the differentiability of Hc

in λ and ρ. As seen in the previous point, DρHc(λ, ρ, t) = Hc(λ, . , t) ∈ L(E). According

to Hc properties, the map (λ, ρ, t) �→ Hc(λ, . , t) is continuous on F × E × R+.

It remains to prove that the map DλHc(λ, ρ, t) ∈ L(F,E) exists and is continuous on

F × E × R+. Let us define the map Fc : F × E × R
+ → L(F,E) by

Fc(λ0, ρ, t).λ = [Dλf(λ0, t, .).λ] ρ+

∫
R+

D(., q′) [Dλg(λ0, t, q
′).λ] ρ(q′)dq′.

We prove as in the proof of Proposition 2 that Fc ∈ L(F,E) and that Fc is contin-

uous on F × E × R
+. It remains to prove that Fc is the differential of Hc. We use

Lemmas 1–3 with the function f(λ0 + λ, t, q)− f(λ0, t, q)−Dλf(λ0, t, q).λ and Lemmas

1–4 with g(λ0 + λ, t, q) − g(λ0, t, q) − Dλg(λ0, t, q).λ to obtain that the limit in E of

Hc(λ0 + λ, ρ, t)−Hc(λ0, ρ, t) when λ tends towards 0 is Fc(λ0, ρ, t).λ.

The hypothesis λ �→ ρ0c(λ, . ) is C1 ensures that the map (λ, t) �→ ρc(λ, t, . ) is of class

C1(F × R+, E) [10]. �

4. Application to the vertical model. In this part, we apply the general result

obtained in section 3 to equations (5)-(6) by using the method of characteristics. To

improve the hypothesis formulation, let us formulate them as follows:

∂ρc
∂t

(q,z,t) + ν(q,z)
∂ρc
∂z

(q,z,t) = K(q,z)ρc(q,z,t) + fc

∫
R+

D(q,q′)u(q′,z)ρc(q′,z,t)dq
′, (13)

∂ρn
∂t

(q,z,t) + ν(q,z)
∂ρn
∂z

(q,z,t) = K(q,z)ρn(q,z,t) + fn

∫
R+

D(q,q′)u(q′,z)ρc(q′,z,t)dq
′, (14)

where

K(q,z) = −fcu(q,z)

e(q)
− ∂ν

∂z
(q,z). (15)

In addition, let us recall the hypothesis [7]: fn, fc > 0, e ∈]0, 1[; ν > 0 and (q, z) �→
ν(q, z) ∈ L∞(R2

+); u > 0 and (q, z) �→ u(q, z) ∈ L∞(R2
+).

Definition 4. Assume that:

(1) the substrate assimilation rate u and the mapK (equation (15)) has the following

properties: i) u,K ∈ C0 ∩ L∞(R2
+); ii) for all q ∈ R+, the maps z �→ u(q, z) and

z �→ K(q, z) are of class C1(R∗
+); iii) ∂zu, ∂zK ∈ C0 ∩ L∞(R2

+);

(2) the velocity function ν verifies that i) ν ∈ C0 ∩L∞(R2
+); ii) there exists αν ∈ R

∗
+

such that, for all (q, z) ∈ R
2
+, ν(q, z) ≥ αν ; iii) the map z �→ ν(q, z) is of class

C2(R+).
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Definition 5 (Smoothness of initial conditions and input functions). Assume that

the initial conditions (1)-(2) and input functions (3)-(4) satisfy the following smoothness

properties:

(1) the maps z �→ ρ0c( . , z), z �→ ρ0n( . , z), t �→ ιc( . , t) and t �→ ιn( . , t) are of class

C1(R∗
+, E);

(2) C0-junction conditions of initial conditions and input functions:

lim
t→0

ιc( . , t) = lim
z→0

ρ0c( . , z) = ρ0c( . , 0), (16)

lim
t→0

ιn( . , t) = lim
z→0

ρ0n( . , z) = ρ0n( . , 0); (17)

(3) C1-junction conditions of initial conditions and input functions:

lim
t→0

∂tιc( . ,t) + ν( . ,0) lim
z→0

∂zρ
0
c( . ,0) = K( . ,0)ιc( . ,0) + fc

∫
R+

D( . ,q′)u(q′,0)ιc(q′,0)dq
′, (18)

lim
t→0

∂tιn( . ,t) + ν( . ,0) lim
z→0

∂zρ
0
n( . ,0) = K( . ,0)ιn( . ,0) + fn

∫
R+

D( . ,q′)u(q′,0)ιc(q′,0)dq
′. (19)

Theorem 2 (Existence, uniqueness and smoothness of solutions). Assume definitions

(4)-(5). There exists a unique non-negative solution ρc satisfying:

(1) q �→ ρc(q, z, t) ∈ E for all z, t ∈ R+;

(2) t �→ ρc(q, z, t) and z �→ ρc(q, z, t) are of class C1(R+) for all q ∈ R+.

We have the same results for ρn.

Remark 2. Definitions 4 and 5 are exhaustive. Despite their important number, the

resulting constraints for modeling can be easily overcome.

The proof can be divided in three steps: i) the use of the characteristics method [19];

ii) an application of section 3 results; and iii) a study of solutions smoothness.

4.1. Characteristics: Existence, uniqueness and properties. Briefly, the characteristics

are the paths followed by each organic matter particle. They permit a variable change

simplifying the study of equations (5) and (6). We introduce the following Cauchy

problems defining characteristics. For all (q, z, t) ∈ R
3
+:⎧⎨

⎩
dZ

ds
(q, z, t, s) = ν(q, Z(q, z, t, s)),

Z(q, z, t, t) = z.
(20)

The values (z, t) ∈
(
R

∗
+

)2
, introduced previously as IDE variables, are seen here as initial

conditions of (20). We chose s as the time variable to clarify notation in the proof.

4.1.1. Extension of temporal domain. Existence, uniqueness and smoothness of char-

acteristics. As problem (20) is autonomous, the time domain is easily extended to R and

we consider (z, t) ∈ R
∗
+ × R. By using classical results of EDO theory [13], we obtain:

Theorem 3 (Existence and uniqueness of characteristics). Assume that: i) (q, z) �→
ν(q, z) is continuous, bounded and positive on R

2
+; and ii) z �→ ν(q, z) is of class C2(R+).
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Then, for all (q, z, t) ∈ R
3
+ fixed, there exists S−(q, z, t) ∈ R such that problem (20)

admits a unique maximal solution s �→ Z(q, z, t, s) on the interval [S−(q, z, t),+∞[. We

have:

(1) q �→ Z(q, z, t, s) is continuous on R+;

(2) (z, t) �→ Z(q, z, t, s) is of class C2
(
R

2
+

)
;

(3) lim
s→S−

Z(q, z, t, s) = 0.

Since problem (20) is autonomous,

∀z ∈ R+, ∀t ∈ R, ∀s ∈ [S−(q, z, 0),+∞[, Z(q, z, t, t+ s) = Z(q, z, 0, s). (21)

Remark 3. The smoothness of ν in Theorem 3 is chosen to ensure the smoothness of

the solutions of equations (13)-(14). Actually, existence and uniqueness are ensured if:

i) (q, z) �→ ν(q, z) is continuous; and ii) z �→ ν(q, z) is locally Lipschitz.

Proposition 5 (Smoothness of characteristics). If (q, z) �→ ν(q, z) is continuous and

locally Lipschitz in z, (q, s) �→ Z(q, z, t, s) is continuous. In addition, for all (z, t) fixed,

i) if ν is locally Lipshitz in q, then (q, s) �→ Z(q, z, t, s) is locally Lipshitz in q; ii) if ν is of

class Ck and admits a partial derivate ∂ν
∂q of class Ck, then (q, s) �→ Z(q, z, t, s) is of class

Ck+1. As (z, t) are implicit terms in ν, the smoothness of characteristics with regard to

(z, t) is identical to s.

4.1.2. Restriction of temporal domain. Definition of IDE variables domains. We now

consider the time variable as a positive variable. Then, q, z, t ∈ R+ and we consider three

domains depending on S−(q, z, t) value (see Figure 2):

Ω0 =
{
(q, z, t) ∈ R

3
+ |S−(q, z, t) = 0

}
, (22)

Ωz =
{
(q, z, t) ∈ R

3
+ |S−(q, z, t) > 0

}
, (23)

Ωt =
{
(q, z, t) ∈ R

3
+ |S−(q, z, t) < 0

}
. (24)

Fig. 2. Domains of IDE variables and illustration of the construction
of maps πq with (q, z̄, t̄) ∈ Ωt and (q, z̃, t̃) ∈ Ωz.
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We define a family of maps which linked each point (q, z, t) ∈ R
3
+ to the domain

boundary according to characteristics. Let (πq){q∈R+} be a family of maps defined by

πq : R
2
+ → R

2
+,

(z, t) �→ (Z(q, 0, S−, (S−)+), (S−)+) ,
(25)

where ( . )+ is the positive part function. By considering flow properties of characteristics,

relationship (21) and ν > 0, we can prove that each map πq is continuous and we have

the following proposition:

Proposition 6 (Boundary projection smoothness). For all q ∈ R+, the map πq is of

class C1 on each domain Ωt and Ωz. The maps (z, t) �→ ∂zπq(z,t) and (z, t) �→ ∂tπq(z,t)

are not continuous on Ω0.

Proof. We consider three cases:

(1) if (q, z, t) ∈ Ωt, πq(z, t) = (0, S−(q,z,t));

(2) if (q, z, t) ∈ R
3
+ such as z = Z(q, 0, 0, t), πq(z, t) = (0, 0);

(3) if (q, z, t) ∈ Ωz, πq(z, t) = (Z(q, 0, S−(q,z,t), 0), 0).

Then, we determine ∂S−
∂z and ∂S−

∂t . Recall that ∀(q, z, t) ∈ R
3
+, z = Z(q, 0, S−(q,z,t), t).

Then, we have 1 = ∂S−
∂z (q, z, t) ∂Z

∂S−
(q, 0, S−, t) and 0 = ∂S−

∂t (q, z, t) ∂Z
∂S−

(q, 0, S−, t) +

ν(q, z).

Besides, from property (21), we obtain the equalities

∂t (Z(q, 0, t, s)) = ∂t (Z(q, 0, 0, s− t))

= −∂sZ(q, 0, 0, s− t)

= −ν (q, Z(q, 0, 0, s− t))

= −ν (q, Z(q, 0, t, s)) .

Then, the map (q, t, s) �→ ∂Z(q,0,t,s)
∂t is continuous and strictly negative. In addition,

∂Z

∂t
(q, 0, t, s) = −ν(q, Z(q, 0, t, s)). (26)

Then, we obtain ∂S−
∂z (q, z, t) = −1

ν(q,z) < 0 and ∂S−
∂t (q, z, t) = −1 < 0. Since we have

πq(z, t) = (0, S−(q,z,t)) on Ωt, it concludes that
∂πq

∂z (z,t) =
(
0, −1

ν(q,z)

)
and

∂πq

∂t (z,t) =

(0,−1). Similarly, πq(z, t) = (Z(q, 0, S−(q,z,t), t), 0) on Ωz. Then,
∂πq

∂z (z,t) = (1, 0) and
∂πq

∂t (z,t) = (ν(q, z), 0). The smoothness of ν ensures that πq is of class C1 on both domains

Ωt and Ωz. These results also prove that ∂π
∂z and ∂π

∂t are not continuous on Ω0. �
4.2. Cauchy problems and solution properties.

4.2.1. Change of variables. For all (q, z, t) ∈ R
3
+ and s ∈

[
(πq(z, t))2 ,+∞

[
, we intro-

duce a change of variables. For the sake of clarity and according to the general Theorem

1, it is permitted to have the initial condition in time equal to 0 in the Cauchy problems
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studied in the following:

r = s− t,

ρc(z,t)(q, r) = ρc (q, Z(q, z, t, s), s) ,

ρn(z,t)(q, r) = ρn (q, Z(q, z, t, s), s) ,

K(z,t)(q, r) = K (q, Z(q, z, t, s)) ,

u(z,t)(q, r) = u (q, Z(q, z, t, s)) .

Remark that K(z,t) and u(z,t) ∈ L∞ (
R

2
+

)
, for all (z, t) ∈ R

2
+.

By using equation (13), we obtain

∂ρc(z,t)

∂r
(q, r) = ∂r (ρc(q, Z(q, z, t, t+ r), t+ r))

= ν (q, Z(q,z,t,t+r)) ∂2ρc(q, Z(q,z,t,t+r), t+ r) + ∂3ρc(q, Z(q,z,t,t+r), t+ r)

= K(z,t)(q, r)ρ
c
(z,t)(q, r) + fc

∫
R+

D(q, q′)u(z,t)(q
′, r)ρc(z,t)(q

′, r)dq′.

Similarly equation (14) gives

∂ρn(z,t)
∂r

(q, r) = K(z,t)(q, r)ρ
n
(z,t)(q, r) + fc

∫
R+

D(q, q′)u(z,t)(q
′, r)ρc(z,t)(q

′, r)dq′.

By characteristic uniqueness, these variable changes permit us to introduce three sim-

ilar Cauchy problems on Banach space E and positive time t, by considering ρc0( . , z) and

ιc( . , t) ∈ E: ⎧⎪⎨
⎪⎩

∂ρc(0,0)
∂t

( . , t) = H0

(
ρc(0,0), t

)
,

ρc(0,0)( . , 0) = ρ0c( . , 0),

(27)

for all z0 ∈ R
∗
+, ⎧⎪⎨

⎪⎩
∂ρc(z0,0)

∂t
( . , t) = H1

(
z0, ρ

c
(z0,0)

, t
)
,

ρc(z0,0)( . , 0) = ρ0c( . , z0),

(28)

for all t0 ∈ R
∗
+, ⎧⎨

⎩
∂ρc(0,t0)

∂t
( . , t) = H2

(
t0, ρ

c
(0,t0)

, t
)
,

ρc(0,t0)( . , 0) = ιc( . , t0),

(29)

were we introduce the vector fields

H0 : E × R+ → E,

(ρ, t) �→ H0(ρ, t),
(30)

where H0(ρ, t) : q �→ K(0,0)(q, t)ρ(q) + fc
∫
R+

D(q, q′)u(0,0)(q
′, t)ρ(q′)dq′,

H1 : R
∗
+ × E × R+ → E,

(z0, ρ, t) �→ H1(z0, ρ, t),
(31)
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where H1(z0, ρ, t) : q �→ K(z0,0)(q, t)ρ(q) + fc
∫
R+

D(q, q′)u(z0,0)(q
′, t)ρ(q′)dq′,

H2 : R
∗
+ × E × R+ → E,

(t0, ρ, t) �→ H2(t0, ρ, t),
(32)

where H2(t0, ρ, t) : q �→ K(0,t0)(q, t)ρ(q) + fc
∫
R+

D(q, q′)u(0,t0)(q
′, t)ρ(q′)dq′.

Lemma 1 proves thatH0, H1, H2 are well defined. A similar formalism can be obtained

from the elements equation.

4.2.2. Existence, uniqueness and smoothness.

Proposition 7 (Existence, uniqueness and smoothness depending on domains).

(1) Cauchy problems (27)–(29) admit unique non-negative solutions in C1(R+, E).

(2) The solutions (z0, t) �→ ρc(z0,0)( . , t) and (t0, t) �→ ρc(0,t0)( . , t) of Cauchy problems

(28)-(29) are of class C1(R∗
+×R+, E). In addition, ∂z0ρ

c
(z0,0)

(., t), ∂t0ρ
c
(0,t0)

(., t) ∈
E.

Proof. According to Theorems 1 and 3, it is sufficient to notice that Definition 5

is equivalent to Definition 2 for λ = z0 or t0, f = K(z0,0)( . , . ) or K(0,t0)( . , . ), g =

fcu(z0,0)( . , . ) or fcu(0,t0)( . , . ) and μ = fn
fc
. �

By using the maps πq (equation (25)) and the variable change, we express solutions

on each domain Ω0, Ωz and Ωt with the following formulae:

for all (q, z, t) ∈ Ω0, ρc(q, z, t) = ρc(0,0)(q, t),

for all (q, z, t) ∈ Ωz, ρc(q, z, t) = ρc((πq)1(z,t),0)
(q, t),

for all (q, z, t) ∈ Ωt, ρc(q, z, t) = ρc(0,(πq)2(z,t))
(q, t− (πq)2(z,t)).

We now consider the behavior of solutions when z0 and t0 tend to 0.

Theorem 4 (C0-junction). Consider condition (2) of Definition 5. The map t �→
ρc(z0,0)( . , t) ∈ C1(R+, E) (resp. t �→ ρc(0,t0)( . , t)) is uniformly convergent on every com-

pact subset to t �→ ρc(0,0)( . , t) when z0 → 0 (resp. t0 → 0). Hence, for all t ∈ R+, the

maps z0 �→ ρc(z0,0)( . , t) and t0 �→ ρc(0,t0)( . , t) admit a continuous extension in 0 for the

norm ‖ . ‖E.
We have the same results for ρn.

Proof. First, we consider ρc. Due to similarity of solutions, we only consider z0 �→
ρc(z0,0)( . , t). As z0 is a parameter of vector field H1 and the initial condition, we specify

the solution dependence according to the initial condition in Cauchy problem (28). For

all z0 ∈ R
∗
+, ⎧⎨

⎩ ∂tρ
c
(z0,0)

( . , t, ρ0c( . ,z0)) = H1

(
z0, ρ

c
(z0,0)

, t
)
,

ρc(z0,0)( . , 0, ρ
0
c( . ,z0)) = ρ0c( . , z0).

We also consider Cauchy problem (27),⎧⎨
⎩ ∂tρ

c
(0,0)( . , t) = H0

(
ρc(0,0), t

)
,

ρc(0,0)( . , 0) = ρ0c( . , 0),

and have to prove that, for all t > 0, lim
z0→0

‖ρc(z0,0)( . , t, ρ
0
c( . ,z0))− ρc(0,0)( . , t)‖E = 0.
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On the one hand, for all t ∈ R+, ‖ρc(z0,0)( . , t, ρ
0
c( . ,z0)) − ρc(z0,0)( . , t, ρ

0
c( . ,0))‖E ≤

eCLt‖ρc0( . , z0) − ρc0( . , 0)‖E, where CL is given in Lemma 2 [10]. On the other hand,

we define w(z0, t) = ρc(z0,0)( . , t, ρ
0
c( . ,0))− ρc(0,0)( . , t) and obtain{

∂t (w(z0, t)) = H1(z0, w(z0, t), t) +B(z0, t),

w(z0, 0) = 0E ,

where B(z0, t) = H1(z0, ρ
c
(0,0)( . ,t), t)−H0(ρ

c
(0,0)( . ,t), t) and verifies for all T > 0:

lim
z0→0

(
sup

t∈[0,T ]

‖B(z0, t)‖E

)
= 0.

Then, for all T ∈ R+, we define w(z0, T ) =
∫ T

0
(H1(z0, w(z0, t), t) +B(z0, t)) dt,

‖w(z0, T )‖E ≤
∫ T

0

‖H1(z0, w(z0, t), t)‖E dt+

∫ T

0

‖B(z0, t)‖Edt,

‖w(z0, T )‖E ≤ CL

∫ T

0

‖w(z0, t)‖E dt+ T sup
t∈[0,T ]

‖B(z0, t)‖E .

By using the classical Grönwall lemma, we obtain for all T̃ ∈ R+ fixed and T ∈ [0, T̃ ],

‖w(z0, T )‖E ≤ T sup
t∈[0,T ]

‖B(z0, t)‖E + CL

∫ T

0

s sup
t∈[0,s]

‖B(z0, t)‖E exp

(∫ T

s

CLdu

)
ds,

‖w(z0, T )‖E ≤ T̃ sup
t∈[0,T̃ ]

‖B(z0, t)‖E︸ ︷︷ ︸
→0

z0→0

(
1 + T̃CL exp(T̃CL)

)
.

The same result is obtained for elements by using the same approach. We study the

following Cauchy problem:{
∂t (w

n(z0, t)) = K(z0,0)( . , t)w
n(z0, t) +B(z0, t),

w(z0, 0) = 0E ,
(33)

where w(z0, t) = ρn(z0,0)( . , t, ρ
n
0 ( . ,0))− ρn(0,0)( . , t), and

B(z0, t) =
(
K(z0,0)( . , t)−K(0,0)( . , t)

)
ρn(0,0)( . , t)

+fn

∫
R+

D( . , q′)
(
u(z0,0)ρ

c
(z0,0)

− u(0,0)ρ
c
(0,0)

)
(q′, t)dq′,

which werifies for all T > 0, lim
z0→0

(
sup

t∈[0,T ]

‖B(z0, t)‖E

)
= 0. �

Theorem 5 (C1-junction). Consider condition (3) of Definition 5. The maps t �→
ρc(q, z, t) and z �→ ρc(q, z, t) are of class C1(R+). We have the same result for ρn.

Proof. The proof is the same for ρc and ρn.

To determine the C1-junction condition, we extend problem (29) to negative time

values. By doing so, we reproduce the methodology used to study characteristics (see

4.1.1).
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To perform this extension, we consider an extension of the vector field H2 to negative

time values noted H̄2 : R×E× [t0,+∞[→ E. We also consider an extension of the input

function noted ῑc ∈ E such that t �→ ῑc( . , t) ∈ C1(R, E) and we consider the Cauchy

problem ⎧⎨
⎩

d

dt
ρ̄c(0,t0)( . , t) = H̄2(t0, ρ̄

c
(0,t0)

( . , t), t), ∀t ≥ t0,

ρ̄c(0,t0)( . , t0) = ῑc( . , t0),
(34)

which admits a unique solution with C1 smoothness in t0. The proof is the same as those

presented in previous sections.

Assume now that ρc0( . , z0) = ρ̄c(0,t0)( . , 0) for all z0 such that z0 = Z(q, 0, t0, 0). It

results by uniqueness that the original problem solutions and the extended problem

solutions are identical for positive times. Hence, we are ensured of the C1-junction of

ρc(0,t0) and ρc(z0,0) on the characteristic merging from (0, 0).

It remains to express the necessary smoothness condition verified by initial conditions

and input functions. Coincidence of the solution in t0 = 0 gives:

d

dt0
ῑc( . , t0)|t0=0 = H1(z0, ρ(z0,0)( . , 0), 0) +

∂Z

∂t
(q, 0, 0, 0)∂z0ρ

c
(z0,0)

( . , 0),

∂tιc( . , 0) = H0(ιc( . , 0), 0)− ν( . , 0)∂zρ
c
0( . , 0).

Considering the smoothness of maps πq (equation (25)) ends the proof. �
4.3. Steady state. In this part, we consider a model steady state. We prove the ex-

istence and uniqueness of solutions and a convergence result. Let us define the steady

state equations in which the solutions are noted ρ∞c and ρ∞n :

∂ρ∞c (q,z)

∂z
= −K(q,z)

ν(q,z)
ρ∞c (q,z) +

fc
ν(q,z)

∫
R+

D(q,q′)u(q′,z)ρ∞c (q′,z)dq′, (35)

∂ρ∞n (q,z)

∂z
= −K(q,z)

ν(q,z)
ρ∞n (q,z) +

fn
ν(q,z)

∫
R+

D(q,q′)u(q′,z)ρ∞c (q′,z)dq′ (36)

and the constant input conditions in E:

ρ∞c (., 0) = ι∞c , (37)

ρ∞n (., 0) = ι∞n . (38)

By using similar methods as those used previously, we prove the following lemma.

Theorem 6. If Definition 4 hypotheses are satisfied, there exist unique solutions ρ∞c ,

ρ∞n ∈ C1 (R+, E).

Now, assume that input functions ιc and ιn of the dynamical model are equal to ι∞c
and ι∞n for positive times.

Theorem 7. If ιc = ι∞c , then for all (q, z, t) ∈ Ωt, ρc(q, z, t) = ρ∞c (q, z, t). In other

words, for all t > 0 and q ∈ R+, ρc is identical to stationary solution up to depth

z = Z(q, 0, 0, t). Similarly, for all z > 0 fixed, ρc converge punctually to the stationary

solution which is reached on the time t verifying z = Z(q, 0, 0, t). ρn and ρ∞n satisfy the

same properties.
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Proof. We consider the case of (q, z, t) ∈ Ωt. We define wc(q, z, t) = ρc(q, z, t) −
ρ∞c (q, z) ∈ E which satisfies for all (q, z, t) ∈ Ωt:⎧⎪⎨

⎪⎩
∂twc(q, z, t) + ν(q, z)∂zwc(q, z, t) = K(q, z)wc + fc

∫
R+

D(q, q′)u(q′, z)wc(q
′, z, t),

w(q, 0, t) = 0.

We trivially deduce that wc(q, z, t) = 0 for all (q, z, t) ∈ Ωt, which gives the result. The

proof is the same for ρn. �

5. Numerical applications and biological views. In this part, we only consider

the carbon dynamics. We first introduce an explicit formulation of the model equation.

We choose D as introduced in [9]:

D(q, q′) =
α+ 1

q′α+1
qα�{q≤q′}.

This choice for D implies that quality changes are always occurring towards lower qual-

ities.

To facilitate numerical applications, we use the following property to ensure that there

exists qmax > 0 such that

∫ +∞

0

D(q, q′)u(q′, z)ρc(q
′, z, t)dq′ =

∫ qmax

0

D(q, q′)u(q′, z)ρc(q
′, z, t)dq′.

Proposition 8. Assume that ρc0, ρ
n
0 , σ

c, σn ∈ E supports in q are compact and note

qmax = inf {q | supp(ρc0), supp(ρn0 ), supp(σc), supp(σn) ⊂ [0, q]× R+} . If D can be

written as D(q, q′) = E(q, q′)1{q≤q′}, the support in q of solutions ρc and ρn are in-

cluded in [0, qmax].

By using [7], we introduce the explicit functions terms e(q) = e0 and u(q) = u0q
β for

all q ∈ [0, qmax], where e0 = 0.25, u0 = 7.3 . 10−2, β = 7. Also assume that α = 0.78,

fc = 0.5 and the vertical transport is constant ν(q, z) = ν0 = 10−2. Then, equation (5)

becomes for all q ∈ [0, qmax],

∂ρc
∂t

(q,z,t)+ν0
∂ρc
∂z

(q,z,t)+
fcu0q

β

e0
ρc(q,z,t) = fc(α+1)u0q

α

∫ qmax

q

q′β−α−1ρc(q′,z,t)dq
′. (39)

We now consider a finite difference scheme. The left term of equation (39) is estimated

by a finite difference operator backward in space and implicit in time. The right term is

explicit in time and is estimated with the trapeze method. The method is implemented

in Matlab c©.

We finally consider three scenarios illustrating hypothetical study cases. They have

been chosen to test the realism of the model [17] in three contrasted situations that can
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occur in forest ecosystems and that differ from the usual steady-state assumption used in

most of the SOM models. In the first case, the forest manager decided to shift from one

species to another, with the aim of improving soil OM quality (for example, by planting

a legume tree species such as acacia), and he wants to know the time required to have

the new and improved SOM at 20cm depth. The second case simulates the occurrence

of a storm, increasing the amount of OM left on the soil (of low quality because mainly

made of wood instead of leaves), and then coming back progressively to the initial state

(in quality). The objective of the forest manager is to assess to what extent storms can

contribute to the C stocks in the soil, especially when they are repeated in time (see

Klaus, Lothar, etc.). The last case illustrates the colonization of abandoned agricultural

lands by a mixture of forest tree species. This corresponds to the main increase in

forest surface in European countries, and the challenge, for National Green House Gases

reporting, is to assess how much carbon is stored in the soil after this land-use change.

For the three case studies, our objective is to assess if the model is able to reproduce

qualitatively the SOM dynamics in terms of dynamics (changes need at least 10 years

to be significant) and shifts in quality (considering that the higher quality contributes

mostly to the soil CO2 efflux and less to the C storage in the soil).
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Fig. 3. Change of OM input ιc occurring after 5 years of simulations
(example 1).

5.1. Example 1: Transition of steady state. In this example, we assumed that SOM

is initially at steady state. This steady state is obtained by a constant input. After 10

years of simulation, the input is replaced by a second constant input.

The resulting SOM dynamics are given in Figure 4. According to Theorem 7, we

observe a convergence toward a new steady state. From the biological point of view, this

hypothetical scenario may illustrate the consequences of soil use change.

The introduction of a new tree species of higher litter quality did indeed change the

C stocks toward higher soil OM quality. The time required to get a stabilised OM

distribution at 20cm depth (40 years) is consistent with measured residence time with

isotopes [14].
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Fig. 4. Simulation over 40 years of a steady state change starting
after 5 years of simulation (example 1).

5.2. Example 2: Perturbation of stationary state. In this example, we assumed that

SOM is initially at steady state. This steady state is obtained by a constant input. After

5 years of simulation, we add an additional input decreasing exponentially over time and

reduce the main input of 20%.

The resulting SOM dynamics are given in Figure 6. It shows that the flush of organic

matter passes through the soil in about 30 years, which is reasonable qualitatively. It

also highlights that repetitive storms at time step intervals lower than 30 years could

temporarily increase the soil organic carbon stocks in the top layers.

5.3. Example 3: Mix of qualities. In this illustration, we assumed that the soil is

initially free of any organic compound. Then, we simulated over 40 years the evolution

in soil of a constant input of SOM, heterogeneous in quality. This simulation is presented

in Figure 7.

We can first observe a few mathematical properties. A fast decrease of SOM with

elevated qualities is observed. Due to the constant input, the model converges to a
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Fig. 5. Evolution of SOM input over the simulation (example 2).
The left graphic shows how the main input of OM is depleted after 5
years; the right graphic presents the decrease of the additional OM
input after 5 years.
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Fig. 6. Simulation over 40 years of a steady state perturbation oc-
curring after 5 years of simulation.
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Fig. 7. Evolution of a constant input of SOM, heterogeneous in qual-
ity over 40 years in a SOM-free soil (example 3).

steady state as seen after 40 years of simulation (see Theorem 7). From the biological

point of view, this hypothetical scenario may illustrate SOM dynamics of mixed species

forests.

6. Perspectives. From a mathematical point of view, the main result of this paper

is the result of existence and uniqueness for a general equation depending on an extra

parameter. The issue of spatiality is introduced in the vertical case. It remains to

consider the issue of spatial variations in three dimensions.

The proof of the existence of a solution is encouraging, as it shows that the continuous

formulation of SOM turnover is well defined. The uniqueness of the solution implies

that SOM is a stable system that cannot shift abruptly between states under small

perturbations (important in the context of global change). An immediate challenge is the

investigation of the robustness of the proofs, i.e. how much can the function describing

decomposer properties (e, u, D) change without invalidating the proofs?

Besides, the hypothesis of any inputs of OM inside the soil profile may be removed.

The resulting source term remains to be defined and studied.
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Our questioning is the result of the study of zeroth and first-order closure of equations.

As things stand, this issue may be explored due to the existence of solutions. Then,

truncation methods used by Ågren and Bosatta now have to be investigated more closely.
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l’École Polytechnique, Palaiseau, 2009. MR2583834
[12] Klaus Deimling, Ordinary differential equations in Banach spaces, Lecture Notes in Mathematics,

Vol. 596, Springer-Verlag, Berlin-New York, 1977. MR0463601
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