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Abstract. We consider the incompressible Euler and Navier-Stokes equations in a
three-dimensional moving thin domain. Under the assumption that the moving thin
domain degenerates into a two-dimensional moving closed surface as the width of the
thin domain goes to zero, we give a heuristic derivation of singular limit equations on
the degenerate moving surface of the Euler and Navier-Stokes equations in the moving
thin domain and investigate relations between their energy structures. We also compare
the limit equations with the Euler and Navier-Stokes equations on a stationary manifold,
which are described in terms of the Levi-Civita connection.

1. Introduction. Fluid flows in a thin domain appear in many problems of natural
sciences, e.g., ocean dynamics, geophysical fluid dynamics, and fluid flows in cell mem-
branes. In the study of the incompressible Navier-Stokes equations in a three-dimensional
thin domain mathematical researchers are mainly interested in global existence of a strong
solution for large data since a three-dimensional thin domain with sufficiently small width
can be considered “almost two-dimensional”. It is also important to investigate the be-
havior of a solution as the width of a thin domain goes to zero. We may naturally
ask whether we can derive limit equations as a thin domain degenerates into a two-
dimensional set and compare properties of solutions to the original three-dimensional
equations and the corresponding two-dimensional limit equations. There are several
works studying such problems with a three-dimensional flat thin domain [15[16]29,[33]
of the form

Q. ={z=(2",23) €R? | 2’ €w, ego(2)) < 23 < eg1(2)}

for small € > 0, where w is a two-dimensional domain and gg and g¢; are functions on
w, and a three-dimensional thin spherical domain [34] which is a region between two
concentric spheres of near radii. (We also refer to [28] for the strategy of analysis of the
Euler equations in a flat and spherical thin domain and its limit equations.) However,
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mathematical studies of an incompressible fluid in a thin domain have not been done in
the case where a thin domain and its degenerate set have more complicated geometric
structures. (See [27] for the mathematical analysis of a reaction-diffusion equation in a
thin domain degenerating into a lower dimensional manifold.)

In this paper we are concerned with the incompressible Euler and Navier-Stokes equa-
tions in a three-dimensional thin domain that moves in time. The purpose of this paper
is to give a heuristic derivation of singular limits of these equations as a moving thin
domain degenerates into a two-dimensional moving closed surface. We also investigate
relations between the energy structures of the incompressible fluid systems in a moving
thin domain and the corresponding limit systems on a moving closed surface.

Here let us explain our results on limit equations and strategy to derive them. Let I'(¢)
be an evolving closed surface in R? and ViV (-, ¢) and v(-,t) its (scalar) outward normal
velocity and unit outward normal vector field, respectively. We assume that I'(t) does
not change its topology. Also, let §2.(¢) be a tubular neighborhood of T'(¢) of radius ¢ in
R3 with sufficiently small ¢ > 0. We consider the Euler equations

ou+ (u-V)u+Vp=0 in Q.(t),te(0,7), (1.1)
divu=0 in Q.(t),te 0,T), (1.2)
u-ve=VN on 90.(t),t e (0,T) (1.3)

and the Navier-Stokes equations with (perfect slip) Navier boundary condition

Ou+ (u-V)u+ Vp=puoAu in Q. (t),t e (0,T), (1.4)
divu=0 in Q(¢),te€(0,T), (1.5)

w-v. =VN  on 9Q.(t), te(0,T), (1.6)

[D(u)Ve]tan =0 on 0Q.(t),te(0,T). (1.7)

Here v. and V2V denote the unit outward normal vector field and the (scaler) out-
ward normal velocity of 9Q.(t). Also, pg > 0 is the viscosity coefficient and D(u) :=
{Vu+ (Vu)T}/2 is the strain rate tensor with (Vu)? the transpose of the gradient ma-
trix Vu. We suppose that Q.(t) admits the normal coordinate system x = w(z,t) +
d(z, t)v(m(x,t),t) for x € Q.(t), where m(-,t) is the closest point mapping onto I'(t) and
d(-,t) is the signed distance from I'(¢) increasing in the direction of v(-,t). Based on the
normal coordinates, we expand the velocity field u(z,t) on Q.(t) in powers of the signed
distance d(x,t) as

u(z,t) = v(n(x,t),t) +d(x, o' (n(z,t),t) +---, x € Q(t) (1.8)

and the pressure p(z,t) similarly. We substitute them for the equations in Q.(¢) and
determine equations on I'(¢) that the zeroth order term v in (L8] satisfies. Then we
obtain limit equations of the Euler equations (LI)—(T3)):

Ov+Vrg+qg'v=0 on T(t),te(0,T), (1.9)
divpv =0 on I'(t),te (0,7, (1.10)
v-v=V& on T(t),tec(0,T). (1.11)



SINGULAR LIMITS FOR INCOMPRESSIBLE FLUIDS IN MOVING THIN DOMAINS 217

Here 05 = 0, + v - V is the material derivative along the velocity field v and Vr and
divr denote the tangential gradient and the surface divergence on I'(t), respectively (see
Section [ for their definitions). Similarly, we get limit equations of the Navier-Stokes

equations (L4)—-(7):

%0 + Vrq + ¢'v = 2updivp (P D" (v)Pr) on T'(t),t € (0,T), (1.12)
divrv =0 on I(t),te (0,T), (1.13)
v-v =V on I(t),te (0,T). (1.14)

Here D' (v) := {Vrv+(Vrv)T}/2 and Pr is the orthogonal projection onto the tangent
plane of I'(¢). Note that if we take the average of (L8]) in the normal direction of T'(¢),
then

€

1
% w(y + pv(y,t),t) dp = v(y,t) + (higher order terms in €), y € I'(¢).

Therefore, formally speaking, our limit equations are equations satisfied by the limit of
the average in the thin direction of a solution to the original Euler or Navier-Stokes
equations in Q.(t) as € goes to zero. (The above method is also applied in [23] to derive
a limit equation of a nonlinear diffusion equation in a moving thin domain.)

In the equations (LY) and (LI2) the scalar function ¢!, which comes from the normal
derivative of the bulk pressure p (see the expansion ([B3]) of p and [BIT) in the proof of
Theorem B.T]), is determined by the normal component of (L9) and (LI2). Therefore,
the limit Euler system (LO9)—(TI1)) is intrinsically equivalent to

—€

Protv+Vrq=0, divro=0, v-v=V" (1.15)
and the limit Navier-Stokes system ([LI2)—(TI4) is equivalent to
Protv + Vrq = 2uo Prdive (PrD™" (v) Pr), divpo =0, v-v=V{. (1.16)

We note that these tangential surface fluid systems were also derived in [I7,[I8] recently.
The derivation of the Navier-Stokes equations on a moving surface in [I7] is based on
local conservation laws of mass and linear momentum for a surface fluid. On the other
hand, the authors of [I8] applied a global energetic variational approach to derive several
kinds of equations for an incompressible fluid on an evolving surface.

The viscous term 2uodivp(PrD'"(v)Pr) in the momentum equation (LI2) of the
limit Navier-Stokes system appears in the Boussinesqg-Scriven surface fluid model which
was first described by Boussinesq [7] and generalized by Scriven [30] to an arbitrary
curved moving surface (see also [II, Chapter 10] for derivation of the Boussinesq-Scriven
surface fluid model). In [4] the Boussinesg-Scriven surface fluid model was considered
to formulate a continuum model for fluid membranes in a bulk fluid, which contains
equations for a viscous fluid on a curved moving surface, and study the effect of membrane
viscosity in the dynamics of fluid membranes. It was also studied in the context of two-
phase flows [BL6L25] in which equations for a surface fluid are considered as the boundary
condition on a fluid interface.

Since we consider an incompressible fluid on a moving surface or in its tubular neigh-
borhood, some constraints on the motion of the surface are necessary. For the existence
of a surface incompressible fluid it is required that the area of the moving surface is
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preserved in time. To consider a bulk incompressible fluid in the e-tubular neighborhood
of the moving surface for all ¢ > 0 sufficiently small, we need another constraint on
the moving surface besides the area preserving condition. However, it is automatically
satisfied by the Gauss-Bonnet theorem and the assumption that the moving surface does
not change its topology. See Remark 3.3 for details.

When the surface does not move in time, our tangential limit system (I.I3) of the Eu-
ler equations is the same as the Euler system on a fixed manifold derived by Arnol’d [2[3],
who applied the Lie group of diffeomorphisms of a manifold (see also Ebin and Mars-
den [12]). Also, for a stationary surface our tangential limit system (18] of the Navier-
Stokes equations is the same as the Navier-Stokes system on a manifold derived by
Taylor [31], although the authors of [I8] claim that (II0]) is different from Taylor’s sys-
tem (see Remark [3]). For detailed comparison of our limit systems and the systems
derived in previous works see Remarks and We further note that the function
q' in the limit momentum equations (L9) and (LI2)), which is determined by the nor-
mal component of these equations, does not vanish even if the surface is stationary. See
Remarks and for details.

Finally we note that our results are based on formal calculations and thus mathemat-
ical justification is required. There are a few works that present rigorous derivation of
limit equations in the case where a degenerate set is a hypersurface or a manifold. Temam
and Ziane [34] derived limit equations for the Navier-Stokes equations in a thin spherical
domain by characterizing the thin width limit of a solution to the original equations as
a solution to the limit equations. In [27], Prizzi, Rinaldi, and Rybakowski compared
the dynamics of a reaction-diffusion equation in a thin domain and that of a limit equa-
tion when a thin domain degenerates into a lower dimensional manifold. Recently, the
present author derived a limit equation of the heat equation in a moving thin domain
shrinking to a moving closed hypersurface by characterization of the thin width limit of
a solution [22]. Although there are several tools and methods introduced in the above
papers, it seems that mathematical justification of our results is difficult because of the
nonlinearity of the equations and the evolution of the shape of the degenerate surface,
and that we need some new techniques.

This paper is organized as follows. In Section [2] we give notation and formulas on
quantities related to a moving surface and a moving thin domain. In Sections Bl and @
we derive the limit equations of the Euler and Navier-Stokes equations in a moving
thin domain, respectively. In Section [f] we derive the energy identities of the Euler and
Navier-Stokes equations and the corresponding limit equations and investigate relations
between them. In Appendices [Al and [B] we give proofs of lemmas in Section [ involving
the differential geometry of a surface embedded in the Euclidean space.

2. Preliminaries. We fix notation on various quantities of a moving surface and give
formulas on them. All functions appearing in this section are assumed to be sufficiently
smooth.

Lemmas in this section are proved by straightforward calculations. To avoid making
this section too long we give proofs of them in Appendix [Al except for the proofs of
Lemmas [2.4] and Also, a proof of the formula [2I5) in Lemma 24 is given in
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Appendix [Bl Although we are concerned with a two-dimensional surface in this paper,
all notation and formulas in this section apply to hypersurfaces of any dimension with
easy modifications.

2.1. Moving surfaces and moving thin domains. Let I'(t), t € [0,T] be a two-dimen-
sional closed (i.e., compact and without boundary), connected, and oriented moving
surface in R3. The unit outward normal vector and the (scalar) outward normal velocity
of I'(t) are denoted by v(-,t) and Vi~ (-, t), respectively. Also, let St := Useo,m () x {t}
be a space-time hypersurface associated with I'(¢). We assume that I'(¢) is smooth at
each t € [0,7] and moves smoothly in time. In particular, I'(¢) does not change its
topology. By the smoothness assumption on T'(t), the (outward) principal curvatures
k1(-,t) and ka(-,t) of I'(t) are bounded uniformly with respect to t. Hence there is a
tubular neighborhood

N(t) := {z € R?®| dist(x,T(t)) < §}
of radius 6 > 0 independent of ¢ that admits the normal coordinate system
x=m(x,t) +d(x, t)v(n(x,t),t), =€ N(t), (2.1)

where 7(-,t) is the closest point mapping onto I'(¢t) and d(-,t) is the signed distance
function from I'(t) (see, e.g., [I1, Lemma 2.8]). Moreover, the mapping 7 and the signed
distance d are smooth in the closure (in R*) of a space-time noncylindrical domain
Nr = Uco,my N(#) x {t}. We assume that d(-,¢) increases in the direction of v(-,?).
Therefore,

Vd(z,t) = v(n(x,t),t), (x,t) € Nr, (2.2)

Bid(y,t) = —Vi¥ (y,1), (y,t) € Sr. (2.3)
Moreover, differentiating both sides of

d(z,t) = {x —7n(z,t)} - Vd(z,t), d(n(z,t),t)=0
with respect to t and using (22) and (23] we easily get
Opd(x,t) = 0yd(m(z,1),t) = =V (n(x,t),t), (x,t) € Nr. (2.4)

For a sufficiently small € > 0 we define a moving thin domain Q.(¢) in R? as

Q.(t) := {x € R? | dist(2,T(t)) < e}
and a space-time noncylindrical domain Q). r and its lateral boundary 9,Q. r as

Qeri= |J Q) x{t}, 0Qer:= |J 09:(t) x {t}.

te(0,T) te(0,7)

Since .(t) is a tubular neighborhood of T'(t), the unit outward normal vector ve(-,t)
and the outward normal velocity V2V (-, #) of its boundary are given by

_Jvlr(x,t),t) if d(z,t) =€,
vele,f) = {—V(w(x,t),t) it d(z,t) = —e, (25)
N VN (#(,t),t) i d(x,t) =,
Voo t) = {—VFN(W(x,t),t) it d(z,t) = —e. (26)
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2.2. Notation and formulas for quantities on fized surfaces. In this subsection we fix
and suppress the time ¢ € [0, T]. Hence I" denotes a two-dimensional closed, connected,
oriented, and smooth surface in R3. Let us give notation and formulas for several quan-
tities on the fixed surface I'. (In what follows we use the same notation given in this
subsection for the moving surface I'(t).) Let Pr be the orthogonal projection onto the
tangent plane of I' at each point on I' given by

Pr(y) = —v(y)@v(y), yeT,

where I3 is the identity matrix of three dimension and a ® b for a,b € R? denotes the
tensor product of a and b given by
a1b1 a1b2 a1b3
a®b:= |aby axby asbs |, a=(a1,az,a3),b=(b1,b2,b3).
azby aszbs asbs

For a function f on I" we define its tangential gradient Vr f as
Vrf(y) = Pr(y)Viy). yel.

Here f is an extension of f to N satisfying f I[r = f. Note that the tangential gradient
of f is independent of the choice of its extension (see, e.g., [I1, Lemma 2.4]). Also, it is
easy to see that Vpf-v =0 and PrVrf = Vrf hold on I The tangential derivative
operators are given by

3
8fanf(y) = Z{(Sij - Vz(y)VJ(y)}ajf(y)’ i=1,2,3

so that V = (9i%™, 95" 9L*™), which are again independent of the choice of an extension
f of f. For example, we may take the constant extension in the normal direction of I
given by f(x) := f(n(x)) for x € N.

For vector fields F' = (Fy, Fy, F3) on N and G = (G1,G2,G3) on I', we define the
gradient matrix and the divergence of F' as

OFy O0Fy OF3 3
VF .= 82F1 82F2 82F3 5 div F = Zaze

O3Fy 03Fy Os3F;3 i=1
and the tangential gradient matrix and the surface divergence of G as
8{“”G1 8?’”(;2 8{“”(?3 3
VrG = | 0§nGy 04nGy 044Gy |, diveG =) 0l""G.
aganGl aganG2 aéanGg i=1

The notation is consistent with the formula VG = PFVCNT' on I', where G is an arbitrary
extension of G to N with éh‘ = G. For a function f on I' we denote by Vif the
tangential Hessian matrix of f whose (i, j)-entry is given by 9{*"di" f (i,j = 1,2,3).
Let M be a 3 x 3 matrix-valued function defined on N or on I' of the form
My1 My Mg
M = (Mij)ij = | Moy Mas  Mos
M3y Mszs  M3z3
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We define the divergence div M on N or the surface divergence divr M on I as a vector
field whose jth Component is given by

3
[div M]; Z@Mw or [divpM]; Z@t‘l”Mw, ji=1,23.

i=1
Finally we set

3
A= —VFV = ( 8“1" ) 0,59 Ap = diVFVF = Z(af“”)2,
i=1
H := —divpy = tr[A], K :=Ki1ka

and call them the Weingarten map of I', the Laplace-Beltrami operator on I', (twice) the
mean curvature of I', and the Gaussian curvature of I', respectively. The usual Laplacian
A and the Laplace-Beltrami operator Ar acting on vector fields are understood to be
componentwise operators.

LEMMA 2.1. For all y € I" we have
Ay)w(y) =0, (2.7)
A(y)Pr(y) = Pr(y)Aly) = Aly), (2.8)
Aly) = =VZd(y). (2.9)

By ([27) we see that A has the eigenvalue 0. Note that the other eigenvalues of A are
k1 and ko (see, e.g., [19, Section VIL.5]) and thus

H(y) = k1(y) + k2(y), yeTl. (2.10)

Also, A is symmetric (i.e., 9{*"v; = 0;*"v;) and H = —Ad holds on I" by ([2.9).
The tangential derivatives 91" (i = 1,2, 3) are noncommutative in general. An ex-
change formula for them includes the unit outward normal of the surface.

LEMMA 2.2. Let f be a function on I'. For each 4,5 = 1,2, 3 we have
ook f — ol f = [AVr fliv; — [AVr flvi. (2.11)
Here [AVrf]; denotes the ith component of the vector field AVrf.
The next formula is a consequence of ([2I1), which we use in Section M to express a

viscous term of limit equations of the Navier-Stokes equations in terms of the Laplace-
Beltrami operator. For a vector field v on I' we set

Vrov + (VFU)T
2

The matrices D" (v) and Pr D" (v)Pr are called a tangential strain rate and a projected
strain rate in [I§], respectively.

D" (v) := (2.12)

LEMMA 2.3. Let v be a (not necessarily tangential) vector field on I'. Then
2divy (Pr D' (v) Pr) = 2tr[AVro]v + Pr(Arv) + Ve (divrv) + H(Vev)r (2.13)
holds on I' (note that (Vrv)r = Pr(Vro)r on the right-hand side is tangential).



222 TATSU-HIKO MIURA

To compare our limit systems with the incompressible fluid systems on a fixed manifold
derived by Arnol'd [23] and Taylor [3I] we need formulas on the Levi-Civita connection.
Let V be the Levi-Civita connection on I' with respect to the metric on I' induced by
the Euclidean metric of R3 (see, e.g., [9, Section 2.3] and [24, Sections 3.3.1 and 4.1.2]
for the definition of the Levi-Civita connection). Hence for tangential vector fields X
and Y on I the covariant derivative of X along Y is denoted by Vy X, which is again a
tangential vector field on I'. The Levi-Civita connection is considered as a mapping

V:C®(TT) —» C®(T*T @ TT), X VX,

where TT and T*I" are the tangent and cotangent bundle of I', respectively, and for
a vector bundle E over I' we denote by C°°(E) the set of all smooth sections of E.
(Hence C*°(TT) denotes the set of all smooth tangential vector fields on I'. We refer
to [20, Chapter 10] for the definitions of a vector bundle and a section.) Also, for a
tangential vector field X on I' the notation VX stands for a mapping Y +— Vy X from
C>(TT) into itself. Then we write V' : C®(T*T' ® TT) — C>(TT) for the formal
adjoint operator of V (see [24, Section 10.1.3]) and set Ag := —V V. The operator
Ap: C®(IT) — C>=(TT) is called the Bochner Laplacian (note that there is another
definition of the Bochner Laplacian where the sign is taken opposite).

LEMMA 2.4. Let X and Y be tangential vector fields on I'. Then
(Y -V)X =VyX + (AX - Y)y, (2.14)
ApX = Pr(ArX) + A%X (2.15)

hold on T'. Here X is an extension of X to N with X|r = X and (Y - V)X denotes the
directional derivative of X along Y in R3, i.e.,

3 3 3
(Y -V)X = <Z Y;9; X1, ZYz@zXz, Z}/;ai)?3> .
i=1 i=1 i=1

Also, the left-hand side of (2I4) is independent of the choice of the extension X.

The formula ([2I4) is well known as the Gauss formula (see, e.g., [0, Section 4.2]
and [I9] Section VIIL.3]) and we omit its proof. Note that (Y - V)X = (Y -Vr)X on T
since Y is tangential. Hence the Gauss formula (2.14)) is also expressed as

(Y -Vi)X =VyX +(AX-Y)r on T (2.16)

for tangential vector fields X and Y on I'. We also call (ZI6]) the Gauss formula.

A proof of the formula (ZI5)) is given in Appendix [Bl Note that [2I3) is useful by
itself since it gives a global expression under the fixed Cartesian coordinate system of
the Bochner Laplacian acting on tangential vector fields on I', which is originally defined
intrinsically and represented under only local coordinate systems.

Combining Lemmas 2.3l and 2.4l we get the following formula on the surface divergence
of the projected strain rate, which is crucial for comparison of our limit Navier-Stokes
system and the incompressible viscous fluid system on a manifold derived by Taylor [31]

(see Remark [.2]).
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LEMMA 2.5. For a tangential vector field v on I' satisfying divpv = 0 we have
2Prdivp (PrD'" (v)Pr) = Agpv+ Kv on T. (2.17)
Proof. Let v be a tangential vector field on I' satisfying divpv = 0. Then
(Vro)y =Vr(v-v) — (Vrv)v = Av
by v-v =0 and —Vrv = A. Applying this and
Pr(tr[AVro]v) = tr[AVro|Pry =0,  divpo =0
to the formula [213]), and observing that (Vrv)r = Av is tangential, we have
2 Prdivy (PrD'" (v) Pr) = Pr(Arv) + H Av. (2.18)

Moreover, since A is symmetric and has the eigenvalues 0, x1, and k2, where the eigenvec-
tor corresponding to the eigenvalue 0 is v (see Lemma 2.]), for each y € I we can take an
orthonormal basis {e1, ea} of the tangent plane of I' at y such that Ae; = ke, i = 1,2.
(The vectors e; and ey are called the principal directions at y. See, e.g., [I9, Section
VIL5] for details.) Expressing the tangential vector v as a linear combination of e; and
es and using H = k1 + ke and K = k1Ko we easily obtain HAv = Kv + A%v. Applying
this and (ZT5)) to (ZI8]) we obtain (ZI7). O

Besides derivation of limit equations, we are also interested in thin width limits of
energy identities for the Euler and Navier-Stokes equations. To derive limit energy
identities we give change of variables formulas for integrals over level-set surfaces and
tubular neighborhoods of T'. For y € T" and p € [—¢, &] we set

J(y, p) == {1 = pra(y)H1 — pr2(y)} =1 — pH(y) + P> K (y). (2.19)

Here the second equality follows from the definition of the Gaussian curvature and (Z10]).
The function J is the Jacobian appearing in the following change of variables formulas
(see [13], Section 14.6] or Appendix [A]).

LEMMA 2.6. For a function f on Q. we have

| swas= [ " Fly+ o)) Ty, p) dp dH3(y) (2.20)
Qe rJ—e

and

f() dH () = / F(y + () T (. ) dH3(y)

90,

+/f(y—6V(y))J(y, —e)dH?(y). (2.21)
T

Here H? denotes the two-dimensional Hausdorff measure.

When we use Lemma with the moving surface I'(t) we write J(y,t,p) for the
Jacobian given by (2.19).
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2.3. Material derivatives and differentiation of composite functions with the closest
point mapping. Now let us return to the moving surface I'(t). We first give a material
time derivative of a function on Sz. Let v be a vector field on St with v-v = V;~. Suppose
that there exists the flow map @, of v, i.e., ®,(-,1): I'(0) — R3 is a diffeomorphism onto
its range for each ¢ € [0,7] and
do,

dt
Note that ®,(+, ) is a diffeomorphism from I'(0) onto ®,(I'(0),¢) = I'(¢) for each ¢ € [0, T]
since the normal component of v is equal to the outward normal velocity Vi of the moving
surface I'(t), which completely determines the change of the shape of I'(t). We define the
material derivative of a function f on Sr along the velocity field v as

O F(@(Y,0),1) = S (F@(V.1),1), (V1) €T(0) x (0,7).

3,(Y,0) =Y, (Y1) = 0(®,(Y,),t) for (Y,t) € (0) x (0,T).

By the chain rule of differentiation it is also represented as
05 f(y:t) = Ouf(y,t) + 0(y,t) - VF(y, 1), (y,1) € Sr, (2.:22)

where f is an arbitrary extension of f to Ny satisfying f ls, = f. We write 0° for 95 with
v = V¥ and call it the normal time derivative. Note that the normal time derivative
of a function f on Sy is equal to the time derivative of its constant extension f in the
normal direction, i.e.,

0" F 1) = 0T (1) = S (J(x(.0).0), (1) € S

Also, for a tangential vector field v* on Sz the material derivative of f along the velocity
field of the form v = V;¥v + vT is expressed as

o0f=0°f+vT-Vrf on Sr (2.23)

by @22) and v7 - Vf = o7 - Vpf on Sy since v7 is tangential. See also [8, Section 3]
for the time derivative of functions on a moving surface.

In the following sections we frequently differentiate the composition of a function on
I'(t) and the closest point mapping 7(,t). To avoid repetition of the same calculations
we give several formulas on derivatives of composite functions with 7.

Let f(z,t) be a function on (. r. Based on the normal coordinate system z =
7wz, t) + d(z, t)v(r(x,t),t) for x € Q(t), we expand f(x,t) in powers of the signed
distance d(z,t):

fla,t) = g(m(@,1),8) + d(z, ) (w(w, 1), £) + -
Here g, g', and the coefficients of higher order terms in d(x,t) are considered as functions
on St. Also, for k € N we write R(d(z,t)¥) for the terms of order higher than k — 1 with
respect to small d(z,t), i.e.,
f(z,t) = gln(x,t),t) + - +d(z, ) LgF " Yn(x, t),t) + R(d(z,1)"),

R(d(z,t)F) = d(z, t)*g* (r(x,t), t) + d(x, ) gF (w2, ), 8) + - - - . (2.24)

In what follows, we also use Landau’s symbol O(e*) (as ¢ — 0) for a nonnegative integer
k, i.e., O(g¥) is a quantity satisfying |O(¥)| < Ce* for small € > 0 with a constant C' > 0
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independent of e. Note that, contrary to O(e¥), we may differentiate R(d(x,t)*) with
respect to x and ¢ since it just stands for the higher order terms in the expansion (2.24])
with respect to small d(z,t), and the Ith order derivative of R(d(z,t)*) is R(d(z,t)k~!)
for I < k. Also, R(d(z,t)*) = O(e*) for (z,t) € Q.1 and k € N by |d(z,t)| < € on Q¢ 7.
We use the same notation on the expansion ([2.24)) for functions on Q. (¢) with each fixed
te[0,T].

LEMMA 2.7. Let f be a scalar- or vector-valued function on Sp. The derivatives of the
composite function f(w(z,t),t) with respect to z and ¢ are of the form

V(f(m,1)) = Vrf(m,t) + d(z, t)[AVr f](m, t) + R(d(z, 1)), (2.25)
Oc(f(m 1)) = 8°f(m,t) + d(@, O)[(Ve Vi - Vr) fl(m, 1) + R(d(, 1)?) (2.26)
for (z,t) € Q1. Here we abbreviate m(x,t) to 7.

We also give an expansion formula for the divergence of a matrix-valued function
which we need to derive limit equations of the Navier-Stokes equations.

LEMMA 2.8. Let S and S! be 3 x 3 matrix-valued functions on I'(t) with each fixed
t € (0,T). For z € Q.(t) we set

D(x) = S(r(z,t)) + d(x,t)S* (n(x, 1)) + R(d(x,t)?).
Then we have
div D(z) = divpS(n(z, 1)) + (" (7 (x, 1)) v(r, 1) + R(d(x, 1)) (2.27)

for € Q.(t). Here (S*)T denotes the transpose of the matrix S*.

3. Limit equations of the Euler equations. We consider the incompressible Euler
equations in Q. (¢):

ou+ (u-Vu+Vp=0 in Qer, (3.1)
divu =0 in Qer, (3.2)
u-ve =VN on 9Q.r. (3.3)

Here u = (uq,usg, u3) is the velocity of a bulk fluid and p is the pressure. The goal of this
section is to derive limit equations of the Euler equations as € goes to zero. According
to the normal coordinate system (Z1I), we expand u and p with respect to the signed
distance d(x,t) as

u(z,t) = v(n(x,t),t) + d(z, t)v' (r(x,t),t) + R(d(z,t)?), (3.4)
p(x,t) = q(r(z,t),t) + d(z,t)q* (7(x, ), t) + R(d(x,1)?). (3.5)

Here we used the notation (Z24]). The limit equations are given as the principal term in
the expansion with respect to d(z,t) of the Euler equations in Q.(t).

THEOREM 3.1. Let u and p satisfy the Euler equations BI)-(B3) in the moving thin
domain Q. (t). Then the normal component of the zeroth order term v in the expansion
([B4) is equal to the outward normal velocity of the moving surface I'(¢), i.e., v-v = V{¥.
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Moreover, v and the zeroth order term ¢ and the first order term ¢! in the expansion

B3) satisty
v +Vrg+q'v=0 on Sr, (3.6)
divrv =0 on Srt. (3.7)

Before starting to prove Theorem Bl we give remarks on the limit equations (B.6])—
B0 and necessary conditions on the motion of I'(¢) for the existence of incompressible
fluids in T'(¢) and Q.(¢) for all € > 0.

REMARK 3.2. Let us explain how the limit equations (3.8]) and (B3.7)) determine v, ¢,
and ¢'. As stated in Theorem [B.I] the normal component of v is equal to the outward
normal velocity of the moving surface. The tangential component of v and the scalar
function ¢ are determined by the equations

Projv+Vrq=0, divpv=0 on Sr. (3.8)
Finally the scalar function ¢! is given just by the inner product of ([3.6) and v:
¢t =-0%-v on Sr. (3.9)

Note that ¢! comes from the normal derivative of the pressure p of the bulk fluid in the
moving thin domain (see (BIT) below).

The system (B8) is the same as the incompressible Euler system (IT) in [I8] with
the constant density. When the surface I'(t) = I' is stationary, the limit velocity v
is tangential (v-v = V¥ = 0) and Pr{(v- V)v} = V,v holds on T' by the Gauss
formula ([2.I4), where V,o is the covariant derivative. From this and the fact that Pp is
independent of the time it follows that

Progv = Prow + Pr{(v-V)v} =dv+V,v on T. (3.10)
Hence the tangential limit system (B:8)) becomes
0w+ Vyw+Vrg=0, div;v=0 on T x(0,7),

which is the same as the Euler system on a manifold derived by Arnol’d [2/[3] (see also
Ebin and Marsden [12]). Also, applying v-v = 0, (2.14)), and the fact that v is independent
of time to (9) we obtain

¢t =-0-v=—=0,(v-v)—{(v-VIw}-v=—Av-v, (3.11)

which does not vanish in general even if the surface is stationary.
REMARK 3.3. For the existence of a surface incompressible fluid obeying [B.1) it is
required that the area of the moving surface I'(¢) is preserved in time. Indeed, by the

Leibniz formula (see [10, Lemma 2.2]) with a velocity field v on St satisfying v-v = ViV
and (B.7) we have

d O Ty g
—|T'(t)| = — 1dH* = divpvdH” = 0, 3.12
== ” " (3.12)

where |['(¢)] is the area of I'(¢). Similarly, when the moving thin domain () is filled
with an incompressible fluid satisfying ([8.2]) and the impermeable boundary condition
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B3), its volume |Q.(¢)| must remain constant by the Reynolds transport theorem (see,
e.g., [14]):
d d

— Q. (¢ :—/ 1dx:/ VN dH?
a0 = G Q.(t) 09 (1)

:/ u-yed’}—[Q:/ divudxr = 0.
9 (1) Q: (1)

By the change of variables formula (Z20) the volume of .() is expressed as

|Qs<t>\:/ 1dx:/ /J<y,t,p>dpcm2
Q.(t) r(t)J -«
2
= 2¢|T(t)| + 553 K dH>.

Hence we need to assume

d d
—|I't)| =0, — KdH?2 =0
dt ®)] Toodt (1) &

for the existence of an incompressible fluid in the e-tubular neighborhood 2. (t) of I'(¢)
for all € > 0. However, by the Gauss-Bonnet theorem we have

/ K dH?* = 2nx(T(t)),
I'(t)

where x(I'(¢)) is the Euler characteristic of I'(t) (see, e.g., [32] Section C.5]). Since
the Euler characteristic is a topological invariant and the moving surface I'(t) does not
change its topology, the integral of the Gaussian curvature K over I'(¢) is constant in time.
Therefore, only the area preserving condition ([BI2]) on I'(¢) is necessary for the existence
of incompressible fluids on I'(¢) and in Q.(¢) for all ¢ > 0. Note that this assertion is
valid only for a moving surface in R? or a moving hypersurface in R*. Indeed, when T'(t)
is a moving hypersurface in R with n > 4, the Jacobian J(y,t, p) is a polynomial in p
of degree greater than three (see, e.g., [13} Section 14.6] and [22] Section 5.1]) and thus
we need more constraints on the motion of I'(¢).
Proof of Theorem Bl For the sake of simplicity, we use the abbreviations

f(mt) = f(m(z,t),t), R(d") = R(d(z,t)") (3.13)

for a function f on Sy and k € N. Since v, and VN are given by ([Z5) and (28], the
boundary condition ([B3]) reads

u(z,t) -v(m,t) = V¥ (r,t), x € dQ(t).
We substitute ([3.4) for v in the above equality. Then
v(m,t) - v(mt) £evl(m,t) - v(m t) + OE?) = V¥ (x,t)
when d(z,t) = +¢ (double-sign corresponds). Since v(,t), v!(r,t), v(m,t), and V¥ (r,t)
are independent of ¢, it follows from the above equation that
v(m,t) - v(m,t) = V& (r, 1), (3.14)
vl(m,t) - v(m,t) = 0. (3.15)
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The first statement of the theorem follows from the equality (BI4]). Let us write v =
V¥ + o1 with a tangential velocity field v7" on I'(¢) and derive the equations (B.6) and

B1). By 22) and [225) we have
Vu(z,t) = V(v(r,t)) + Vd(z,t) ® v' (r,t) + R(d) (3.16)
= Vro(m, t) + v(m, t) @ v (r, t) + R(d)

and
Vp(x,t) = Vrg(m,t) + ¢' (z,t)v(m, t) + R(d). (3.17)
Also, by (24) and [226),
u(z,t) = O (v(m, 1)) + dyd(z, t)v" (m, t) + R(d) (3.18)

= 0°v(m,t) — Vi&¥(m, t)v' (m,t) + R(d).
From (BI0) the gradient of the jth component of u is
Vu;(z,t) = Vrv;(m,t) + vjl- (m,t)v(m,t) + R(d).

We take the inner product of this equation and (8.4]), and then apply (B14) and v-Vrv; =
vl Vro; to get the jth component of the inertia term

u(z,t) - Vu,(z,t) =o' (m,t) - Voo (m,t) + Vi (m,t)v) (7, 1) + R(d).
Hence the inertia term (u - V)u is of the form
[(u- V)ul(z,t) = [(vT - Vp)v](m,t) + Vi (r, )0 (7, t) + R(d). (3.19)
Substituting BI7), BI]), and BI9) for (BI) and applying ([223) we obtain
Ov(m,t) + Vrq(m,t) + ¢'(m,t)v(m,t) = R(d).

In this equation, each term on the left-hand side is independent of d. Therefore, the
equation ([B6) should be satisfied.

Finally, by BI5) and BI6) we have
divu(z,t) = tr[Vu(z, t)] = divpo(r, t) + v(r,t) - v (7,t) + R(d)
= divro(m, t) + R(d)

and thus the equation [32) reads divru(m,t) = R(d). Since the left-hand side is inde-
pendent of d, we conclude that v satisfies the equation ([B.1). O

4. Limit equations of the Navier-Stokes equations. In this section, we consider
the incompressible Navier-Stokes equations in Q.(t):

Ou+ (u-V)u+Vp=poAu in Q.r,
divu=0 in Qer. (4.2)

—
=~
—_

N
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Here u = (u1,u2, us) is the velocity of a bulk fluid, p is the pressure, and po > 0 is the
viscosity coefficient. On these equations we impose the (perfect slip) Navier boundary
condition of the form

U~ Ve = VgN on 6KQE,T7 (43)
[D(u)ve]tan =0 on Qe - (4.4)

Here [a]ian denotes the tangential component to €. (t) of a vector a € R® and D(u) is

the strain rate tensor given by
Vu+ (Vu)T
D(u) := Yu+ Vu)” (Vu) ,
2
where (Vu)T is the transposed matrix of Vu.
In order to derive limit equations of the Navier-Stokes equations ([@1l)—([Z4) we expand

the velocity field u with respect to the signed distance d(z,t) as
u(z,t) = v(m(w,t),t) + d(z, v (w(z, 1), t) + d(w,t)*0* (7 (2, 1), t) + R(d(,1)°)  (4.5)

and the pressure p as ([BH). We need to expand u up to the second order term in d(z,t)
since the momentum equation ([I) has the second order derivatives of u.

THEOREM 4.1. Let u and p satisfy the Navier-Stokes equations (f1)—(#4]) in the moving
thin domain §.(¢). Then the normal component of the zeroth order term v in the
expansion () is equal to the outward normal velocity of the moving surface I'(¢), i.e.,
v-v = V. Moreover, the velocity field v and the zeroth and first order terms ¢ and ¢*
in the expansion (3] satisty

%0 + Vrq + ¢'v = 2podivp (Pr D" (v)Pr) on  Sr, (4.6)
divpo =0 on Sp.
Here D' (v) is the tangential strain rate given by (ZI12).

REMARK 4.2. As in Remark 2] the normal component of v is equal to Vi, the
tangential component of v and the scalar function ¢ are determined by

Ppa:U + Vrq = QILL()PFdiVF(Ppon(’U)PF), divrv =0 on Sy, (48)

and the scalar function ¢! is given by the normal component of ([£8). The tangential
system (£8) is the same as the tangential incompressible Navier-Stokes-Scriven-Koba
(NSSK) system in [I8] with constant density (see (4.4) in [I§]).

When I'(t) = T is fixed in time, the tangential system (L8] is the same as the incom-
pressible Navier-Stokes system on a fixed manifold derived by Taylor [31]

Ov + Vv + Vrq = po(Apv+ Kv), diviv=0 on T x (0,T) (4.9)

for a tangential velocity field v on T', although the authors of [I8] claim that the system
#3) on the stationary surface I' is different from Taylor’s model (L) (see Remark [13]
below). Indeed, when the surface I is stationary, i.e., VIJV = 0, the velocity field v in
the system (L)) is tangential and by applying BI0) to the left-hand side of the first
equation in (L8]) we obtain

40 + Vv + Vrq = 2p Prdive (Pr D" (v)Pr), divpe =0 on T x (0,7T).
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Moreover, since v is tangential and satisfies divprv = 0, the right-hand side of the first
equation in the above system is the same as that in Taylor’s system (@9) by 2I7).
Hence the tangential incompressible Navier-Stokes system (48] on the stationary surface
T agrees with the system (49) given by Taylor.

As in the case of the Euler equations (see Remark [3.2)), when the surface is stationary
the function ¢! in (8] is given by

q' = {-0%v + 2uodivy (Pr D™ (v)Pr)} - v = —Av - v + 2uotr[AVr],

where the second equality follows from (2I3) and [BI1)). From this formula we observe
that ¢' does not vanish in general even if the surface is stationary.

REMARK 4.3. The authors of [I§] argue that the tangential incompressible Navier-
Stokes system (£8) on a stationary surface T is different from the Navier-Stokes system
#3) on a manifold given by Taylor [3I], which is inconsistent with our argument in
Remark Unfortunately, there seems to be a flaw in derivation of Taylor’s system
(@3) in [18, Section 5]. The authors of [I8] applied an energetic variational approach with
the dissipation energy given by the tangential strain rate D" (v) = {Vrv+(Vrv)T}/2 to
obtain (). In their derivation of ({9) they claim that Prdivy (Pth‘m(v)) = Agv+Kv
holds on I when T' is stationary and v is tangential and satisfies divpv = 0 (see the
argument after [I8, Theorem 5.1]). However, we have

2Ppdivy (PrD""(v)) = Agv + Kv — A%

for any tangential vector field v on I' satisfying divprv = 0, since the sum of the first two
terms on the right-hand side is equal to 2Prdivy (PrD""(v) Pr) by 2I7) and

2dein (PFDtan(U)) - 2dein(Ppon(U)Pp)
= 2Ppdive (PrD"" (v) (v @ v)) = —A%v

holds by the same calculations as in the proof of Lemma (see Appendix [A).

It seems that their choice of the dissipation energy for derivation of (@3] comes from
a subtle misunderstanding of the strain rate tensor in Taylor’s model, which is called
the deformation tensor in [2IL3T]. Taylor [31] defined the deformation tensor Def v for a
tangential vector field v on I" as a symmetric tensor field of type (0,2) on the manifold
T (see, e.g., [20, Chapter 12] for tensor fields) satisfying

(Defv)(X,Y) = %(va Y+ X -Vyv), X,Y € C*=(TT), (4.10)

where C*°(TT) is the set of all smooth tangential vector fields on I'. (See also (2.3)
in [2I]. Note that (2.3) in [2I] is a formula for one-forms on I' and here we identify
tangential vector fields on T' with one-forms on I' via raising and lowering indices.) Let
us show that the right-hand side of (I0) is equal to {D'""(v)X} - Y. By the Gauss
formula (2.I6) and the fact that the covariant derivative V xv is tangential,

Vxv=P{(X -Vr)v}=P(Vrv)'X on T,

where the second equality just follows from our notation on the tangential gradient
matrix (see Section [2). From this formula and the facts that Pr is symmetric and that
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Y is tangential it follows that
Vxv-Y ={Pr(Vro)' X} Y = {(Vrv)' X} - (PrY) = {(Vrv)T X} - Y.
Similarly we have X - Vyv = X - {(Vrv)TY} = {(Vrv) X} - Y and thus
1 /= = 1
> (VXU Y4 X Vyv) =2 ({Vrv + (Vrv)T}X) Y = [D'" (1) X} - Y.
Therefore, for any X, Y € C°°(TT) the equality
(Defv)(X,Y) = {D""(v)X} Y (4.11)

holds. Therefore, the deformation tensor Def v can be identified with the restriction on
C>™(TT) x C*°(TT) of the symmetric bilinear map

Tprany: CP(I)? x C*(T)? = C=("), (F,G)— {D""(v)F}-G.

Here C°°(T") denotes the set of all smooth functions on I' and C°°(T)3 is the set of all
smooth three-dimensional vector fields on I' not necessarily tangential. However, it does
not mean that Def v can be identified with the matrix D' (v). Since Def v is a tensor
field of type (0,2) on the manifold T, for any X € C*°(TT) the mapping

(Defv)(X,-): C*°(TIT) —» C*(T), Y — (Defv)(X,Y)

is a linear map from C*°(TT) into C*(T), i.e., a one-form on I'. By identifying one-forms
on I' with tangential vector fields on I' via raising and lowering indices, we may consider
(Defv)(X,-) = (Defv)X as a tangential vector field on I". On the other hand, for a
tangential vector field X on T' the vector field D'"(v)X is not tangential in general,
even if v is tangential to I'. Indeed, since (Vrv)Tv = (Vrv)TPrv = 0 and (Vro)r =
—(Vrv)v = Av, where the second relation follows from the fact that v is tangential, we
have

1 1
D' (v)y = 5{(va)y + (V) T} = §Av.
From this equality and the symmetry of the matrix D" (v) it follows that
1
D'"()X -v =X - D""(v)v = §X - Av

for any tangential vector field X on I'. The last term does not vanish and thus the vector
field D" (v)X is not tangential on T' in general.

To give a proper interpretation of the deformation tensor as a matrix, we observe that
in (£I1)) the vector fields X and Y are tangential to I' and thus

{D'*" ()X} Y = {D'""(v)Pr X} - (PrY) = {P-D""(v)Pr X} -Y
by the symmetry of the orthogonal projection Pr. Then (£II]) becomes
(Defv)(X,Y) = {PrD""(v)PrX}-Y

for all tangential vector fields X and Y on I'. Moreover, the matrix PrD!"(v)Pr is
symmetric and for any X € C*°(TT) the vector field PrD'"(v)PrX is tangential to I
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Therefore, we may identify the deformation tensor
Defv = TDtan(v) |C(x>(T1")XCoC(T1") : O (TP) x O (TP) — C* (F)

with the symmetric matrix PrD™"(v)Pr.

The matrix PrD'"(v)Pr is called a projected strain rate in [I8] and employed to
define the dissipation energy in their energetic variational method for derivation of the
incompressible NSSK system on the moving surface (see [I8, Lemma 3.4 and Section 4]).
Therefore, the strain rate tensor in Taylor’s system (@3] is the same as that in the
tangential incompressible Navier-Stokes system (&.38]).

Proof of Theorem 1l As in the proof of Theorem Bl we use the abbreviations ([B.13]).
Due to the first boundary condition (3] we have

v(m,t) - v(mt) = V¥ (1), (4.12)
vl(m,t) - v(m,t) =0, (4.13)
v (m,t) - v(m,t) =0 (4.14)

and the surface divergence-free condition [@7]) for v by the same argument as in the proof
of Theorem Bl Moreover, we already calculated the expansion of the left-hand side of
EI) in the proof of Theorem Bk
Opu(z,t) + [(u- V)ul(z,t) + Vp(z, t)
= 0%v(m,t) + Vrq(m,t) + ¢' (m, )v(m, t) + R(d). (4.15)
Let us show that the expansion of the viscous term Aw is of the form
Au(z,t) = 2[divp (PrD""(v) Pr)](m,t) + R(d). (4.16)

Since Au = 2div D(u) holds by the divergence-free condition (LZ), we consider the
expansion in powers of d of the strain rate tensor D(u). We differentiate both sides of

H) with respect to z and apply (Z.2) and ([225) to get

Vu(z,t) = Vro(r, t) + [v @ v'](r, t)
+d(x, t){[AVrv](m,t) + Vo' (7, t) + 2[v @ V3] (7, )} + R(d?).  (4.17)

Hence the strain rate tensor of u is expressed as

D(u)(,1) = S(m, 1) + d(z, )" (r,1) + R(d?), (4.18)
where
1,1
S = Dtan(y) + W’ (4.19)
T
St= AVrv +2(AVFU) + D () v @+ Q. (4.20)

Let us write the second boundary condition (4] in terms of S and S'. By (23] and
[25) the boundary condition ([@4]) reads

Pr(m,t)D(u)(z, t)v(m,t) =0, x € 00N(t).
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We substitute [@I8]) for the above D(u)(x,t) to obtain
Pr(m,t)S(m, t)v(m,t) + ePr(m, t)S* (7, t)v(m, t) + O(e?) = 0

according to d(z,t) = +¢ (double-sign corresponds). Since the matrices S(m,t), S'(m, 1),
Pr(m,t), and the vector v(m,t) are independent of ¢, we have

Pr(m,t)S(m, t)v(m,t) =0, (4.21)
Pr(m, t)SY (7, t)v(m,t) = 0. (4.22)
Substituting (£I9) for S in (£2I)) and observing
vouyr=0 =0, @evw=w v =v, P =0v
by (I3) we get
vl (m,t) = —2Pp(m, t) D" (v)(m, t)v(m, t). (4.23)
Moreover, we multiply v by S! given by (E20) and apply
(AVro)Tv = (V)P Av =0, (Vroh)Tv = (Veoh)T Py =0

by the symmetry of A and Pr, Vi = PrVr, and (7)), and then use (v ® v?)r = 0 and
(v? @ v)v = v? by ([@I4) to obtain

Sty = %(Avpv + Vrol)y + 02 (4.24)
It is tangential to I'(¢) by Vr = PrV, (Z7) and (@14). Hence (£22) yields
St(m, t)v(m,t) = 0. (4.25)

Now we apply the formula ([Z27)) to the expansion ([ZIR). Then by the symmetry of S*
(see (20)) and the equality [A25) we get
div D(u)(x,t) = divpS(m,t) + R(d). (4.26)
Let us write S in terms of v. Substituting (£23) for (£I9), using the formulas
(Ma)®@b=M(@a®b), a®(Mb)=(a®b)M"

for a square matrix M of order three and three-dimensional vectors a and b, and observing
(PFD“‘”(U))T = D'"(y) Pr by the symmetry of Pr and D" (v), we have

S = D""(v) — (v @ v)D""(v)Pr — PpD""(v)(v @ v)
= PrD""(v)Pr + (v @ v) D" (v)(v @ v).

Here the second term on the last line vanishes by (v ® v)Vrv = (Vro)T(v @ v) = 0.
Hence it follows that

S(m,t) = Pr(m,t) D' (v)(m,t)Pr(m,t) (4.27)

and we obtain (LI6) by applying (£20) and [@27) to Au = 2div D(u). Finally, we
substitute [@I5) and [@I6]) for the momentum equation (1)) to get

atv(m,t) + Vrq(m,t) + ¢' (m, t)v(m, t) + R(d) = 2uo[divr (Pr D" (v) Pr)(7, t) + R(d).

Since all terms except for R(d) are independent of d, we conclude that the equation (E.6l)
should be satisfied. O
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REMARK 4.4. We may replace the perfect slip condition ([@4]) by the partial slip
condition

[D(u)ve]tan + k(uT - Ust) =0 on 0¢Qr,

where u = (I3 —v: ®v.)u, k > 0 is a constant, and v} (-, t) is a given tangential velocity
field on 9Q.(t). However, it makes the limit velocity overdetermined. Indeed, suppose
that vd is given by

T Vouter (m(2,1), 1) if d(x,t) = e,
Vo ({E, t) =
'Uinner(ﬂ'(l‘, t)7 t) lf d({E, t) = —¢,

where vouter(,t) and vinner(+,t) are given tangential velocity fields on I'(¢). Then the
same calculations as in the proof of Theorem E.] yield
Vouter T Vinner

2
Hence the limit velocity v is completely determined by given velocities while it should
satisfy similar equations to (£8) and (4.1).

REMARK 4.5. In the proof of Theorem F.1] we obtained the expansion (#I6]) of the
viscous term Awu by using the expansion of the strain rate tensor D(u). Here let us
expand Au by direct calculations. In what follows, we abbreviate m(x,t) and R(d(x,t))
to m and R(d) for x € Q.(t) and suppress the argument ¢. By (£I7) the gradient of the
jth component of u (j = 1,2,3) is

Vuj(z) = Vrv;(m) + ’Ujl-(’i'r)l/(’f() +d(z)Fj(r) + R(d?), (4.28)
where Fj = AVru; 4+ Vrvj + 207 v. We differentiate both sides of ([#28) with respect to
x and apply (22), 228), and Vrv = —A to get

VEu;(z) = Viv;(m) + [Vrv; @ v](7) — vj () A(m) + [v @ Fj](r) + R(d).

v=Vv+

Taking the trace of both sides and observing AVrv; - v = vajl- -v = 0 we obtain

Auj(z) = Arv;(m) — vjl- (m)H (m) + 2v]2-(7r) + R(d)

for each j = 1,2,3 and thus
Auj(z) = Apv(m) — H(m)v () + 20%(7) + R(d).
Let us express v! and v? in terms of v. The first order term v! is given by @23),
Vr = PrVr, and (Vro)Tv = (Vro)T Pry = 0:
v! = —2Pr D" (v)v = —(Vro)v.
By ([#24) and ([{25]) we can represent v? in terms of v and v! as

’122:

—%(AVF’U + Vo).

From this it follows that v? = 0 since v! = —(Vrv)v is tangential and thus
(Vrol )y = Vr(o' - v) — (Vrv)w! = Avt = —A(Vro)v.

Hence we obtain another expansion formula of the viscous term

Au(x) = Apv(m) + [H(Vro)v](m) + R(d). (4.29)
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Comparing the expansions (£16) and (£29]) we expect that the equality
2divp (Pr*Dtan (’U)Pp) = Arv+ H(VFU)Z/ (430)

holds for the limit velocity v. Let us prove this equality. By the formula (ZI3) for the
left-hand side, the proof of ([£30) reduces to showing

Vr(divpv) =0, 2tr[AVro] = (Apv) - v. (4.31)

The first equality follows from the surface divergence-free condition ([£7) for the limit
velocity v. To obtain the second equality we need to observe the expansion of the
divergence-free condition ([{2]) in powers of the signed distance d up to the first order
term. Taking the trace of {IT7) and using v! - v = 0 and v? = 0 we have

divu(x) = divro(r) + d(z){tr[AVro](r) + divpe' (1)} + R(d?).

Since the left-hand side vanishes for all x € Q.(¢) by (£2), observing the first order term
in d(z) on the right-hand side we obtain

tr[AVrv] + divpo! = 0. (4.32)
To the second term on the left-hand side we apply v! = —(Vrv)v. Then since
divp[(Vro)v] = (divp Vo) - v + tr[(Ver) T Vi)
= (Arv) - v — tr[AT Vo]
and the Weingarten map A is symmetric, the equality ([£32)) becomes
2tr[AVrv] — (Apv) - v = 0.

Hence the second equality in (@31 holds and (30]) follows.

5. Energy identities. The purpose of this section is to find a relation between
energy identities of the Euler and Navier-Stokes equations in the moving thin domains
and those of the limit equations on the moving surface. We first derive the energy
identities from the equations and then show that the energy identities of the limit surface
equations are also derived as thin width limits of those of the original bulk equations.

5.1. FEuler equations.

LEMMA 5.1. Let u and p satisfy the Euler equations BI)-B3) in the moving thin
domain Q. (t). Then we have

d / |ul® / N 192
— —dx =— pV2  dH=. (5.1)
dt Jao.@4) 2 09 (1)

The identity (5.1) means that the rate of change of the kinetic energy of the incom-
pressible perfect fluid in a moving domain is equal to the rate of work done by the
pressure caused by the motion of the boundary.
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Proof. By the Reynolds transport theorem (see [I4]) and (B.1)),

d 2
[ul® dx:/ u-atudx—f—/ [uf? VN a2 (5.2)
dt Jo, ) 2 Q. (1) 00.(1) 2

Jul?

:/ u~{—(u~V)u—Vp}d:E+/
9. (1) o9.(t) 2

By integration by parts and the equations ([B:2)) and ([B.3]) we have

VN an?.

/ u - (u-V)udac:/ lul?(u - v.) dH? —/ {u- (u-V)u+ |udivu} do
Q.(t) 89 (1) Q.(t)

= / lu2VN dH? — / u- (u-V)udz.
00 (1) Qe (1)

Therefore,
/ u-(u-Vudr = / |u\ VN dH2. (5.3)
Q.(t) 09.(1) 2

On the other hand, by integration by parts

/ u-Vpdr = / (u-ve)pdH? — (divu)pdx
Q) 99 (1) Q. (1)

and we apply (32) and [B3)) to the right-hand side to get

/ u-Vpdr = / pV N dH?. (5.4)
Qe (t) A0 (t)

Substituting (B.3]) and (E4) for (B2) we obtain the energy identity (B1)). O

LEMMA 5.2. Let v, ¢, and ¢! satisfy the limit equations [B.6) and B.7) of the Euler
equations. Suppose that the normal component of v is equal to the outward normal
velocity of I'(t), i.e., v-v = V. Then we have

d [v[*

— dH? = / (qH — ¢" VN dH?. (5.5)
dt Jowy 2 r ()

The right-hand side of (B.5]) represents the rate of work done by the moving surface to
the fluid. Note that it contains the scalar function ¢', which corresponds to the normal
derivative of the surface pressure.

Proof. By the assumption we can write v = Vv + 0T with a tangential velocity field
vT on I'(t). We apply the Leibniz formula (see [10, Lemma 2.2]) with v = V;Nv + o7 to
the integral of |v|?/2 over I'(t). (Note that the tangential velocity v? does not affect the
change of the shape of I'(¢).) Then we have

d \U\Q 2 / { <|v|2> [v]? } 2
— dH a5 + —le vy dH

2
:/ v~8;vd7-[2+/ ol divpv dH?.
(t) r@ 2
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To the last line we apply the equations ([3.0]) and [B). Then

d 2
—/ [0l dH? = —/ v (Vrq+ q¢'v) dH? (5.6)
dt Jray 2 T(t)
For the first term on the right-hand side,
v - Vrq = divp(qu) + ¢divrv = —gHVE + divp(quT)

by v = Vv + 0T, Vr(qV) - v = 0, divry = —H, and ([B.7). Moreover, the integral
of the surface divergence of the tangential vector field qu?" over I'(t) vanishes by Stokes’
theorem since I'(t) is closed. Hence we have

/ v-VpqdH? = —/ qHVYN dH?. (5.7)
r(t) r(t)
For the second term we have
/ v-(¢'v)dH? = / 'V aH? (5.8)
NG r(t)
by v-v = V{¥. The energy identity (5.5) follows from (5.6), (5.1), and (5.8). O

Let us show that the energy identity (5.5]) on the moving surface can be derived as a
thin width limit of that in the moving thin domain (5.1J). As in Section Bl we expand the
velocity u and the pressure p in powers of the signed distance d as ([B.4]) and (B.5]) and
determine the zeroth order term in ¢ of the energy identity (G.1J).

THEOREM 5.3. Let u and p satisfy the energy identity (5.1J). Then the zeroth order term
v in the expansion (3.4) and the zeroth and first order terms ¢ and ¢! in the expansion

BXA) satisfy the energy identity (&.3)).

Proof. From the expansion (B4 we have

u(z, H)]> _ Jo(r(z,1),)]?
2 2

+d(z,t)V(n(z,t),t) + R(d(,1)?)
for x € Q.(t), where V := v - v!. Using this expansion we write
£)12
/ de:[1+]2+[37
Qi(t)

where
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To I; and I we apply the change of variables formula (Z20) to get

£
v b
I = /( / [oly, )" y J(y,t,p) dpdH?(y)
I'(¢t

_ M 2 2
= 28/1“(15) 5 dH*(y) + £° f1(e, ),

[2:/ /pv(y,t)J(y,t,p)ddeQ(y):lez(at%
r(t) J—e

where f; and fo are polynomials in e with time-dependent coefficients. (Note that the
Jacobian J(y,t, p) given by ([2I9) is a polynomial in p and the principal curvatures of
I'(t).) Hence

dly

A2 (y) + 0(e?), —= = 0(?). (5.9)

dh _, d [ [P
dt— Tdt Jrgy 2
For I3, using the Reynolds transport theorem and observing that the first order time
derivative of R(d(x,t)?) is R(d(z,t)) we have
dlI:
=3 :/ R(d(%t))dm—i—/ R(d(z,t)*) VN (z,t) dH*(x).
dt Ja. 09 (1)

We apply the change of variables formula ([2:20) to the first term on the right-hand side
of the above equality. Then by R(d(z,t)) = R(p) = O(e) and J(y,t,p) = O(1) for
d(z,t) = p € (—¢,¢) with x € Q.(¢) to get

€
| r@de= [ [ R0 dpdk) = O,
Q:() r(t) J—e
Moreover, by R(d(z,t)?) = O(g?) for x € 9Q.(t) and
VY (2, 6) = [V (n(2,t), )| = O(1),  « € 09:(t),
which follows from (Z.6]) and the fact that ViV is independent of €, and the change of
variables formula (Z21)) and J(y,t,+e) = O(1), we have

/asz (t) R(d(m,t)2)V (w, ) dH? ( Z / O(e®)J(y,t, p) dH*(y) = O(£?).

p==e

Hence dI3/dt = O(g?). From this estimate and (53] it follows that

d lu(z,t)]? d
— ———drx = —(I I I 5.10
dt/ﬂ(t) 5 x dt(1+2+3) (5.10)
d lo(y, 0> . o 2
= 2e— —2 2 d .
e o 5 H*(y) + O(e?)

Let us expand the right-hand side of the energy identity (5] in . By the expansion
B3) of the pressure p, the relation (28], and the formula ([Z2T]),

/ p(x, ) VN (2, 1) dH?(x) = Jy + eJo + O(£?), (5.11)
89, ()
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where

= / G OV (0 )Lyt 2) — T (.t —€)} dH(y),
r(t)

Jy = / G OV (10T (.1, 2) + T (.1, —2)} dH2 ().
T(t)

From (2Z.19) we have
‘](ya t7 6) - ‘](ya t7 _5) = _QEH(ya t) + 0(62)a
J(y,t,e) + J(y,t,—¢) = 2+ O(e?).

Hence

Jy = —2 / L A DH OV () ),
t

Jy=2 / 1OV 0 a )
I'(t

and applying them to the right-hand side of (&.11) we get
/ p(x, )V (2,t) dH?(x)
00 (1)

=2 F(t){Q(y,t)H(y,t) — ¢ (y, IV (3, 1) dH(y) + O(). (5.12)

Finally, we substitute (5.10) and (512) for (51 and divide both sides by 2¢ to obtain

d Wy, O o, X )
E/F(t> g = W OEEY ( IVE (y, 1) dH? (y) + O(e).

Since the left-hand side and the first term on the right-hand side are independent of ¢,

we conclude that the identity (B3] should be satisfied. O
5.2. Navier-Stokes equations.

LEMMA 5.4. Let u and p satisty the Navier-Stokes equations ([@I)-({.4) in the moving
thin domain §2.(¢). Then we have

d 2
— [l dx = —2,u0/ |D(u)|? dz —I—/ (ove - v )V dH2. (5.13)
dt Jo.@) 2 Q.(1) 99 (1)

Here o := 2uoD(u) — pl3 denotes the Cauchy stress tensor.

The first term on the right-hand side of (5.I3) represents the energy dissipation by
viscosity and the second term stands for the rate of work done by the normal component
of the stress vector ov. on the moving boundary.

Proof. By the Reynolds transport theorem (see [I4]) and the equation (£1]),

2 2
£ ﬂda::/ u-@tudx—l—/ ﬂVENd’}-[2
dt Jo.@) 2 Q. (1) 00.(t) 2
|ul®

:/ u-{—(u-V)u—Vp+quu}dx+/ —VNAH?  (5.14)
Q. (t) o0.(t) 2
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We already computed the integrals of u - (u- V)u and u - Vp over Q.(t) in the proof of
Lemma 5.1} see (B.3) and (B.4]). Let us calculate the integral of u - Au. Since Au =
2div D(u) by the divergence-free condition (.2,

/ u~Audx:2/ w-div D(u) dz
Qe (t) Qc (%)
= 2/ u-D(u) v, dH* — 2/ Vu : D(u)dx,
00 (t) Q. (t)

where F : G := tr[FTG] for square matrices F' and G of order three. In the last line we
use the symmetry of the strain rate tensor D(u) and the boundary conditions [3]) and

Q) to get
u-D(u)'v. = (u-v) (D). - v.) = VN (D(u)v. - v.)

on 08 (t). Also, we easily observe that

Vu: D(u) = (Vu)" : D(u) = [D(w)]* [ = Y [D()];

i,j=1

Here [D(u)];; is the (4, j)-entry of D(u), i.e., [D(u)]i; = (O;u; + 0ju;)/2. Hence
/ u-Audr = 2/ (D(u)ve - v ) VN dH? — 2/ |D(u)|? da. (5.15)
Q (1) 0Qc(t) Q (1)

Finally we substitute (53), (54)), and (515) for (514) to obtain (BI3]). O

LEMMA 5.5. Let v, ¢, and ¢! satisfy the limit equations (8] and (7)) of the Navier-
Stokes equations. Suppose that the normal component of v is equal to the outward
normal velocity of T'(t), i.e., v-v = V{¥. Then we have

2

4 o g — —2M0/ | PrD"" (v) Pr|* dH? +/ (qH — ¢" )V aH?.  (5.16)

dt Jr) 2 r(t) r(t)

The first and second terms on the right-hand side of (.16 correspond to the energy
dissipation of the surface fluid by viscosity and the rate of work done by the moving
surface, respectively.

Proof. As in the proof of Lemma[5.2] we use the Leibniz formula [I0, Lemma 2.2] with
velocity field v and the equations (£.8) and (£7):

2 2
i/ ol dH? = / v- 0% dH? +/ ol divro dH? (5.17)
dt Jruy 2 T(t) e 2
= / v-{=Vrq — ¢'v + 2uodivr(Pr D" (v) Pr)} dH>.
r'(t)

The first two terms in the last line were calculated in the proof of Lemma 5.2} see (B.7)
and (B.8). For the viscous term,

v - diVF(PFDtan(’U)PF) = diVF(Pthan(U)PF’U) - VF’U : PFDtan(U)PF.
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The integral of the first term on the right-hand side over I'(¢) vanishes by Stokes’ theorem
since T'(t) is closed and PrD'"(v)Prv is a tangential vector field on T'(t). Also, since
the matrix PrD'"(v)Pr is symmetric,

Vrv: PrD""(v)Pr = (Vrv)! : PrD'"(v)Pr = D' (v) : PrD""(v)Pr.
Moreover, by the formulas P2 = P = Prand E: FG = FTE : G = EG” : F for square
matrices E, F, and G of order three we obtain

Vrv: PpD""(v)Pp = D' (v) : PrD""(v)Pr = |PrD""(v) Pr|*.

Hence the integral of the inner product of v and divp(PrD""(v)Pr) is

/ v - divp(Pp D" (v) Pr) dH? = — / | PrD" (v) Pr|* dH?. (5.18)
r(t) r(t)

Applying (51), (8), and (I8) to (BIT) we obtain (G10). O

As in the case of the Euler equations, the energy identity (5.10) on the moving surface
can be derived as a thin width limit of that in the moving thin domain (EI3]). Let us
expand u and p in powers of d as (L0 and ([B.5) and determine the zeroth order term in
¢ of the energy identity (5.13]).

THEOREM 5.6. Let u and p satisfy the energy identity (5.13]). Suppose that the velocity
field u satisfies the boundary conditions (43]) and ([@4]). Then the zeroth order term v in
the expansion (5] and the zeroth and first order terms ¢ and ¢' in the expansion (3.5
satisfy the energy identity (5.I6I).

Proof. The remaining part of the proof is to show that

/ ID(u)(x, B2 der = 2 / (PeD' ™ (o) Pp) (4, ) dH2(y) + O(3)  (5.19)
Qc(t) T'(t)

and
/ [(D(u)ve - ve) VN (2, t) dH* () = O(£?) (5.20)
99 (1)
since we already computed other terms in the proof of Theorem B3} see (BI0) and (512)).
By ([@I8) and ([@27)) in the proof of Theorem 1] we have
D(u)(z,t) = (PrD"™(v)Pr)(m(2,t),t) + d(z,t)S* (x(z, ), t) + R(d(x,t)?)

for x € Q.(t) (Note that to get [@27) we only need the boundary conditions (3]
and ([@4) for the Navier-Stokes equations. See the proof of Theorem [£1]) Using this
expansion and the change of variable formula (2.20) we obtain (5.19) as

/ ID(u)(z D)2 der = / (1(PeD' () Pr) (e ), 8)? + R(d(x )} de
Q. (t)

QE (t)

= /I“(t) _E {l(PFDmn(U)PF)(y,t)‘Z + R(p)}J(y, t,p) dpd?-lz(y)

— 2 / |(PeD'™ () Pr) (. D)2 dH (y) + O(2).
NG
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Let us show (5.20). By (2.5) we have

(D(u)ve)(w,t) = £(PrD""(v) Prv)(m (@, 1), t) + £(S'v) (n (@, 1), 1) + O(e?)
for z € 90.(t) according to d(x,t) = +e (double-sign corresponds). Moreover, the first
two terms on the right-hand side vanish since Prv = 0 and S'v = 0 on I'(¢) by (@25).
(Note that, similarly to the proof of (@27, only the boundary conditions (£3]) and (€4

are necessary to show ([@25]). See the proof of Theorem FIl) Hence D(u)v. = O(g?) on
08 (t). Applying this estimate and

ve(z, t)| =1, [V (z,0)] = [V (n(2,1),1)] = O(1), « € (1),

where the second relation follows from (Z.6]) and the fact that VV is independent of ¢,
to the left-hand side of (5.20]), and then using the change of variables formula (2.21]) and

J(y,t,£e) = O(1), we obtain (520) as

/E?Q (t)[(D(U)Vs VS)V ](ZL’ t de Z y,t p) dH2( ) 0(52).

p==+e F(t)

Now we substitute (5.10), (512), (I9), and (G20) for the energy identity (5I13) and

divide both sides by 2¢ to obtain

d |’U(y, t)‘2 — tan
dt /m) —y ) =20 /m) |(PrD™" (v) Pr)(y, t)|* dH?(y)

+ / (aH — q") . OV (4.0) dH2(y) + O ().
T()

Since all terms except for O(e) are independent of e, we conclude that the energy identity
(EI8) must be satisfied. O

REMARK 5.7. The assumption in Theorem 5.6l that the boundary conditions ([{3]) and
() are satisfied is necessary to deal with integrals including the strain rate tensor D(u).
Note that, contrary to the case of the Navier-Stokes equations (Theorem [5.6]), we do not
need even the impermeable boundary condition (B:3) to derive the thin width limit of
the energy identity of the Euler equations in the moving thin domain; see Theorem [5.3}

A. Elementary calculations of various quantities on surfaces. In this appen-
dix we prove elementary facts on various quantities and differential operators on a surface
given in Section 2l Until the end of the proof of Lemma 2.6l we fix and suppress ¢ € [0, T].

Proof of Lemma 21l Since |v|> =1 on I, we have

0=Vr|v]? =2(Vryv)y = —24v on T,

which implies (Z7)). The formula ([Z8)) is an immediate consequence of (Z7)). Now let us
prove ([Z9). Let © be an extension of v to N. By (22) and 7|r = v we have

V2d(z) = Vr(x)(V)(n(x)), x & N. (A1)
Moreover, we differentiate both sides of (Z1]) and apply ([Z2)) to get
Vr(z) = Pr(nw(x)) — d(x)Vr(z)(VD)(n(z)), =€ N.
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In particular, if x = y € I, then d(z) = 0, n(z) = y and thus
Vr(y) = Pr(y), yel.

Applying this formula to (AJ]) with z =y € T we obtain ([2.3]). O

Proof of Lemma 2.2 Let f be a function on I'" and f its extension to N satisfying
flr = f. For j =1,2,3, by (Z2]) and the definition of the tangential derivative operators
we have

9" f(y) Z{éﬂ—ad Vady)}of(y), yer.

From now on we suppress the argument y. By the above formula we have

3

ol oien f =" {6 — (i) (Ond) YO | {00 — (0;d)(0ud) }OL f
k=1

=1 + a2+ a3

for i,j = 1,2, 3, where

Z{ém (0:d) (Od) H0 0 — (93d)(D1d) } OO f,
k,l=1
3

azi=— Y {dix — (0:d)(0d)} (0,0;d) (A1) f,

k,l=1

Z{ém (8;d) (8rd) } (9;d) (DrDyd) D, f -
k=1

Similarly, we have 9{*"0;*" f = 1 + B2 + (3, where

3

Br=3 {8 — (0;d) (D) Hbix — (9:d) (9d) 10101 T,

k=1

3
— > {65 — (9;d)(01d) }(010:d) (Ord)On

k,l=1

Z{(sﬂ (8;d)(8,d) }(9;d) (D,01.d) Dy f -

k=1
From 0,0, f = 8,0 f it immediately follows that aq = S3;. Since O0r0;d = 0;0kd,

3
—(Vd-Vf) {aiajd Z (Oxd) (0;01d) }
=1

—_(Vd-Vf){&@jd )0, <|Vd2>}
= —(Vd - Vf)d,8;d.
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Here the last equality follows from |[Vd|?> = 1 on N. By the same calculation we have
ﬂg = —(Vd . Vf)ajc”)‘ld Hence Qg = 62 by 5‘18]d = 8]81d For Q3 and ﬂg,

s = — [PF(VQd)vaajd = [AVr fliv,
By =~ Pe(Vd)V] | 0ud = [AVr v,

by 22), 28), 29), and the definition of the tangential gradient operator. (Note that
we calculate values of functions at y € I".) Therefore, we obtain

L f — 90" f = (o1 4+ g + az) — (B1 + B2 + B3)
= [AVr fliv; — [AVr flvi,
that is, the formula (ZII]) holds. O

Proof of Lemma [Z3] Let v be a general vector field on T" which may have a nonzero
normal component. Since PrVrv = Vrov and (Vro)? Pr = (V)T we have

2din (PFDtan (’U)Pp) = diVF((VFU)PF) + din (PF (VFU)T). (AQ)
Let us calculate each term on the right-hand side. For i,7 = 1,2,3 the (4,j)-entry of

(Vro)Pr is of the form
3

[(VFU)PF} ij = Z(afanvk)(éj _ Vij)-
k=1
Thus the jth component of divr((va)Pp) is
3
[din((va)Pr)L = Z 8?1” [(VFU)PF] g = + ag + as,
i=1

where

3

o= Y {@F oGk — vin),

ik=1
3 3
azi=— (01" v) (O vy = Y (95 o) Aij,
i,k=1 ik=1
3 3
a3 = — Z (8fan’ljk)l/j(8fanyk) = (8fan’uk)Vink.
i,k=1 ik=1

Here A;; is the (¢, j)-entry of the Weingarten map A = —Vrv. By the definitions of Ar
and Pr we have a1 = [PF(AFU)]],, where Ar applies each component of the vector field
v. Also, since A is symmetric,

Qo = Z Aji(af“"vk)uk = [A(VF’U)V}

i
Similarly, we have ag = tr[AVruv|v;. Therefore, the equality

[divF((vw)Pp)} = [Pe(Arv)], + [A(Vro)v], + AVl

J
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holds for each j = 1,2, 3, which means that
diVF((VF’U)PF) = PF(AF’U) + A(VF’U)V + tI’[AVF’U]V. (A?))

Calculations of the second term divr (Pp(va)T) are more complicated. Since

3
{PF(VFU)T} = Z((szk o Vin)(?;mL'Uk,

Y k=1

we have [divr (PF(VFU)T)} = 1+ B2 + B3, where

Mwm

Bl P (atan Vkatan E A”Vkatan

i,k=1 i,k=1
3 3

B = — E yi(af“”uk)a?%k = E ViAik(‘?;“"vk,
i,k=1 i,k=1
3

. tan atan
ﬂg : E (5 k — Vil/k)ai 8j Vi -
i,k=1

By the definition of the mean curvature,

Z (O™ vk )vp = H[(va)u}j.

k=1
Since A;p = Ag; and Av =0,

Bo = Z (8§a”vk)AmVi =— [(va)Au]j =

3
i,k=1

For (33 we have

Z 8tanatan Z I/k{l/ VF 8tan )}

The second term on the right-hand side vanishes since v - Vp((‘);“”vk) = 0 for each j and
k. We apply (ZI1) to the first term to get

3
Z 8“‘"8”"111 + Z [AVrv]ivy — Z [AVirv;]v;
=1

i=1 i=1

= 95" (divpv) + tr[AVpoly; — [A (va)u}
Therefore, it follows that
[divF (PF(VFU)T)L = 0l (divrw) + [(HI3 — A)(Vro)v], + tr[AVro]y;
for each j = 1,2,3 and thus
divr (Pr(Vro)") = Vr(divro) + (HI3 — A)(Viv)v + tr[AVro]v. (A.4)
Substituting (A3)) and (A4) for (A2) we obtain the formula 2.13). O
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Proof of Lemma 26l For p € [—¢,¢] let T, := {x € R3 | d(z) = p} be a level-set
surface of I'. Suppose that the change of variables formula

/f ) dH?( / Fly + ()T (4, p) AH2 () (A5)

holds for each p € [—¢,¢]. Then (Z20) and Z21) follow from this formula and

/st(x)dx_/_i (/F f(z)dH2(2)> dp,

which is the well-known co-area formula (see, e.g., [I1, Theorem 2.9]), and
f(x)dH*(x / f(z)dH? (= f(z) dH?(2).
9.

Let us prove ([AJ). Since I' is compact, we may take ﬁnltely many open subsets Uy, of
R? and local parametrizations py: Uy — I (k= 1,...,N) such that {ux(Ux)}Y_, is an
open covering of I'. Let {¢1}IY_; be a partition of unity of I' subordinate to the covering
{p(Ug)HY_, and for each p € [—¢,¢] and k =1,..., N set

i (s) == pr(s) + pr(ur(s)),  ©n(pp(s)) == wr(pr(s)), s € U.

Then uf: Uy — T', is a local parametrization of I', whose domain is the same as that
of puy and {uf (Ux)}Y_, is an open covering of I',. Moreover, {¢}},=1 is a partition of
unity of I', subordinate to the covering {u{(Uy)}_;. By these partitions of unity and
the definition of integrals over a surface, the proof of (AJH]) reduces to showing that, for
any local parametrization y: U — I' with an open subset U of R? and u”: U — I, given
by pP(s) = u(s) + pr(u(s)), s € U, the formula

v det 67(s detf(s), seU (A.6)

holds. Here @ is a square matrix of order two given by 0 := V/u(V'u)?, where

O Orpe 0 Ms) ( 9 )
Vip:=|. ! ! o= ,
: (%#1 Doppa Oopu3 Y Os

and 09 := V'u?(V'u?)T. We define square matrices M and M? of order three as

V6 = (o) 0= (o)

Here we see v(u(s)) as a three-dimensional column vector. In the following argument,
we sometimes suppress the argument s and abbreviate v(u(s)) to v. For i = 1,2 the ith
component of V'u(s)v(u(s)) € R? is d;u(s) - v(u(s)) = 0 since d;u(s) is tangent to I' at
u(s). Therefore, (V/'p)v = 0 and
V'u(V'p)" (Vv 0 0
MM”T = =
< (V' v 0 1)’
which implies det § = det(MM7) = (det M)?. On the other hand, since

P (s) = p(s) + pr(p(s)) = pu(s) + pVd(u(s))




SINGULAR LIMITS FOR INCOMPRESSIBLE FLUIDS IN MOVING THIN DOMAINS 247

by 22) and thus
V'u(s) = V' u(s){Is + pV2d(u(s))} = V'pu(s){Is — pA(u(s))}

by @3), we have V'u?(s)v(u(s)) = 0 by V'u(s)v(p(s)) = 0 and ([Z7). Hence as in the
case of  and M we have det 0 = (det M*)2. Moreover, by ([Z7) and the symmetry of
the matrix I3 — pA,

e = (VB =) — (V1) (12 p) = b0 = i)

v
Hence we get
det 7 = (det M?)* = {det M - det(I3 — pA)}* = {det(I5 — pA)}? det 6.

Finally we observe that the Weingarten map A has the eigenvalues 0, k1, and ko and
thus

det{l3 — pA(u(s))} = 1- {1 — pra(u(s))} - {1 — pra(u(s))}
= J(u(s),p) (>0 for sufficiently small p)

to obtain the formula (A.6]). O
Now let us return to the moving surface I'(t) and prove Lemmas 2.7 and [Z8]
Proof of Lemma 277l As in the proof of Theorem 3.1l we use the abbreviations (B13]).
Let f be a function on Sy and f an arbitrary extension of f to Ny satisfying f lsr = 1.

For (z,t) € Qe we have f(m,t) = f(m,t) by m# = n(z,t) € I'(t) and thus
V(f(m,t)) = Vr(e,t)V f(m,1),
O (f(m,t)) = 0 f(m,t) + (Dym(w, ) - V) f(m, 1),
Hence it is sufficient for (Z.20]) and (2.26) to show that
Vr(z,t) = Pr(m, t) + d(z,t)A(r, t) + R(d?), (A.7)
oy (z,t) = VI (m, t)w(m,t) + d(z, t) VeV (m, 1) + R(d), (A.8)
since
AVf = APV = AVrf,
of+ (V- V) f=0°f, (VoW - V)f = (Ve - Vi) f

on I'(¢) by the definition of the tangential gradient, [2.8), and [2.22) with v = V;N¥v. By
m(x,t) =z —d(z,t)Vd(z,t) and 22]) we have

Vr(z,t) = I3 — Vd(z,t) @ Vd(z,t) — d(z,t)V?d(z,t)
= Pr(m,t) — d(x,t)V3d(z, ).
Also, we expand V?2d in powers of d and apply (Z9) to obtain
V2d(x,t) = V3d(m,t) + R(d) = —A(m,t) + R(d).
Hence (A7) follows. Similarly, we differentiate m(z,t) = z — d(x,t)Vd(z,t) with respect
to t and apply (Z2) and (Z4) to get
o (x,t) = V& (m, t)v(m, t) — d(z, )0, Vd(x, ).
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Moreover, by 9;Vd = V,d, (Z4), and (A7),
Vd(z,t) = —V (V& (m,t)) = =V (a, ) VY (1, 1) = =VrVi¥ (7, 1) + R(d),

where 17FN is an extension of VFN to Nt with VFN lsp = VFN . Applying this to the above
equality for 9;m we obtain (A.g). O
Proof of Lemma 28 We use the abbreviations (3.13)). For 4,5 = 1,2,3, let M;; be
the (i,j)-entry of a square matrix M of order three. We differentiate both sides of
Dij(x) = Sij(m) + d(x,t)S};(7) + R(d*) with respect to z; and apply (A7) to get

aiDij (J)) = Gfa”Sij (7T) + S,Llj (w)&ld(as, t) + R(d)
Therefore, the jth component of div D(x) is

[div D(z Z 9;Dyj(x Z{amsw + SL(m)dd(z, t)} + R(d(z, 1))

= [divpS(m)); + [(sl(w)) Vd(x,t)]j + R(d)
and (Z21) follows by [22)). O

B. Comparison of vector Laplacians. The purpose of this appendix is to give a
proof of the formula ([ZI5]) in Lemma[2Z4l Main tools for the proof are the Gauss formula

@I4) and
2
ApX =uV'X =Y (ViViX = Vg, X) on T (B.1)
i=1

for any tangential vector field X on I', where {e1, e2} denotes a local orthonormal frame of
TT (i.e., an orthonormal basis of the tangent plane of I defined on a relative open subset
of I') and V; := V., (for a proof of (B.]) see [26, Proposition 34] and [32, Proposition 2.1
in Appendix C]). Hereafter all calculations are carried out on the surface I'.

We fix coordinates of R® and write z; (j = 1,2,3) for the jth component of a point
x € R3 under this fixed coordinates. Let X = (X1, X2, X3) be a tangential vector field
on T and {e1,es} be alocal orthonormal frame of TT'. For ¢ = 1,2, by the Gauss formula
([2I6) and the fact that V;X is tangential we have

vZX = (ei . VF)X - (AX . €i)V == Pp{(ei . VF)X}
Here the second equality follows from Prv = 0. Hence
ViViX = Pr|(ei- Vo){(ei - Vr)X — (AX - e;)v}]

= Pp [(6, . VF){(Bz . VF)X}] — (AX . ei)Pp{(ei . VF)I/}

where we used Prv = 0 again in the second equality. By setting e; = (e}, e?,e?) the jth
component of the vector (e; - VF){(ei -Vr)X} (j =1,2,3) is of the form
3
Z k@)&an laltanX Z{ek l@)&analtanX + et (8tan l)altanX}

k,l=1 k=1
—tr[(62®6 )VI‘ ] +{(€1 VF) Z‘}'VFX]‘.
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Also, by the symmetry of the Weingarten map A = —Vrv,

[(e; - VD)V Zekﬁt‘m = Ze A = —[Aey);.

By these equalities and (Z.8) the jth component of V;V;X is

3
[v v, X} =3[Py Jk(tr (e ® ei)VEX:] + {(es - Vir)es} - vpxk)
k=1
+ (AX - ¢;)[Ae];. (B.2)

On the other hand, vﬁmX is of the form

Ve,e, X = PF{ (viei : VF)X} = PF([{PF(ei -Vr)e} - VF]X)

and, since {(PrF)-Vr}G = (F-Vr)G holds for (not necessarily tangential) vector fields
F and G on I' we have
3
Ve, L = (Pl ({le: - Ve)eid - VrXe). (B.3)

k=1

Applying (B.2) and (B.3) to (BI) we get
[ApX];j =) (Z[Pp]jktr[(ei ® ) VEXy] + (AX - e;)[Aey] j> .

i=1 \k=1
Furthermore, since e; and ey form an orthonormal basis of the tangent plane of I" it
follows that Z?Zl(ei ® e;) = Pr and thus
2
> tr[(e; @ €) VEX,] = tr[PrVEXR] = tr[VEXy] = Ap Xy
i=1
for each K =1,2,3 by PrVp = Vr, and
2 2
D (AX -e)Ae; =Y Ale; @ e;)AX = APLAX = A’X

i=1 i=1
by (AX -e;)Ae; = (Ae; ® e;)AX = A(e; ® e;)AX and (2.]). Therefore,

3
[ApX]; = [PrljpAr X + [A°X]; = [PrArX]; + [A°X];
k=1

for each j = 1,2,3, which yields the formula (ZI5]).
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