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Abstract. A material with memory typically has a set of many free energy function-
als associated with it, all members of which yield the same constitutive relations. An
alternative interpretation of this set is explored in the present work.

Explicit formulae are derived for the free energy and total dissipation of an arbitrary
material in the cases of step function and sinusoidal/exponential histories. Expressions
for the fraction of stored and dissipated energy are deduced. Also, various formulae are
given for discrete spectrum materials.

For materials with relaxation function containing one decaying exponential, the asso-
ciated Day functional is the physical free energy. For more general materials, we seek a
best fit of the relaxation function with one decaying exponential to that chosen for the
general case. The free energy, total dissipation and fractions of stored and dissipated
energies relating to the Day material are derived for the various histories. Similar data,
in the case of the general material, are explored for the minimum and maximum free
energies and also for a centrally located free energy given in the literature. Various plots
of aspects of this data, including comparisons between the behaviour for general and Day
materials, are presented and discussed.

1. Introduction. In this work, we consider completely linear materials with memory,
where the stress is given by a linear functional of strain For such materials, free energies
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IWe consider for definiteness here isothermal mechanical problems, indeed those for solid viscoelastic
materials. Also, only the scalar case is considered, which simplifies the algebra and allows us to focus
on the essential structure of the arguments. It must be emphasized, however, that similar results can
be given with little extra difficulty, for viscoelastic fluids, certain non-isothermal problems, electromag-
netism, non-simple materials, etc., as presented in the references noted above, and also for the general
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and associated rates of dissipation are quadratic functionals of strain characterized by
kernels defined on RT x RT. Various results for classical free energy functionals of
this kind are presented in [7,[8]. Developments over the last two decades relating to
free energies for these materials may be found in, for example, [I1,2[9L1T012]13}[17H22].
These deal mainly with the minimum, maximum, and other extremal free energies. An
exception is the free energy proposed in [10] (see also [2/121]) and denoted by v g(t).
Numerical examples are included in [3L23] and the present work.

Let us identify a particular material with memory, which will be referred to as material
I. It is assumed to exhibit linear behaviour. The stress-strain relation of this material is
known; in other words, its relaxation function is given. There are generally many free
energies and corresponding dissipation functionals associated with material I. All of these
generate the same stress and, therefore, have the same relaxation function. They form
a convex set with a minimum and a maximum element ([I1], for example). We denote
this set by F, which is of course dependent on the choice of strain history. The physical
free energy for material I, yielding the observed rate of dissipation, is a member of F, as
well as all free energies with the given stress.

REMARK 1.1. In recent papers [20122], it was shown that any material with memory
can be uniquely characterized by specifying the kernel of its physical rate of dissipation
functional. This quantity determines the relaxation function, which in turn yields the
stress-strain or constitutive relation, for a given strain history. The work function can
be deduced from these quantities. However, the dissipation kernel determines also the
amount of dissipation under deformation, and indeed the associated free energy. We will
consider the set of all such kernels associated with materials with a specified constitutive
relation; this set will be denoted by K. For a given choice of strain history, KC generates
a set of free energies F, corresponding to our chosen constitutive relation. It will emerge
that the boundaries of /IC and F are at least roughly determined by the relaxation function
of the constitutive relation.

The following alternative viewpoint will be discussed in the present work. We inter-
pret the set of kernels K as specifying all the distinct linear materials with the same
constitutive relation but different dissipation rates as a result of deformation. These can
be labeled by individual members of K. One of them yields the physical free energy in F
for material I. Other members of F would traditionally be regarded as approximations
to or bounds on (notably the minimum and maximum free energy) this physical free
energy. Instead, we now regard these, or more specifically the corresponding kernels in
K, as describing different actual materials with the same constitutive relation, but differ-
ent dissipation properties. For the material labeled by a particular kernel, the relevant
member of F for a given strain history is the physical free energy for that material.
Particular examples may not currently exist as real materials but it seems reasonable to
assume that they could be manufactured, to a close approximation, now or in the future.

It is not a new prediction that materials with a particular constitutive relation may
have different rates of dissipation, but it is interesting to see how it emerges in this way.

tensor cases relating to all these materials. Indeed, it is shown in [2, page 135] how tensor equations
correspond to a series of scalar relations in each eigenspace of the tensor relaxation function.
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Both of the above viewpoints are valid and can be adopted as context demands. We
will refer to the more traditional viewpoint, where K is the set of kernels producing
the physical free energy of material I as well as approximations to and bounds on this
quantity, as Interpretation 1 or I1. The viewpoint that each K (s,u) € K fully describes
a separate material, each equally of interest, will be referred to as I12.

Under 12, the set K is defined not by the choice of material I but by the constitutive
equation of the materials. If we replace material I by another material with the same
stress-strain relation, the set I remains unchanged. We do not focus on one specific
example but rather treat all materials labeled by members of I on an equal footing.

Free energy functionals, generalized to three dimensions, are useful in defining the
topology of the space of states, when studying stability and related problems for the
integro-differential equations describing the evolution of materials with memory (for ex-
ample, [14]); these evolution equations are of course derived from the constitutive equa-
tions of the material.

Another use for free energies is in modeling dissipation of energy in a material with
memory, for example, material I. To do this accurately requires knowledge of the physical
rate of dissipation kernel which may be difficult to determine. This in turn yields the
physical free energy kernel of material I and a complete description of the thermodynamic
behaviour of this material under load.

Even without exact knowledge of thermodynamic behaviour, we can explore the dissi-
pation behaviour for the minimum and maximum free energies, together with a centrally
(in F) located functional [2L[I8] (referred to below as the central free energy). Detailed
formulae for these free energies are given, with corresponding total (and rate of) dissi-
pation and the work function, for step function and sinusoidal/exponential (abbreviated
to SE) histories. This latter category includes semi-infinite sinusoidal/exponential (ab-
breviated to SSE) histories and SE histories, where the strain vanishes for ¢ < 0. Also,
fractions of stored and dissipated energies are defined and discussed. Various relevant
quantities are plotted.

As noted earlier, the minimum and maximum free energies together with associated
total dissipations provide bounds on energy storage and dissipation in material I. They are
also descriptive of valid materials in their own right, according to viewpoint 12 outlined
in Remark [Tl

For semi-infinite sinusoidal histories, the work function and the total dissipation are
infinite, while the free energy and rate of dissipation are finite. It is, therefore, not
possible to give fractions of stored and dissipated energies in this case. However, free
energy and rate of dissipation formulae are given for general rate of dissipation kernels.
These are compared with previously obtained results for specific kernels.

REMARK 1.2. We will deal only with free energies that are functionals of the minimal
state, as defined in [2, page 151] and in many other papers, most recently [20H23].

The Day free energy for a discrete spectrum material with one decay time is the only
free energy that is a functional of the minimal state. It is, therefore, the unique physical
free energy for that material. This quantity and the associated dissipation are explored
for a choice of relaxation function approximately equal to that for the more general set
of materials under consideration.
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Regarding the notational convention for referring to equations, we adopt the following
rule. A group of relations with a single equation number (***) will be individually labeled
by counting “=" signs or “<”, “>" “>” and “<”. Thus, (***)5 refers to the fifth “=”
sign, if all the relations are equalities. Relations with “€” are ignored for this purpose.

For notational conventions in general and for many basic results, we refer to [2] and
indeed to a variety of other publications, such as [18[20,21]. Such basic formulae and
many derivations of results are omitted here.

The numerical work was carried out using mainly Matlab R2015b; one aspect involved
the use of Maple 2017.

2. Strain history, stress and free energies. The current value of the strain func-
tion is E'(t) while the strain history and relative history are given by

E'(s) = E(t - s), El(s) = E'(s)— E(t), seRT, (2.1)
where R is the real line, while R™ is [0, 00). It is generally assumed here that

. " .

slggoE (s) = UEIPOOE(U) =0, (2.2)
which simplifies certain formulae. However, for strictly sinusoidal histories, relation (2.2])
does not hold.

There are generally three equivalent forms of the constitutive equations and free en-
ergy/rate of dissipation functionals (for example, [20L21]). We shall confine ourselves to
one of these here.

Let T(t) = T(E*, E(t)) be the stress at time ¢, where T is understood to be a functional
of E' and a function of E(t). Then the constitutive relation with a linear memory term
has the form

T(t) = Goo E(t) + /0 h G(u)E* (u)du, )
2.3

9
- EE (u)a

where the quantity G(-) : RT — RT is the relaxation function of the material. The
functional dependence on E! is easily transformed into a dependence on E* with the aid
of an integration by parts. We have

G(u) = G(u) — G, E'(u)

Goo =G(00), Go=G(0), Gop—Gx >0. (2.4)
The assumption is made that
G(-) € L'(RY) N L2(RT), (2.5)

which will be relevant in the context of taking Fourier transforms.

For linear materials, the constitutive relation is characterized by the relaxation func-
tion G(u).

A free energy at time ¢ is denoted by 1 (t) = 1/;(Et, E(t)) € F, where 1, as for T above,
is a functional of E* and a function of E(t). The basic properties of free energies [425]
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are given as follows. All required derivatives of ¢)(E", E(t)) are assumed to exist. The
relation

0 -~ 0

SO B) = eslt) = T() (26)
must hold for all ¢(¢t) € F. For linear materials, this is the constitutive relation (23]),
which, as we shall see, at least roughly determines the boundary of F. For any history
Et,
V(E' E(t) = ¢(E(t)) or ¥(t) = ¢(t), (2.7)
where ¢(t) is the equilibrium value of the free energy v (t) which, for a completely linear

material, is given by

HE() = 5 GaF (1), 28)
For any (E!, E(t)) we have the first law (balance of energy)
d(t) + D(t) = T(H)E(t), D(t) =20, (2.9)

where D(t) is the rate of dissipation of energy associated with ¢ (¢). This non-negativity
requirement on D(t) is an expression of the second law.
Integrating ([2X9) over (—oo, t] yields that

¥(t) +D(t) = W (), D(t) =0, (2.10)

where .

W(t):/ T(u) E(u)du, D(t)—/t D(u)du > 0. (2.11)

—o0
We assume that these integrals are finite, except for purely periodic histories. The
quantity W (t) is the work function, while D(¢) is the total dissipation resulting from the
entire history of deformation of the body. Note that D(t) = D(t).

Under 12 defined in Remark [[T] the functional ¢)(¢) € F is the physical free energy for
a particular material with a physically observed rate of dissipation D(t) and constitutive
relation given by (2.6) or [23).

The fraction of energy stored and dissipated, respectively, for any given history, can
be determined from (2.10), according to the formulae

Full) = % Fut) = %, Fy(t) + Falt) = 1. (2.12)

REMARK 2.1. The implied description of a free energy for the material as a mea-
sure of the stored energy is a convenient intuitive shorthand, which will be used in this
work. However, there are various complexities surrounding this issue. For one thing,
any stored energy in the material can be only partially transformed into useful work,
since in particular the deformation necessary for this transformation will itself generate
dissipation.

Also, there is the more general question regarding whether the definition of the free
energy functional for a given history justifies this identification with stored energy. A
particular choice of free energy is in general intermediate between the minimum and the
maximum free energies for the material, or equal to one or the other of these quantities
(see Remark [Tl relating to I1). Now, the minimum free energy at time ¢ is defined
as the maximum recoverable work from that time, while the maximum free energy at
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time ¢ is the minimum work required to achieve this state from the initial state, obtained
by searching among histories in the same minimal state as the given history ([2L5], for
example). Both of these are related to stored energy but are, in the case of dissipative
materials, quite different from each other. Intermediate free energy functionals are linear
combinations of these and other functionals, as we shall see later. Thus, a clear, simple
definition is not generally available in every case, though our characterization of such
functionals as energy storage measures has validity.

REMARK 2.2. The variation of ¢(t), D(t) and the ratios in (ZI2) over time is of
interest. It would be useful also to pick a particular time, for example, ¢ — oo, or
average over times, in the case of oscillatory behaviour, yielding constant quantities
which characterize storage and dissipation occurring in the material. Such quantities
will be determined where possible.

3. The general form of a free energy functional. For a scalar theory with a
linear memory constitutive relation for the stress, the most general form of a free energy
is

Y(t) = / / E(s)G(s,u)Et(u)dsdu € F,
G(s,u) = G(s,u) — G, Goo = G(o0,u) = G(s,00), s,ucR*.

The kernel G(s,u) must be such that the integral term in (ZI) is non-negative. The
relaxation function G(u), introduced in [23)), is given by

(3.1)

G(u) = G(0,u) = G(u,0) YueR". (3.2)
It follows from (Z4) and (B2 that
Go = G(0) = G(0,0), (3.3)

and also that G in (24)) and (BI)5 are the same quantity. There is no loss of generality
in taking

G(s,u) = G(u, s). (3.4)
The set of all é(s, u) with the non-negativity property will be denoted by G. The rate
of dissipation can be deduced from (29 to be

D(t):—% /0 h /0 B s) K (s, u) B (w)dsd, (3.5)

where
K(s,u) = G1i(s,u) + Ga(s,u) € K. (3.6)

The integral in (3.1 must be non-positive. This requirement on K (-,-) is central to the
definition of the set K. It can be assured, for example, by adopting sums of product
forms for the kernel, as in [20]. For any given G(s,u) € G, relation (30) is a mapping
G— K.

The quantity K(s,u) is defined on R™ x RT. It can also be taken to be symmetric
in its arguments, just as in ([4]). The non-negativity requirements on é, —K imply in
particular that (|2l page 127))

G(s,s) >0, K(s,5) <0, s€R". (3.7)
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The assumption is made that (cf. (2.3))
G(-), K(-,-) € L"(RT x RY) N L2(RT x RY) (3.8)

which will also be relevant in the context of taking the Fourier transform of these quan-
tities.

The work function, given by (2III);, can be expressed as (|2 page 153] and earlier
references cited therein):

W (t) / / E'(s)G(|s — u|) E* (u)duds. (3.9)

We see that it can be cast in the form (&I) by putting G(s,u) = G(|s —ul). The
quantity W (t) has some but not all the properties [23] of a free energy, though with zero
dissipation, which is clear from (ZI0). It also follows from (2I0), for any free energy

(t), that
P(t) < W(t). (3.10)

It is shown in [20,22] that the material can be uniquely characterized by choosing the
correct physical kernel K (s, u), yielding a non-negative rate of dissipation. This may be
achieved either by experimental measurement or by appealing to a theoretical model, or
perhaps a combination of both approaches. Thus, K(s,u) is the fundamental quantity
determining a particular material. The set of all such kernels I will generate a set of
free energies F for each choice of strain history.

A free energy functional of the form (BI) with the correct non-negativity properties
is uniquely generated by the kernel

G(s,u) / K(z+ s,z +u)dz, (3.11)
which is a mapping K — G. Relation (B.2) gives
G(s) =G(s,0) = / K(z+s,2)dz=G / K(z,z + s)dz. (3.12)

It follows that
Gy =G — / K(z,z)dz, (3.13)
0

using the notation of (24)).

Each K(s,u) in K yields the same relaxation function through [BI2). This is part of
the definition of K. However, there are usually many different K (s,u) in K, generating
different rates of dissipation through (B3] for any specified history.

We shall see later that the minimum, maximum and various intermediate free ener-
gies along the boundary of F are determined from the form of the relaxation function;
similarly for the associated rates of dissipation. Thus, G(s) determines the boundaries
of F and K, at least in an approximate sense.

Two important dimensionless parameters are

Go — Geo 1 [

B—GO sz—l—ﬁ——G—O K(z,2)dz, B,x€[0,1].  (3.14)
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REMARK 3.1. These provide simple measures of the memory contribution and, there-
fore, the amount of energy loss due to material deformation. The smaller the quantity £
or the larger the parameter y, the greater the energy loss. These parameters will prove
important in the context of detailed forms of the fractions given by (2.12).

REMARK 3.2. Expressions for the free energy, total dissipation and the ratios Fj(¢),
F,(t) will be given in the case of a general rate of dissipation kernel K(s,u), and three
different types of strain history. These quantities are important characteristic properties
of the material described by this kernel. The fractions Fs(t), F;(t) represent, in a nor-
malized fashion, the physical content of (ZI0). Any choice of K(s,u) € K will describe
the stress-strain and energy behaviour of one specific material.

Matters are more difficult when we seek to reverse this process and determine the
kernel K (s, ) which describe a pre-chosen material, earlier referred to as material I.

4. Frequency domain quantities. Let 2 be the complex w plane and
QO ={w € Q| Im(w) € R},

O ={w € Q| Im(w) € RTTL. (4.1)

These define the upper half-plane including and excluding the real axis, respectively.
Similarly, Q~, Q() are the lower half-planes including and excluding the real axis, re-
spectively.

The notation and properties used here for Fourier transforms of the various quantities
of interest are outlined in many publications, including [2,20].

REMARK 4.1. Throughout this work, a subscript “+” attached to any quantity defined
on ) will imply that it is analytic on an open set including Q~, with all its singularities
in Q(H). We shall abbreviate this description to simply a statement that it is analytic on
Q. Similarly, a subscript “—” will indicate that it is analytic on an open set including
O, with all its singularities in Q(7); again, this is abbreviated to a statement that it is
analytic on Q1.

Let us define the quantities

Gy(w) = / h G(s)e WS ds = Go(w) — iGy(w),
o , (4.2)
G, (w) = /0 G (s)e" @5 s = G w) — G (w).

The function G (w) is analytic on Q~. This implies that any singularities of G (w) are at
least slightly off the real axis into Q(*), which in turn means that G decays exponentially
at large positive times, though perhaps weakly. We shall be considering C~¥+ (w) both for
values of w on R and off the real axis, into Q).

The quantity é+ (w) is analytic in Q7 its singularity structure being a mirror image,
in the real axis, of that of é+ (w). Thus, in particular, éc(w) has singularities in both
Q) and Q) which are mirror images of one another. Similarly, its zeros will be mirror
images of one another.
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The standard properties that, for large w,

G~ O o G~ CO -
¢~ 0 o ey~ E1O,

will be required below.
The inverse relationships of [@2]) are given by

:% :27r

G(s) 1 /00 é+(w)6iwsdw, G'(s) L /OO Gg_(w)eiwsdw, 5> 0. (4.4)

— 00 —0o0

However, we have
Go — G = G(0) = %/ G (w)ds = %/ G (w)deo. (4.5)

Relation (EH); follows by considering a contour integral over Q(~) and using (@3)), while
(5D 5 results from the fact that G¢(w) is an odd function. Applying a partial integration

in [@2)3 yields that
Go+ G (W) = Goo + iwG (w) = My (W), we, (4.6)

where M (w) is the complex modulus of the material [24]. Its real and imaginary parts
for w € R are given by

My (w) = R(w) +iZ(w),
R(w) = Go + GL(w) = Goo + wGs(w), (4.7)
I(w) = -G (w) = wGe(w).

Important properties of G,(w) and G’,(w) include the equivalent conditions [2,11]

G.(w) >0, GLw)<0 YVw e R, (4.8)

which are consequences of the second law. We note some properties of é(s), which also
apply to G'(s). Because G(s) is real, we have, from ([@2), that

Gy (w) =Gy (), Gy (w) =Gy (-w), (4.9)
for all points w € Q where G4 (w) is defined. Relation [{9), yields
Go(w) = Go(—w), Gy(—w)=—G,(w), G40)=0, weR. (4.10)

We also have
Go > 0, Goo >0, (4.11)

the latter relation being true for a viscoelastic solid.
A quantity which will be of significant interest, particularly in the context of the
minimum and related free energies, is

H(w) = G (W) = w?Ge(w) = wI(w) >0, weR, (4.12)
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where the inequality is a consequence of ([@8) and (£I0). From [@I2)., it follows that
the quantity H(w) goes to zero quadratically at the origin. Using ([@3])4 and (12, one
can show that

Ho = lim H(w) = —G'(0) > 0. (4.13)

w—r00

We assume for present purposes that G’(0) is non-zero so that H, is a finite, positive
number. Then H(w) € RYT Vw € R, w # 0. The structure of its singularities are
similar to those for G, (w), which are noted before ([@3).

The non-negative quantity H(w) can always be expressed as the product of two factors
(71, 2 page 239])

H(w) = Ha(@)H-(w), (4.14)

where H (w) has no zeros in Q) and is analytic in Q. Similarly, H_ (w) is analytic in
Q1 with no zeros in Q). We put

Hi(w) = Hz(—w) = H=(w), H(w)=|Hz(w)]?, weR (4.15)

The factorization ([{I4) is the one relevant to the minimum free energy. For materials
with only isolated singularities, there is a much broader class of factorizations, where
the property that the zeros of Hy(w) are in Q% respectively, need not be true. These
generate a range of free energies related to the minimum free energy, as discussed briefly
in section Al

The notation w®, which will be used below, was introduced in [17] and adopted in
subsequent work. We have w® = w +ie, w € R, where € is a small positive quantity.
The limit ¢ — 0 can be taken after integrations have been carried out. It is useful, for
example, in applying the Plemelj formulae.

The Fourier transform of E*(s), taken to be zero for s € R, has the form ([2, page
144])

E'(w) = /0 h E'(s)e” WS s, (4.16)

This quantity is analytic on Q7. The Fourier transform of Ef, defined by (21])2 and zero
for s € R™~ has the form (|2, page 145])

E(t
B () = By ) — 2 (4.17)
Note the important connection
d .
%Ei (w) = B (w) = —iwE" (w) + E(t) = —iwE! | (w), (4.18)

between Ei (w) and B!, (w). Virtually all work on the minimum and related free energies
up to and including [2] was based on Ef_ (w). Relations ([@I8) provide the mechanism
for changing to Ei (w). It follows also from ([@IT) and ([£I8) that

0

6E—(1S)Ei(w) =1. (4.19)
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For large w (see ([&3))),

2w~ 20 e~ A, (4.20)

where A(t) is independent of w.
The constitutive equation ([2.3]) in terms of frequency domain quantities has the form

T(t) = G E(t) + % / G () (w)dw
> (4.21)

1 [ Hw) .,
=GE(t) + ;/_Oo " E’ (w)dw,
where the second form follows from the argument given in [2, page 146].
The frequency domain representation for the work function, given by (B3], has the

form (]2, page 154]):

W(t) = o(t) + 5- [ Z Huf;’) [ ()| . (4.22)

4.1. PFrequency domain representations of dissipation rate and free energy kernels. We
define

Zy_(wy,we) = / / Z(s,u)e_iwls + Z."‘)QUdsdu, (4.23)
o Jo

where Z(s,u) represents either of the kernels G(s,u) or K(s,u). Note that

Zi (wlv WQ) = Z+,(—UJ2, _wl)v

A (4.24)
Zi—(wr,w2) = Z4 (=1, —wz2) = Z4— (W2, W1), wi,w2 €9,

where the property Z(s,u) = Z(u,s) has been used. These relations hold if wy, wo are

points of analyticity of Z,_(wi,ws). It follows from ([@24) that Z,_(wi,ws) is real if

Wz = wy. In particular, Z, _(wg,wp) is real if wy is real. The quantity Z;_(w;,ws) is

analytic in the lower half of the w; complex plane and in the upper half of the w, plane.

Thus, Z; _(wy,ws) is given by analytic continuation from the real axis for w; € Q(~) and

wo € Q(+)

It is shown in [20] for wi,ws € R that

i(w1 — wo) Gy (W1, w2) = Ky (w1, w2) + Gy (w1) + Gy (w2), (4.25)

where G (w) is defined by @Z);. We will extrapolate this relationship by analytic
continuation to wy € Q) and wy € Q).

REMARK 4.2. Condition (B8] ensures that Z _, defined by [{.23)), exists. This has the
consequence that ¢ (t) and D(t), given by (B)) and ([B.5), respectively, are finite quantities
for sinusoidal histories. It will emerge later that W (¢) diverges for such histories, so that
D(t) must also become infinite in this case, by virtue of 2I0I).

It follows from (@I2) and (£20), by taking w; = we = w that [20]

K (w,w) = —2G,(w) = —QHQEM) = —QIE:”).

2
Let the quantity K;_(wy,ws), determined from each K(s,u) € K by ([@23)), form a set
Kr. Thus, the quantity K _(w,w) is the same for all K _(wi,ws) € Kp.

(4.26)
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5. The minimum and related free energies. It is shown in [2,[I2L[18] that, for
materials with only isolated singularities, the quantity H(w) is a rational function and
has many factorizations other than (£14]), denoted by

H(w) = H (w)H (), HY(w) = HL (~w) = HL(w), (5.1)

where f is an identification label distinguishing a particular factorization. These are ob-
tained by exchanging the zeros of H; (w) and H_(w), leaving the singularities unchanged.
Each factorization yields a different free energy and total dissipation given by

w0 =00+ 5 [ e

Dy(t) = _s /o; ‘pf(w)r dw, (5.2)

) iw/ E't (w/)
o= [7 EE

= -_-— d /-
27 w'(Ww —wT) v

Note that each ¢;(t) is determined by the factors of H(w). This latter quantity is
determined from G(s) by means of [@I2). Defining
1> H ().
Ki(t)=—— _(w)Ei(w)dw = lim [—iwp’*(w)], (5.3)

211 0o w w—ro0

we can write the associated rate of dissipation in the form
2
Dy(t) = [K¢ ()", (5.4)

which can be expressed as a quadratic functional of the strain history. Relation (52);
can be expressed also as a quadratic functional (for example, [20]). Note that Dy(¢)
vanishes if K;(t) = 0, which is a linear condition that can be satisfied for certain choices
of strain history. Thus, the quadratic form for D¢(t) is reduced from positive definite to
positive semi-definite, indicating that each ¢;(¢) is on the boundary of F, as indicated
earlier.

For these free energies and rates of dissipation, K _(wy,ws) has the form

wiwa KL (w1, ws) = —2H] (w1) HY (w2). (5.5)

These factorized quantities K fif (w1, w2) lie on the boundary of K, by a similar argument
as that applied to (5.4).

REMARK 5.1. The factorization ({I4) yields the minimum free energy v, (t). This
case is labeled as f = 1. Each exchange of zeros, starting from these factors, can be
shown to yield a free energy which is greater than or equal to the previous quantity
([Z page 363]). All these free energies are functionals of the minimal state. They are
labeled by f =2,3,..., N where N is the total number of distinct factorizations.

The quantity obtained by interchanging all the zeros is denoted by ¢(t) for f = N.
It can be identified as the maximum free energy among all those that are functionals of
the minimal state. Reflecting this property, it is also denoted by 1;(t). This quantity
is less than the work function.
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The most general rate of dissipation and free energy arising from these factorizations
is given by

N N N
D(t) =Y MDs(t), ()= _Ap(t)€F, Y Ap=1, Ar>0.  (5.6)
f=1 f=1 f=1

The question whether (5.6])2 is the most general representation of a free energy in F is
discussed in subsection Bl From ([@I9) and (5.2]), we have

o H (w)

ft —
sa @ =2, 6:1)
which, with the help of [@I8]) and ([2], page 249]), yields
0 B 1 [ H(w) . B
SE s =GB+~ [ TR EL @) = T(), (58)

where ([£ZI)) has been used. This provides confirmation that the constitutive equation
associated with all free energies of the form (5.6 is that given by (@21I) or ([Z3)).
The general form of K, _ (w1, ws) € Kp, which yields (5.6), is given as follows:

2
Wiwsz

N N
Ky (wi,wy) = — SONH (W) H (w2), Y Ap=1, A >0, (5.9)
f=1 f=1
where (B.3]) has been used.

As already noted, the functionals ¢¢(t), f = 1,2,..., N lie on the boundary of F,
in particular, the minimum and maximum free energies which provide lower and upper
bounds; similarly for K if(wl,wg) with respect to Kp. The factorizations (B and,
therefore, all these quantities are deduced from the parameters of the relaxation function.
The size of the set F (and Kr or K) is, in this sense, determined by the relaxation
function.

6. Free energy and dissipation functionals for particular histories. We seek
to give detailed expressions for free energies and related quantities for general choices of
the kernel K(s,u) € K and histories with step function and SE behaviour. The latter
will be considered both for semi-infinite and finite histories.

6.1. Step function histories. This is the simplest non-constant behaviour, given as
follows. An alternative way of writing the history (21I); is E(u), u < t where ¢ is the
current time, assumed to be positive. We put

E(u) = {0’ us0, (6.1)

Ey, 0<u<t,

giving
B(u) = dfli“ — Eod(u), (6.2)

in terms of the singular delta function. Thus, in the notation of (211,

E(s) = Egd(t — s). (6.3)

~—
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It follows from this relation and (B3] that
Eg
D(t) = ——K(t,t). (6.4)
Also, from B.I1)), 1), and BI]), we have

W(t) = 6t) — %3 /OO K(t+ 2t + 2)dz

0 e (6.5)
1 > Eqg
= _GooEO - 5 K(yay)dyv t>0.
2 2 J,
The integral term is non-negative, by virtue of [BX1). Relation BI3) yields that
1 o 1 R A
SGoEy = ;G By — — K(y,y)dy. (6.6)
2 2 2 J;
Thus, on using [B.7)2 again, we see that
1
Vi) < GBS (6.7
It follows from (B3] that
1
W(t) = 50053’ (6.8)
so that [B.I0) is satisfied. Relation (ZI0), together with (B13), gives that
E2 t
D)= -3 [ Ky, (©:9)
0

The finite range of the integral is easily understood, from a physical point of view. For
the infinite period specified by (61));, there is no dissipation. At time ¢ = 0, dissipation
begins. Referring to (212, we see that

t

1
Fu(t) = N K(y,y)dy, Fi(t) =1— Fy(t). (6.10)
0
Differentiating with respect to time, we obtain
d 1 d d
—Fy(t) = ——K(t,t —Fy(t) = ——Fy(t A1
dt d() GO ( ’ )a dt 9() dt d( )a (6 )

so that F,(t) is monotonically increasing and F(¢) is monotonically decreasing.

Referring to Remark 2221 a natural choice of selected time in this context is ¢ — oo,

which gives, by virtue of [B.I3]),

chz%zle—ﬂ’ Fsc:i_zozﬂv (612)
in terms of the quantities introduced in ([BI4]). Thus, x measures the energy dissipation
and (3 the energy storage for any material in IC, due to a sudden step change in strain
(see Remark B.T]).

The quantity Fy(t) is zero at t = 0 and increases monotonically to y as ¢ — oo, while
Fy(t) =1 at t = 0 and decreases monotonically to § at large ¢. Note that K(y,y) must
tend to zero as y — oo to yield convergent integrals in (6.0 or (G.0]).

Observe from (6.4) that, if D(t) can be determined, this yields a measurement of
K(t,t). To obtain measurements of K(s,u), s,u € RT, one needs to consider histories
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with two steps ([2 page 132]). Of course, this is not a very practical technique since step
function histories are difficult to approximate closely.
6.2. SSE histories. Consider a history and current value (E*, E(t)) defined by

E(t) = Bge-t 4t Fpe™ ™+l El(s) = E(t—s), se€R", (6.13)
where Ej is an amplitude and Ej its complex conjugate. Furthermore,
Wo=wy—in, wy=w_, wy,n€RTT, (6.14)

The parameter 1 ensures finite results in certain quantities. For n = 0, we have purely si-
nusoidal behaviour, while for wy = 0, the history is exponentially growing. The derivative
E!(s), defined by ([2.3))3, has the form

El(s) = iw_ Egel®- (t—s) _ iw+E_oe_iw+(t - S), (6.15)

for SSE histories. Also, the quantity F (w) (see ({I8])) is given by

. tw_t iyt
i) =Ey—— —_— 6.16
+) Yi(w+w) Yilw —wy )’ (6.16)
while
iy w_t _ —iwgt
E = Fow_ —F . 1
+(w) 0% w+w_ 0%+ W — Wy (6.17)
Using ([Z3) and ([@.I50)), we find that the stress is given by
T(t) = My (w_)Eoe'~t + M (—w ) B W+t (6.18)
where M (w) is defined by (£E). Referring to (G.I6]) and ([@I7), we see that
tw_t iyt
Et (_ia) = EO . 0 : )
+
Q1w a— Wy (6.19)
. w_t —iwyt ’
B (—ia) = iBg—o— —iFptt
o+ W o — Wy
The real quadratic form
V(t) — MEgemw*t + M E_026_2iw+t + N ‘E0|2 ei(w, — W+)t
— 9Re[ME2e2W-1 4 N | Ey|? (- — w4 )t (6.20)
— [2Re (MEGZ0T) 4 N |Eo | 2
will be denoted by
V(t)={M,N}. (6.21)

The quantity N is real. All free energies, total dissipations, rates of dissipation and work
functions can be represented in the form V' (¢), for histories given by (6.13). Note that

/; Vis)ds = {2Af ¥ e } / (6.22)

V(t) = {2iw_M,i(w_ —w)N}.
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We have, from (615) for s = 0 and (E.I8)),
T(H)E(t) = iw My (w_)E3e? = — i, M. (~wy ) By e 20t
i - My (~wy) — wr My (wo)] B (W= — @)t (6:23)
= {iw-_ M (w-),i[w-My(—wy) —wi My (W)}
Using 2110, 623), and (622));, we see that
W(t) ={Mw,Nw}, (6.24)

where

w_ My (—wy) — W+M+(W—).

W_ — W4

1
MW = §M+(UJ,), NW = (625)

The term Ny, diverges in the purely sinusoidal limit. A general free energy ([B.1)); for
histories of the form (6I3)) is given by

where
1 9 =
My = - {GOO —w: Gy (w_, —w_)}
2
| - (6.27)
= 5 [M+(w_) + TKJ,__((U_, —w_)} s
by virtue of {@6), [@3),, (E23), and (@25). Also, from (@6), (E24),, and subsequent
observations,
1 2 5 2 5
Ny = Goo + 5 {lw=I* G (0o ws) + s [* G (s =) |
- Goo + |w*|2 (~;+,(w,,w+)
2
w_ ~ = (6.28)
Gt ﬁ [y (o) + G o) + G ()]
_ =t o P Ky (woswy) +w My (—wy) —wy My (wo)
W— — W4 ’
again using ([@25). From BX), (@24)), and ([@I5]), we find that
where
w?
MD = 7K+,(w,7—w,)7
2
w_ 6.30
Np = _%{K+_(w_,w+)+K+_(—w+,—w_)} (6:30)
= —Jw [P Ky (wo,wy).
Let
D(t) ={Mp,Np}. (6.31)
Then, from (622)),
W . 2 K+_(w_,w+)
Mp=—"-K; (w_,—w_), Np =i|w_|" ——————=. (6.32)

4 w_ —wy
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We see from (6.20), (6.27), ([€28), and (6.32) that [2I0) is obeyed. Note that Np

diverges in the sinusoidal limit.
The ratios (212]) are given by

_ Vp()
- V(1)
where Vp(t) has the form (620) with M = Mp and N = Np given by ([€32). Also,
Vw (t) is similarly defined, with My, and Ny given by ([625)).

The factor 6277t, giving the exponential part of the history, cancels out of the ratios,
yielding for Fy(¢),

Fy(t)

Fy(t) =1 - Fa(t), (6.33)

Fu(ty = MpER! + Mp Be™ 10! + Np | o (6.34)
My B3e200t 4 My EZe =210t 1 Ny, | By

Now, we have
My E2e2iw0t 4 Ny E2e2iw0l 4 Ny [Eof? > 0, (6.35)

which is a consequence of the fact that W (t), given by ([@22)), is positive, as is the can-

celled factor 2", Also, by averaging over any interval of duration 7/wp, the oscillatory

terms vanish and we deduce that Ny, > 0. The expression in (635 may be written as

2 |A4W| cos(2w0t + /\)
+ )
Nw

Nw |Eo)* |1 A = arg[My E2], (6.36)

where the term in brackets must be positive. It follows that, for all ¢,
Nw > 2| Mw | cos(2wot + A). (6.37)

We can therefore write ([6.34) as the numerator multiplying the factor

1
1 g, (6.38)
Ny |Ey|

where A is an infinite expansion of powers of terms involving eT210l | Thig expansion
is convergent by virtue of the inequality (63T). If we take the average of Fy(t) over any
time interval of duration I-, it reduces to

0?
F = Np _ ilw [P Ky (w_,wy)
C Nw o wo My (~wy) —wi My (W)
Ny
Foe=1—-Fjo = — 6.39
= 3 (6.39)

_ =t o | Ky (woywy) + w0 My (—wy) —wy My (wo) .
w- My (—wy) —we My (w-)

The quantities Np, Ny and the ratios Fy., F,. are parameters characterizing typical
dissipated and stored energy for SSE histories, as discussed in Remark
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6.3. Purely sinusoidal histories. For this case, the quantities W (t) and D(t) diverge, as
pointed out in Remark 2] and after (6.25]), (6.32). However, we now present expressions
for those quantities that are finite, namely free energies and rates of dissipation.

In this limit, where n — 0, (€20) and (6.21)) become

{M,N} = ME2e2iwot 4 T Fy’e~2iwot L N |y [2. (6.40)
Relation ([6.23]) converges to a finite result of the form
T(t)E(t) = {iwg M (wo), 2H (wo)}, (6.41)
where (@) and [@I2)) have been invoked. Also, [627) and (628]) yield

] .
My = 5 {M+(w0) + WTOKﬂLf(wo, —wo)} .

2
d
N¢, = R(WO) — de—R(W()) + U(WO), (642)
wo
iw? 0 0
o) = 5 [ Kotonn + Ko onen] |

where R(w) is defined by ([@7). Finally, from (629) and (630), we deduce that
2
D(t) = {%K+(W03 —Wo),QH(wo)} , (6.43)

where ([A20]) has been used. Applying (6.22])2 in the sinusoidal limit, one can show that
[23) is obeyed.

6.4. Comparison with special cases. We now compare these results with previously
given particular examples of sinusoidal histories. The minimum free energy is discussed
in detail for such histories in [IL2]. Precisely analogous formulae apply to all the ¢ (t).
Thus, we have, in the notation (£40]), using the complex modulus given by (L), rather
than G (wp) or G(wo),

o710 = { 5 [ Maten) + = [1 (0] | Ren) = w0 Ron) + @t b (049

where Q;(w) is given by

Qs(w) =i [%Hﬁ(w)H’c () - Hi(w)%ﬂi (w)} >0, weR (645
The rate of dissipation is given by (4] and (&3). It can be shown that
K (t) = HY (—wo) Ege™0t + HY (wy)Epe ™ol (6.46)
yielding
Dy (t) = {[H (~wo)|, 2H (wo) } = {[H{ (w0)]*, 2H (wo)}, (6.47)

where (B.0])2 has been used.

We see that relations (6.44) and (6.47) are the special cases of ([6.42]) and ([6.43]) for
K, _(w1,ws) given by (B.30)). In particular, the quantity @ s(w) in (6.435]) is equal to U(w)
in ([©42) for this choice of kernel.
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6.5. Exponential histories. This can be treated either by direct calculation, or as a
special case of the general formulae of subsection [6.2] where wg — 0. We consider a
history and current value (E?, E(t)) given by (6.13]) with wy = 0, so that

E(t) = E.e, Ei(s) = E(t—s), E. = Eo + Ey. (6.48)
The stress function, given by (6I8)), has the form
T(t) = My (=im)E(t), My (=in) = Goo + nG(—in), (6.49)

where the forms of M, (—in) can be deduced from ([@6). This quantity is real. From

([629) or as special cases of ([6.23) and (6:20]), we have
d

T()B(t) = nM (~in) B*(1) = 5 Mo (i) S B (1),
. (6.50)
W(t) = §M+(—i77)E2(t)~

Also, ([620), ([6.217), and ([6.28) reduce to
U0) = SIM (i) + D (i, )| B(0). (651)

The rate of dissipation and total dissipation are special cases of (629) and (£32)), given
by

2
D(t) = =LKy (=imimEX(t),  D(t) = —{Ki—(=ininE*().  (652)

The results for the various quadratic quantities above can be summarized in a simple
formula. Putting wy = 0 in ([@20]), we have

V(t) = Vo™, Vo= MEZ+ME, + N|E[. (6.53)

It can be shown using B.1), (B.5), and ([B.9), relating, respectively, to 1 (t), D(t), and

W (t), that

—_ N
M=M=7, (6.54)

for exponential histories. This relation must therefore hold true for D(t), by virtue of
I0). Equation ([G54]) can also be shown using various explicit formulae from (628 to
6.32). It gives that Vo = ME? or

V(t) = ME?(t). (6.55)

Each result in (650) - (652) has the form ([G55) where, for example, if M = M (w_,wy)
in the general sinusoidal/exponential case, this is replaced by M = M(—in,in). The

property (G.55]) was first noted in [3].
The quantities Fy and F, defined by (2I2), are time-independent and given by

M (—in) + K (—in,i Ky —(—in,i
= Mo + K (i 17)7 7, — 1K= in) (6.56)
M (=in) 2 Mo (=in)
Note that
Fs = FSCu Fd = FdC7 (657)

where F,. and F,. are the quantities introduced in (639), with wy replaced by +i7, as
in the comment after (6.55]).
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6.6. Free energy and related functionals for SE histories which vanish for t < 0. For
such histories, (2.3) can be expressed as

/ G(t — s)E(s)ds =T, /Gt—s s)ds (6.58)

with the aid of a simple change of variable. Also, (BI]); and (3.) become

¥(t) //E G(t — s,t —u)E(u)dsdu,
t):—5/0 /0 E(s)K(t — s,t — u)E(u)dsdu.

The work function is given by
t
W)= [ T Ewd / / (s — uDB(u)duds,  (6.60)
0
by virtue of (2.I1); and (B.9).

(6.59)

7. Discrete spectrum materials. The form of the relaxation function considered
in this section is that for discrete spectrum materials, which will be used as our central
illustrative example in later discussions. Let

n n
é(s) = Z Gie_ais7 G/(S) = Zgie_aisu 9i = _aiGi> (71)
i=1 i=1
where n is a positive integer. The inverse decay times o; € RT, i = 1,2,...,n, and the

coefficients G; are also generally assumed to be positive, this being the simplest way to
ensure the condition ([@8]), which is clear from (Z3)s below. Note that

G(0)=Go— G =) Gi. (7.2)
i=1
The parameters G, i = 1,2,...,n, Go and a; € RT, i =1,2,...,n, are assumed to be
known, given quantities. We arrange that oy < as < ag.... It follows from ([£.2) that
~ - G; ~ " oGy ~ - G;
G = L Ge(w) = Lk G, = . 7.3
+(w) ;amw () Za T Giw) “;ang (73)
Relation ({12, gives
n
;G
H(w) = w? - >0. 7.4
@)=Y G > (7.49)

This quantity can be expressed in the form [I7]

_ OOH{ZJJ:: } (7.5)

where the 4Z are the zeros of f(2) = H(w), 2 = —w? and obey the relations
11=0, o<y <ai<Ai.... (7.6)
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Recalling (£13), we see from (Z.I)2 that

Hy =Y a,Gi. (7.7)
i=1
Let us define a vector e in R™ with components
d .
ez(t) = E(t) — ain(—ZQl) = EEi(_Zal) = Ei(—’LOél) = —OéiEf,Jr(—Z.Cki), (78)
1=1,2,...,n,

where (LI8) has been used @ The quantities E (—ic;) are real. They are the Laplace
transforms of Et(s), evaluated at a;, i =1,2,...,n.
The complex modulus, defined by ([@8))2, is given by

My (W) =Goo +iw Y G (7.9)
i=1

; +iw’

The stress function for discrete spectrum materials has the form
T(t) = G E(t) + Y Giei(t), (7.10)
i=1

where (23), ()1, and [Z8) have been used. Any quantity that depends on the history
E* only through the e;(t), defined by (.8), is a functional of the minimal state (J20], for
example). The work function, given by (2I1]);, has the form

t
—o0

n
W(t) = ¢(t) + Z Gi/ ei(u)E(u)du, (7.11)
i=1
which is not a functional of the minimal state.

8. Free energies and related functionals for discrete spectrum materials.
We now present a general form of a free energy functional for discrete spectrum materials
(2, page 362]). Consider the quantity

1

Y1) = 6(1) + selt) - Celt) = 6(t) + 5 > Ciyexlt)es (1) (3.

ij=1
where ¢(t) is the equilibrium free energy, given by ([Z8]), and C is a positive semi-definite

(usually positive definite) symmetric matrix with components C;, 1,7 =1,2,...,n. The
function ¢(t) obeys (26) if C obeys the conditions

n
Y Ciy=Gi, i=12,...,n. (8.2)
j=1

This can be seen by means of ([@I9), (Z8)), (ZI0), and &I)). Referring to (T1), we see

that
n 1 n
Z azCij = 3 Z (OLZ‘ + aj)C’ij = H. (83)

7,j=1 1,j=1

?Note that analytic continuation into Q= is straightforward since Efr (w) is analytic in this half-plane.



648 G. AMENDOLA, M. FABRIZIO, axp J. M. GOLDEN

The form (B)) is the most general form of a free energy that is a functional of the minimal
state, for discrete spectrum materials. One can show that

$(t) + D(t) = T(t)B(t),

1 1<
58 -Te = 5 Z Fij ei(t)ej (t), (84)

i,j=1

Iij = (i + ;) Cij,

D(#)

where I';; are the components of the matrix I'. Condition (Z9)); requires that I' must
be at least positive semi-definite. It follows from (B3] that

n
> Tij =2H,. (8.5)
ij=1
Condition ([B2]) is a restriction on C and therefore T', through ([&4l);. Thus, T' has
n(n—1)/2 independent parameters, which are, however, subject to inequalities due to the
positivity requirement on I'. By varying all these parameters within allowed ranges, we
mark out the extent of the set K, or under 12, the range of choices of K (s, u) describing the
different materials with constitutive relation (ZI0) constructed from relaxation function
([CI). The kernels G and K , given by

G(s,u) = Z Cije” s — Al e g,

i,7=1

. (5.6)
K(s,u)=— Z [ije” %%~ X e |,
ij=1

have the property that, when substituted into (B1) and (B35, they yield (81]) and (84,
respectively. It follows from (£23) and (8H6) that

~ n C. -

Gi_(wr,we) = — —,
(W) Z (v + 1w ) (0 — dwo)

i,7=1

N (8.7)
r
K+_(W1,WQ) - - Z (
ij=1
which can be shown to obey ([@2H), by virtue of ([82), [84)s and the use of partial
fractions. Observe that

Kot =- Y oy oy Lo b My

— + -
+w Qj — W w

©j
o; + iwl)(aj - '1:0.)2) ’

i,j=1

which may be shown with the aid of (Z3)), (Z4), and (82). This agrees with (£.20)).
The formulae presented in this section are for arbitrary histories, based on ([Z.g)). It is
of interest to check that the results are in agreement with the formulae of section [f] for

specified histories but which apply to materials more general than the discrete spectrum
category. It follows from (LI0), ([G3), and ([C8)) that, for step function histories,

ei(t) = Ege ™t (8.9)
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and we see that, for example, [81]) agrees with (G.3]), by virtue of ([88)2 and (84)4. Also,
for SSE histories, it can be shown that (84))2 3 is a special case of ([6.30), with the aid
of (619)2, (C8), and [8T)2. The other formulae for step function and SSE histories in
section [f] can also be shown to agree with the corresponding results in the present section.

For the discrete spectrum model, the set F consists of all free energies of the form (8.1]).
The fundamental quantities are of course the K (s, u) € K, which are uniquely determined
by the non-negative symmetric matrix I', and the quantities «;,7 =1,2,...,n.

8.1. Free energies ¥y. Let us now consider important special cases of this formalism.
Explicit forms of the factors Hi( ), the free energies 1¢(¢), and the dissipation rates
Dy(t) (see B2 - (ISEI)) are given for discrete spectrum materials in, for example, [2[12]

18]. The quantities H] (w) can be written in the form

Hf ) = ihoow , HY (w :ﬁi w),
;az - {w =T w
! f 2 pf_o"
_ . J v
Ri *(pz aZ)j]:‘[l{aj_ai}’ (810)
J#i
hoo = HY/?, =0, p1=0

p{:e’{’yi’ 6{::&17 222,,7’7/

Different choices of the vector with components ezf yield different factorizations and

free energies. There are N = 27~ ! possible choices of the vector with components e{ ,
1=2,3,...,n. A way of generating them was suggested in [23], and is repeated here.
REMARK 8.1. For each integer f, express f —1 € [0, M — 1] as a binary number of
length n— 1, and regard each digit of this number as a component of the matrix. Change
each 0 in the matrix to —1, which completes the construction.
This method is used to produce numerical results in the present work.
Taking the large w limit of ([8I0);, we see that
n_ pf
B (8.11)

Y
i=1 "

The function p’*(w), given by (523, has the form

n

RS e;
= —ths 8.12
! Zozzagw—wzz ( )

Using (812) in (53)2, we obtain

Kp(t) = —hae zn: Riei(t). (8.13)

2
Dy(t) = Ha Za—iel(t)] =Hyo Y aia; eilt)e;(t). (8.14)
i=1 i,j=1
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Comparing with ([84])3, we obtain that

RIR]
ij =2Hoc—, 8.15
=2 (815)
for the family of free energies related to the factorizations (8I0). This identification
also emerges from (B3], (BT)2, and (B8I0). Note that relation (8I) holds for each

factorization, by virtue of (8ITI). It follows from ([®I2) and (B2); that

n RfRf
Vi(t) = o(t) + Hoo Z T a)ma (t)e;(t), (8.16)
3,j=1 ¢ I

which, with the aid of [81I) and [®IH), yields d))4. One can show directly that (82)
is obeyed from an argument given in [2, page 267], which is valid for all subscripts f.

The central free energy, discussed below, is a linear combination of the forms (816,
as in (B.0]), for particular values of the Ay.

A general form of K _(wy,ws) for discrete spectrum materials can be given by (59),
using (8I0). The question arises whether this is the most general representation, equiva-
lent to (87). This latter form has n(n—1)/2 independent parameters in ', as determined
after (83]). Both the A\; and the components of I' are subject to positivity related in-
equalities. The number of independent A; is 2"~! — 1. Thus, for n > 4, there are more
A¢ than independent elements of I'. Dependence on these parameters is linear in both
cases. Thus, for n > 4, equivalence between the two representations can probably be
demonstrated if the inequality constraints on the two sets of parameters are consistent.

REMARK 8.2. Recalling (58] or (82), we see that the constitutive equation associated
with each 9;(t) and any linear combination of them, as in (5.6, is that given by (23],
with relaxation function specified by (7.I]).

8.2. The Day free energy. For the case n = 1, the relations [81)) and (84) reduce to
the formulae for the Day free energy and rate of dissipation [21[6]. A relaxation function
given by (Il), but with only one decaying exponential, has the form

Gp(t) = G + Gae™ ™ Gy=Go— Goo. (8.17)

This behaviour has, in some contexts, been referred to as the standard linear model [24].
By virtue of 82]) and (844, we must have

011 = Gd, F11 = QQGd. (8.18)
The Day free energy functional is given by
G
Up(t) = o(t) + Sl (1), (8.19)

in terms of e;(t) defined by (Z.8]). The corresponding rate of dissipation is
Dp(t) = aGaei(t). (8.20)
From ([6.25) and (79), we can determine My, and Ny for this case. In particular,

(wg +n*)(a+n)
nlla+mn)?+wg]”

Ny = Goo + Gy (8.21)
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The kernels ([8.0) reduce to
G(s,u) = Gde_a(s + u)’ K(s,u) = —204Gde_a(s + u)’ (8.22)

and ([87) becomes

G+_(w17w2) - (a+iwl)(0[—iw2)’ (8 23)
2aGy .
K+_(W1,w2) ==

(o +iwr) (a0 — iws)’

which yield explicit functions for Mp and Np, given by (6.32)). Thus, we obtain that

(Wi +7°)

iGa  (wo —in)a
(e +m)* +wi]

M =
P 2 (a+n+iw)?

: Np =Gy (8.24)
Relations (BI4) and (BIG) are particular cases of the general formulae (84]) and (&),

and must have the same limit for n = 1. This can be seen by noting that
Hy = —G'(0) = aGy, (8.25)

and from (&I,
R} = —q, (8.26)

for n = 1.

The fundamental point made in [22] is that a material with memory is completely
characterized by choosing K(s,u) rather than the relaxation function. However, for
the n = 1 case, specifying the relaxation function parameters fixes uniquely the kernel
K(s,u) and, therefore, determines the material completely. Thus, the set K for n =1 is
a singleton given by ([822)3, and there is only one material with the constitutive relation
generated by the relaxation function ([8I7), with parameters as specified.

This is essentially the observation in the Introduction that there is only one free energy
which is a functional of the minimal state ([2, page 150], for example) if n = 1, namely
BI19).

REMARK 8.3. If a material behaviour can be adequately simulated by one decay
constant «, together with coeflicients G, and Gg4, then ¢p(t), given by (BI9), is the
physical free energy for that material.

9. Functionals to be plotted for comparison purposes. The free energy func-
tional proposed in [I8] (see also [2, page 367]) is given by (Gf)2 with Ay = 1/N,
f =1,2,...N for discrete spectrum materials. It was proposed as a candidate for the
physical free energy. Adopting viewpoint 12, we see that it is the physical free energy of
the material described by kernel K (s,u) € K with Fourier transform K _(wy,ws) given
by (£.9), with equal A;. This may indeed be a reasonable approximation to many choices
of material behaviour. Similarly, the rate of dissipation has the form (5.6]);, for the same
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Ag. Closed formulae for these quantities were established, which can be put in the form

() = 0l8) + Ha Y afﬁ’ff eilt)e; (1),
. (9.1)
D.(t) = Hy Z P (v, oj)ei(t)e;(t),
where
P (Oéiaaj) _ Hk:2{aiaj +713} (92)

S B .
H/zg(az Oék)l—[ilgg(% )

We shall refer to ¢.(t) as the central free energy.

In subsection[IT.4] we will present plots of total dissipations associated with the central
free energy, and also the minimum and maximum free energies, as specified in Remark
B The quantities R} for the minimum free energy and associated dissipation, are given
by BI0) with el =1, i=2,..., N, while for the maximum free energy and dissipation,
the quantities RN have e = —1, i=2,..., N. The ratios defined in ([ZIZ), or related
quantities (see Remark 22), are also presented. Using ([8I0) and ([@2]), the matrix T' in
(B4 for these three cases can be expressed as

Fw(r)
ﬁl( —Oék)l_[k 1( = ag)’

lff (9.3)
Fi;(2) = [ [(uia; +7),

=1

n n
Fz(3) H'Yl"'o‘z H'_Yl"'aj

=1 =1

H[alaj +97 + i+ a)l,

where the minimum, central and maximum free energies are labeled by r = 1,2, 3, re-
spectively. We can determine C;; from (84)4.

The quantities K(s,u) and K, _(wi,wsz) are given by [B6l); and B2 in terms of
I';;. All the functionals of interest are presented in section [0] for step function and SE
histories, in terms of K(s,u) and K _(wi,ws2). The total dissipation for SSE histories
in the Day case is given explicitly by (B23]).
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10. Choice of parameters for the relaxation function. The inverse decay times
are given by the formula

2 TT
Qp = Qpk K —Sm 2n +1)
r = Ok, r= T hm

sin n+1) (10.1)
r=12,....n, kK,=1, k,<1,

based on a simple polymeric model ([3/[I5] and the references therein).

The quantities R;/a;, i = 1,2,...,n, given by &I0) for f = 1, can clearly be ex-
pressed in terms of the dimensionless parameters k,, r = 1,2,...,n, and vj/ay, j =
1,2,...,n. Now, (5], expressed in terms of the variable w?/a?, has zeros at —(v;/ay)?,

which are dimensionless numbers denoted by ,u?. Thus, we have
Vr = Qnfyr, r= 1723"'771; (102)

where the quantities &, and u, obey (6l) with , replacing «, and p, replacing ~,.
However, the simplest way of proceeding is to keep the notation «, and =, rather than
kr and g, and put a,, equal to unity. In fact, we absorb «,, into the time (or frequency)
variable, taken to be the dimensionless quantity a,t (or w/ay); it is then understood
that when «,, appears in formulae, it is equal to unity. Of course, in a practical situation,
it must be ascribed its physical value, but we need not concern ourselves with what that
value is, in the present work.

Also, based on this polymeric model [I5], we choose all the G; in (1)) to be equal to
G, so that, from (7.2),

Gi X

—— == 10.3

a=X (10.3)
in the notation of (BI4]). It follows from (7.7)) that

HOO = K(;()i(li. (104)
[

We take

Go=1. (10.5)

In order to choose an appropriate value for n, we initially consider values between 4 and
8, since 2, 3 are perhaps too simple and 8 is where the material is a close approximation
to the continuous spectrum case [23]. The relaxation functions, for n = 4,5,--- |8, with
the a; defined by (I0J) and Gy, given by ([I0.3)), are very close in value. This is indicated
by a plot of the relaxation functions for n = 4,8 on Figure [It the n = 5,6, 7 cases fall
between these two. Note that the n = 8 function has not converged to its infinite limit
B, even at «,t = 40. This is because the smallest inverse decay time «; for this case is
equal to 0.0311.

We will adopt (I0.]) and the equality of all the G;, yielding (I0.3]). Full knowledge of
the matrix I" for material I, or whatever other kernel in I is of interest, remains to be
established, presumably by measurement.
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Relaxation function

Fic. 1. Relaxation functions for n = 4,8, where 8 = 0.4.

10.1. Closest Day relaxation function. We now seek the Day relaxation function which
is closest to the actual relaxation function for the materials in /.

The oy, i = 1,2,...,n, in (1) are given by (IQ.I), while the G;, i = 1,2,...,n,
are determined by (I0.3]), together with the assumption that the G; are all equal. This
equality will be explicitly invoked later. We choose G, G, and «a such that the resulting
n = 1 relaxation function approximates () as closely as possible.

We choose Gy and G, to be the same for the materials with relaxation function given
by (1) and (BIT), respectively. Then, G4 is given by (8I7)s.

Choosing the optimal value of « is somewhat more difficult. Consider

_ L
G

_L/‘X’
G Jo

which is an L?(R™) norm of the difference between the relaxation functions for the Day
case and that in (TI)). Then, we put

Im = gl;%‘f(a)’ (107)

/(@) / (G (s) - G(s)]? ds -

n
Gde—as_g Gie %% ds,
i=1

and this minimum is achieved at ag, so that

flag) = fm < f(a) Ya e RT. (10.8)
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The quantity ag is the inverse time decay constant that will be used in the Day free
energy and dissipation. We have from (I0.6) that

:/Oon(s)ds, d(s) = e~ @as _ ZG —ais (10.9)
0

Note that d(0) = 0 and lims_,o d(s) = 0. Tt is assumed that the fit sought by the limiting
process ([I0.7) is reasonably good, so that f,,, < 1. For the specific example considered
below, f,, = 0.1. It follows that d(s) must be small except perhaps on regions of R
with small measure.

Let Wp(t) denote the Day work function. It follows from (B9]) that

1 1 [ [ " "
& Wo(t) - (t)]:§/0 /0 d(|s — ul) E*(s) B* (u)dsdu. (10.10)

The conclusion that d(s) is typically small suggests that C’l_d [Wp(t) — W(t)] should also
be small. In the examples presented later, it is indeed always the case that Wp(t) and
W (t) are very close in value.

The quantity f(«), given by ([I0.0]), can be explicitly calculated. Let us replace o by
. Then

f(a()) = Z 5% , Qo € (Oa 1]7

=0 (6% + Oz]‘
(10.11)
1, i=0,
¢ = ,
_g_(217 1= 17 27 , 1
This can be written in the form
1 " c; " CiCj
ag) = — +2 L+ — 10.12
f(ao) 20 ; ap + i;l a; + aj ( )
so that
Flag) =5ty —23 = (10.13)
ag) = ——5 — —_— . .
0 203 — (a0 + a;)?
Thus, the aq satisfying ([I0.8)) is the solution of the equation
144 Z G0 (10.14)

ozo—l—oz]

which is a minimum if f”(ag) > 0. Thus «p is equal to aq.

Note that the values of a4 on Table [Il do not vary greatly with n. The quantities
J"(aq) are all positive so that the extrema of f(«) at & = a4 are all minima.

It seems, therefore, to matter little what value of n is adopted. We choose n =5 for
the remainder of this work. The numerical values of .., r = 1,2,3,4, 5, given by (I0.J),
are 0.0718, 0.2679, 0.5359, 0.8038, and 1.0.

Referring to Remark B and the developments of subsection Bl we find that the
vectors with components e{, 1=2,3,4,5 are as shown on Table
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TABLE 1. The function defined by (I0I2), the solution of (I0.I4),
denoted by a4 and the second derivatives of f(a) at ay.

flag), n=4,5---.8 | 0.0603 | 0.0968 | 0.1347 | 0.1722 | 0.2088

og,n=4,5---,8 0.3536 | 0.3225 | 0.3030 | 0.2896 | 0.2798

f(aq),n=4,5---,8| 86 | 107 | 124 | 138 | 149

TABLE 2. Vectors with components ef, i = 2,3,4,5, where f =
1,2,...,16, as generated by the algorithm described in Remark [B1]
Note that f = 1and 16 relate to the minimum and maximum free
energies, respectively.

The appropriate Day relaxation function is determined by (I0.6) - (I0.8) where f(«)
has the form ([I0I2). Since the G; are all equal, (I0I1)> becomes

1, i=0,
ciz{ . (10.15)

o Z:172a"' ) 1

with the aid of (2] and ®IT)2. We look for a solution to (I0I4]) where ag € (0,1].
This is denoted by ag, which from Table [1 is equal to 0.3225, with optimum choice
flag) = fum = 0.0968.

The quantities G(s) and Gp(s), where the latter is given by [8IT); with a = g, are
plotted on Figure[2l We see that the curves are reasonably close. The relaxation function
G(s) converges very slowly to zero because the least inverse decay time, oy = 0.0718 is
small; see paragraph after (I0.0]).

Figure [ clearly suggests that d(s), defined in (I0.9]), is small for most s, which is
empirical confirmation of the discussion around (I0.10).

Observe that if all the a; in ([B.0]) are replaced by «ay, then these relations reduce to
[B22), on using (BH) and (B27]).

It is of interest to compare the Day free energy and total dissipation with various
free energies and total dissipations derivable from different choices of K(s,u) € K for
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relaxation function (ZI]). This will be done for total dissipation in various plots presented

in subsection [[1.4]

10.2. Closest kernel to the Day form. All free energies and total dissipations related
to each K(s,u) € K reduce to the unique Day versions for n = 1. It might be expected,
therefore, that the latter are close to the average of those for general n. What emerges
from the numerical work is, however, that the Day free energy is closer to the minimum
free energy than the maximum free energy for n = 5, with corresponding results for the

total dissipations.

This can be demonstrated directly by seeking the kernel K (s,u) € K which is closest

to the Day kernel given by ([822)); for o = ay, that is,
Kp(s,u) = —QOZdee_ad(s + u)’
Referring to B6l)2 and ([822)2, we define

1 [~ [ 2
m(A) = G_?i/o /o [Kp(s,u) — K(s,u)]” dsdu

2
1> [ = S —

:_2/ / QQdee—ad(s—Fu)_ Z T;e %8 = QU | gsdy
GaiJo Jo )

n

40éd Fz 1 I’,I‘kl
= 1 e —— J + P J .
G Z (aa+ai)(ag +a;) G 2 (i + o) (o + )

ij=1 d i jk,l=1

(10.16)

(10.17)
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Varying the general matrix I';; has the drawback that it is difficult to ensure that the
optimum matrix determined by such variational procedures is non-negative. However,
the linear combination of Dy (t) given by (5.6) and (8.14]) has non-negativity requirements
built in, and also the constraints (82). Noting ([8.I3]), we see that this choice amounts
to using the following expression for I';;:

2K N N
Dy =" "MNRIRl, N\;>0, f=1,2...,N, Y M\=1 (10.18)
f=1

;0
R )

Substituting for I';; in (I0.I7T), we obtain
mA)=1—A-A+X-BA, (10.19)

where the vector A € R has components Ap, f=1,2,...,N, A€ RY while B is in the
space of symmetric linear operators on RY. These are given explicitly by

Ay = ,

Gy by ao(ag + o) (g + o)

5 _2HL RIRI R} R} 1
f9 = o2 Z aijapa; | (o + ag)(aj + o) (10.20)

d ik i=1

+ )
(i + i)y +04k):|
f.g=1,2,...,N.

The matrix B is non-negative by construction.

The idea is to minimize m(A), given by (I0.I9), by varying the Ay, under the con-
straints given in ([I0I8]). This is a classic quadratic programming problem. The number
of parameters Ay is typically large, equal to 16, for example, in the particular case dealt
with here. Maple 2016 was used to obtain a solution.

We also consider an approximation to (56) [23] which involves retaining only the
minimum and maximum free energies, and related dissipations, in the sum of terms.
The vector A € R? and matrix B € R? x R?. There are only two );, namely A\; and
An obeying A; + Ay = 1 and both must be non-negative, so that A\; = A € [0,1] and
An =1 — A > 0. Relation (I0I8) becomes

2H,,
Ly = [ARIR} + (1= \)RNRY]. (10.21)

(67187

The quantities R} and RY for the minimum and maximum free energies and associated
dissipations are described before ([@.3]). Relation (I0.19) is replaced by

m(\) = Fy + Fy )\ + Fo)\?, (10.22)

where
Fy=1—-Ayx+ Byn,
Fy=An — A1 +2(Biy — Byn), (10.23)
Iy = By + Byny — 2B1n.
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The value of A yielding an optimum value of m()\) is given by
Fy
38
This model is discussed further in subsection [0.3l It emerges that, for the parameters
chosen, Xy € (0,1), as required without this constraint being explicitly applied.
10.3. Results of the optimization process. Let us now consider the result of the op-
timization problem described after ([[0.20). It emerges that the matrix B is positive
semi-definite since five of its eigenvalues are zero or extremely small (less than 0.006 in

Ao = (10.24)

magnitude). This implies that there may be many choices of the 16 dimensional vector
A which give the same optimal behaviour. The results are as follows. The parameters A3
to A1 are zero or negligible. The parameters A\; and Ay are equal to 0.9464 and 0.1067,
respectively. Thus, the member of F closest to the Day free energy has the form

P (t) = 0.94641),, (£) + 0.1067ebs (). (10.25)

The last constraint of (I0.I9) should give that Ay +Ag = 1, which is not fully enforced by
the numerical procedure. This is a difficulty in that it means that ,,2(t) may not obey
the requirements for a free energy. Let us, therefore, accept that only two of the Ay are
non-zero and implement the procedure leading to (I0.22) - (I0:24]), with the subscript
N, replaced by 2, relating to ¢9(t) in (I020). Instead of (I0.2H]), we have

Va2 (t) = Ao (t) + (1 = A2)iba(t), (10.26)
where A2 must be chosen to minimize m(\z), defined by
m()\g) = No + N1 Ay + Ng)\g, (10.27)

with
No =1— Az + Boy,
Ny = Ay — Ay + 2(Bi2 — Bao), (10.28)
N3 = Bi1 + By — 2B;s.

The value of Ay yielding an optimum value of m(\3) is given by

Ny
Ao = TN, 0.9169. (10.29)
It follows that 1 — Ay = 0.0831. The quantity Ny = 1.7761 > 0 so that the optimum
point is a minimum. The optimal value of m(Aq) is 0.071.
There is also the second alternative, generated by the solution to (I0.22). The quantity
Ao, given by ([[I0.24), is equal to 0.98 which is, therefore, the desired optimum point. We
have F, = 2.0 > 0, which again ensures a minimum. Thus, within this approximate

treatment, the free energy in F closest to the Day free energy is given by

Prar () = 098¢y, (£) + 0.02tp57 (¢). (10.30)

The total dissipations corresponding to these two choices are compared with the Day
total dissipation on Figure [ and the results discussed in subsection [I1.4
However, it is clear from (I0.30) that the Day free energy is very close to 1y, (t) and

not close to ¥y (t). Also, from ([[0.26) and (I0.29]), the proximity of ¥p(t) to ¥, (t) is
clear.
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11. Functional forms to be evaluated and plotted. The various functional ex-
pressions for step function and SE histories are summarized in this section.

11.1. Step function histories. Convenient expressions can be given for step function
histories in the case of discrete spectrum materials. We take Ey = 1 in (G.II). The general

results (€3], (6.9), and ([GI0) together with relations ([8.4)4, (86)2, and (I0.0) yield that

_ — - Ly _ o (o +ay)t
2D(t)_Fd(t)_iJZ:1 - +jaj [1 e—(a ag)}
::iic%[1_€_®%+aﬂﬂ=

ij=1

2(t) = Fs(t) = 1 = Fu(t).

(11.1)

Given the close numerical connection between the total dissipation and Fy(t), only the
latter is plotted in subsection [1.4l The various choices of the symmetric matrix I' are

presented in (@3)).
For the case of the Day free energy, we have n =1 and

Fat) = x |1 — 7200 |
(11.2)

R0 = (1) [1+ X 2at],
where x € (0,1) is defined by (B14),.

The formulae () and (II2) provide examples of (GI2]), for discrete spectrum
materials.

11.2. SSE histories. We choose a special case of (6.13) where £y = iFy = E1, so that
the history and current value (E*, E(t)) have the forms

E(t) = —iE [T — e 7+t = 2B, M sin(wot),

E'(s)=E(t—s), s€RT, (113)

where the wy are defined by (6.14) and 2E; €T is the amplitude. It will be assumed that
FEi=1.

For the total dissipation and Fy., given, respectively, by ([632) and ([639);, we use
BD)2. The work function is given by (6:24]), ([G.25]), and (Z9). These quantities are
plotted in subsection [[1.4] together with analogous functions related to the Day free
energy.

Recalling (6.19) and (Z.8), relation ([84)s can be put in the form (6.30), on using
B)2. Similarly, BJ]) can be shown to be equal to ([6.26]) by virtue of (81);, (6211,
and ([6.28));.

For the Day free energy, the formulae are compact enough to write explicitly. The

form of Dp(t) follows from (6.31)) and B24]). From B2T)) and [B24]), we find that

(w§ + n*)avax
Bnlwg + (aa +1)*] + (W§ + n*)x(aa + 1)’

Fye = Foe=1-Fy. (11.4)
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The ratios Fy. and Fjs. are functions of the positive quantities 3, wp, and 7. For expo-
nential histories, we put wy = 0 in (I1.4) to obtain
naax

(Bag +n)(aq+n)’

In this case, one can easily show that 0 < Fj;. < 1 by noting first that the quadratic

q(n) = (Bag + n)(aa + 1) — agxn has no real zeros for § < 1, and second that ¢(0) > 0.
11.3. SE histories which vanish for t < 0. The quantity e;(t), defined by (C8]), be-

comes

Fy. = Foo=1- Fy. (11.5)

ei(t) = /OOO e” YU R (u)du = /_too et = S)E(s)ds

t
= e_ait/ eYiSE(s)ds, t>0.
0

Relations (ZI0), (ZI1), BI), and (84]) remain unchanged. The total dissipation is given
by

(11.6)

Ly, / ex(u)e; (u)du = W () — (1), (11.7)
4,j=1
where the integral is clearly finite.

The history (II3)), non-zero only for ¢ > 0, will be used. The parameter n will be
allowed to have both positive, negative, and zero values for such histories. If n = — || <
0, the exponential behaviour of the history is decaying rather than increasing. We have

E(t) = Byfw_e®~t 4o e W) 450, (11.8)
and
. — wii w_t o —Ckit
ei(t) = 2E1 Re { P [e e ] } . (11.9)
Also, from (CIT)) and ([IT.8),
1 w- Qiw_t
= —Go F*(t) +2F} = (e*W-U
W(t) = 5 G B2(t) + ZGR@{2Z(%+M )(e )
2
|| (€21 _ 1) (11.10)

+ 2n(; + iw_)
2w7 Re [ = )(e(iw_ o)t 1)} } ’

+ (o; +iw_) (o — dw_

The total dissipation is conveniently evaluated by ([I77) and (III0). The fraction
Fy(t), defined by ([2I2), can also be determined from these relations. They are plotted
in subsection [[T.41

For n < 0, we see from ([L.9) that each e;(¢) tends to zero as t — oo, so that 1 (t) and
D(t) also have this property. However, W (t) and D(t) = W (¢) — ¢ (t) tend to some finite
value, which, by neglecting all exponential decay terms in (IITI0), can be deduced to be

aiwg
—n)? +wgl’

W(o0) = D(c0) = —Efzn:Gin[(a (11.11)
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11.4. Plotting total dissipation functionals and fractions. The quantities Fy(t), Fy(t)
for the Day free energy, given by (II1.2]), are plotted on Figure Bl The asymptotic limits
Fy(t) — x and Fy(t) — B are apparent. These curves must always meet at Fy(t) =
Fy(t) =0.5.

In all remaining plots, we present only the total dissipations, work functions, and the
ratios Fjy(t), Fye; free energies and the quantities F(¢), Fi. are easily deduced from (Z10)
and (ZTI2)3. The total dissipation associated with the minimum, central, and maximum
free energies are denoted by D,,(t), D.(t), and Djs(t). The total dissipation for the Day
free energy is Dp(t), introduced before (IT4).

The three fractions Fy(t) derived from (@3] (or total dissipations; see comment after
([II1)) and the corresponding quantity for the Day free energy in the case of step function
histories are plotted on Figure ] where 8 = 0.4. These are the quantities given by
([IId)25 and [II2);. Note that D,,(t) is the largest, while Dy (t) is the smallest. For
all other free energies, the total dissipation is intermediate, in particular, D.(t). These
assertions are obvious consequences of ([210).

The Day free energy used here and below is such that ay = 0.3225, as observed after
([@I018). Also, (72), BIM)2, (I03J), and (I0H) determine G4 = nG to be equal to x.
This free energy yields a dissipation fraction very close to that for the minimum free
energy. Note that some curves on Figure [] approach their asymptotic value x quite
slowly. This is due to the smallness of ay, as pointed out after (I0.I5) in the context of
Figure 2
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Fractions of dissipated and stored energy
o o o
w ES o
T T T
| |

o
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0 3 I I I I I I I I I
0 1 2 3 4 5 6 7 8 9 10

Time

F1G. 3. The fraction of dissipated (dotted line) and stored (continu-
ous line) energy for the Day functional with a step function history,
where = 0.4.
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F1G. 4. The fraction of dissipated energy for minimum, central, max-
imum, and Day free energies with a step function history, where

B=04.

For all the curves presented below, there is a proximity between Dp(t) and Dy, (t); in
some cases, this is true for D.(¢). Similar statements must apply to ¥p(¢) and ¢, (t)
(or, where applicable, 1.(t)), since, as argued below, W (t) and Wp(t) are close. This
phenomenon is supported by (I0.20), (I0.29), and ({I0.30). The very simple formula
for the Day free energy could in many circumstances provide a quick, fairly accurate
approximationy to the minimum free energy. This feature may be useful in a practical
sense.

Figures [f] and [@] are plots of dissipated energy and of these quantities divided by the
work functions, for SE histories vanishing if ¢ < 0. Figures[IQ and [[1] are similar plots for
SSE histories. We multiply all quantities plotted on Figures [l and by e_2m, which
shows the relative positions of the various curves with greater clarity.

The quantities D.(t) and Dj(t) exhibit reduced oscillations in Figures B and
These are presented with a larger scale on Figure [0 showing the same effect. The
work function is strongly oscillatory, which produces the more marked oscillation in the
fractions involving D, (t) and Dy, (t) on Figures [6l and [Tl

On Figure[d (and Figure [TT), we notice that the fractions related to the minimum and
Day total dissipations coincide near the oscillation peaks.

3The free energy 1 (t) referred to in the Introduction, also has the property that, in at least some
cases, it is a close approximation of ¥m (¢) [3].
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2.5

Diss. energies and work fns x exp(-2 n t)

Time

"""" Min. free energy
Centr. free energy
=== Max. free energy
== == \Work function
=il Day free energy
=@ Day work function

FiGc. 5. Dissipated energies x e~ 2M related to the listed free energies
for SE histories vanishing for ¢ < 0, where n = 0.5, wg = 1.0, and
B = 0.4; also the listed work functions.

Figures Bl M0l and [0 [IT] are very similar, but distinguished by a time translation; ¢t = 0
on Figures [B [0l correspond roughly to ¢t = 2 on Figures [[0] [I1 This indicates that
transient effects quickly vanish for the histories that are zero when ¢ < 0.

On Figures[Bl [ M0 M2 T4 and [I6] it is clear that the work function W (t) is very close
to the Day work function Wp(t). We refer in this context to the paragraph after (T0I0).

The same plots for the same parameters are presented on Figures[fland §las on Figures
and [6] except that n = —0.5. The oscillatory nature of the histories is reflected in both
plots. On Figure[7 the difference between W (t) and Wp(t) is slightly more substantial
than on the other plots.

The phenomenon described in the context of (ILII]) is clear from Figure [{l Indeed,
if the formula ([ITIT)) is evaluated for the stated parameters, it yields that W (oco) =
D(0) = 0.26.

On Figure[d the total dissipations associated with ¥,,2 and ¥, (denoted by D,,a(t)
and Dy, pr(t)), defined in subsection [[0.3] are compared, for SSE histories, with Dp(t)
and D,,(t). It emerges from this plot that D, (t) is very close to D,,(t) and less close
to Dp(t), while D,,2(t) is intermediate between the two and is a better fit to Dp(t),
though not a close fit.
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----- Max. free energy
= = = Day free energy

Fic. 6. Fraction of dissipated energy related to the listed free ener-
gies for SE histories vanishing for ¢ < 0, where n = 0.5, wg = 1.0,
and 8 = 0.4.

The plots from Figure [[2] onwards are illustrations of the dependence of the average
total dissipation and the quantity Fy. (defined by (639);, (Z9), and 7)) on the
parameters 7, wg, and . The first two are parameters of the history, while the last one
is a property of the material. Also, the equivalent quantity for the Day free energy, as
given by (II.4)), is plotted. All these are for SSE histories.

On Figures[I2]and [I3], we have plots of the average total dissipations and F. for SSE
histories as a function of i, with wy and [ as specified, and the corresponding quantities
for the Day free energy. Also, the work function and the Day work function are plotted
on Figure Figures [I4] and [Tl are plots of these quantities as a function of wy, with
n and B fixed, while Figures [I6] and [I7] present them as a function of 3, with n and wq
specified. Note that there is a magnification of difference for each of these cases between
the plots of total dissipation and those of fractions.

All curves decline with increasing 1 and 8 but become larger with wg. These are in
line with intuitive expectations. Regarding the variation with 3, we recall Remark B.IL
also, it is consistent with (IT.2]); for large times since y decreases as [ increases.

The Day average total dissipation (referred to as Dp,) is close to the average total
dissipation associated with the minimum free energy, D,,,, as n varies, though, partic-
ularly for lower values of 7, it is perceptibly separate and more evenly spaced between
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Dissipated energies and work fns

Time

"""" Min. free energy
Centr. free energy
=== Max. free energy
== == \Work function
=fl== Day free energy
=@ Day work function

Fia. 7. Dissipated energy related to the listed free energies for SE
histories vanishing for t < 0, where n = —0.5, wo = 1.0, and 8 = 0.4;
also, the listed work functions.

Dima and the dissipations associated with the central free energy (the latter referred to
as Deq). As a function of wy, this quantity is close to D, at low values, but moves over
to D, as wy increases. The quantity Dp, is closer to D,,, than D, for all values of [,
though the three converge as  — 1.

A plausible choice to represent the Day energy loss fraction is the curve, indeed almost
straight line, on Figure [I7 describing the behaviour of F,. given by (I1.4]). This formula
depends only weakly on wp, which can be seen by considering the plot of the Day total
dissipation on Figure [I4l Putting wo = 0 yields (ILH) and near 8 = 0 gives, for a = ay,
the form o

Fy. = P (11.12)
This simple relation in fact is a good fit for the Day fraction on Figure [I7 because of
the near linearity of the curve and the fact that Fy. vanishes at x = 0. Equation (IT.12)
holds for values of n other than 0.5, provided the curve remains nearly linear. For small
7, it reduces to Fy. = X, as in the step function case. However, (IT.12]) provides only a
very rough approximation to the Day curve on Figure [I31




Fraction of dissipated energy

Diss. energies x exp(-2 n t)

GENERAL DISSIPATIVE MATERIALS FOR SIMPLE HISTORIES

o
©

L

o
©

o
3

o
)

o
o

I
~

o
&)

o
)

0.1

0 - \ ) | | 1 1 1 1 1
0 1 2 3 4 5 6 7 8 o 10
Time

vrrooe Min. free energy
= Centr. free energy
= = Max. free energy
= = = Day free energy

Fic. 8. Fraction of dissipated energy related to the listed free ener-
gies for SE histories vanishing for ¢ < 0, where n = —0.5, wo = 1.0,
and 8 = 0.4.

=
w
a

o
w

=
)
a

o
N

o
=
o

o
T
I

=
=)
a

oy - - -
-~ - -~ - -~ -
Nt Nt Nt

Il Il Il Il Il Il Il Il Il
0 1 2 3 4 5 6 7 8 9 10
Time

o

wexnnns Min. free energy
Central free energy
=== == Max. free energy
= == m2 free energy
==fll== Day free energy
=—@=—= mM free energy

Fic. 9. Comparison of dissipated energiesx e 2M related to the
listed free energies for SSE histories, where n = 0.5, wg = 1.0, and
B =0.4.

667



668

Diss. energies and work fns x exp(-2 n t)

Fraction of dissipated energy
o o o o o o o
w = [9)] (o)) ~ (o] ©

o
S

0.1

G. AMENDOLA, M. FABRIZIO, anp J. M. GOLDEN

[ ) o i i s S O i ] -

0

Fic. 10. Dissipated energiesx e™

2

3

4 5 6
Time

wexnnns Min. free energy
Centr. free energy
=== Max. free energy
== == \Work function
=il Day free energy
=—@== Day work function

2

7

8 9 10

Mt related to the listed free ener-

gies for SSE histories, where n = 0.5, wo = 1.0, and 8 = 0.4; also,

the listed work functions.

- Mo - \’.. - '~ -
0 - | ‘|-l-\ql-‘ | ) r-\-\-\- | l-r-‘\-\-l
0 1 2 3 4 5 6 7 9 10
Time

trivone Min, free energy
m— Centr. free energy
1= = Max. free energy
= = = Day free energy

Fic. 11. Fraction of dissipated energy related to the listed free en-
ergies for SSE histories, where n = 0.5, wg = 1.0, and 5 = 0.4.
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