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THE SHARP CONSTANT IN THE REVERSE HOLDER INEQUALITY
FOR MUCKENHOUPT WEIGHTS

V. VASYUNIN

ABSTRACT. Coifman and Fefferman proved that the “reverse Holder inequality” is
fulfilled for any weight satisfying the Muckenhoupt condition. In order to illustrate
the power of the Bellman function technique, Nazarov, Volberg, and Treil showed
(among other things) how this technique leads to the reverse Holder inequality for
the weights satisfying the dyadic Muckenhoupt condition on the real line. In this
paper the proof of the reverse Holder inequality with sharp constants is presented for
the weights satisfying the usual (rather than dyadic) Muckenhoupt condition on the
line. The results are a consequence of the calculation of the true Bellman function
for the corresponding extremal problem.

In [1] Coifman and Fefferman proved that for any weight (i.e., for any nonnegative
function) w on R™ satisfying the Muckenhoupt condition

1 _\p—1
(A,) sup {{w)g(wT>)27 1 < o0
: chﬁ ¢ @}
(the supremum is taken over all cubes @) with edges parallel to the coordinate axes) the
“reverse Holder inequality” is fulfilled:

(wh)q < Clw)g

for some ¢ > 1, with a constant C' independent of the cube (. Here and later, (¢)q
stands for the average of the function ¢ over the set Q:

o™ o [ elya, 1@ [
QI Jo Q

In [2] Nazarov, Treil, and Volberg illustrated the power of the Bellman function tech-
nique. In particular, they deduced the reverse Holder inequality for dyadic A,.-weights
on the real line by constructing a Bellman function. In the present paper we refine this
technique to prove the reverse Holder inequality for arbitrary A,-weights (1 < p < o0) on
the real line with a sharp constant C' depending on p and ¢ (the exponent in the reverse
Hoélder inequality), and on the A,y-“norm” § of w. Furthermore, we find the sharp bound
for the exponents ¢ for which the reverse Holder inequality is true. Instead of Mucken-
houpt’s original definition of A..-weights (used, e.g., in [1]), we employ the equivalent
definition introduced by Khrushchév [3]. Namely, the symbol A2 (J) will denote the set
of all nonnegative functions w € L'(J) such that

(1) sup{(w) exp(—(logw)r)} <& < oo.
1cJ
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Here J and I are intervals on the real line R. Condition (1) is the limit case (as p — o0)
of the A,-condition

1
v
In the other limit case (p = 1), we get the Aj-condition, which will be written in the
form

1
® o <0 <o
The set of all nonnegative functions w € L'(J) satisfying (2)—(3) will be denoted by
AS(J).

To become familiar with the general ideology of the Bellman function technique, the
reader may address not only the paper [2] mentioned above, but also the earlier survey
[4] by Nazarov and Treil. The role of the Muckenhoupt condition and the reverse Holder
inequality in the theory of singular integrals is described in any book concerning this
subject, for example, in the monograph “Harmonic Analysis” by Stein [5], or in the
survey [6] by Dyn’kin and Osilenker.

To state the main result of the paper, we need some more notation. For p > 1 we
introduce two functions uff as the functions inverse to

t\—P
t»—>(1—t)(1—}—j)

(to t = (1 —t)e* for p = co) and defined on the following domains: w,} : [0,1] — [0, 1],
u, : [0,1] — [—00,0]. In other words, the values uF(t) are two solutions (the positive
and the negative) of the equation (1 —u)(1 —u/p) P2 =1¢,0<t<1.

For 1 < p < oo, the Holder inequality <w’1’>1/p<w’2),>1/p' > (wyws) implies that § > 1
for the constant in (2). For p = oo, the same estimate for the constant ¢ in (1) follows

(2) sup{<w>1<w1_pl)’;_1} <6 < oo, ]19 +==1

IcJ

from the Jensen inequality (e®) > e{?). Therefore, for p > 1 we can define s* = s7(0) def

def pg—g+1

u;t(l /9). Finally, we introduce yet another parameter, putting v = v(p, ¢) m

Now we state the main result of the paper.

Theorem 1. For any weight w in Ag(.]), 1 < p < oo, the following inequalities are true:

(4) Cinin(p,q,0)(w)% < (w?) 7 < Crax(p, ¢, ) (w) 4,
where the constants
Cmin(paQ76)
(5) 1, qc€ (—OO, O] U [17 -I-OO),
B P b AP
1 _P)/SJF ) q ) )
Cmax (p7 q, 5)
+
p—s p—s
+°°’(1 o qe( Oois(p—l)} [s+(f—1)’+°°>’
1-q (1 — s p—s
6 3 R 1
(6) _)° 1—st’ qe[ p—l’o} [’s*(p—l))’
19 (1 —s7)7 p—s~ 1
0 1—ys’ 7€ s—(p—1) p—J7
1, q € [0,1],

are sharp.
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We state the limit cases of Theorem 1 for p = co and p = 1 separately.

Theorem 1. For any weight w in AS_(J), inequalities (4) are true with the sharp
constants

]-a q e (_OOaO]U[17+OO)a
™) Coin(50,,6) = { (1 — 5%

Tt ¢ €10,1],

1 1

+00, S (—oo,s—_} @] {S—+,+oo),

(1—st)a 1

- g€ |:1a _>;
(8) CmaX(OO, q, 6) - 1- q8+ st

Goi (L

1 _ qs_ Y q 8_7 b

1, q €10,1]

Theorem 1;. For any weight w in A{(J), inequalities (4) are true with the sharp con-
stants

]-7 qe (—O0,0] U [1,+OO),
9 C'min ]-; 76 = 1=q
®) (1,,9) 57, q € [0,1],
q+(1-q)s
400 q € {L +oo)
:Sl §—1’ ’ 5
1, q €1[0,1].

In spite of the fact that formulas (7)—(8) and (9)—(10) are limit cases of formulas (5)—
(6) (this is easy for p — oo, and not so easy, but also true for p — 1) and the general
method of the proof is the same for all p, we shall consider the case of 1 < p < oo first,
and then show how it should be modified to get the proof for p = oo and for p = 1.

So, assume that 1 < p < co. The Holder inequality implies that if w € Ag([ ), then

the point z = ((w)7, (w' ")) is in the domain
Qs(p) €of {z = (x1,22) : 23 > 0,1 < ay2b~ ' <6}

On Qs we define two functions:

(11) Bmax(x;p7q,5) d:ef sup {(wq>1 : <w>I =, <w17p/>1 = 332},
weAS(I)
def . 1— ’
12 Buoin(z;p,q,0) = f Dy = 11, Py = .
(12) (z;p,4,6) welgg(l){@ )1 {w)r = x1, (w ) CEQ}

Since for every € Qs there exists a weight w with (w); = z1 and (w'~?"); = o (for
instance, such a weight will be constructed in the proof of Lemma 1), the functions B are
well defined on the entire domain s (making some assertions concerning both functions
Bumax and Bpi,, we shall omit the subscripts max and min).

It is obvious that the functions B do not depend on I. Indeed, for any two intervals
I; and I, an affine mapping of one interval onto another puts the classes Ag([l) and
Ag([z) in one-to-one correspondence, and such a change of the variable preserves the
averages. Therefore, the supremum in (11) and the infimum in (12) do not depend on I.
In spite of the fact that B depends on 4, p, and ¢ essentially, sometimes we shall omit
these parameters if it is clear that they are fixed.
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The functions defined in (11)—(12) are none other than the Bellman functions men-
tioned above. There are very few cases where the expression for a Bellman function
can be written explicitly. Usually, instead of the “true” Bellman function, some simple
analog of it is constructed in such a way that it still possesses certain key properties of
the genuine Bellman function. Generally, these properties suffice if we do not aim at the
sharp constants (see [2], [4]). The emphasis of this paper is on finding explicit expressions
for the Bellman functions (11)—(12); see Theorem 2. We use the following notation:

sy def el
r —rp(a:,é)—up<ga:1xp )

Note that s* = r¥(x;6)| 1-p.

T1=x5"
Theorem 2. For z1 = xé_p we have
Bunax (%59, ¢, 0) = Bumin (3, ¢,6) = .
Otherwise
Buax(2;p, 9, 0)

1—5sT\71 —Art 1 1
7 (1) 1o 7€ (030 1)
Ty{Ty Y D "ot )

1—rt/) 1—~st’
(13) 1—s\71—n~r 1 1
= x’leéf’Y( > ) i ’ ’76(_a0 U|:_a]-:|a
1—r=/ 1—rs~ C ] p ]
+OO, aé € (—OO, __:| U |:—+,+OO),
s s
and
Buin(7; p, ¢, 0)
1—s"\71—~r" 1
Ty . (0:5]
(14) ] mi (1_7:) s v €0, 7] UL +00),
B 1—s™\71—~r 1
SIR e v _ 1
T2 (1—7“"‘) 1—yst’ vel M’O]U{p’l}'

Theorem 1 is an immediate consequence of Theorem 2. To deduce Theorem 1 from
Theorem 2, we must merely calculate the supremum of x] ‘Bpax(7;p, ¢, d) and the infi-
mum of x] “Buyin(z;p, ¢,d) when x runs over Q.

Before we do this, one more remark concerning notation is in order. In Theorems 1 and
2, the same five critical points are written in different form, in terms of ¢ in Theorem 1
and in terms of v = % in Theorem 2:

p—5" 1 p—st
q: — - )
sT(p—1)  p-1 st(p—1)
1 1 1

: — 0
7 s~ st

"VI= O

Now, using the definitions of r and s (for both indices +), i.e.,

bt 01 2) =0-0(i-2)”

we arrive at the relation

(15) g =6

1—r 1—7r/p—s\P
7= =)
(1—r/p) l—s\p—r
Thus, we can rewrite (13) or (14) differently:

1= 71 — 1-— q _ qg—1p — _ 1
(16)  B=a]z ”( 8) 77":;5‘;( 8) (P 7”) p—(pa—q+r
1=r/ 1=7s l—r/ \p=s/ p—(pg—q+1)s
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To get the constants Ci, and Chax, we must investigate

1—s\9/p—r\9-1p— — 1
7 J 2 apem = (L) 2oy e
1—r/ \p—s p—(pg—q+1)s

as functions of the variable r. Since

0 g - aa=Dp- 1)%r 7
or g pd—r)d—r)p—r)

the sign of ¢’ coincides with the sign of ¢(1—g)r. Indeed, we always have r < 1 < p. Next,
yr < lforr €[s™,0land 1/s~ <y < +o0 as well as for r € [0, s7] and —oc0 < v < 1/s™.
Therefore, the function ¢(r) is monotone increasing on (s—, 0] and monotone decreasing
on [0,sT) for ¢ & [0,1], and it has the opposite behavior for ¢ € (0,1). We shall mark
the function g by the upper index + or — depending on the choice of the sign for r and
by the lower index max or min depending on the corresponding index of the function B.
Hence, for ¢ < —p—il the function g7 = gy takes its minimum value at r+ = s*, and

g~ = gmax takes its maximum value at r~ =0, i.e.,

1—s57)2 —\1l—¢q
2{ < Buin(2;, ¢,0) < Buax(@;p, ¢,0) < (1_78)(1 - S—) af.

rsT p
For ¢ > 1 and for —p%l < q < 0, the function g~ = gmin takes its minimum value at
r~ =57, and g7 = gmax takes its maximum value at r* = 0, i.e.,
(1 _ s+)(1 sT\1-q

2] < Bumin(;p, ¢,0) < Brmax(2;p, ¢,0) < WO - ?) .
For 0 < ¢q < 1, the function g% = g, takes its minimum value at 7+ = 0, and ¢~ = gax
takes its maximum value at 7~ = s7, i.e.,

1— S+ q 5+ 1—q
(]_ _ ,YSJ)r (1 - ?) J)‘f < Bmin(x;p, q, 5) < Bmax(x;p, q, 5) < J,‘(f

To get the constants Chyin, Cimax in the form (5)—(6), it suffices to observe that
1—q _
(1- s)q(l - f) =57 (1—s).
p
We note that the functions B depend continuously on the parameter g. Moreover, at
the endpoints of intervals with different analytical expressions these functions coincide,
namely
B(l‘,p7 1 _p/a 5) = T2,
B(x’p7 0’5) = ]"
B(z;p,1,0) = 1.

Corollary to Theorem 1. For the weights w € Af,(.]), the Muckenhoupt condition
(Ap) is fulfilled for every p > % with the sharp constant

1-p’\p—1 (]‘_s/p)p
sup(u) {7
IcJ (1-3)(1- ;5%

where s = s~ forp < p and s = st for p > p.

To obtain this estimate, it suffices to apply Theorem 1 with ¢ =1 — p’.
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Outline of the proof of Theorem 2. Immediately after the introductory remarks, a
rigorous proof of formulas (13)—(14) will be presented. However, it conceals a part of
the truth because it requires the prior knowledge of the above explicit formulas for the
Bellman functions. The procedure leading to this “guess” is described in Appendix 1. In
a standard way the matter is reduced to the Bellman equation. By the specific character
of the problem, this equation turns into the ordinary differential equation (45), which,
moreover, admits explicit solution. However, the deduction of formulas (13)—(14) in
Appendix 1 is not a proof, because it is based on a series of voluntary assumptions (e.g.,
the Bellman function is assumed to be sufficiently smooth, which is not clear a priori).
For this reason, the heuristic arguments in Appendix 1 must be supplemented with a
rigorous proof, to which we pass now.

We denote by Bmax(Z; p, q,0) and Bpin(x; p, ¢, 9) the functions on the right-hand side
of (13) and (14), respectively, i.e., we put

1—sT\71 —rt 1 1
Yl 2 - -
1% (1—7’*) 1—yst’ ’yE(O,p}U 1 s+)’
def 1—s"\7"1—~r" 1 1
Bmax(x;paq75) :e J?’lyJ?;_’y(l i ) 1 o ) ’YE (_50 U |:_71:|a
—r — YSs CH
Y 1 p
00, aS (—OO, ?:| U [Fa—"m)a
1=\l —~r— 1
def :[;Y:Lé 7(1 —’I“_) 1_75_7 ’76 (0’5} U [1700)7
Bmin(x;pa%(s) = N 1_7(1 _5+)71 _ryr,«‘f‘ c ( 0} U |:1 1:|
xr{T —0 - .
12 1— pt ].—’)/SJF, vy ) pa

The identities Byax = Bmax and By, = Bpin will be obtained from the inequalities
“<” and “>". We shall start with verifying two easier estimates among the four.

Lemma 1. The inequalities

Bumax (30, ¢,0) > Bmax(230,¢,9),  Bmin(2;p,¢,6) < Bmin(2;0, ¢, 9)
are true for every x € Qs and every ¢ € R, 1 < p < oo.

These inequalities will be proved by exhibiting an explicit extremal function (in Ap-
pendix 2 it will be explained how to find it). The reverse inequalities resist direct verifica-
tion, and an approximation procedure will be used; namely, we shall prove the following
lemma.

Lemma 2. The inequalities
Buax(2:p, ¢, 0) < Brax(23P,4,€),  Bmin(%3p,9,6) = Bumin(2:p, ¢, €)
are true for every x € Qs, every q € R, 1 < p < oo, and every € > 4.

Passage to the limit as € — § is possible here, which yields the second pair of in-
equalities. Indeed, By is a continuous function of the parameter §. As to Bpax, we
consider the finite and the infinite values of this function separately. If v > 1/s7(d) (or
v < 1/s7(8)), then v > 1/sT(g) (respectively, v < 1/s™(¢)) for all ¢ > §. Therefore,
Buinax (%5, ¢,0) = Bmax(;p, ¢,€) = 400, and there is nothing to prove. If 1/s7(5) < v <
1/s%(6), then 1/s™(e) < v < 1/sT(e) for € sufficiently close to & (because the functions
§ — st(J) are continuous and |s*(§)| monotonically increases with §). Therefore, if we
restrict ourselves to e sufficiently close to §, then By, becomes finite and continuous in
the parameter §, and we can pass to the limit as ¢ — 4.

We start the proof of Lemma 2 with verifying that the function Bp.x is concave and
the function Bpi, IS convex.
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Lemma 3. Let x& be two arbitrary points in Qs. If the entire interval [z~ ,z] between
these two points is in g, then the inequalities

(18) Brax(a™ 27 +at2h) > a” Buax(z7) + o’ Buax(z1),
(19) Bmin(a_x_ + Oé+l‘+) < Oé—Bmin(m_) + 04+Bmin(x+)
are true for an arbitrary pair of nonnegative numbers a* such that o~ + ot = 1.

In the proof of Lemma 2 we shall encounter the following situation. Given a weight
w € Ag(.]), we split an arbitrary interval I, I C J, into two parts [ = I~ UIT and get
two points in Qs, 2T = ((w) =, <w1*p')li), to which we want to apply Lemma 3. To do
this, we need the whole interval [z, z"] be inside Qs, but, generally speaking, this is not
so. Then we enlarge the domain a bit and try to split the interval I in such a way that
the interval [z, 7] would be inside Q¢, € > d. The existence of the required splitting is
ensured by the following lemma.

Lemma 4. If a parameter 6 > 1 is given, then for an arbitrary € > 6 and an arbitrary
weight w € AS(I) there exists a splitting I = I= UIT, [I*| = o*|I|, such that the entire
interval with the endpoints = = ((w)+, (w'=?Y;+) is in Q.. Moreover, the splitting
parameters a® can be chosen bounded away from 0 and 1 uniformly with respect to w
and, therefore, with respect to I as well.

Now we begin to realize the program outlined above.

Proof of Lemma 1. Since xy = x%_p/ if and only if w = x1 = const, it is clear that

B(xl,x%_p/;p,q,é) = B(xl,xi_pl;p,q,é) = z{ for all z; > 0, ¢ € R, and p € (1,+00).
So we need to consider § > 1 and the points z with z125 ' > 1.

Fix an arbitrary point z in Q5 with z;25" > 1. Let a € (0,1] and J = [0,1]. We put
{ca”t‘” if0<t<a,

v(t) =
Wesa.v (1) c fa<t<l1.

Direct calculation shows that
1—(1-a)bv
%] .

l——— if v < 1,
(20) <wz,a,u>=] = 1-0v

00 if v > 1.
So, if we would like to get a function with a finite A,-“norm”, we must restrict ourselves
to v € (1 —p,1). For such v the A,-“norm” of we 4, is finite indeed (the calculation of
it is moved to Appendix 3). To get an extremal function for B, we take

_=Ys _=rp _-rl=s)
(21) V= p—s ' (p—r)s’ (p—s)(1—r) !

with an appropriate choice of the signs for s and r; namely, in accordance with (13)—(14),

for Bpax ifg€[1—p',0]U[1,+00),

=st(s =rt (x5
s =8, (0), r=ry(:9) {foerin if g € (—o0,1 —p|UI0,1],

for Bpmin if g€ [1—p,0]U[L,+00),
for Bpax if ¢ € (—00,1 —p'JU0,1].

s:s;(é), r:r;(x;é) {

Recall that s* = u*(p,1/4), ie., 6(1 —s)(1 — s/p)_p =1, and r* = u*(p, %mlxp_l),
ie,6(1—7r)(1—r/p) P = 2,257". Since the condition § > 1 has been assumed, we are
sure that s* # 0 and a is well defined. Moreover, a € (0,1]. Indeed, on the one hand,
r/s < 1 (since we have assumed that xlxé’*l >1),ie, = >0, and p > 1 > r, so that

S
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a > 0. On the other hand, /s > 0 and p > 1 > s, whence 1 —a = @ >0,ie,a< 1.
As to the parameter v, it is easily seen that the condition s < 1 implies that v is inside
the admissible interval 1 —p < v < 1.

In Appendix 3 the A,-“norm” of the function we ., will be calculated: it is equal
to ﬁ(l + p—zl)lfp. Since this is equal to § for the value of v chosen above, we have
We,a,0 € Ag([).

Now, using (20), we check that the weight we 4, represents the point z = (z1,x2) in
Qs. First, we have

1-(1—-a)v
<wc,a,u>J = 071(_ » ) = 1.
To calculate the second coordinate, we rewrite the expression for ¢ by using (15):
_ p—1
(22) c= (p S) zi P,
p—r
Then
o o 1-(1-a)(1=p v p-—r p—3s
(wrP); =7 ( ) } ) = T - = z,.
@ 1-(1-p)v p—s p—r

So, for ¢ > 1/vt = (;:18); and for ¢ < 1/v~ = ﬁ we get Buax(2;p,q,0) =

Bumax(;p,q,0) = 00. By (22) and (15), for qv < 1 we obtain

_ (p=s)r (p=1)s
1 —r)s? p=s

(Wl ), = qu —(1—a)qu _ (p — 5>q(p—1)xq(17p)

G 1—qv p—r 2 1 — qle=bs
p—s
1 1 _ Gp=Dr
_ (PSP a—ap pr_ _ 1y _~A(1-p)(P=8\ P17
- _ T2 Gp—1s Y2 T2 — 1—
1—s\71—~yr
_ 1= v( ) " By s
Lo Ty 1—7r 1—’)/8 (x7paQ7 )a

where we put s = s* and r = r* or s = s~ and r = 7~ in accordance with (13) and (14).
Now, the required inequalities follow from the definition of B. O

Proof of Lemma 3. To prove the lemma, we need to check that the matrix

(23) { 0’5 V

O0x;0x; ) ij=1

is nonpositive for Byax and nonnegative for Bpi,. Direct calculation yields

o (1-rp-r) o  (A-r)p—r)

or, (p—1Drzy = Oz T ’
9B _ yal-1) p 9B _(wp-1Hr-1),
ory  x(L—nr) " Oz za(l—nr) 7
0’B 2172y (1—s)7
or2 —ala— 1)7"(1 —7r)772 1 —s’
0°B ey (1—s)"

102, —vq(q —1)(p - 1)7"(1 ST 1

0’B yxjzy T (1= s)”
a3 —vq(¢=1)(p—-1) = 1=9s
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Therefore, the quadratic form of the matrix (23) is

(24) Z _WQ(q—l)szlv(l_s)( (1= )AL+ (= D1 As)?
Pt 89618% (1 —s) 1— T2 r)A;+(p T1A2)".

This expression has the required sign, because the value of 1 — s is always positive and
the sign of r coincides with the sign of vg(¢ — 1) for Bpax and is opposite to the latter
for Buin. O

Proof of Lemma 4. For any interval I, we describe a procedure of splitting it into two
parts I~ and I, |[I=| = a®|I|. As before, we put #F = (w);+ and 23 = (w'~?'),=. For
all o the interval with the endpoints 2% (to be denoted by [z~, 2 "]) contains the point
2% = o=z~ + a2t whose coordinates are the corresponding averages over the entire
interval I: 29 = (w)g, 29 = (w' ") .

We start with taking a~ = a® = 1/2. If the entire segment [z, z"] is in the domain
Q., we fix this splitting. In the remaining part of the proof we assume that this is not
the case, i.e., there exists a point x on this interval with mlxg_l > ¢. Since any straight
line intersects the graph of a power function at two points at most, we can choose £ to be
the endpoint of our segment such that all points x with xlxé’*l > ¢ are between 20 and
&. We define a function p(a™) as follows: given a™, we put p(a™) to be the maximum
value of xlx’;l, where z runs over the segment between 2° and €. By our assumption,
p(1/2) > e. We begin to change a™ so as to make & go towards 2V, i.e., we increase at
if ¢ = 2t, and reduce it if £ = 2. We stop at the moment when the relation p(at) = ¢
occurs for the first time. This finishes the description of the splitting procedure. Now, we
must check that the moment indicated above does exist and, moreover, the corresponding
value of ot is bounded away from 0 and 1 uniformly with respect to w and I.

Since 29(x3)P~! < §, we have xlxé’*l < € on the entire segment between ¥ and ¢ if
¢ is sufficiently close to 2°, i.e., p(at) < e for the corresponding a™. The function p is
continuous, which implies the existence of a* such that p(a®) = e.

Thus, we have proved that the “stopping time” described above exists, and we must
check that the corresponding at is not too close to 0 and 1. If £ = 2™, then a™ > 1/2
and & — 2 = mf —a2) = oz‘(az:{r — 7). Symmetrically, if £ = 7, then a~ > 1/2 and
& —af =2y —af =at(zy — ). Thus, [§ — 2f| = min{a*} a7 — 27|

For the “stopping” value of a™ the straight line that passes through the points 2% and

Y is tangent to the graph x; a:g_l = ¢ and touches it at some point, say 7. The equation
of the line tangent to the graph x; xg_l = const at the point 7 is Toz1+(p—1)T1 22 = pTiT2.
This line intersects the graph xlx’;l = ¢ at the points

z(8)* = (ﬁ[l—u%_,,(g)} T2[1+ 1@:1)(?)})

and the graph xlmg_l =1 at the points

1 1 1
+ _ _ . - + -
z(1)* = (71 {1 Ul_p(6>:|,7'2 [1 + pr— 1u1_p(€>D.
So, we have got the following embedded segments of our line: [z(8)~,z(8)*] C [z%,¢] C
[, 2%] C [#(1)7,z(1)"]. Therefore,

|2(8)7 = 2(0)7 | < [a} = &f = min{a™}a] — a7 | < min{a™}z(1)f —2(1)7|

and

o B0 —a®)] ety (5/2) —ui, (/)
temh 2, T Tt (1), (1/9)]
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We see that this estimate depends on p, d, and ¢ only, but not on the choice of w and
I O

Remark. In the proof, we have used the functions u;)t for negative p without formal
definition. But it is easy to check that the mapping ¢t — (1 —¢)(1 — ¢/p)~P has two
inverses defined on [0,1] not only for p > 1, but also for p < 0. For negative p the
function wf maps [0,1] onto [0,1], but u, maps [0, 1] onto [p,0]. There exists a simple
rational relation between the functions u, and u;_p:

(25) (1-22) (1= =) -

Indeed, if we define the function u;_, with p > 1 by (25), then

(1 —u1,p)(1 B Ulfp)p_l _ (1 B w) (1 n Up )p—l

1—p D — Up P — Up
1-— p—1 -p
pP—up \p—Up p
Since in (25) u, and w;_, have the same sign, the definition of u;,t for negative p as

the inverses to the mapping ¢ — (1 — ¢)(1 — ¢t/p)~P is equivalent to the definition by
formula (25).

Now, we are ready to prove the main lemma.

Proof of Lemma 2. The statement of the lemma means that the inequalities
(26) Bmin(x;pv q, 5) é <wq>l S Bmax(x;pv q, E)
are true for an arbitrary weight w € Ag([) and an arbitrary € > §. Here = (21,22) =

((w)r, (w'=") ). Tt suffices to prove (26) for step functions w because an arbitrary weight
w can be approximated by a sequence of step functions w;,, so that all averages converge:
(W) — (w1) and ((wn)r, (W 2Y) — (), (w'?");), and we can pass to the limit
in (26) because Bpin is continuous in z, and so is Bpyax if it is finite, but for infinite Byax
the inequality clearly holds.

So, we fix an interval I, a step function w € Ag(I), and a number ¢ > §. Starting
with the interval I = I%° we construct a chain of intervals I™™ in accordance with
the rule in Lemma 4. For the intervals in the nth generation, we use the notation I™™:
2k = ([=Lk)= and ™2+ = (["~1%)* and so the second index runs from 0 to
2" — 1. The corresponding mean values will be labeled by the same pair of indices, and
a™™ = |I™™|/|I|. By Lemma 3, we can write the following chain of inequalities:

Bunax (%50, ¢,€) > 0 Bax (20 p, ¢,€) + o' Buax (20, ¢, €)

(27) 20
> Y @™ Buax(™p, g, €).
m=0

For Bpin we get a similar chain of reverse inequalities. The latter sum tends to (w?); as
n — oo. Indeed, for a fixed step function w € Ag(J), theset {z = ((w)r, (W' =?);) : ICJ}
is a compact subset of s, and, therefore, the continuous function B is bounded on this
subset, say, B < M, i.e., B(z™";p,q,e) < M (we exclude the case of B = Bpax = 00,
when we have nothing to prove). So, if N is the number of discontinuity points for the
step function w, then the number of the intervals ™™ where w is not a constant is at most
N. On all other intervals w is a constant, so that B(z™™;p,q,e) = (z1"")? = wi, ie.,
the corresponding summand is ‘—}‘ Jinm w(t)?dt, and the entire sum differs from (w?);
at most by NM max,, a"™". The latter quantity tends to zero, because by Lemma 4
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the values a® are bounded away from 0 and 1, and the maximum length of the nth

generation intervals tends to 0 as n — oc. O

Now we consider the case of p = co. By the Jensen inequality, we see that e{lo8®) <
{(w). Therefore, for arbitrary w € AS_(I) the point = (21,22) = ({(w)r, (logw);) is in
the domain

Qs(00) L {(21,20) 1 22 €R, 1 < e *2 < 5}

On Q5(00) we define the following functions:

Bmax(x; q, 5)
(28) = B (2100,0,0) 2 sup  {(w); : (w); = 1, (logw); = x5},
weAio(I)
Bmin(x; q, 5)
(29)

_ o def . q\ . _ _
= Buin(z;00,¢,0) = wefqnéi([)ﬂw yi:(w)p = a1, (logw); = xg}.

To keep continuity as p — oo, for finite p we should have chosen
1
z2 = —(p—1)log{w™r);

rather than zo = (wﬁh, because

—(p-1) 1og<w1+r)>1 ~—(p—1)log (1 - <1ogw)1) — (logw)y.

1
p—1
For this choice of 23 the domain Qs(p) becomes the same for all p. Nevertheless, the choice
of x9 was made with the purpose to obtain a simple concavity/convexity condition for
the functions B (see Lemma 3) rather than to get continuity as p — co. So, comparison
of the expressions for B(z;p, q,6) and B(x; 00, g, §) requires the substitute acg_l — e %2,

In the following theorem the explicit expression for the functions B(z; 00, q,d) will
be given. In the statement and subsequently, we use the following notation: r* =

rE (z;9) ef ui ($r1e772) and s* = sZ (6) ef uk (1/9).

o0

Theorem 2,,. For x1 = e*2, we have

Bmax(ﬂﬁ; q, 5) = Bmin(x; q, (5) = J)‘f

Otherwise
1
1—st\"1—qgrt 1
J)({ (1 S+> 1 qr_;’_ Zf1Sq<_a
(30) Biax (754, 6) = AR °
5 1—s5 1—gqr ifi<q<1
1-r—) 1-¢s s~ -
. 1
+00 ifq< —;
s
and
1—s\"1-qr™
33(11(1 - . T ifg>1,
(31) Bmin(x; q, 5) = 1 : Z+ q 1 : qur
2! T rg<1.
1—rt ) 1—gst -

Now, Theorem 1, is an easy consequence. Indeed, for x € s the parameter r™ runs

over the interval [0, s"] and r~ runs over the interval [s~,0]. If ¢ > 1, then the function

1—rq

e e is monotone increasing on [s~, 0] and monotone decreasing on [0, s*]. Hence,
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Bnin takes its minimum value at 7~ = s~ and By takes its maximum value at r+ = 0,
ie.,
x(ll < Bmin(x; q, 6) < Bmax(m§ q, 5) < wx({
- - - 1—gst

If 0 < ¢ < 1, then the function r — (1::;{1 is monotone decreasing on [s~,0] and

monotone increasing on [0, s+]. Hence, Bin takes its minimum value at r* = 0 and
Bax takes its maximum value at r— = s7, i.e.,

(1—st)1

1 _ qs"‘ (E({ é Bmin(x;%(s) S Bmax(x;Q76) é xtll

If ¢ < 0, then the function r +— d::;{l is monotone increasing on [s~,0] and monotone

decreasing on [0, sT|. Hence, By, takes its minimum value at 7™ = s and By, takes

its maximum value at r— = 0, i.e.,

(1-s)1
1—gqgs™

q

;[;‘1] < Bmin(x; q, (5) < Bmax(x; q, 6) < Zy-

Corollary to Theorem 1,,. For the weights w € Ago(J), the Muckenhoupt condition
(Ap) is fulfilled for all p > 1 — s~ with the sharp constant

_ 1 .p1 1
sup(w){w p-1)P7" = — )
ICJ< > < >I (1 _ 5_)(1 + I;sil)p—l
To obtain this estimate, it suffices to apply Theorem 1., with ¢ = —ﬁ. Comparison

with the corollary to Theorem 1 shows that this result is the limit case of that statement
as p — 00.

Outline of the proof of Theorem 2,,. We modify the arguments used in the proof
of Theorem 2. As before, we denote by Bmax(2;q,d) and Bmin(;q,0) the functions on
the right-hand side of (30) and (31), respectively. The four lemmas for p = oo are the
same as for p € (1,00). The only formal change occurs in Lemma 4., where instead of
the points 2% = ((w)+, (w!'?)+) we must use z¥ = ((w);+, (logw) +).

We shall not justify the limit passage as p — oo; it seems easier to prove Lemmas 1-4
for p = oo independently by the same method as for p € (1, 00).

Proof of Lemma 1. Since zo = logz; if and only if w = x1 = const, it is clear that
B(z1,logz1;¢,0) = By(x1,logxy;q,8) = xf for all z; > 0 and all ¢ € R. So, we need to
consider § > 1 and the points x with x5 < log z;.

Fix an arbitrary point z € s with x5 < logz;. Taking a € (0,1] and s € (—o0,1),
we choose J = [0, 1] and put

_JerrTtattTs if0<t<a,
Wa,s(t) = er2—sa ifa<t<l1.

In Appendix 3 it will be shown that w,, s € A (J) with § = t2-¢~*. Direct calculation
yields (logwg,s) 7 = x2. To get an extremal function for B, we take

+

r
5=s+, azl——Jr for Bnax if ¢ > 1 and for By, if ¢ < 1,
s

r
s=s, a=1—— for Bpax if ¢ < 1 and for By, if ¢ > 1.
s
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Recall that s* = u*(1/9), i.e., 6(1 — s)e® = 1, and r* = uF(3z16772), ie., 6(1 —r)e” =
x1e~ 2. Since ¢ is assumed to be strictly greater than 1, we have s* # 0, and a is well
defined. We check that (wg, s) = x1 in all cases. Indeed,

<wa,5>J - #__Sa)s

er2T = 5(1 -(1- a)s)e“*(l*a)s
1
=de"(1—r)e" = 56”253316_’”2 = 1.
By (20), we have

1- (1 — a)qs eq(;cQ—as)
<wg,s>J = 1- qs
0 if gs > 1.

if gs < 1;

Hence, for ¢ > 1/s% and for ¢ < 1/s~ we get Bumax(7;¢, ) = Bmax(7;¢,0) = co. And
for ¢gs < 1 we have the identity

(w1 — 1—(1—a)gs (1 _1 —s )s)q<ww>3

1—gs (I1-a
IT—gqr/l—s\2,
= =B ] 6
1_q8(1_r> .7:1 (‘T"7q) )

As has already been mentioned, here we must take s = sT and r = 7 for Bpax(z; g, 0) if
g > 1 and for By (z;q,0) if ¢ <1, and s = s~, r =1~ for Bmax(2;¢,0) if ¢ < 1 and for
Buin(z;q,0) if ¢ > 1. Now, the required inequalities follow from the definition of B. O

Proof of Lemma 35,. To prove the lemma, we need to show that the matrix

(32) { 9B v

O0x;0x; ) ij=1
is nonpositive for Byax and nonnegative for Bpi,. Direct calculation yields
ﬁ _ 1= ﬁ 17
0z rey 0xo r
0B _ 1—s)
ooy T 1(1—f§s><1—)r>q1’

0B . (1—s)
8—1,‘2 - _Q(q - 1)x1(

(1—gs)(T =)’
gt = e
2
35?15”52 =q¢*(g— D" = qgl)gls)_q ra1’
5t =~ A

Therefore, the quadratic form of the matrix (32) is

2 —2
0*B P12l 1 sy ,
(33) Z O0x;0x; Ailkj == r(1—gs) (1 _ 7“) ((1 —7)A; — $1A2) .

This expression has the required sign, because the quantity 1 — ¢s is always positive and
the sign of r coincides with the sign of ¢ — 1 for Bnax and is opposite to the latter for
Bmin~ O

ij=1
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Proof of Lemma 4~,. This is a word-for-word repetition of the proof of Lemma 4. We
must only replace the expression x; a:g_l by x1e~*2. The equation of the line tangent to
the graph x1e™%2 = € at a point 7 is 1 — Tyz2 = 71(1 — 72). This line intersects the
graph x1e~ "2 = ¢ at the points

0= (a2 (D)
Finally, we get the same estimate
()~ (/)

= b (1/2) —um (/)]

O

Proof of Lemma 2. It also follows the lines of the proof of Lemma 2. Here the changes
are even slighter; namely, zo = <w1_p/)1 must be replaced by z3 = (logw);. O

We pass to the other limit case: p = 1. Now the changes to be made are far more
extensive. To any weight w in A$(I), we assign the point x = (x1,22) = ((w)7,sup; 1/w);
these points fill the domain

Qs(1) L {(21,20) s 20 € R, 1 < w129 < 6}
as the weight w runs over AJ(I). On Qs(1) we define the following functions:

(34) Bmax(x; q, 5)

1
= Bmax(x; ]-7 q, 5) d:ef sup {<wq>1 : <w>I = T1,Sup — = x2}7
weA?_(I) I w

(35) Bmin(x; q, 5)

def . 1
= Buin(z;1,¢,0) = weg}f(}){(ﬂf"h (w) = T1,8Up T = xz}.

To compare the expressions for B(z; p,q,d) with p € (1,00) and B(x;1, ¢, ), we now
replace x5 ! with 25 and then pass to the limit as p — 1. It should be noted that if
p=1+¢, ¢ — 0, then asymptotically we have

€ _ 1
sta1-— , §T & —d=,
0—1
1
EX1To _ 0 \=
rtal - —— r %—( :
6 — x1T2 T1T2

Limit passage as p — 1 in (13)—(14) provides the expression for B(z; 1, ¢, d). In Appendix
1 it will be explained how to find these expressions from the Bellman equation. Now we
state the result.

Theorem 2;. For z1x9 = 1 we have
Bmax(x;pa q, 5) - Bmin(x;pa q, 6) = xtll

Otherwise
1)
+00 ifqe {ﬁ’JFOO)’
(36) Bmax(l‘; q, 5) = —qqT1T2 — (q — 1)6 . _ ) 5
zf if ¢ € 10,1],
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and
x if g € (—00,0) U[1,+00),
(37) Bmin(x; q, 6) = —q qriT2 — (q - 1)5 .
Tyl —————— ifq€]0,1].
2 q-(a-1)9 011
Before proving this theorem, we deduce Theorem 1; from it. If B = z{, there is
nothing to prove; we consider the case where
B = qrize — (¢ —1)0
q—(q-1)

Then ( 15
B(z)z 1=y e Y9~ )0 ,

We calculate the derivative of the function y — y‘q(qy —(q¢— 1)5):

a%(qy‘qul —(q— 1oy~ %) =qlqg— D)y (6 —y).

Therefore, this function is monotone increasing if ¢ ¢ [0,1] and monotone decreasing
otherwise. Since at the point y = § this function is equal to §'~¢, we obtain the constant
Crax = 51_‘1((] —(q— 1)(5)_1 if ¢ ¢ [0, 1] and the same expression for Cpy;, for ¢ € (0,1).

y = z122 € [1,6].

Corollary to Theorem 11. For the weights w, w € AS(J), the Muckenhoupt condition
(Ap) s fulfilled for all p > 1 with the sharp constant

. p
sup<w>1<w7F)p71 = 0

P = —.
IcJy (1+p/(6 —1)° '

To obtain this formula, it suffices to apply Theorem 1; with ¢ = 1 — p’. The result is
easily seen to be the limit case of the corollary to Theorem 1 as p — 1. To verify this, we
use the asymptotic behavior of sT and T mentioned above for obtaining the following
two limit relations:

1 _ -
P
1—st 2
1—- P2 gt _
p(p—1) r P ’
=1 _— 1 6—1).
1—st +pp(1—s+)_> +p )
Therefore,
(1-2)" oP
pp P-1 "s p—1-
(1—s)(1- p(p_l)s) (1+p'(6-1))

Outline of the proof of Theorem 2;. Again we shall use the method of the proof
of Theorem 2. As in that theorem, we denote by Bax(x;¢,0) and Bpin(z;q,0) the
functions on the right-hand sides of (36) and (37), respectively. Now only the statements
of the first two lemmas for p = 1 remain the same as for p € (1, 00).

Two other lemmas must be modified for the following reasons. Before, when splitting
an interval I into two parts I = I~ U It we had a proportional splitting of the interval
[z, 2t] (2% = (W) g+, (WP ) 1)) by the point 20 = ((w)7, (w'~?");). But now this is
not the case, and the point £° may even fail to be on the interval with the endpoints 2~
and z'. In the situation under study, a proportional splitting arises only for the first
coordinate 29 = a~z] + atx], whereas for the second coordinate we have

1 1 1
2 { }
T su max 4 su ,su max\Tq ; Ty f-

2 Ipw IPw pr {zy, 22}
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For this reason, for p = 1 we restate Lemma 3 as follows.

Lemma 3. Let 2% be two arbitrary points in Qs, and let o be a pair of nonnegative
numbers such that a~ +at = 1. Put 2° = (29, 29) def (= 2] +ataf , max{zy, 2] }). If

both points (x,x3) are in Qs, then

(38) Bmax(l‘o) > aiBmax(x7> + OéJerax(er)v
(39) Bmin(xo) < a Buin(z7) + a’ Bu(z™).

Lemma 4 must be changed as follows.

Lemma 4,. If a parameter § > 1 is given, then for an arbitrary € > 6 and an arbitrary
weight w € AJ(I) there exists a splitting I = - U I+, [IF| = a*|1|, such that 2fz) <
e, where 2 = (W)=, (W) 2) and 2° = ((w)g, (W'=P);). Moreover, the splitting
parameters ot can be chosen bounded away from 0 to 1, uniformly with respect to w and,
therefore, with respect to I.

Proof of Lemma 1;. Now the cases of B = xgq% and of B = z{ are entirely

different. In the first case, we can take the limit (as p — 1) of the expression for the
extremal function we already know:

) ca’t™” if0<t<a,
w, =
oo c ifa<t<l1,

with the limit values of the parameters in (21) for s = s* and r = 7+:

6—1 331],‘2—1 1
V= ———— = — cC= —.

s 0 YT e o1 Z2

We check that this weight w is in AJ. For any monotone decreasing weight w, we have

1 1
sup W) (a ssup — ¢ = sup W) (o R

0§a<5§1{< (@p) (a,m’w} 0§a<5§1{< )(@8) W(ﬁ)}
(40) 1

— 02%21{@@(076) . M}

Since our weight satisfies w(8) = const for S > a, we have

sup {(w)r-sup 1 = sup {(w)o0) - = ).

1C[0,1] 1w 0<B<a w(f)

Furthermore, (w) o,y = 15 (a/B)" if 8 < a, whence

o fton s b= o {75 (5)2(5) } =125 =0

Now, we check that the weight w represents the point x = (21, z2) in Qs5(1):

ca
1—v

(W), = +(1—a)e=um,

1
sup — = Za.
[0 W
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Thus, for ¢ > Ef—l we get Biax (%5 ¢, 0) = Bmax(%;¢,0) = 00. For g < 5%1, substituting
6 = ¢ and the chosen values of v, a, and ¢ in (20), we obtain

d—xixo 6—1
1—(1—a)qv ol S5
w? =l I 0~ 90
whio 1—qv 1%
_ —0(g—1
_ qqxll‘Q (q ) _ B(l‘,q,é),

IRy

which implies the inequalities of Lemma 17 for Buax, ¢ € [0, 1] and for B, ¢ € (0, 1).

The case of B = z¥ looks more difficult, because the relation (w?) = (w)? = z¥ occurs
if and only if w is a constant function, and this means that there is no extremal function
for an arbitrary point of Qs(1) except the boundary zixzo = 1. Nevertheless, we can
construct a family of weights in A‘ls representing a given point (z1,x2) and approximating
the maximum or minimum value of (w?). Using the weight w constructed above, consider

the following family of weights {w}o<r<1:

wr(t) = | (Whox HO<E<A
MW e ifa<t<l

For every monotone decreasing weight w on [0, 1], we introduce the following function on
the same interval:

1

ow(B) = <w>(0,ﬁ) : m

Clearly,
1 if0< B <A,
puw(B) HA<B<SL

By (40), the A;-“norm” of w is equal to the supremum of the function ¢,,; therefore, the
Aq-“norm” of all wy never exceeds the A;1-“norm” of w, i.e., wy € A‘ls. It is clear that all
w)y represent the same point (z1,22) because neither the average of the weight nor its
minimum value changes under the construction of wy. But the functions wy tend almost
everywhere to the constant function wy () = 21 as A — 1. Therefore, <w§>[0’1] — i ie,
{wx} is the required approximating family of weights. O

Pwx (5) = {

Remark. Note that Lemma 1; completes the proof of Theorem 2; not only in the evident
case where By,ax = 00, but also in the case where B = xf, because in this case the
reverse inequalities are valid for an arbitrary weight w:

(wt) > (W)t ifq ¢ (0,1)
) {<wq> < (w) ifge01]

Indeed, for ¢ > 1 this is the Holder inequality applied to the product w - 1 with the
exponent ¢, for 0 < ¢ < 1 this is the Hoélder inequality applied to the product w? - 1
with the exponent 1/¢, and for ¢ < 0 this is the Holder inequality applied to the product
1 =wiT - wia with the exponent q%l.

Proof of Lemma 31. In spite of the fact that we do not need this lemma in the case
where B(z) = z{ (see the above remark), the lemma is obvious in this case because B(x)
depends only of z1, and with respect to this variable the function is concave for ¢ ¢ [0, 1]
and convex for ¢ € (0,1). So, in the remaining part of the proof we shall consider the

case where B(z) = x{q%
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Since the roles of the points 2% are symmetric, there is no loss of generality in assuming
that, say, z7 = max{z}} = 23. Then, since B is linear in z1, we have

B(z°) — (e B(z") + atB(z™))
— (o By ,af) + a* Baf a})) - (o~ Blai,a7) + a* B(at o))
=a (B(zy,23) — B(zy,z3)).
The sign of this expression coincides with the sign of the derivative
0B(z7 ,x2) § —x] x2
s q—(q—1)0
which coincides with the sign of g(q — 1) because by assumption the point (2,3 ) (and,

therefore, the entire interval {(z],x2) : 2, < mp < 23 }) is in Qs, i.e., 2] 22 < . This
implies inequality (38) for ¢ ¢ [0, 1] and inequality (39) for ¢ € (0,1). O

=q(g— 1)z, 7"

Proof of Lemma 41. Without loss of generality we may assume that ¢ < 2§, because if

the lemma is true for some ¢, it is also true for all larger e. Since 29 = max{:cgt} and

both points 2+ are in 5, at least one of the inequalities xfxg < ¢ is always true. First
we take o~ = at = 1/2; if the required inequalities are both true, we fix this splitting.
Otherwise, we start to change «, namely, we increase a* if the point (xf, xJ) is outside
Q. and reduce it (i.e., increase «~) in the opposite case. By symmetry, it suffices to
examine one of the possible situations, say, the case where xfxg > ¢ for at = 1/2. So,
we begin to enlarge the interval I (i.e., to increase o) and stop at the moment when
xfxg = ¢ for the first time. This will be our splitting procedure. Now we must check
that such a moment does exist, and, moreover, the corresponding value of a* is bounded
away from 0 and 1 uniformly with respect to w and I.

For p = 1 the points * do not depend continuously on at in general, but the first

coordinates =+ do. We check that 229 < & for at = /e, which implies that the

required value of o™ exists and is in (1/2,8/¢). Since 29 = a~z] + atz], we have
0 0,.0
x xix )
D W L A
at  atzd ~ atal
whence for o™ = §/e we get
+,.0 _
Ty Ty < a—+ = ¢&.
So, we can conclude that
1)
max{at} < =,
€
and this estimate only depends on ¢ and &, but not on the choice of the interval I or the
weight w. O

Proof of Lemma 21. Tt follows the lines of the proof of Lemma 2. Here only x5 = <w1_p/)1
must be replaced by x3 = sup; 1/w. O

Appendix 1: how to find the Bellman functions (13)—(14), (30)—(31), and
(36)—(37). First, consider the case where 1 < p < co. We begin with explaining why
we look for a concave function By.x and a convex function Bpi,. If an interval I is
split into two parts I = It U I~, |[I*| = a*|I|, we consider two extremal weights w™
(or “almost extremal” if there is no extremal function) defined on I, respectively, and
write the identity
(W) = a™ (W)~ +a® (w)+

for the weight w on I coinciding with w* on It and with w™ on I~. We see that on the
right-hand side we have a convex combination of the values of the Bellman function B at
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the points z% (or almost these values if there is no extremal function), but the average
on the left-hand side is between By (7°) and Bpax(2°), 2° = a2~ + a2t by the
definition of the Bellman function. This leads to the concavity condition for By,.x and
to the convexity condition for B,;,. Of course, it is not quite clear why the above weight
w is in Ag on the entire interval I. However, the heuristic nature of the forthcoming
arguments allows us to drop this question.

Next, we check that the functions B must be of the following form:

(42) B(xth;pa(L(s) = x({g(xlxgil;pv%é)v

where g( - ;p,q,9) is a function on [1,4] such that g > 1 for ¢ & (0,1), 0 < g < 1 for
g € [0, 1], and the boundary condition ¢(1;p,q,d) = 1 is satisfied.

Indeed, if a weight w runs over the entire class Ag(J), then so does the weight w = tw,
where ¢ is an arbitrary positive constant. For the averages of these weights we have
(W) = t(w), (@) = 1 (=P and (@0?) = t9(w?). Taking the supremum (or
infimum) in the latter identity, we get

B(txlatlip,x%pv q, 5) = th(xlva;pa q, 6)

1

Putting ¢ = 25", we obtain the relation

B(z125 ', 1;p,¢,0) = 237 VB(21, 75 p, 0, 6).

Therefore, B(x) = x‘fg(xlngl), where ¢ is a function on [1,0] defined by the identity
g(y) = y 7B(y,1). By the Holder inequality we have (w)? < (w?) for ¢ ¢ (0,1) and
(w)? > (w?) for g € [0,1] (see (41)). Therefore, B(z) > «f for g ¢ (0,1) and B(z) < af
for ¢ € [0,1], which implies that ¢ > 1 for ¢ ¢ (0,1) and 0 < g < 1 for ¢ € [0,1].

p

. . 1— . .
Moreover, since the relation zo = z; occurs if and only if w = 7 = const, we have

Bz, 21 *'ipq,0) =2, ie., g(1;p,q,0) =1.

Now, we introduce the variable y = :clxg*l and calculate the matrix of the second
derivatives (23) for the “true” Bellman function B in terms of ¢g. Using the representa-
tion (42), we obtain

Oy _ v ﬁ_(p_l)y

ory a1 Oxy o’
g_fl . xgg';)_i =20 (g9 +y9'),
g_z _ xgg'% — (p— D)aley g,
?)27? =(¢— 12! (qg+yg) + 21 (qg' +9' + yg")g—i
=292 (q(g — g + 2qy9’ + v*9"),
% =" (g9’ + 9 + yg")gf_xi = (= Daf 'z (e + g’ +y%9"),
227? = —(p — Datay2yg + (p — Dalay (g + yg”)g—i

=(p -1zl ((p— 2y + (0 — 1)y’g"),

and the matrix (23) turns into

9’B ’B -
(43) A N (1 ! 1) R(l 0 1)
et %?}23 p—1\0 (p—1Dzrzy 1 (p—Dzzy )’
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where
pa(y —1)g — pyg’ g’ >
44 R =
(44) ( Py’ (= 2)yg’ + (p — Dy*g”
If this matrix were nonsingular, equality in (18)—(19) could not occur except for the case
where = = x*. However, for an extremal function w for Byax (if such a function exists)
we have

Bmax(l‘o) - <wq>I =a <wq>1* +Oé+<wq>l+ S Oé—Bmax(x_)“‘a—i_Bmax(m—i_) S Bmax(xo)-

So, for a nonsingular matrix (43) this leads to the identity z* = x~ for every splitting
of the initial interval I, which means that the weight w is constant. Since for any point
of Qs except for the boundary xlx’;l =1 this is not the case, the matrix (43) must be
singular.

It is possible to analyze the situation more carefully in the case where there is no
extremal weight and we have only a sequence of weights whose gth powers tend to the
value of B, but we omit this, again by the heuristic nature of the arguments in this
appendix: the said above already justifies looking for a singular matrix (43). So, we
equate the determinant of the matrix (44) to zero:

2
(45) (¢(v =g =g ) ((p—2)yg’ + (p — 1)*9") = p(yyg')".
The concavity condition for By« and the convexity condition for By, take the form
(46) yg;nin —q(y— 1)gmin <0< yg;nax - q(7 — 1) gmax-

Let us solve equation (45). We introduce a new variable h = yg’/g. Then y%¢"/g =
yh' +h? — h, and (45) takes the form

(pa(y — 1) — ph) ((p — 1)(R* + yh') — h) = (pvh)*;

therefore,
(p = )yh/(a(g = 1)(p — 1) — ph)
= (pg — g+ 1)’h* = (alg = V)(p = 1) — ph) ((p = )h* = h)
=p(p— DA’ +(*a—p—g+ 1> +9(g—1)(p - Dh
= (- Dh(h+q)(ph+q—1),
ga—)p—-1)—ph , _dy
h(h +q)(ph +q—1) y’
-1 1 2 d
(ph + h+gq _ph—i)q—l)dh: ?y’
(p—1)log |h| + log |h + q| — plog|ph + ¢ — 1| = log |y| + const,
h h|P—1
(47) yzc—“'ghii’]”_'l'p .
Since g > 0, (46) can be rewritten as follows:
(48) hamin < q(7 = 1) < huax-
Now we introduce a more convenient variable r by the formula
(49) r= hzay =1 q’iz i) or h= 7q1(7__7i).
Rewriting (47) in terms of r, we get
1—7r

(50) y:(;ma
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where § is a new constant parameter, so that r = rff = uff (y/d). The new parameter is
denoted by d because then the natural domain where g will be defined turns out to be
precisely the interval [1,d]. The sign of r will be chosen depending on the value of ¢ and
on whether we consider Bpax or Bpin. Note that y =1 if r = s = u,(1/9).

Now, we rewrite the equation for g in terms of r:

d(log g) = hd(logy) = ql(’Y_—Wla) (1 —1r/p — 7 i T)dr

- q qg—1 2 d
= - — .
1—r p—r 1—7r

With the initial condition g|y,—1 = g|r=s = 1, we get

s -1
logg:/ ¢ _1 __7 dt
»r \1—=0 p—t 11—t

+ log

S —-Tr
= qlog +(q—1)10gp
p—S

1—1r

1=\ (p=r\""1—~r
semn- () () "2

So, we arrive at the expression for the Bellman function B as in (16). It only remains to
choose the signs of r and s so as to ensure (48).

After differentiating (49), we see that the derivative
oh  qy(y—1)

or (1 —~r)?

ie.,

does not change its sign. For Bpax condition (34) can be rewritten as h(r) > h(0); for
Buin the reverse inequality comes into play. Therefore, for B,.x the sign of g—ﬁ (i.e., the
sign of ¢y(y—1)) coincides with the sign of r. Thus, r = r* for ¢ € [1 —p/,0]U[1, 00) and
r=r" for ¢ € (—o0o,1—p'lUJ0,1]. Accordingly, for By, we must choose the opposite
sign for r.

Note that, for y to run over the interval [1, §], the variable r* must run over [0, s*] or
r~ must run over [s—,0]. Condition (48) imposed on h allows 7 to vary in the interval
(—o0, 1/7) for positive v or in (1/7,00) for negative 7; hence, r can run over the entire

interval [0, sT] only for v < 1/s% (i.e., for ¢ < %), and 7~ can run over the entire

interval [s7,0] only for v > 1/s™ (i.e., for ¢ > (If:f)_s_). Therefore, we can use the
variable r™ only when v < 1/s* and the variable r~ only when v > 1/s~. We arrive

at the necessary condition 1/s~ <y < 1/s* or ﬁ <q< % for the function

Y — hmax(y) to be well defined for y € [1,d]. But we already know that, for ¢ (or 7)
outside of the intervals mentioned, the function Bmax(x;p,q,d) is infinite everywhere
except for the curve xlmgﬂ =1.

Thus, we have constructed the Bellman function as in Theorem 2 for 1 < p < co.
An easy way to visualize the Bellman function for p = oo in Theorem 2., is to pass to
the limit as p — oo in (13)—(14) taking into account that the variable z; should stay as
it is, but xg_l should be replaced by e~*2 (i.e., o — 0). This means that we simply
replace ri = u;,t(arlxp_l) by r¥ = uZ (z1e7"2) and, therefore, s by s%. Since v — ¢
as p — 0o, we pass from (13)—(14) to (36)—(37).

A more rigorous way to get these expressions is to repeat the procedure of finding an
appropriate solution of the Bellman equation, as it was done for 1 < p < oo. As before,
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we look for a concave function B, and a convex function B, on some domain .
Now, the function B has the form

(51) B(x1,12;q,0) = 2{g(x1e7%;¢,9),

where g( - ;q,0) is a function on [1,6] such that ¢ > 1 for ¢ & (0,1), 0 < g < 1 for
q € [0,1], and the boundary condition g(1;¢q,d) = 1 is fulfilled. All this is a consequence
of the relation
B(tz1, 22 +logt; q,0) = tB(x1,x2; ¢, 9),

which follows from the simultaneous consideration of two families of weights: w, w €
A% (J), and W = tw, where t is an arbitrary positive constant. The boundary condition
g(1;q,9) = 1 follows from the fact that the relation x; = e** occurs if and only if
w = r1 = const, i.e., B(z1,logri;q,d) = xi.

Again we introduce the new variable y = x1e7%2 and calculate the matrix (32) by
using the representation (51):

dy _y %

O = 25—1’ 3—562 =Y,

0B _ Jy _

oy~ 4al g+ aly' - =i (a9 +yg),

OB q s Oy q

83?2 o xlg 8])2 - xlyg’

82B _92 _ 8y

- — 14 ! q—1 ! ! m Yy

92 (¢—Daf “(q9+yg)+21 (a9 +9 +yg )8561

=27 (qlg — 1)g + 2qy9' + 9",
9°B _ dy _
Foides ~ —qz " yg — af(g + yg”)a—%1 =21 (g + g +v%9").

9’B q N Jy q / 2

i —z1(y9') pr zi(yg' +y°g").
The matrix (32) turns into

9°B 5’B
2 Ox10x -2 1 -1 1 0
(52) ( i 612}32):3:({ ( )R( )
Ox10x2 sz 0 1 -1 1
where
R <q(q -Dg—yg"  —qyg ) .
—qyg’ yg' + 9"
As before, we require that this matrix be singular:
(53) (¢lg —Dg— g ) yg' +v*9") = (qvg')*,
and negative definite (for Byax) or positive definite (for Bpin):
ygmin —q\q — 9Jmin > = ygma,x —q\q — Jmax-

(54) ' (g—1) <0 <yg, (g—1)

It is natural that (53) and (54) are the limit cases of (45) and (46) as p — oc.
As before, we make the substitution h = yg'/g and solve equation (53):

h+ -1
(55) Y= Yooy T exp (—qT) ;

inequality (54) turns into
(56) hmin - Q(q - 1) é 0 é hmax - Q(q - 1)
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Again we introduce a new variable r by putting

o h—ale=1) - de-1)
qh 1—gqr
Then (55) turns into
y=0(1—-r)e"

where 6 = yooq% exp(—1/q), so that » = r* = u*(y/d). As before, the sign of r is
determined by (56). Finally, we have

1—qr (1—7\1
B(z:q,0) = 2%9(y; ¢,0) = ¢ .
(s10.8) = talyr.0) = a1 (1=2)

Now, we pass to the more difficult limit case of p = 1. Of course, to find a candidate
for the Bellman function we can pass to the limit as p — 1 in formulas (13)-(14). How
to do this was explained immediately before the statement of Theorem 2;. However, we
try to adapt the arguments used above to the particular case in question. The situation
is noteworthy, because condition (38) is no longer the usual concavity, and (39) is not
the usual convexity.

As before, we consider three points in Qs(1): z* and 2° = (a~z] + atz], maxzy).
For a given weight w, we get such a triple if we take z° = ((w)r,sup; 1/w), 2% =
((w)r+,sup;e 1/w), where I = I~ U I is a splitting with [I*]| = aF|I].

Assuming that the function B is sufficiently smooth, we take its Taylor expansion near
the point 2° up to the second order terms:

2

0B 0°B
Y o 0 ) (2t — 20)(2F — 29
(57) B(*) ~Bla )+ el 2 G ot —ad)af —a))
Since one of the values xgt coincides with 23, for definiteness we assume that zj = 29

and Ay & 19 —x, > 0. Recalling that 29 = a~ 2] + otz we put Ay = 27 — 27 .

Then, taking the linear combination of the expressions (57) with the coefficients o™, we
get
a B(z7)+aB(z") - B(2")
B 1 ’B ’B 1 ’B
z—ofa—Ag—i——a*a a—AQ at 0 0

- AQ
0xo 2 ox? 0x10x2 ! 2+2a 0xo

For B,.x this expression must be nonpositive for all small A; and small positive As.
This yields
5‘Bmax 2 0, aQBr;lax S 0.
0xo Ox?
For B, the reverse inequalities must be true. Supplementing this by the singularity
condition (which just provides the Bellman equation, as a matter of fact), we get two
possibilities:

5‘2B aBmax aBmin
(58) 0x? 0, Oxy 0, Ors — 0
8B aQBmax aQBmin
_ = — < > 0.
(59) O 0, oz ~ 0, oz ~ 0

Together with a weight w € A we consider the family of weights @ = tw; this yields
the identity

x
B(txl, —2

¢ 7paQ76) :th(xlva;pa(L(s)a t>0.
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Putting ¢ = z2 we obtain the relation
B(xlea 17pa q, 5) = ng(mla z2;p,q, 5))

whence B(x) = z%g(z122), where g is a function on [1, ] defined by the formula g(y) =
y 'B(y,1).

As before, by the Holder inequality (see (41)) we have B(z) > z{ for ¢ ¢ (0,1) and
B(z) < z{ for ¢ € [0, 1], which implies that ¢ > 1 for ¢ € (0,1) and 0 < g < 1 for
q € [0,1]. Moreover, since the relation z1z2 = 1 occurs if and only if w = 1 = const, we
have B(z1, 27" ¢,0) = 29, ie., g(1;¢,6) = 1.

First we find a solution satisfying (58). This must be a linear function in x4, i.e.,

B(z) = a(x2) + b(z2)z1 = 2{g(2122).
Putting z; = 25, we get a(z2) = x5 ¢ — b(xz)2;5 *, whence
257+ b(x) (2129 — )25t = 2g(2122).
Therefore,
(z122)79(z122) — 1 der

-1
b(zo)xd™" = = ¢ = const,
X1 — 1

and
B(z) = cx1zy T+ (1 — )z, Y,
gy) =cy' T+ (1 -y .
Since the function y +— y;%ll increases monotonically for ¢ ¢ (0,1) and decreases mono-

tonically for ¢ € [0, 1], and

9y) = 1=y (y - 1)(6 - yyq__ll),

the constant c¢ satisfies the condition

025 1 >q forg¢l0,1],
(60) 5q__ 1
< .
c< 5_1<q for g € (0,1)
Now we examine the sign of the derivative
0B _ g g
o = el = Qay? = (1= g = 2377 el = sz — (1= )],

The linear function ¢ : y +— ¢(1 — q)y — (1 — ¢)q must keep its sign on the interval
y € [1,6]. But we know its sign at the point y = 1, because by (60) we have ¢ — ¢ > 0 for
q ¢ 10,1 and ¢ — g < 0 for ¢ € (0,1). Therefore, this function is a candidate for Byax
if ¢ ¢ [0,1] and for B,y if ¢ € (0,1). Note that there is no admissible value of ¢ for
q > 52, because then (1 —¢)d + ¢ < 0 and the restriction () = c[(1 —¢)d +¢] — ¢ >0
contradicts condition (60). For the other ¢ it is natural to choose ¢ in such a way that

[1,6] be the maximum interval where the function ¢ does not change its sign, i.e., to
(1—c)q
c(1—q)

solve the equation § = , whence

P B
q+(1—q)’

and for B we get the expression written in formulas (36)—(37).
Now we consider the second case, where conditions (59) are fulfilled. This implies
immediately that in the representation B = x{g(z122) the function g is constant and,
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consequently, g = 1, i.e., B = z{. To understand which of the two functions By, or
Biuax it represents, we need only to find the sign of its second derivative. Since
9°B _
ox?
we have Byin = 2 for ¢ € (0,1) and Byax = 2 for ¢ € [0,1]. This yields the second
half of formulas (36)—(37).

q(q - 1)‘1:(11_27

Appendix 2: how to find an extremal function. In the proof of Lemma 1 the
required extremal function appeared without any explanations. Now we explain how to
find it.

Since for an extremal function we have equality in (26) on the corresponding side
(of course, each of By, and B has its own extremal function), we need to have
equality on each splitting step in the chain of inequalities (27). This means that in the
splitting process we “go” only along the vector field determined by the kernel vectors
of the matrix (23). From (24) we get the equation for the trajectories on which the
functions B are linear:

(61) z2(1 —r)dz1 + (p — 1)z1dz2 = 0.

The corresponding trajectories are the family of the segments of the tangent lines

(62) bPxy 4+ 6(p — 1)ae = dbp

to the graph xlx’;l = § between the points (5pb1_pﬁ, prp) and (6b'7P,b). We check

S
this claim.
1 ;0—1)

Together with (61), we use the definition of r: r = uff(gmla: , le.,
-p
(63) 51— r)(l - %) =2h 7,
whence
__p= Drdr _dmy Ao
T=—np-n = 0
Combined with (61), this equation yields
1—7r 22(0)p
64 — 21(0 _ ,
(64) ni) = 21 Opi—, aa(r) = 2

If we take x9(0) = b as a free parameter, then from (63) with 7 = 0 we get z1(0) = §b' P,
and excluding 7 from (64) we obtain equation (62). In fact, we have got two families of
straight segments:

wg’(b) = {x = <5pb1*p%,pbfr) :0<r< s*},

wy (b) = {x = <5pb1*p; b_p) s <r< O}.

Each of them covers the entire domain s:
Qs = Jwi (0 = |Jws 0
b>0 b>0

The functions Byax and By, are linear on the corresponding segments (we must take
the same sign for w that is taken for r in the expression for B in accordance with
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formulas (13)—(14)). Indeed,

e A’l—'yr_ 5 1—pl—r T/ bp LA P Y1 —r
] Ty =|opb P——
1—r 1—7s p—r p—r 1—r 1—7s
st (I=s)Y1—~r

l—vs p—r
1— )
= 575—1)7%(@7 + (1 = yp)a2).

Note that we have yet another “admissible trajectory”, which is the envelope of the
segments w; (b) (or w; (b)): bt =6

First we consider the case of points on this critical line: ) is an arbitrary positive
number and 29 = §(29)1P. Let I = [0,1]. We split this interval at a point a: I~ = [0, a],
It = [a,1]. The points ¥ must be on our “admissible trajectory”, i.e., on the graph
xlx’;l = 0 on one side of ¥, and on the straight line x92; + (p — 1)2022 = pafzY on
the other side. By symmetry, we may assume that =~ is on the graph xlxé’*l = 4. Then
for all a € [0,1] we have

(65) (é /Oa wl(t) dt) (é /Oa w(t) dt)p_l =

If we introduce
v(a) :/ w(t)' 7 dt,
0

then, substituting [; w(t)'~# dt = v in (65), we get

L PR AR
(a/o V() dt)(a) =9
/ o' ()P dt = daPul TP,
0
(V)P = optP~ ot TP £ 5P (1 — p)u P,

=ofo- ) ()

v (%

1-0(1-2) === ()"

Therefore,
v
1- —) = s,
p( tv’
dv  p di
v p—st’
v = const - tﬁ,
w P = = const - tv s,
s(1—p)
w = const-¢ r=s .
To normalize the solution by the condition (w); = ), we must take const = 92 (pl:ss),

and finally we obtain

(66) w(t) = x?wtsg—?) .
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Note that % > —1 (since s < 1), whence w € L*(I). We check that also w!™?" €

LY(I) and 29(23)P~! = §. Since

S(l—p). o S
pr— (1-9p) .

the function w!~*" is integrable, and

= ) = (PN o) (220

p—s p
_ —1/p—s\P (-1 1 S\ P
O R e (e I
Now, let 2% be an arbitrary point in 5. Then we make the following splitting:
x7 = (8(zy)1 7P, x5 ) and 2 = ((¢F)' 7P, 23 ), where both points z* are on the line (62)

with b = z,, i.e., on the tangent line to the graph xlmg_l = § at the point =7, to
guarantee equality in (18) (or in (19)). Since the point &t corresponds to the value
r = s in (64), and the point 2° corresponds to the value r = r0 = wu,(329(29)P 1),
equations (64) yield

1—19 1—5
o_ ,—p- ' + -
xl*xlpp_ro’ x] 7x1pp_8,
Lo Lo
2= P2 g = 22
p—r p—3s
For the splitting point « = a~ we have
wy —ay =a (zy —x3),
whence
_ pls=19)
o s(p—rY)

Since z7 (3 )P~ = 1, the function w is constant on I, i.e.,

+_ ol=s)p-1%)
A—)p—s)
and for the interval I~ we must take the extremal function (66) renormed to this interval:
L pl—s) (NEEE (1= s)(p—r0) 1y
wl- =x; —= (- =T .
p—s \a (1=r9(p—s)
This yields the extremal function we used in the proof of Lemma 1.
Passing to the limit as p — oo, we get the extremal function

wm—{xf(%)s fost<e

xf ifa<t<l1,

a

that was used in the proof of Lemma 1.

Of course, this extremal function can be obtained by repeating the construction for
p < 00, which clarifies the situation to a greater extent than a formal limit passage. The
trajectories where the functions B are linear (i.e., the vector field given by the kernel
of (32)) are

x=(0e’(1—7),b—r):0<r<sT}
x=(0e’(1—7r),b—7r):s" <r<0}.



76 V. VASYUNIN

They are the segments of the tangent line
x1 = 0e(zy —b+1)

to the graph 27 = 6e*? between the points (e?~%,b — s) and (de?, b).

After the above analysis it is useful to repeat the remark made before the statement of
Theorem 2: it would be more natural to consider the variable zo = —(p — 1) 1og<wﬁ Y
rather than xy = <w1flp )1. But this becomes clear a posteriori, when we have found and
investigated the Bellman function for various p. We review briefly the changes that
happen if we take xo = —(p — 1) log<wﬁ)1 as the second variable. For such a choice of
22 the domain Qs(p) is the same for all p, namely,

Os = {(z1,22) 1 22 € R, 1 < me™™2 < 6}
For all p the Bellman function has the form
B(z;p,q,0) = 19(y: p. q,9)
with y = z1e7*2. Now, in Lemma 3 we must consider “generalized” convexity/concavity:

Binax(2%) > @ Buax(z7) + @ Bpax(21),

67
( ) Bmin(xo) é OéiBmin(xi) + aJerin(er)a
where
x(l) =a r; + oﬁxf,
(68)

£ =3
9 =—(p—1)log (a*e_r’_zl + oﬁe_v_zl),

0

i.e., the three points z*, z° are on the curve

(69) e = —(p — 1) log(azxy + b),

which now plays the role of a straight line. Any two points & can be joined by a unique
curve of this form with the parameters

a‘,2+ :527 :c+2 :527
e p-1 —e p-1 xfei p=1 —gp; e p-1
a= T b= e ’
Ty — I T — I

and the point 2° given by (68) is on the same curve. The concavity/convexity condi-
tion (67) is concavity/convexity along the lines of the form (69). Surely, the quadratic
form responsible for the corresponding property changes. Now, the role of the matrix
in (23) will be played by the matrix

a’B 2’B
895% Ox10xo

(70) 9’B 823+ 1 . 0B |-
Ox10x2 Ox2 p—1  Ozo

Calculating the quadratic form of this matrix, we get
'yq(q—l)a:‘f_Q(l—S)Q(p—r>q*1 2
— 1—7r)A1 —2149)".
7.(1 _ 73) 1—r p—s (( 7“) 1— 21 2)

Now, the trajectories w® determined by the kernel of the matrix (70) are the pieces of
a logarithmic curve that touches the graph zo = log %t. If the tangency point is denoted
by k = (k1,k2) (k1e” "2 =), then

wi (k) = {x: (m}%,ng—f—(p—l)logp;r) 0<r< s*},

wy (k) = {m: (Iil%,ﬁg—l—(])—l)logp;?a) o STSO}.
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In the limit case as p — oo, these segments of the logarithmic curve tend to segments of
the straight line that touches the boundary of €25 at the point k.

To consider the other limit case (p — 1), we need to renormalize the basis in which
we calculate the matrix (70), namely, we divide the second vector by v/p — I. Then we
can pass to the limit

9*B 9%2B 2p

ot VP loom \ _ (%F 0
3°B + 9B 0 aB | -
) Oxa

/——7_0°B
p— 18x18x2 (p - 1) e Do

Since the limit matrix is diagonal, the Bellman equation “factorizes” and we get two

: : . 9°B _ 0B _
independent equations: 027 = 0 and 52y = 0-

@3

In this limit the curve w™ (k) turns into a horizontal straight segment and w™ (k) into
a vertical one:

wi (k) = {x = (k1t, K2) :

wy (k) ={x = (k1,k2+1): 0 <t <logd}.

<t<1},

S

Appendix 3: how to calculate the “A,-norm” of the extremal function. Since
the “A,-norm” (2) (or (1) for p = co) does not change after multiplication of the weight
by a constant, we calculate the supremum of the expression
(71) (w)r(w!' =)
for the weight
a’t™” if 0 <t <a,
wa,u(t) = .
1 fa<t<l1.
We shall consider I = [a, 8] with 0 < o < a < 3 < 1. The average (w)[p,1) is finite if
v <1, and <w1*p')’;71 is finite if v > 1 —p; in what follows we assume that 1—p < v < 1.
Direct calculation yields
Bl —v)+av—al~"a”
Q=v)(B—a)
g Bl u(p = 1] = av(p — 1) — a1+ Vg D
<w P >I = / °
[L+v(p —D]B—-a)

(w)r =

We introduce two new variables
Oélfuau OélJrV(p/*l)a*V(p/*l)
Bl —v)+av’ r= Bll+vp —1)]—av(p —1)

The restriction 0 < a < a < g implies 0 < A < 1,0 < g < 1. We introduce yet another
parameter

av , av(p’ —1)1p-1 T \P~1
K=(1 u+ﬁ){1+u(p 1) 5 (a T)(1+p_1) :
where the variable 7 = v(1 — a/f) is in the same interval 1 —p < 7 < 1 as v. Then
0 < K < 1. Indeed, the function 7 — K (7) increases monotonically from 0 to 1 when 7
runs from 1 — p to 0, and decreases monotonically from 1 to 0 when 7 runs from 0 to 1.
Rewriting (71) in these new terms, we obtain
<w>l<w17p/>z})—1 — K(l — /\)(1 — u)p 157

(1 —a/B)P

A=

where

(72) 5= L

L =v)L+v@ —Dp-t
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We replace the fraction a/f in the denominator by Kl/”/\l/pul/p/. We can do this
because

1—v
o P al//p %

(B~ ) +a) 7 (B[L + (@' — D] —avly — 1)) KT

v~ p—1
»’ a »’ o

AP 1/t —

Finally, we get
K(1 =N - !
(1-— Kl/p)\l/pul/p/)p'

To show that the “Ap-norm” of w,, is J, we need only to check that the above
fraction does not exceed 1. Indeed, this fraction is equal to 1 for @« = 0 and 8 = a,
when K =1 and A = g = 0. Observe that the intervals with 5 < a do not require any
special treatment, because for such 3 the expression (71) does not depend on a (a” is a
multiplicative constant) and we can take the expression (72) with a = 3.

The remaining arguments are formal and easy. We consider the function

=N =t
P p) = (1= KUn\Uppl/v)p

on the square 0 < A < 1,0 < p < 1. Since

Do ATVP(1 — p)p L (KYP M — \1/P'
N (1 — KY/pX\L/pyt/p")p ’

(73) (w)r(w! ) =

© takes its maximum value for A = K plflu:
’ 1 — M p—1
KP =) = (7 ) .
o ) =T .
Since the latter function is monotone decreasing in p, its maximum value is 1 for p = 0,
ie.,
1
1 -v)[L+v@ -t
Note that the “A,-norm” of w,, does not depend on a. So, fixing § (i.e., v) and
varying ¢ and a, we can get an example of a weight representing any point of the domain
Qs. If we need a function w, , of a prescribed “Ap,-norm” ¢, we must solve the equation

- - P = (1)1 -

6
mun(l)

Using relation (25) and the notation s = u,(1/d), we can rewrite this solution in the
form

(w)r (P < K§< 8=

vy,

1-p

whence

B 1)57
p—3s
which was used in the proof of Lemma 1.

We do not present independent estimations in the case of p = oo, but simply pass to
the limit in the expression for § (formula (72)). As a result, we see that the “A,-norm”
of our weight is equal to § = f:y

I would like to thank S. V. Kislyakov who called my attention to the possibility of
including the limit case where p = 1 in the general framework; this case was absent in

the initial version of the paper.
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