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HOMOGENIZATION OF A STATIONARY
PERIODIC MAXWELL SYSTEM

T. A. SUSLINA

ABSTRACT. The homogenization problem is considered for a stationary periodic
Maxwell system in R? in the small period limit. The behavior of four fields is stud-
ied, namely, of the strength of the electric field, the strength of the magnetic field,
the electric displacement vector, and the magnetic displacement vector. Each field is
represented as a sum of two terms. For some terms uniform approximations in the
L2(R3)-norm are obtained, together with a precise order estimate for the remainder
term.

§0. INTRODUCTION

0.1. In the present paper, we consider the homogenization problem for a stationary
periodic Maxwell system in the small period limit. This problem was studied intensively;
in particular, it was discussed in the books [BaPal [BeLP,[ZhKOl [Sa]. However, the known
results give only the weak convergence of solutions to the solution of the “homogenized”
system with constant coefficients.

We rely on the abstract approach developed in [BSull [BSu2]. This approach makes
it possible to establish the convergence of resolvents in the operator Ls-norm to the
resolvent of the homogenized problem, and simultaneously gives a remainder estimate of
precise order. At the same time, the Maxwell operator can be included in the class of
differential operators studied in [BSull, BSu2|] only in the case where one of two periodic
characteristics of the medium is constant. In [BSu2, Chapter 7], the homogenization
problem for the Maxwell operator was considered in the case where u = 1. Here we
study the much more difficult general case, which requires essential modification of the
technique. The detailed comparison of the methods and results of the present paper and
those of [BSu2] is given below in Subsection 0.8.

0.2. Setting of the problem. We denote & = Ly(R3;C3) and J = {f € & : divf = 0}.
Let T be a lattice of periods in R3, and let 2 C R3 be the elementary cell of I'. Assume
that the dielectric permittivity n(x) and the magnetic permeability p(x) are I'-periodic
matrix-valued functions and that n and p are bounded and uniformly positive. We denote
by u the strength of the electric field and by v the strength of the magnetic field; w = nu
is the electric displacement vector, and z = pv is the magnetic displacement vector. We
write the Maxwell operator M in terms of the displacement vectors, assuming that w
and z are solenoidal. Then M = M(n, ) acts in the space J @ J and is given by the

formula )
. 0 i curl p—
M(%M) - <—i curlnfl 0 >

on the natural domain. The point A =i is a regular point for M.
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Let € > 0 be a parameter. Consider the family of operators M. = M(n®, u°) with
rapidly oscillating coefficients 7°(x) := (e 71x), p(x) := u(e~1x). Our goal is to study
the behavior of the resolvent (M. —iI)~! as € — 0. In other words, we are interested in
the behavior of the solution of the equation

(0.1) (M, —il) (Wf) - <q> , qre.d

€ r

The corresponding strengths are given by u. = (7°) " 'w. and v. = ()" 'z.. In detail,
(0.1) can be written as

i curl(pf) 'z, —iw. = q,
(0.2) —i curl(n®) " 'w,. —iz. =,
divw, =0, divz. =0.

Note that the resolvent of M, could be considered not only at the point A = ¢, but
also at any other nonreal point.

0.3. The main results. We represent each field as a sum of two terms. Namely,

W, = qu) + w@, Z. = zé‘” + z@, where the pair of vectors Wéq), qu) is the solution of

system (0.2) with r = 0, and the pair of vectors w2 is the solution of system (0.2)
with g = 0. Similarly, the fields u., v. are also represented as sums.

For some terms, namely, for u@, qu) and vg), z@, we obtain uniform approxi-
mations in the &-norm with a precise order remainder estimate. Such approximations
are the main results of the paper. For the remaining fields we still have only weak con-
vergence in & to the corresponding fields in the homogeneous “effective” medium with
characteristics n°, u°. Here n°, u® are the “effective” matrices for the elliptic operators
—divn(x)V, —div u(x)V, respectively. We recall the definition of the matrix u°. Let

C € C3, and let ®c(x) be a periodic solution of the equation
(0.3) div pu(x)(V®c +C) =0, CeC?
Then
p’C = |Q\_1/ w(x)(Voc + C)dx, CeC>.
Q
The matrix n° is defined similarly. The “elliptic” rule of finding the effective coef-

ficients for the Maxwell operator is well known (see, e.g., [BeLPl [ZhKOl [Sa]). Let

MO = M(n°, u°) denote the “effective” Maxwell operator with the constant coefficients
0 ,,0
n°, ul.

Now we describe the character of approximations. For definiteness, we dwell on the

case where q = 0. Let w((f), zér) be the solution of the “homogenized” system

(0.4) (MO —il) (:g) = (8) .

We put uér) = (no)’lw(()r), v((f) = (uo)*lzér). Besides the “homogenized” system (0.4),
we consider the “correction” system

(0.5) (MO —iI) <v;v(<)>> ) <£) |

where the right-hand side r. depends on r and contains some (explicitly described) rapidly
oscillating (as € — 0) factor with zero mean value. Then the solution of the “correction”
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(r _
e =

system (0.5) weakly converges to zero in . We put v (10120 Approzimations

for the fields VE;T), zg) are chosen in the form
(0.6) VO = (1Y) 490, 20 = (14 6F) (] +2),

where Y*¢, G° are appropriate rapidly oscillating periodic matrix-valued functions with
zero mean. We have

(0.7) v =30|s < Celrlle, 2 —27|le < Cefrle, 0<e<l.

However, for ué” and wg) we still have only weak convergence to uér), W(()T).

In approximations (0.6) (after opening the parentheses), we distinguish the summands
v(()r)7 z(()r) that do not depend on ¢ and are equal to the weak limits of vé”, z?); the other
summands weakly tend to zero in &. The rapidly oscillating factors in (0.6) and in
r. are described in terms of the periodic solutions ®¢ of equations (0.3). Clearly, the
precise order estimates (0.7) are much more informative than the weak convergence of the

solutions (which follows from (0.7)). For the fields ul?, wl? | we obtain approximations
similar to (0.6), (0.7).

0.4. Reduction to an auxiliary second-order operator. Our method of investiga-
tion employs reduction to the homogenization problem for some vector elliptic second-
order operator. We explain this, again in the case of ¢ = 0. In this case, (0.2) implies

that z.” is the solution of the problem

(0.8) curl(n®) "t eurl(pf) 12l + 20 = ir, diva) =0, re.J

Then g, = (,us)_l/ngr) is the solution of the system

(0.9) (%) eurl(nf) " eurl(p®) Vg + ge = i(pS) "V r,  div(p) g = 0.

It is convenient to pass from (0.8) to (0.9), because the operator in (0.9) is selfadjoint
with respect to the standard inner product in &, while the operator in (0.8) is selfadjoint
with respect to the inner product with the weight (u£)~! (which depends on ¢).

Next, we extend system (0.9) in order to “remove” the divergence-free condition (de-
pending on the parameter €). This leads us to consider the operator

(0.10) L=L(,nv)=p?curly™ curl p= /2 — 2V div /2,

which is selfadjoint in &. Here v(x) is some bounded and uniformly positive I'-periodic
function. Clearly, for application to the Maxwell operator it would suffice to assume that
v(x) = 1. The operator L splits into the orthogonal sum & = G(u) @ J(u), where the
subspace G(u) consists of vector-valued functions of the form u'/2V, and J () is formed
by the vector-valued functions f satisfying the divergence-free condition div p'/%f = 0.
Mainly, we are interested in the part of £ acting in J(u). Let P(u) denote the orthogonal
projection in & onto J(u).

Let L. := L(p®,n°,v°) be an operator of the form (0.10) with rapidly oscillating
coefficients. Then the solution of system (0.9) can be written as

(011)  ge = (Le+ D)7 (i) r) = (Lo + 1) P(u) (i)~ 2r).

Thus, our question reduces to the study of the behavior as ¢ — 0 of the resolvent
(Lc+ 1)~ (more precisely, of its “solenoidal” part (L. + 1)~ 1P(u)). The technical part
of the paper consists in the study of these objects.
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0.5. Inclusion in the framework of the abstract method of [BSull BSu2]. It is
essential that the operator (0.10) admits a factorization £ = X*X, where X : & — &, =
Ly(R3; C*) is the homogeneous first-order differential operator of the form

v —in~ Y2 curl u~1/?
o\ = Pdivpt/? )

We decompose the periodic operator £ in the direct integral of operators L£(k) that act
in the space § = L2(Q;C3) and depend on a parameter k € R3. The operator £(k)
corresponds to the differential expression

/fl/z curly 7! curly u*1/2 — u1/2VkV divyk ,u1/2

with periodic boundary conditions. Here Vi := V + ik, divy := div+ik-, curly :=
curl +ik x. The operator L(k) also admits factorization: L(k) = X (k)*X(k), where
X (k) is defined via X in the same way as L(k) is defined via £. The operator £(k) splits
into the orthogonal sum $ = G(u;k) @ J(u; k), where G(p; k) is the subspace of the
periodic vector-valued functions of the form p'/2Vyp, and J (15 k) consists of periodic
vector-valued functions f satisfying divy p!/2f = 0. In the direct integral decomposition
for £, the part £, corresponds to the part (L(k)).(.:x)-

We can apply the abstract method suggested in [BSull, BSu2] to the operator family
L(k). In [BSull BSu2], the family of selfadjoint operators of the form A(t) = X (¢)* X (t)
with t € R, X (t) = Xo + ¢tX1, was studied. Now the parameter k is three-dimensional.
To avoid this difficulty, we put (cf. [BSu2, Chapter 2]) k = t0, t = k|, 8 € S®.. Then
all the objects will depend on the additional parameter 8, and we need to trace this
dependence. We put L(k) =: L(¢;0), X(k) =: X (¢;0). Then X (¢;0) = Xo +tX1(0) and
L(t;0) = X (t;0)* X (¢;0).

The main notion of the abstract method of [BSull [BSu2) is that of the spectral germ
S of the family A(t) at t = 0. In our case, the germ S(6) of the operator family
L(t;0) depends on 6; S(8) is a selfadjoint operator acting in the three-dimensional kernel
N = Ker £L(0) = Ker Xg. (The precise definition of the germ is given in Subsection 4.3.)
Let P denote the orthogonal projection in $ onto the kernel 1. Calculations show that
S(0) is unitarily equivalent to the germ S°(0) corresponding to the “effective” operator
L0 = L(u°,n°, v) with the constant effective coefficients. Here v=! = [Q| 7! [, v(x) ™! dx.
We have S(8) = U*S°(0)U, where U is the unitary operator of “identification of kernels”,
which maps 9t onto M°. Here MY is the similar kernel corresponding to the operator £°.
The kernel N consists of constant vector-valued functions and can be identified with C3.
The operator U admits a natural description in terms of solutions of equations (0.3); see
Subsection 4.2.

0.6. Approximation of the resolvent near the bottom of the spectrum. The
lower edge of the spectrum of the operator £ is the point A = 0. The possibility of
homogenization is a “threshold effect” related to the behavior of the resolvent near the
bottom of the spectrum. This point of view on homogenization problems for periodic
operators was successively developed in [BSull [BSu2]. Accordingly, we need to study the
behavior of the resolvent (£ +¢21)~! for small ¢; in its turn, this reduces to the study of
the behavior of the resolvent (L(t;0) + 2I)~!. Also, we must separate the “solenoidal”
parts of these resolvents.

To the operators L(t; @), we apply the abstract Theorem 1.5.5 of [BSu2] on the ap-
proximation of the resolvent in terms of the spectral germ. By that theorem, for small &
the resolvent (L(t;0) + ¢2I)~! can be approximated (in the operator norm in §)) by the
operator (t25(0) + e2Iyn) 1 P. Then, using the relationship between the germs S(6) and
S9(0), we can approximate the resolvent (L(t;0)+&%I)~! by the “sandwiched” resolvent
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(UP)*(LO(t;0) +2I)~L(UP) of the operator L°(t; §), which corresponds to the effective
operator £°.

Let P(u; k) be the orthogonal projection in $) onto J(u;k). In order to approxi-
mate the “solenoidal” part of the resolvent, i.e., the operator (L(¢;0) + £21)~'P(u;t0),
we need to study beforehand the behavior of the operator P(u;t0)P for small ¢t. It
turns out that the limit of this operator as ¢t — 0 depends on 6 and is equal to
the projection onto some two-dimensional subspace Jg of the kernel 91. The sub-
space Jg is invariant for the germ S(6). As a result, we approximate the operator
(L(t; 0) +e%I)~ P (u; t0) by the “sandwiched” solenoidal part of the resolvent of L°(¢,0),
that is, by (UP)*(LO(t; ) +21) "1 P(u°;t0)(UP).

Next, using decomposition of the initial operator £ in the direct integral of the op-
erators L£(k) = L(t;0), we obtain approximations (in the operator norm in &) for
the resolvent (£ + £2I)~! by the “sandwiched” resolvent W*(L? + 2I)~'W of L°.
The “solenoidal” part (£ + &2I)~1P(u) of the resolvent is approximated by the “sand-
wiched” solenoidal part of the resolvent of the effective operator, i.e., by the operator
WH(LY + e2I)~P(u®)W. The bordering operator W is described in Subsection 7.2.

Further analysis of the bordering operators W, W* allows us to replace them in
approximations by the simpler operators of multiplication by some periodic matrix-valued
functions W(x), W(x)*. These matrices are expressed explicitly in terms of solutions of
equations (0.3).

0.7. The results on homogenization for the operator L. Finally, we apply the
scale transformation to obtain approximations in the operator norm in & for the resolvent
of the operator L. and for its solenoidal part:

(0.12) [(Le4+T)" = (WH(LO+T)"'Welgoe <Ce, 0<e<]1,
(0.13) (L +D)7'P(pf) — (W) (L' + D' PO)We|lg—es < Ce, 0<e<1.

Estimates (0.12), (0.13) represent the main results of the paper concerning the homog-
enization problem for the operator L. The constants in these estimates are controlled
explicitly.

Now, the results concerning approximations in the homogenization problem for the
Maxwell operator follow from estimate (0.13) and the reduction (described above) of the
question to the behavior of the vector-valued function (0.11).

0.8. Comparison with [BSu2]. In the case where the magnetic permeability u(x) is
constant, u(x) = u°, the operator £ admits a factorization of the form

(0.14) £ = b(D)*g(x)b(D),

where the periodic (4 x 4)-matrix g(x) and the homogeneous first-order differential op-
erator b(D) : & — &, with constant coefficients are given by

n(x)~1 0 —1 curl(uo)’l/2
o= (" ) o= (TR
The class of periodic matrix differential operators admitting factorization as in (0.14) was
distinguished and studied in detail in [BSull, [BSu2]. The study of the homogenization
problem for the Maxwell operator with p(x) = 1 in [BSu2, Chapter 7] was based on
the representation (0.14). In the present paper, the following steps are borrowed from
[BSu2, Chapter 7]: representation of each field as a sum of two terms, reduction of the
problem to a second-order equation, and further extension of the operator. However, the
case of u = u0 is significantly simpler than the general case: it turns out that if g = u°,
then M = NY and S(0) = S°(0), i.e., the kernel N and the germ S(O) for the operator
L(t; ) coincide with those for the effective operator L°(t;0). In accordance with the
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terminology of [BSu2|, the operators L(t;0) and L°(t; @) are threshold equivalent. In
this case, it is possible to approximate the resolvent (£, + I)~! directly by the resolvent
(L% 4 I)~1 of the effective operator (without any bordering). As applied to the Maxwell
operator, this leads to the fact that the approximations (0.6) simply coincide with the
“homogenized” fields: GS) = v(()r)7 ’zé” = z(()r). In the general case, the families L(t; 0)
and L°(t; @) are not threshold equivalent. Approximations for the resolvent of £, involve
“bordering” operators, and approximations (0.6) for vy), zgr) contain rapidly oscillating
factors. Besides, it is much more difficult (as compared to the case of u = u°) to sepa-
rate the solenoidal parts of the operators in approximations. All this requires essential
modification and complication of the technique, as compared with [BSu2]. It should be

mentioned that, for 4 = 1, our result on approximations for vy), zgr) repeats the result

of [BSu2, Chapter 7]. At the same time, our analogs of approximations (0.6) for u@,

w'? refine the results of [BSu2, Chapter 7], where only weak convergence in & to ugq),

W(()q) was proved for these fields.

0.9. The structure of the paper. §1 contains preliminaries. §2 is devoted to some
classes of vector-valued functions; here we analyze the required versions of the Weyl
decomposition in R? and in . (The material of §2 is based on the results and techniques
of [BSI].) In §3, we define the operator £ and the operators £(k) arising in the direct
integral decomposition for £; also, we study the properties of the band functions (the
eigenvalues of £(k)). In §4, the general method of [BSu2, Chapter 1] is applied to the
study of the operator family £(k) = L(t; ), the spectral germ S() is calculated, and
the analytic (in ¢) branches of eigenvalues and eigenvectors of L(¢; 0) are investigated. §5
is devoted to approximation of the operator P(u;k)P for small |k|. Here we prove the
crucial technical result of the paper (Theorem 5.1). In §6, we obtain approximations (for
small ¢) in the operator norm in § for the resolvent (L(t;0) + 2I)~! and its solenoidal
part. In §7, we find approximations in the operator norm in & for the resolvent (£+¢21)~*
and its solenoidal part. The “bordering” operators W, W* are also calculated in §7. In
68 it is shown that, in approximations, the “bordering” operators can be replaced by
the simpler operators of multiplication by some periodic matrix-valued functions W (x),
W(x)*. Such a replacement only affects the constant in the remainder estimate. In
89, we consider the homogenization problem for the operator £. and establish estimates
of the form (0.12), (0.13). In §10, the results of §9 are adapted for application to the
Maxwell operator: the solutions of system (0.8) are approximated uniformly in the &-
norm. In §11, for completeness of exposition, we consider a comparatively elementary
question about weak convergence of the solutions and “flows” for system (0.8). (Results
of this type are quite traditional in homogenization theory; close results can be found,
e.g., in [BeLP].) Finally, §12 contains the main results of the paper on homogenization
for the stationary periodic Maxwell system. They follow from the results of §10 by direct
recalculation.
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§1. PRELIMINARIES

1.1. Notation. Let G, G, be separable Hilbert spaces. The symbols (-, )g and || - ||g
stand for the inner product and the norm in G, and the symbol || - ||g—g, stands for the
norm of a linear continuous operator from G to G.. By I = Ig we denote the identity
operator in G, and by Og the null operator. The symbol (-,-) denotes the standard
inner product in C", and | - | is the norm of a vector in C". For z € C, 2T denotes
the complex conjugate number. For vectors a = (a',a?,a®),b = (b',%,b%) € C3, we
use the notation a-b = a'b! + a?b? + a3b%; by a x b we denote the vector product. If
s is a (3 x 3)-matrix, |s| stands for the norm of s viewed as an operator in C3. The
unit (3 x 3)-matrix is denoted by 1. Next, we write x = (2',22%,2%) € R3, 9; = §/0a7,
D; = —i0;, j = 1,2,3; V = (01,02,03), D = —iV = (D1, D5, D3). Notation for the
vector differential operations div, curl is standard. The classes L, of C"-valued functions
in a domain D C R? are denoted by L,(D;C"), 1 < p < oo. By H/(D;C"), | € R, we
denote the Sobolev classes of C™-valued functions. For n = 1, we write simply L,(D),
HY(D).
We introduce the class

MR = {o € LR s [ (96l + [xi2ol?) dx < oo}

with the norm |||y = |Volr,. Then H'(R3) is a complete Hilbert space (see, e.g.,
[BS2]). The set C§°(R?) is dense in H!(R?).
The Fourier transformation in Ly(R3; C™) is denoted by §.

1.2. Lattices. Fourier series. Let I' be a lattice in R3, and let a;,as,a3 € R3 be a
basis in R? generating the lattice I'. Then

3
I'= {aeRS:a:Zajaj, ol EZ}.
j=1
Let € be the elementary cell of the lattice I':

3
Q:{XGRB:X:ZTjaj, 0<Tj<1}.
j=1

The basis {b', b? b} in R? dual to {a;, a, ag} is defined by the relations (b, a;) = 27dt.
This basis generates the lattice T dual to the lattice T':

f:{beR3:b:iﬁjbj, ﬁjez}.

j=1
We denote by Q the Brillouin zone
Q={keR’:k|<|k—b|, 0#£bel};

Q is a fundamental domain for I'. This domain is a convex centrally symmetric polyhe-
dron. We use the notation |Q| = mes (2, |Q| = mes Q. Note that || |Q| = (27)3. Let 7o
be the radius of the ball inscribed into clos{). Then
(1.1) 2rg = min_|b.
0#£bel

We denote B(r) = {k € R3: [k| <r}, r > 0.

In what follows, H!(Q;C™), I > 0, stands for the subspace of all functions in H'(£2; C")
the I'-periodic extension of which to R? belongs to H{OC(R?’; C?). By C*(2) we denote
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the class of functions in  the I'-periodic extension of which to R? belongs to C*°(R3).
Below, if u € Ly(Q;C™), then 11 denotes the I'-periodic extension of u to R3.

Let lg(f;(C”) be the ly-space of C™-valued sequences {vp}, b € I, with the norm
(Xber |vp|?)1/2. The discrete Fourier transformation {f,} + u,

(1.2) u(x) = Q72> apexp (i(b,x)), x€Q,
bel

is associated with the lattice I". This transformation is a unitary mapping of lg(f; Cc™)
onto Ly (Q; C™):

(1.3) /Q la(x)? dx =) |y,

bel
Let h!(T'; C™), I > 0, be the class of C"-valued sequences {vp} such that
D (b + 1) v * < oo
bel
then u € H'(Q; C") if and only if {tp} € A!(T;C™).
We have
(1.4) / (D +Ku(x)?dx = [b+k[’|a|>, ue H'(Q;C"), k e R?.
@ bel
The convergence of the series in (1.4) is equivalent to the fact that u € H!(Q;C").
1.3. The Gelfand transformation. Initially, the Gelfand transformation V is defined
on the functions belonging to the Schwartz class S by the formula
(V) (x,k) = £.(x,k) = [Q]7/2> " exp (—i(k, x + a))f(x + a),
(1.5) acl’
feSMR:CY, xeQ, ke,

and V extends by continuity up to a unitary mapping
(1.6) V:Ly(R%C™) — /N ®Ly(Q;C™) dk =: K.
Q

Usually, the parameter k is called the quasimomentum. The relation f € H'(R?;C") is
equivalent to the fact that f,(-,k) € H'(Q;C") for almost every k € Q and

(1.7) /ﬁ/ﬂ(KD—i—k)f*(x,k)\Q—i- I, (x, K)|2) dx dk < oo.

The integral in (1.7) is equal to the square of the norm of f in H!(R3;C").
For ¢ in the Schwartz class S(R?), we have

(1.8) /Rs|Vg0(x)|2dx:/ﬁ/@|(D+k)g0*(x,k)|2dxdk.

This allows us to extend the transformation V by continuity to H!(R?). Then the relation
¢ € HY(R3) is equivalent to the fact that ¢, (-, k) € H(Q) for almost every k € Q and
the integral on the right-hand side of (1.8) is finite.

Under the transformation V), the operator in Ly(IR3; C™) of multiplication by a periodic
matrix-valued function turns into multiplication by the same matrix-valued function on
the fibers of the direct integral IC. A linear differential operator b(D) (corresponding to
some symbol b(£)) applied to a function f in R? turns into the operator b(D + k) applied
to f.(-, k) with periodic boundary conditions.
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§2. FUNCTION CLASSES. THE WEYL DECOMPOSITION

We need information concerning some classes of vector-valued functions in R? and
in Q related to the Maxwell operator. In [BSI], such classes were studied for arbitrary
domains under the boundary conditions of ideal conductivity. Our case differs from
the situation of [BSI]. First, in [BS1] the case of weighted Lo-spaces was considered,
while in the present paper we work in the ordinary space Lo. Second, we need classes of
functions in Q depending on a parameter k € R3, and with periodic boundary conditions.
Below, in Subsection 2.1, we give the necessary facts (without proof) pertaining to some
classes of functions in R?; these facts can be deduced from the results of [BSI, §1] by
direct recalculation. In Subsection 2.2, we consider classes of functions in €2; here a
full exposition is presented. However, in many respects this exposition is parallel to the
arguments of [BS1J.

2.1. Classes of functions in R3. Let s(x) be a measurable (3 x 3)-matrix-valued
function in R? with real entries and such that
(2.1) col <s(x)<cpl, x€R? 0<co< )y <oo.
In the space & := Ly(IR3; C3), we distinguish the “gradient” subspace

G(s) = G(R%s) = {u=s2Vp: p € H'(R?)}.
The “solenoidal” subspace J(s) = J(R?;s) is defined via the orthogonal decomposition
(2.2) ® = G(R?s) @ J(R?; )
(the Weyl decomposition). Clearly, the subspace J(s) consists of vector-valued functions
u € & such that div(s*/?u) = 0 (in the sense of distributions). Let Q(s) be the orthogonal
projection in & onto G(s), and let P(s) be the orthogonal projection in & onto J(s). The

projections Q(s) and P(s) act as follows. Let u € &, and let p € H!(R3) be a (weak)
solution of the equation

(2.3) div s(x) Ve = div(s(x))"?u.

In other words, ¢ satisfies the identity

(2.4) / (s(x)Vp, Vi) dx = / (s(x)Y?u, Vip) dx, o € HY(R?).
R3 R3

It suffices to check (2.4) for v € C§°(R?). The left-hand side of (2.4) determines an
inner product in H!(R3) (the corresponding norm is equivalent to the standard one),
and the right-hand side is an antilinear continuous functional over ¢ € H!(R?). Hence,
by the Riesz theorem, there exists a solution ¢; this solution is unique and satisfies
Is"?*Velle < |lulle. Then

(2.5) Q(s)u = s/2Vyp, P(s)u=u— s'/2Ve.
Let 5(x) be yet another matrix-valued function satisfying conditions of the same type
as s(x).

Lemma 2.1. a) The operator P(s)s'/?57 /2 maps J(3) bijectively onto J(s). The inverse
mapping is given by the operator P(3)5'/2s71/2. b) The operator Q(s)s~ /252 maps
G(3) bijectively onto G(s). The inverse mapping is given by the operator Q(3)5~/?s'/2.

We introduce the following class of vector-valued functions:
(2.6) F(s) = F(R%s) = {ue &:divs/?u e Ly(R?), curl s Y/%u € &}.
The class (2.6) is a complete Hilbert space relative to the norm

(2.7) [l pgsy == (lul3 + a(s)[u, )"

b
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where

1/2 —1/2

a(s)[u,u] ;= || divs uH%?(]Rg) + || curls ul%.

Note that, for s = 1, we have F(1) = F(R31) = H'(R*C?), and [[ul|pn) =
[l e ,co).-
Lemma 2.2. The projections P(s), Q(s) take the class F(s) into itself.

We introduce

G'(s) = F(s)NG(s), J'(s)=F(s)nJ(s).
Lemma 2.3. The sets G1(s), J*(s) are closed with respect to the norm (2.7). The space
F(s) admits the decomposition
(2.8) F(s)=Gl(s) @ J'(s),
which is orthogonal relative both to the inner product in & and to the inner product in

Lemma 2.4. a) The operator P(s)s'/?571/2 maps J*(3) continuously onto J*(s). We
have ) . )
a(s)[u,u] = a(@)[v,v], ule <lslr.ls lr.lvis,

veJ(3), u=P(s)st/25 2.
b) The operator Q(s)s~ /232 maps G'(3) continuously onto G*(s). We have
a(s)If,f] = a(®)lg.gl, [flle < lls Iz 3l lIsls,
geGL(3), f=0(s)s /%%
Lemma 2.5. a) The set F(s) is dense in &. b) The set J'(s) is dense in J(s), and the
set GY(s) is dense in G(s).

Lemma 2.6. The operator B(s) = P(1)s /2P(s) + Q(1)s'/2Q(s) maps F(s) con-
tinuously onto F(1). The inverse mapping is given by the operator P(s)s'/?P(1) +
Q(s)s~1/2Q(1). We have

a(s)[w,u] = a(1)[v,v], (Co(s))Hvlle < [lullg < Col(s)lIv]e,

u€ F(s), v=DB(s)u,
(2.9) Co(s) = max{||s|r... 57 [z }-
2.2. Classes of functions in . Let k € R® be a parameter. We introduce the
differential operations Vy, divy, curlk by the following relations:
Vg :=Vp+ikp, divif:=divf+ik f, curlf := curlf + ik x f.
Suppose that a measurable matrix-valued function s(x) in R?® has real entries, satisfies
conditions (2.1), and is T-periodic. In the space $ = Ly(Q;C?), we distinguish the
“gradient” subspace
G(s;k) = G(Q;5:k) = {u = s"/?Vid: ¢ € H'(Q)}

(depending on the parameter k). By definition, the “solenoidal” subspace J(s;k) =
J(£2; s; k) is the orthogonal complement of G(s;k):
(2.10) H =G 8 k) D J(Q; s k).
Clearly, .J(s; k) consists of vector-valued functions u € § such that divy(s21) = 0 (in the

sense of distributions). Let Q(s;k) be the orthogonal projection in $ onto the subspace
G(s;k), and let P(s; k) be the orthogonal projection in $) onto J(s;k). The projections
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P(s;k) and Q(s; k) act as follows. Let f € 9, and let ¢ = ¢(-;k) € H'() be a (weak)
periodic solution of the equation

(2.11) divy 5(x) Vi = divye(s(x))/f.

In other words, we have

(2.12) / (5(3) Vict, VieC) dx = / (s(0)V2E, Vi) dx, ¢ € HY(Q).

Q

For k # 0 (mod I), the left-hand side of (2.12) determines an inner product in H'(€2)
(the corresponding norm is equivalent to the standard one), and the right-hand side is
an antilinear continuous functional over ¢ € H 1(Q). By the Riesz theorem, there exists
a solution ¢; this solution is unique and satisfies the estimate ||s'/2Vy ||y < ||f|s. For
k = 0, we look for a solution ¢ in the class {¢ € H'(Q) : Jo #dx = 0}. Then the Riesz
theorem still applies, yielding a unique solution ¢ satisfying the estimate ||s'/2V¢||g <
If]l5. We have

(2.13) Qs; K)f = s/2Vio, P(s;k)f = £ — s1/2Vy 0.

Let 5(x) be yet another matrix satisfying conditions of the same type as s(x).
Lemma 2.7. a) The operator P(s;kK)s23~ 2 maps J(3;Kk) bijectively onto J(s; k). The
inverse mapping is given by the operator P(S; k)gés’%. b) The operator Q(s;k)sféfsv%
maps G(5;k) bijectively onto G(s;k). The inverse mapping is given by the operator
O(5: k)5 252,

Proof. Statement a) follows from the relations

(2.14) P(s;k)sY/25 /2P (5 k) = P(s; k)s /25712,

(2.15) P(5: k)32 /*P(s;k) = P(5;k)3'/ 257 1/2,

We prove (2.14); interchanging the roles of s and s leads to (2.15).
Let u € 9,

(2.16) u=35"2Vp+1,

where 1 = P(5;k)u, 5/2Vip = Q(5;k)u, ¢ € fll(ﬂ) Next, we have

(2.17) s1/2571/28 = s1/2V 0 + ug,

where

ug = P(s;:k)s¥/257 120 = P(s;k)s /257 /2P (5, k)u
and _
sV = Q(s:k)s' /25720, e HY(Q).
As a result, (2.16) and (2.17) imply that
sY257120 = sY2V (@ + @) + up.
kT 0
Here the first term on the right belongs to G(s;k), and the second belongs to J(s; k).
Consequently, ug = P(s;k)s'/2571/2u. This proves (2.14).
Statement b) follows from the relations
(2.18) Q(s;k)s 1/251/2Q(5, k) = Q(s; k)s1/25%/2,
o(s; k)g_l/Qsl/ZQ(s;k) = 9(s; k)§_1/251/2.
It suffices to check (2.18), which is equivalent to the relation Q(s; k)s~'/25Y/2P(5;k) = 0
or
(2.19) P(s;k)s~V2512P(5 k) = s~ V252D (5, k).
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Relation (2.19) follows from (2.15) by passage to the adjoint operators in . O

We introduce the class of vector-valued functions
(2.20) F(s;k) = F(Q;5k) = {u € 9 : divi s/20 € Lg10c(R?), curly s7/%0 € &oc},

where Boc := La 1oc(R?; C?). The class (2.20) is a complete Hilbert space relative to the
norm

1/2
(2.21) Il Py = ([l + a(s; k)[u,u]) 7,
where
(2.22) as; W) [u,u] = || divie s/ %ull3, gy + [l curk s/ 2ul2.

The set (2.20) itself does not depend on k and may be defined by the formula
(2.23) F(s;k) = {u € 9 : divs*/?0 € Ly 1oc(R?), curls™V/2u € &0, }.

However, the norm (2.21) depends on k.
Note that, for s = 1, we have

(2.24) F(Q:1;k) = H'(Q; C?)
and
(2.25) w%mm=4mn+mm%mme

Indeed, using the Fourier series (1.2) for u, relations (1.3), (1.4), and the definition of
the norm (2.21) with s = 1, we obtain

[l F 100 = D ([[* + (b + k) - i[> + (b + k) x tap|?)
bel’

=> (\ﬁb\2+|b+kl2\ﬁb\2)=/(I(D+k)UI2+IUI2)dX~
=~ Q
bel

By (2.24), (2.25), the embedding of the space F(1;k) in § is compact.
Lemma 2.8. The projections P(s; k), Q(s;k) take the class F(s;k) into itself.
Proof. Let u € F(s;k),

(2.26) u = 52V + ug,

where ug = P(s;k)u, s'/2Vyp = Q(s;k)u. Then 3(x) is a (weak) periodic solution of
the equation

(2.27) divic sV = divy s/%0.

The right-hand side of (2.27) belongs to Lajoc(R3) because u € F(s;k). Therefore,
divy s%(s%ngb) € Lajoc(R?). Obviously, curly Sié(sévkgb) = 0, so that S%nga €

F(s;k). Then (2.26) implies that ug € F(s; k). O
We put
(2.28) G'(s;k) = G(s;k) N F(s;k), J'(s;k) = J(s;k) N F(s;k).

As a consequence of (2.28) and Lemma 2.8, we obtain the following statement.
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Lemma 2.9. The sets G(s;k), J1(s;k) are closed with respect to the norm (2.21). The
space F(s;k) admits the decomposition
(2.29) F(s;k) = G'(s;k) @ J' (s;k),

which is orthogonal relative both to the inner product in $ and to the inner product in
F(s;k).

Now we refine Lemma 2.7.

Lemma 2.10. a) The operator P(s;k)s25~2 maps J*(5:k) continuously onto J*(s; k).
We have

(2.30) a(s;k)[u,u] = a(s;k)[v, v],
(2.31) [alld < llsllza 137 o VIS,

where v € J'(5;k), u = P(s;k)s'/25 /2y,
b) The operator Q(s; k)s~ /252 maps G*(5;k) continuously onto G (s;k). We have

(2.32) a(s; K)[f, f] = a(5;k)[g, 8],
(2.33) I£15 < s~z 151z gl
where g € G1(3;k), f = Q(s;k)s~ /25" /2g.

Proof. For definiteness, we prove a). Statement b) can be proved by analogy. Suppose
v € J'(8;k). This means that v € §, divy $Y2% =0, curlk 5Y2v € &)oc. Let

. u= s;k)s /s v
(2.34) P(s;k)s'/257 1,
and let

(2.35) sY257 1% = 512V 0 4 1,

where divy s'/2a = 0. From (2.35) it is seen that curly s7120 = curl, 5V2% € G,

Thus, u € J'(s; k), and (2.30) is fulfilled. From (2.34) it follows that
lully < lIs"257 12V < lsllza 5 2o VIS,

which proves (2.31). Relations (2.30) and (2.31) imply that the mapping P(s; k)s25 2 :
JY(3;k) — J1(s;k) is continuous, and Lemma 2.7(a) shows that this mapping is bijective.
O

Lemma 2.11. a) The set F(s;k) is dense in . b) The set J'(s;k) is dense in J(s; k),
and the set G (s;k) is dense in G(s;k).

Proof. By (2.10) and (2.29), statements a) and b) are equivalent. For s = 1, statement
a) follows from (2.24) and the fact that H!(Q;C?) is dense in . Thus, statement b)
is also true for s = 1. Lemmas 2.7 and 2.10 describe isomorphisms via which b) (and,
hence, also a)) is carried over to the case of an arbitrary matrix s(x). O

Lemmas 2.7 and 2.10 readily imply the following statement.
Lemma 2.12. The operator
B(s;k) =P(1; k)s_l/z’P(s;k) + 9(1; k)sl/QQ(s; k)
maps F(s;k) continuously onto F(1;k). The inverse mapping is given by the operator

P(s:k)s'/*P(1:k) + Q(s:k)s~/2Q(15k).
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We have
(2.36) (Co(s)HIvIE < llullg < Cols)lIvI,
(2.37) afs: k), u] = a(1:K) v, V],

where u € F(s;k), v = B(s;k)u, and the constant Cy(s) is defined by (2.9).
Lemma 2.12 and the compactness of the embedding of F(1;k) in $) show that the
embedding of the space F(s;k) in $ is compact.

2.3. The direct integral decompositions for the projections P(s) and Q(s).
Using the Gelfand transformation V (see (1.5), (1.6)), we can decompose the projections
P(s) and Q(s) into direct integrals.

Lemma 2.13. Let P(s) and Q(s) be the orthogonal projections in & onto the subspaces
J(s) and G(s), respectively, and let P(s;k) and Q(s; k) be the orthogonal projections in
$ onto the subspaces J(s; k) and G(s; k), respectively. If V is the Gelfand transformation
defined by (1.5) and (1.6), then

(2.38) VP(s)V‘lz/N@P(s;k)dk,
Q

(2.39) VQ(S)V_lz/ﬁ@Q(s;k) dk.

Proof. Obviously, it suffices to check (2.38), i.e., to prove that
(P(s)u).(-, k) = P(s; k)u.(- k), ue®, forae ke,

where u, = Vu, (P(s)u). = V(P(s)u). By (2.5), P(s)u = u—s'/2Vyp, where p € H'(R?)
satisfies (2.4). Then

(2.40) (P(s)u)u(x,k) = u.(x, k) — (s(x))/>Vipu(x, k), x€Q, ke

Thus, (2.4) means that
/ dk/ X) Vs (%, k), Vb (x, k)) dx

(2.41)
/ dk / )20, (x, k), Vi, (x, K)) dx, ¢ € HL(R?),

and we may assume that ¢ € S(R?). As is well known, the Gelfand transformation V
maps the Schwartz class S(R?) onto the set of all infinitely smooth functions 1, (x, k) that
are I'-periodic with respect to x and f-quasiperiodic with respect to k (the latter means
that the functions ¢y, (x,k) are I-periodic in k). We put 9, (x,k) = 9(x)¢(k),
where 9 € C(Q), ¢ € C5°(Q). Then (2.41) implies that, for almost every k € Q, we
have

| (5609 .1, Va0 = [ ((560)! 1. (00, Vico ) i, 9 € C(2).

Q
This means that ¢, (-, k) € H'(Q) is the weak periodic solution of the equation
divy $(x) Vs (x, k) = divie(s(x))/?u,(x, k) for a.e. k € Q.
Then (cf. (2.11), (2.13)) the right-hand side of (2.40) coincides with P(s; k)u.(x,k). O
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§3. THE OPERATOR L

3.1. Definition of the operator £. Suppose that h(x) and s(x) are I-periodic mea-
surable (3 x 3)-matrix-valued functions in R® with real entries and such that

col < h(x) <cpl, ol < s(x) < )l

3.1
(3.1) x€R3 0<c<c)<oo.

Suppose v(x) is a real-valued measurable I'-periodic function in R? such that
(3.2) O<w<vx <y <o, XE€ R3.

In & = Ly(R3;C?), we consider the operator £ = L(s, h,v) given formally by the differ-
ential expression
(3.3)

L= L(s,h,v) = (s(x))" Y2 curl(h(x)) " curl(s(x)) Y2 — (s(x))/?Vu(x) div(s(x)) /2.

The precise definition of £ is given in terms of the quadratic form

(3.4)
([u,u] = /R (<(h(x))*1curl(s(x))*lﬂu, curl(s(x))~/2u) +1/(x)|div(s(x))1/2u|2) dx,
(3.5) Dom [ = F(R3;s),

where the class F(R?;s) is defined by (2.6). Obviously, the form (3.4) is positive. The
results of Subsection 2.1 show that under conditions (3.1) and (3.2) the domain (3.5)
is dense in &, and the form (3.4) is closed. Moreover, in the space F(R3;s) the form
([u,u] + |[ull}¥ determines a norm equivalent to the standard one. By definition, the
operator L is the selfadjoint operator in & generated by the form (3.4).

Now, we define an operator X : & — &, := Ly(R3; C*) by the relation

Y (ih1/2 curl s~ 1/2

—iv1/2 div 172 > , DomX = F(Rg;s).

Then the form (3.4) can be written as
(3.6) [u,u] = [|[Xul|g., ue F(R?s).

The operator X is closed together with the form [. Relation (3.6) means that the operator
L admits a factorization: £ = X*X.
Obviously, the decomposition (2.2) reduces £. Formally, the part £ ;) of £ acting in

the “solenoidal” subspace J(s) is given by the differential expression s~zcurl h~teurl 5_%,
and the part Lg(s) of £ acting in the “gradient” subspace G(s) corresponds to the

expression —s2Vrdivse?. Mainly, we are interested in the operator L ;).
3.2. The operators L(k). We put

(3.7) H = La(%C?), 9, = Ly(CY)

and consider the operator X (k) :  — §., k € R3, given by the formula

—ih=1/2 curly s—1/2
—iv1/2 divy s1/2

(3.8) X(k) = (
on the domain

(3.9) Dom X (k) = F'(2; s; k) =: 0.
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Here F(9;s;k) = F(s;k) is the class introduced in (2.20), (2.23). The results of Sub-
section 2.2 show that the domain (3.9) is dense in $ (and independent of k), and the
operator (3.8) is closed. The selfadjoint operator

(3.10) Lk):=Xk)*Xk):H—9H kecR?
is generated by the closed quadratic form

(3.11) (k)[u,u] == |X(k)ul|F., u€F(s;k), keR’.

In the space F(s;k), the form [(k)[u,u] 4 [[ul| determines a norm equivalent to the
standard one. The spectrum of L£(k) is discrete, because the embedding of F(s;k) in
$ is compact (see Subsection 2.2). The resolvent of the operator £(k) is compact and
depends on k € R? continuously (with respect to the operator norm).

The decomposition (2.10) reduces L£(k). The part (L(k)) (s of £(k) acting in the
subspace J(s;k) corresponds to the differential expression s~/2 curly h=* curly s~ /2,
and the part (£(k))g(sk) of L£(k) acting in the subspace G(s;k) corresponds to the

expression —s'/2V v divy s'/2. (The boundary conditions are periodic.)

3.3. The band functions. By
(3.12) (0<) Ei(k) < Ex(k) <--- < Ej(k) <---, keR’,

we denote the consecutive eigenvalues of the operator L£(k). The band functions E;(k)
are continuous and I'-periodic. They coincide with the consecutive minima of the ratio
M) [u, u]

[[ull3,

Another natural way of enumerating the eigenvalues of £(k) is related to the splitting
of £(k) as in the orthogonal decomposition (2.10). Let E; ;(k), j € N, be the consecutive
eigenvalues of the operator (L£(k))(sk), and let E;q(k), j € N, be the consecutive
eigenvalues of the operator (£(k))g(s;)- Then the numbers E; ;(k) coincide with the
consecutive minima of the ratio (3.13) with u € J'(s;k), and the E; (k) coincide with
the consecutive minima of the ratio (3.13) with u € G'(s;k). (Recall that the classes
J(s;k) and G(s;k) are introduced in (2.28).) For k € clos 2\ {0}, the functions E; ;(k)
and Fj (k) are continuous. As we shall see below, some of these functions may fail to
be continuous at the point k = 0 (see Remark 3.1 below).

Now, we estimate the ratio (3.13). From (2.22), (3.8), (3.11), and conditions (3.1),
3.2) it is clear that

3.14) Crla(s;k)[u,u] < [(k)[u,u] < Cha(s;k)[u,u], u € F(s;k),

3.15) Cy = max{||h|lr., [l o},

3.16) Cy == max{[[h™ |, V] }-

Next, let v = B(s;k)u, where the operator B(s;k) : F(s;k) — F(1;k) is defined in

Lemma 2.12. By (2.36), (2.37), and (3.14), we have

e kv, v] _ (K)[u, uf a(L;K)[v, v]
2 = 2 T R

vl [[allg VIS

Note that, for u € J!(s;k) or u € G*(s; k), the constants in estimates (3.14), (3.17)
may be refined with the help of Lemma 2.10. We shall not dwell on this.

By Lemmas 2.10 and 2.12, if u runs over J!(s;k), G'(s;k), or F(s;k), then v =
B(s;k)u runs over J1(1;k), G1(1;k), or F(1;k) = H'(€;C3), respectively. We have

(3.13) , u€ F(s;k).

(
(
(
(

(317) (0100(8)) < 0200(8) , uc F(S; k)
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(see (2.22))
(3.18) a(1;k)[v,v] = / (D +k)v|?dx, veH (Q;C?.
Q

The closed positive form (3.18) generates a selfadjoint operator Ag(k) in $, which
corresponds to the differential expression (D +k)? and the periodic boundary conditions.
Let E?(k), J € N, be the consecutive eigenvalues of the operator Ay(k). They coincide
with the consecutive minima of the ratio

(3.19) M v e H'(Q;C%).
IF
On the other hand, the operator Ay (k) splits in accordance with the orthogonal decom-
position = G(1;k) @ J(1;k). Let E;-)’J(k), j € N, be the consecutive eigenvalues of
the operator (Ag(k)) s(1:x), and let E;J’G(k)7 j € N, be the consecutive eigenvalues of the
operator (Ag(k))g(1,x)- The numbers Eg ;(k) coincide with the consecutive minima of
the ratio (3.19) with v € J'(1;k), and the E?yG(k) coincide with the consecutive minima
of (3.19) with v € G'(1;k).
From (3.17) it follows that

(3.20) (C1Co(s))'EY(k) < (k) < C2Co(s)EV(k), jEN,
(3.21) (C1Co(s)) 7 E} ;(k) < Ej s(k) < CoCo(s)ES ;(k), j €N,
(3.22) (C1Co(s)) ' EY o (k )<Ej,c< ) < CoCo(s)EY g(k), jeN.

By (1.3) and (1.4), relation (3.19) can be rewritten as
Yber [b + k*[vp|”

Dper Vul*
Then the E?(k) are the consecutive minima of the ratio (3.23); the E?J(k) are the

consecutive minima of (3.23) under the additional condition ¥, L (b +k), b € I}
and the EJO-’G(k) are the consecutive minima of (3.23) under the additional condition
Vb || (b+k), b € L. It follows that the numbers {E} ()}, {E) ;(0)}, {E)o(k)}, j €N,
reduce to the numbers {|b + k|?}, b € T'. Herewith, for EJQ(k), each eigenvalue of the
form |b + k|2 has multiplicity 3. If k € clos€ and b 4+ k # 0, then, for E;-),J(k), each
eigenvalue of the form |b+k|? has multiplicity 2, and for Eg)’G(k) every such eigenvalue is
simple. The case where b = k = 0 is an exception. The eigenvalue A = 0 of the operator
Ap(0) corresponds to the eigenspace Ker Ag(0) = {v = C € C3}, which lies entirely in
the solenoidal subspace J(1;0). Thus, strictly speaking, if k = 0, we have E?J(O) =0
for 7 =1,2,3, and E?,G(O) > 0.

(3.23) {¥p} € KNI CP).

Remark 3.1. From what has been said it follows that the functions Ef ;(k) and EY ;(k)
have a (removable) discontinuity at the point k = 0. By (3.21) and (3.22), the same is

true for the functions E3 j(k) and E; ¢(k). In order to avoid stipulations, we redefine
the functions E3 ;(k), EY o(k), E3 (k), and E1 ¢ (k) at the point k = 0 by continuity.

After such redefinition, for the band functions of Ay(k) we have the following proper-
ties (cf. [BSu2l §2.2]). Clearly,

E%k) = E9(k) = EJ(k) = |k|?, k€ clos®;
(3.24) EY (k) = EY ;(k) = |k|%, k€ clos{;
EY (k) = [k[>, k€ closQ.
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Recall that rq is the radius of the ball inscribed in clos 2, and B(r) = {k € R® : [k| < r}.
Using (1.1), we obtain:

(3.25) EY(k) = EY (k) = EY (k) > %, keclosQ\B(r), 0<r<r;
(3.26) E{(k) = EY ;(k) = ES (k) > 12, k& clos®;
(3.27) EQ(0) = E3 ;(0) = E3 4(0) = min_|b|* = 4r{.
' 0#bel
‘We put
(3.28) it = C1Co(s) = max{||hllp.., v~ oo} max{|[sl o, s~ e}

(see (2.9) and (3.15)). By estimates (3.20)—(3.22) and properties (3.24)—(3.27), the band
functions of L(k) satisfy the following relations:

(3.29) c|k|? < Ej(k) < CoCo(s)k|?, j=1,2,3, k€ clos®;
clk|? < Ej5(k) < CoCo(s)k[?, j=1,2, k€ clos®
. |k|> < By a(k) < CoCo(s)|k|?, ke clos€;
Ey(k) > cr?, By g(k) > car?, Eig(k) > cor?,

(3.30) -

k eclosQ\B(r), 0<r<rg;
(3.31) Ey(K) > card, Fs (k) > cor2, Eyg(k) > cord, ke clos
(3.32) E4(0) > derd, s 5(0) > deurd,  Ea(0) > deorg.

These properties imply that if C2Co(s)[k|? < c.13, i.e.,
(3.33) k| < ct/*(CaCo(s)) " 2rg = (C1C2) " V2(Co(s)) o,

then the first three band functions Ej;(k), j = 1,2,3, coincide piecewise with E; ;(k),
E5 ;(k), E1,g(k). Under condition (3.33), the operator £(k) has exactly three eigen-
values lying in the interval [0, c,r2). For k # 0, two of them correspond to the part
(L(k)).s(s;x) of L(k) acting in the subspace J(s;k), and one of them corresponds to the
part (L£(k))c(s;k) of L(k) acting in the subspace G(s;k). If k = 0, then the eigenvalue
A = 0 of multiplicity 3 corresponds to the “solenoidal” part (L£(0))(s0) of £(0) (see
Remark 3.1).

3.4. The direct integral for the operator L. In order to represent £ as a direct
integral, we apply the Gelfand transformation V (see Subsection 1.3).

The operators L£(k) allow us to partially diagonalize £ in the direct integral K (see
(1.6) with n = 3). If u € Dom [ = F(R?;s), then for Vu = u, we have

(3.34) u, (-, k) € DomI(k) fora.c keQ,
(3.35) ([, u] = /Q (1) [ (-, ), . (-, k)] dk.

Conversely, if (3.34) is satisfied for u, € K and the integral in (3.35) is finite, then
u =V 'u, € Dom! and (3.35) is true. This means that, in the direct integral K the
operator £ turns into the layerwise multiplication by the operator-valued function £(k),
k € Q. All this can be expressed by the formula

(3.36) VLY = /~ oL (k) dk.
Q
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From (3.36) it follows that the spectrum of L is a union of segments (spectral bands)
that are the ranges of the band functions (3.12). By (3.29),

min _ E;(k) = E;(0) =0, j=1,2,3.
keclos Q2

Consequently, the lower edge of the spectrum of £ coincides with the point A = 0 and is
realized as the lower edge of the first three bands. Moreover, (3.31) shows that the lower
edge of the fourth band is separated away from the point A = 0.

We trace the splitting of operators in the direct integral (3.36). By (2.38), (2.39),
and (3.36), the operators LP(s) = L) © 0g(s) and LO(s) = 0;(5) ® Lg(s) can be
decomposed into the direct integrals of the operators L(k)P(s;k) = (L(k)) s(s:x) @O0 (s:k)
and L(k)Q(s;k) = 07(5;x) ® (L(Kk))(s:k), Tespectively:

(3.37) VLP(s)V™! = /~ ®L(k)P(s; k) dk,
Q
VLO(s)V z/ﬁ@ﬁ(k)Q(s;k) dk.

§4. APPLICATION OF THE GENERAL METHOD TO THE OPERATORS L(k)

4.1. We apply the general method of [BSu2, Chapter 1] to the study of the operator
family £(k) defined in Subsection 3.2. In [BSu2, Chapter 1], the operator pencil of the
form A(t) = X(t)* X (t) with X (¢) = Xo + tX1, t € R, was studied.
Now the parameter k is 3-dimensional. We put

k=1t0, t=1]k|, 0=kl 'keS?
(cf. [BSu2, Chapter 2]) and view ¢ as the main parameter. Then all objects will depend
on the additional parameter 8. We introduce the notation

L(k)=: L(t;0), X(k)=:X(t0),
where X(k) : § — £, is the operator defined in (3.7)—(3.9). By (3.10), the selfadjoint
operator L(t;0) in $) admits a factorization of the type
(4.1) L(t;0) = X (t;0)* X (¢; 0)
(required in the general scheme). By (3.8) and (3.9),

X (t;0) = Xo +1tX1(0),

where Xo = X(0) : $H — 9. is a closed operator given by the expression

—ih~ Y2 curl s—1/2
(4.2) Xo = ( —ivt/2 div s1/2

and X1(0) : H — 9. is a bounded operator of the form
R=Y2 0 0 x (s~/?u)
(4.3) X1(0)u= ( 0 /2 0. (s/20) ) ucEs$n.
We check that, in our case, the conditions of the general method of [BSu2, Chapter 1]
are satisfied. We denote

) , Dom Xy =0,

N := Ker £(0) = Ker Xp.
Let P denote the orthogonal projection in $ onto the kernel M. From (4.2) it follows
that the kernel 91 is defined by the relations

(4.4) N={fefH:curls V/2f =0, divs*/?f = 0}.
The first relation in (4.4) implies that
s(x)"V2(x) = C+ Vo(x), CeC® ®eHY(Q),
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and the second leads to the following equation for ® = ¢ € H'():
(4.5) divs(x)(VOc(x)+C) =0
(this equation is understood in the weak sense). A periodic solution ®¢ of equation (4.5)

exists and is defined up to a constant summand; hence, the gradient V®¢ is defined
uniquely. Thus,

(4.6) N ={f =s/2(C+Vdc): CeC?.

Note that 91 C J(s;0) (this was already mentioned at the end of Subsection 3.3, but the
arguments were different). The functions f in the kernel 9 are naturally parametrized
by vectors C € C3. Observe that for f = s/2(C + V®¢) we have Jo s~12f dx = |Q|C.
It follows that

(4.7) dim N = 3.

(This agrees with the results of Subsection 3.3, where (4.7) was proved by variational
estimates for the eigenvalues.) Thus, we have checked that Condition 1.1 in [BSu2,
Chapter 1] is satisfied: the point A = 0 is an isolated point in the spectrum of £(0), and
this point is an eigenvalue of finite multiplicity. Let d° be the distance from the point
A = 0 to the rest of the spectrum of £(0). By (3.32), we have

(4.8) d° > 40*7"8.

As in [BSu2, §1.1], we fix a number & € (0,d°/8); it is convenient to assume (cf. (4.8))
that

(4.9) § < curd/2.
Next, we fix a number t° such that

0 < §Y2 min || X1(0)]| 7.
< §/% min ||X,1(6)]]

Combining (4.3) with (2.9) and (3.16), we obtain

[X10)[1* < [|P oo Is™ M 2o + Il o 8]l Lo < 2C2C0(s).
Correspondingly, we put
(4.10) 19 = §1/2(205,Cy (s5))~/2.

By using (4.9) and also the expressions (2.9), (3.16), and (3.28) for the constants, it is
easy to check that

(4.11) t0 < (C1C2)2(2C(s)) "o < 1o/2.

Thus, B(t°) C B(ro/2) C Q.
We denote by F(t;0; k) the spectral projection of the operator L(t;8) for the closed
interval [0, x]. As was shown in [BSu2, Chapter 1, Proposition 1.1], for ¢ € [0, t°] we have

dim F(¢t; 0;6)$ = dim F(t; 0;36)$H = dim 91 = 3.
Thus, the operator L(t; 0) has exactly three eigenvalues (counted with multiplicities) in
the interval [0, d], and the interval (d,30) is free of the spectrum of L(t, ). This agrees
with what was obtained at the end of Subsection 3.3 on the basis of variational estimates

(cf. (3.33) and (4.11)).
y (4.2), for the kernel M, = Ker X} we have

B ;
N, ={(v,¢) € H, : curl(h~V/?¥) =0, V(%) = 0}
{(v,0) : v=h"2(C+ V), p=v Y%, CeC? ceC, vec H(Q)}.
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Obviously, 9, is infinite-dimensional. This verifies the second assumption of the general
method (the inequality dim 9, > dim 91).

4.2. The operator of identification of kernels. Let s® be the constant (3 x 3)-matrix
defined by the relation

(4.12) $'C = \Q|‘1/ s(x)(C + Voc)dx, CeC3,
Q

where ¢ € H'() is the solution of equation (4.5). The matrix s° has real entries and
is positive definite. This matrix arises in the homogenization problem for the elliptic
operator — div s(x)V and is called the effective matriz for s(x) (see, e.g., [ZhKO [BeLP|
BSu2]).

If the coefficient s(x) in £ is a constant matrix, then the kernel (4.6) consists of
constant vector-valued functions and can be identified with C3. However, even in this
case, it is convenient to preserve parametrization for the elements of the kernel in terms
of the vector C, as in (4.6).

In the case where s(x) is the effective matrix s°, we denote the kernel (4.6) by 9.
We have

(4.13) N0 = {f° = (s"")V/2C : C e C?}.

Let Py denote the orthogonal projection in $ onto M°.
Now, we introduce the “identification of kernels” operator I : 91 — N°,

(4.14) U: f=s"2(C+Vde)— 0= (s"12C, CeC?

Lemma 4.1. Let s° be the effective matriz for s(x), defined by (4.12). Let N and N° be
defined by (4.6) and (4.13), and let U be defined by (4.14). Then the operator U : M — N°
18 unitary.

Proof. Let f = s'/2(C + V®c), and let f = (s°)1/2C, C € C. Then, by (4.5), we have

£ = [ 56(C + T20). (€4 Voe) dx = { [ s(x)(C + Tac)ax.C).
Q Q
By (4.12), the right-hand side is equal to |[Q|(s°C, C) = [|[f°||3. O

4.3. The spectral germ. The main notion of the general method of [BSu2, Chapter
1] is the spectral germ of an operator family at t = 0. The germ S(0) of the operator
family L(t;0) at t = 0 is a selfadjoint operator acting in the 3-dimensional kernel .
Among two equivalent definitions of the germ, now we choose the spectral definition (see
[BSu2, Chapter 1, Subsection 1.6]). The operator family L(¢; @) depends on t analytically,
and the point A = 0 is an isolated eigenvalue of multiplicity 3 for the operator L(t;8)
with ¢ = 0. Let t be the number defined by (4.10). By analytic perturbation theory,
for t € [0,tY] there exist real-analytic (with respect to t) functions \;(¢;0) (branches
of eigenvalues; | = 1,2,3) and real-analytic $-valued functions w;(t;0) (branches of
eigenfunctions; | = 1,2, 3) such that

L(t;0)w(t;0) = Ni(t; 0)w(t;0), 1=1,2,3, t€[0,t°].

The functions w;(¢; 0), [ = 1, 2,3, form an orthonormal basis in the subspace F(t;;9)$.
For sufficiently small ¢, (< t°), we have the convergent power series expansions

(4.16) w(t;0) =6(0)+---, 1=1,2,3 tel0t]

The vectors 5(0), [l =1,2,3, form an orthonormal basis in the kernel 1.
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Now, we give the spectral definition of the germ S(0): S(0) is a selfadjoint operator
acting in N and such that the numbers v,(0) and the vectors £(0), | = 1,2,3, are its
etgenvalues and eigenvectors:

SO)8(6) = w(O)8(6), 1=1,2,3.

Clearly, for t € [0,t%), the analytic branches of the eigenvalues \;(t;0), | = 1,2,3,
partially coincide with the band functions F;(t0), j = 1,2,3. (The band functions are
enumerated in nondecreasing order, which may violate analyticity.) Then (3.29) implies
that

(4.17) N(t;0) > ct?, 1=1,2,3, t 0,1

It is important that in (4.17) the constant c, (see (3.28)) and the number t° (see (4.10))
do not depend on 6. From (4.15) and (4.17) it follows that

(4.18) (0) >c, >0, 1=1,23.

This means that the germ S(0) is nondegenerate uniformly with respect to 8. Inequalities
(4.17) show that, in our case, the last assumption of the general method is satisfied (see
[BSu2l, Chapter 1, (5.2)]).

4.4. Calculation of the germ S5(0). We apply the method described in [BSu2] to
calculate the germ S(0). For the operator families admitting a factorization of the
form (4.1), the germ also admits a factorization of the form S(0) = R(0)*R(8), where
R(0) : 91 — N, is the operator defined as follows. For each f € 91, we consider a solution
vg € 0 of the equation

(419) Xg (Xng + X1 (O)f) =0

(understood in the weak sense). Such a solution exists and is defined up to a summand
belonging to the kernel M. Here, the element Xyvg is defined uniquely. Then

(4.20) R(O)f = Xove + X1(0)f.

Equation (4.19) is equivalent to the identity

/ (h=Y(curl s71/2vg +1i0 x (s7Y/2F)), curl s~/ 2w) dx
Q

(4.21)
+/ v(div st/?ve +i0 - (sV/%F))(divs'/?w) T dx =0, weo.
Q

In accordance with the decomposition (2.10) with k = 0, we write w as w = s'/2Vp+wo,
where div /2w, = 0. Now we substitute wq in place of w in (4.21). Then the second
integral vanishes. Using the identity curl s~'/?w = curl s~!/2wy, we obtain

(4.22) / (hHcurl s7V/%vg +i0 x (s7V/2F)),curl s7/2w) dx = 0, w €.
Q

From (4.22) it follows that

(4.23) —i curl s7/%vg + 6 x (s7/2f) = h(C + V)

for some C € C3 and ¥ € H'(). B
We multiply both parts of (4.23) by V(, where ¢ € H!(Q), and integrate over Q. By
(4.6), f = s'/2(C + V®¢). The integral of the left-hand side vanishes:

/ (=i curl s7%vg 4+ 0 x (C + VPc), V() dx =0
Q
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(we have used the identity div(@ x V®) = 0). Consequently,
/ (h(€ + V), V) dx =0, ¢e H' Q).
Thus, ¥ = ¥4 is a Weakaeriodic solution of the equation
div h(x)(C + V¥g) = 0.
As in (4.12), we define the effective matrix h° for h(x) by the relation
(4.24) hOC = |Q|_1/ h(x)(C + VUeq)dx, CeC
On the other hand, integrating (1.23), we obtain
(4.25) /Qh(x)(6+wé) dx = /Q (fi curls™/2vg + 0 x (C + V@c)) dx = |6 % C.
Comparing (4.24) and (4.25), we see that

(4.26) C = (r")"16 x C).
Now we return to (4.21). By (4.22), we have

/ v (div sY%vg +i0 - (sl/2f)) (divs*?w)t dx =0, weo.
Q

Therefore,
(4.27) —i divs'/?vg 4+ 0 -s(C + Vo) = v ta
for some constant « € C. Integrating (4.27) and using (4.12), we obtain

oz/u(x)fldx:/9-5(C—|—V<I>c)dx:|Q|0~SOC7
Q Q

whence

(4.28) a=v0-s"C.

Here

(4.29) v = |Q|71/ v(x) "t dx.
Q

The number v is called the effective coefficient for v(x).
By (4.2), (4.3), and (4.20), the operator R(0) takes a vector f = s'/2(C + V®¢g) € N
to the element

(W12 (=i curl s 1%vg + 0 x (C+ Voe))
R(9)f = ( p1/2 (—i divs'/?vg + 0 - 5(C + v‘I>C))

Now, we calculate the quadratic form of the germ S(0) = R(0)*R(0). By (4.19) and
(4.20), we have

(S(O).£)5 = [ ROIHI5. = (Xove + X1(0)F, X1 (0)F)s..
Consequently (see (4.2), (4.3), and (4.6)),
(s@).05= |

Q

<h*1( —icurls %vg + 0 x (C + v<1>c)),9 x (C+ v<1>c)> dx

+ / ” (_i divs'/2vg + 0 - 5(C + vq>c)) (6, 5(C + Vdc)) dx.
Q
Combining this with (4.23) and (4.27), we obtain

(4.30)  (S(O)f,f)s = /

<<6 +V¥e,0 x (C+ V) + (8, s(C + v<I>c)>) dx.
Q
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Using the periodicity of the functions ®¢ and Vg and the identity div(§ x V®) = 0, we
see that the following terms in (4.30) vanish:

/Q (<W6,9 % (C 4+ Vg)) + (C, 0 x chc>) dx = 0.
Therefore, by (4.12), relation (4.30) takes the form
(S(O)F, )5 = |0 (<6,0 x C) + a<0,300>) .
Finally, we use (4.26) and (4.28) to obtain
(SO)F.£)5 = 12/({(1) (0 x ©). (0 x C)) + (0. C)).

(4.31)
f=s/2(C+Vds), CeC?

4.5. Relationship between S(6) and S°(0). We shall write S(0) = S(6;s,h,v),
indicating the dependence of the germ on the coefficients of £ (see (3.3)). For the operator
L0 with constant effective coefficients s°, h°, v, the germ S°(0) := S(0;s° h° v) acts

in the space MY (see (4.13)). In this case, applying (4.31) and using the fact that the
constant coefficients themselves play the role of the effective coefficients, we obtain

(S°(O),£%)5, = 121 ({(n) (8 x ©), (8 x C)) +v|(s0,C) ),
0 = (s9)Y2C, CcecCd.
Comparing (4.31) and (4.32), we arrive at the formula
(S(a)f7 f)f) = (SO(H)fO7 fo)f)a

where f € M and Y € MO are related by the unitary transformation (4.14): £ = Uf. In
other words,
(4.33) S(6) =U*S°(O)u.

Thus, we have proved the following theorem about the germ in question.
Theorem 4.2. Let s°, h°, v be the constant effective coefficients defined by (4.12), (4.24),
and (4.29). Let M and N° be the spaces defined by (4.6) and (4.13). Suppose S(0) =
S(0;s,h,v) : M — N is the spectral germ of the operator family L(t;0) at t = 0, where
L(t;0) corresponds to L = L(s,h,v) (see (3.3)). Let S°(0) = S(0;s°,h% v) : N0 — N°
be the spectral germ of the operator family L°(t;0) at t = 0, where L°(t;0) corresponds
to the operator L° = L(s°, kY, v) with constant effective coefficients. Let U : M — N°

be the unitary operator defined by (4.14). Then the germs S(0) and S°(0) are unitarily
equivalent: relation (4.33) is fulfilled.

(4.32)

The operator
(4.34) £0 = (s°)"2 curl(h®) 7 curl(s®) 712 — (s°)Y/2Vr div(s”) /2
is called the effective operator for L.

Remark 4.3. Suppose that, from the outset, the coefficient s(x) in the operator L is
a constant matrix, i.e., s(x) = s°. Then M = N° and S(0;s°, h,v) = S(6;5° KO, v).
In this case, in the terminology of [BSu2, Chapter 1], the operator families L(¢;6) and
L%(t;0) are threshold equivalent. This allows us to apply the general results of [BSu2]
to the Maxwell operator in the case where one of two coefficients is constant (cf. [BSu2l
Chapter 7]). If the matrix s(x) is not constant, then the corresponding operator families
are not threshold equivalent (in the same sense). However, the germs corresponding to
the initial operator and to the effective operator are unitarily equivalent.
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Remark 4.4. In what follows, we need estimates for the effective coefficients. It is known
(see, e.g., [ZhKOL BeLP) BSu2]) that the effective matrix s° satisfies s < s <, where

S = |Q|_1/ s(x)dx, s ':= \Q|_1/(s(x))_1 dx.
Q Q
These inequalities directly imply estimates for the matrix norm of the matrices s and
(s9)~L:
(4.35) %1 < Dlsllze, 1) 7 < Mls™ Iz
Similar estimates are valid for h°.

4.6. Splitting the germs S(0) and S°(9). Since the germs S(@) and S°(6) are uni-
tarily equivalent, first we analyze the simpler operator SY(8). We consider the following
orthogonal decomposition of the 3-dimensional space (4.13), depending on the parameter
0 c S
(4.36) n =Gy e Jy,
where
GY = {f° = gty £) = (s°)/?0,5 € C}, dimGYH =1,
Jy ={f = (s")Y2C, : €L € C3,(s°CL,0) =0}, dimJ§=2.
Let Pgg and Pjg denote the orthogonal projections in $ onto Gy and onto Jy, respec-
tively.

Obviously, the decomposition (4.36) reduces the operator S°(6). By (4.32), for f* =
By € GY we have

(S°(O)F°, )5 = [Qv(s°0,0)%|8%,  [I£°]5 = 1(s°6. 6)|5*.

Hence, in the subspace Gg the germ S°(@) has one eigenvalue

(4.37)

(4.38) 73(0) = (58, 8).
The corresponding eigenvector normalized in § is equal (up to a constant factor) to
(4.39) £2(0) = |0 71/%(s"0, 0) /1),

For fg € Jg, we have
(S°(O)F1,£1)5 = [QU((A°) (0 x CL1), (8 x CL)), £} [I5 = [2/(s"CL, Cu),
C, 1 5%.
In the subspace Jg, the germ S°(6) has two eigenvalues v (60) and 72(0), which corre-
spond to the algebraic problem dealing with the spectrum of the ratio
((n°)~'(6 x CL1), (8 x CL))

C, Ls%.
<SOCJ_7CJ_> ’ L 5

(4.40)

Let C(Ll)(B), Il = 1,2, be the corresponding eigenvectors normalized by the condition
|Q|<SOC&Z)(0), Ci”(@)) = 1. Then the normalized eigenvectors f(0), f9(0) of the opera-
tor S°(0) corresponding to the eigenvalues v;(0), 72(0) are given by the formulas
(4.41) £2(0) = (s92cP(g), 1=1,2.

If v1(0) # 72(0), then f2(0), £9(0) are defined by (4.41) up to phase factors. If v1(0) =
v2(0), then (), £9(0) form an arbitrary orthonormal basis in Jg.

Under the unitary transformation ¢/~! : MY — N (see (4.14)), the decomposition
(4.36) turns into the following orthogonal decomposition of the space (4.6):

(4.42) N =Go @ Jo,
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where
Go = {f = (f, fo :=s'/%(0 + VPp), € C}, dimGp =1,
Jo={f =sY2C, +Vdc,):C, €C?(s°C,,0) =0}, dim.Jy=2.

Let Pg, and Pj, denote the orthogonal projections in ) onto the subspaces Gg and Jp,
respectively. Obviously, the following “intertwining property”is fulfilled:

(4.44) UPg, = PgoUP, UP;, = PUP.

(4.43)

We recall that P denotes the orthogonal projection in $) onto 1.

The decomposition (4.42) reduces the operator S(0). In the subspace Gg, the germ
S(0) has one eigenvalue v3(0) defined by (4.38). The corresponding normalized eigen-
vector (defined up to a phase factor) is equal to

(4.45) £5(0) = |Q|71/2(s°0, 8) ~1/%f,.

In the subspace Jg, the germ S(0) has two eigenvalues (), v2(0), which correspond
to the algebraic problem about the spectrum of the ratio (4.40). The corresponding
normalized eigenvectors f;(0), f2(0) of the operator S(@) are given by the relations
(4.46) f,(6) = s/*(cV(9) + Vo) =12

If v1(0) # 12(0), then £1(0), £2(0) are defined by (4.46) up to phase factors. If v,(6) =
v2(0), then f;(0), f2(0) form an arbitrary orthonormal basis in Jp.

Thus, we have found the coefficients v,(0), I = 1,2,3, in the decompositions (4.15)
for the eigenvalues A\(t;0) of L(t;0). In the case where all eigenvalues v;(0) of the
germ S(0) are distinct, formulas (4.45) and (4.46) define the “embryos’ E(O) of the
eigenvectors w(t; 0) of L(t;0) (see (4.16)): E(@) coincides with f;(@) up to a phase
factor, [ = 1,2, 3.

Remark 4.5. The analytic branches of eigenvalues and eigenvectors of the operator L(t; ),
t € [0,t%], can always be chosen in such a way that one of the eigenvectors (say, us(t; 0))
belongs to the “gradient” subspace G(s;t0) for ¢t # 0, which implies that the two remain-
ing eigenvectors u;(¢; 6), ua(t; 0) belong to the “solenoidal” subspace J(s;t0). Then,
the coefficient v5(0) in decomposition (4.15) for A3(t; 0) is the eigenvalue of the part of
the germ S(0) in the subspace Gg. The “embryo” ?3(0) in the decomposition (4.16) for
us(t; 0) coincides up to a phase factor with the eigenvector f3(0) of S(0) in the subspace
Gg (see (4.45)). The coefficients v1(0), 72(0) in the decompositions (4.15) for A (t; ),
A2(t; @) are the eigenvalues of the part of S(8) in the subspace Jg and correspond to the
algebraic problem about the spectrum of the ratio (4.40). The “embryos” i (8), ?2(0) in
the decompositions (4.16) for u; (¢; 8), us(t; ) belong to Jg. If v1(0) # 72(0), then ?1(9),
£, (0) coincide (up to phase factors) with the eigenvectors f1(0), £2(0) (defined by (4.46))
of S(0) in the subspace Jg. In Remark 3.1 we already mentioned that for ¢ = 0 all three
cigenvectors belong to the “solenoidal” subspace J(s;0): w;(0;60) = £,(6) € M C J(s;0),
[ =1,2,3. Note that if 41(0) = 72(0), then, in general, the knowledge of S(6) does
not suffice for finding ?1(0), ?2(0). Moreover, these “embryos” may fail to be unique.
The facts listed in this remark will not be used in what follows; therefore, we omit the
detailed arguments.

If the analytic branches of eigenvalues are chosen as described in Remark 4.5, then,
clearly, A1(¢;0) and A2 (t; 0) partially coincide with Ey ;(t0), Es ;(t0), and A3(t; ) coin-
cides with Eq ¢(19).

Remark 4.5 gives a reason to call the operator (S(6))g,, which acts in the one-dimen-
sional subspace G, the spectral germ of the family (L(t;0))g(s;o) at t = 0. Similarly,
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the operator (S(0)), acting in the two-dimensional subspace Jyg is called the spectral
germ of the family (L(t;0)) j(s:0y at t = 0. By (4.33) and (4.44), we have

S(0)Ps, =U"S°(0) P,
S(0)Pa, =U*S°(8) Pyl

This means that the operators (5(0)), and (SO(B))Jeo, as well as the operators (S(0))a
and (Sg)Gg, are unitarily equivalent.

o

§5 APPROXIMATION OF THE PROJECTION ONTO THE SOLENOIDAL SUBSPACE
5.1. In this section, our goal is to prove the following theorem.

Theorem 5.1. Let P(s; k), k =10, be the orthogonal projection in $ onto the subspace
J(s;k) defined by (2.10). Let P be the orthogonal projection in $) onto the 3-dimensional
subspace N defined by (4.6), and let Py, be the orthogonal projection in $ onto the 2-
dimensional subspace Jg defined by (4.43). Let ro be the radius of the ball inscribed in
the Brillouin zone Q0. Then

(5.1) |P(s;t0)P — Py,llg—s < Cst, te(0,7], 6 €S>
The constant C3 depends only on ||s||r, ||s™ L., and ro.

An explicit expression for C is given below in (5.36). Observe that, a fortiori, estimate
(5.1) fails for ¢ = 0: since 91 C J(s;0), the operator P(s;0)P = P is the projection onto
a 3-dimensional subspace, and Pj, is the projection onto a 2-dimensional subspace. This

means that the operator P(s; k)P is discontinuous at k = 0, but its limit as |k| — 0 is
equal to Py, and depends on the direction 8 of the vector k = t6.

Remark 5.2. By direct calculation, it is easy to show that, in the case of a constant
matrix s = sV, instead of estimate (5.1) we have the precise identity

(5.2) P(s%t0)Py = Py, t>0.

Here P is the orthogonal projection in ) onto N° (see (4.13)), and Py is the orthogonal
projection in §) onto Jy (see (4.37)).

5.2. Now, we proceed to the proof of Theorem 5.1. Since P(s;t0)Pw — Pj,w =

P(s;t0)u — Py u for all w € 9, where u = Pw € N, for the proof of (5.1) it suffices to
establish the estimate

(5.3) |P(s;t0)u — Pjulls < Cstljullg, ueMN, tec(0,r), OS>
We start with two elementary statements.

Lemma 5.3. Let u = s'/2(C+V®c) € N, where C € C3 and &c € H'(Q) is a solution
of the equation

(5.4) divs(C + Vo¢) = 0.
Then
(5.5) alCl < lully < elCl, e = [ls YL 2I21Y2, e = 5]/ 192.

Proof. Equation (5.4) implies that
/<s(c + VD), V) dx =0, Ue HY(N).
Q
Substituting ¥ = &, we obtain

/(s(C+V<I>c),C+V<I>C> dx:/<s(C+V<I>c),C> dx.
Q Q
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Consequently,
lullg = [Is"/2(C + V®o)|ls < [|s'/2Clls < [Isll;2122[C],

which proves the upper estimate in (5.5).
The periodicity of ®c implies that we have fQ s~1/2udx = C|Q|, whence

1C[1€2] S/ |57 2ul dx < [|s~ /210212 [ul] -
Q
This proves the lower estimate in (5.5). O

Lemma 5.4. Suppose 0 € S? and g € H(2) solve the equation
(5.6) div (0 + V®g) = 0
and satisfy the condition fQ Pgdx =0. Then

2
(5.7) 1®olls < s = (2ro) ™" (Isllzolls™ 2. 12)
Proof. Equation (5.6) implies that

/(SV<I>9, Vdg)dx = — / (s8,VPg) dx
Q Q

Consequently,
1/2
1512V @e|l5 < [|s'/20]5 < |Is]1/ %[22,
whence
(5.8) IV@olls < lls~ I}/ IIsl 2 9212,

We write the Fourier series for ®g; since the Fourier coefficient with zero index vanishes,
with the help of (1.1) we obtain

59 [V%alh = 37 bP(@onf > ( min [b) 37 (o)l = 4 2ol
bel’ bel
Relations (5.8) and (5.9) imply (5.7). O

5.3. So, let u = s'/2(C 4+ V®c) € M, and let &y be the solution of equation (5.6) fixed
by the condition fQ ®g dx =0, as in Lemma 5.4. The projection Py, acts as follows:

0
_ 1/2 _ _(s"C,0)
Combining the obvious estimate |3] < |s°]1/2|(s°)~!|}/2|C| with (4.35), we see that
(5.11) 81 < s 2l 121,

In accordance with Subsection 2.2 (see (2.11), (2.13)), the projection P(s; k) acts by the
formula

(5.12) (P(s:k)u)(x) = u(x) — (s(x))"*Vio(x: k),
where ¢(-;k) € H*() is the weak solution of the equation
divy 5(x) Vi = divie(s(x))/?u.
Plugging u = s*/2(C 4+ V®¢) and using (5.4), we conclude that ¢ satisfies the equation
(5.13) divk s(x)Vko = ik - (s(x)(C + VP¢)).
Then (5.10) and (5.12) imply that
(5.14) P(s;k)u — Pyu= 3520 + Vdg) — s'/2V 6.
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The solution ¢(x;k) of equation (5.13) will be sought in the form
p(x;k) = —ift " + BPo(x) + tih(x; k),
where ¢(-;k) € H'() is a new unknown function. Then
(5.15)  Vip = fVPg + tVith + itOF(—it ' + Bg) = (0 + VPg) + itODPg + tVi1).
Substituting (5.15) in (5.14), we obtain
(5.16) P(s;k)u — Pyu= —ts'/2(i030 + Vit)).
Relations (5.5), (5.7), and (5.11) yield the estimate

(5.17) Is'/208%o||5, < callulls, ea = (2ro)|IsllF s~
Relations (5.16) and (5.17) show that for the proof of (5.3) it suffices to prove the estimate
(5.18) Is'2 Vil < Callulls.

Then inequality (5.3) follows with the constant Cs = ¢4 + Cy.
5.4. In order to deduce an equation for ¢, we substitute (5.15) in (5.13). Then, by (5.6),
the left-hand side of (5.13) takes the form
divi s (8(0 + V®g) + it0FPg + tV i)
=1t (iB(s(0 + VPg), 0) + i3 divk (s0Dg) + divyk sVk1)) .

The right-hand side of (5.13) can be written as ti(s(C + V®¢), ). Consequently, 9
satisfies the equation

(5.19) divi sVith = i(s(C + V®g), 8) — i divic(s8Pq),
where

(5.20) C:=C-36.

We seek the solution ¢ in the form

(5.21) b = o + i1,

where 91 (k) € H'(Q) is a new unknown function, and 1 (-;k) € H*(Q) satisfies the
equation

(5.22) div sVeyy = i(s(C + Vdg), 8) — if div(s0e).

The solvability condition for (5.22) is that the right-hand side must be orthogonal in $
to the constants. This condition is satisfied: by (4.12), (5.10), and (5.20), the integral of
the right-hand side vanishes:

/Qi<s(6 1 Vag),0) dx = i|Q|(s°C, 8) = i|Q|((°C. ) — 3(°0,8)) = 0.

Equation (5.22) is solvable, and its solution 9 is determined uniquely up to a constant
summand. We fix ¥y by the condition [, 1o dx = 0.

Lemma 5.5. Suppose 1o (-;k) € H*(Q) solves equation (5.22) and satisfies the condition
Joodx =0. Then

(5.23) 15" Victolls < esllullg, [k| < ro,

where cs is the constant defined below in (5.30).
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Proof. Equation (5.22) implies the identity
/Q<S(X)V’¢o, Viﬂo) dx = —i/ ((S(X)(é + V‘I’é), 9> ('(/}0)+ + ﬁ@g(s(x)@, V¢o>> dx.

Q
It follows that

(5.24) 112V oI, < [I5(C + V&) 15 tolls + |8]]|1®as"/20]s s/ >Vibo| s-
By Lemma 5.3,

st 1/2 ot 1/2 .~
(5.25) I5(C+ Voe)|s < s 21s"/%(C + Veg)|ls < eolsll 7 ICI.

Next, from (5.10) and (5.20) it is seen that |(s°)Y/2C| < |(s°)}/2C|. Hence, by (4.35)
and (5.5) we have

(5.26) IC] < [s012|(s%) 2] < e sl 2 s~ 1 2 s
By analogy with (5.9),
(5.27) lvolls < (2r0) "M Vebolls < (2r0) s 212 152 Vo |-
As a consequence of (5.17) and (5.24)—(5.27), we obtain
(5.28) 1512V 4ol < 2c4]uls-
Finally, (5.27) and (5.28) yield the estimate
1/2 2 — 2
(5.29) 15" 2kepollsy < tllslly > lvolls < callsli s~ 172 lulls, ¢ € [0,70]-

Relations (5.28) and (5.29) directly imply (5.23) with the constant
1/2) —11/2
(5.30) es = (24 IsIZ2 s 2 ) ear O

5.5. In order to deduce an equation for 11, we substitute (5.21) in (5.19) and use (5.22).
After cancelling out the factor ¢, we obtain

(5.31) —divg sVitr = idivi(s0vp) + i(sVipg, 8) — BPg(s6,0).
It remains to estimate the term t||s'/2Vy1y || .

Lemma 5.6. Let 1 (-;k) € H*(Q) be the solution of (5.31). Then
(5.32) t)s' 2 Vin s < csllulls, k| <o,

where cg is the constant defined below in (5.33), (5.35).

Proof. Equation (5.31) implies that

/Q<$Vk1/)1,vk¢1>dx
= [ (= it (s6. Vi) + sV, 0) (1) — 5 (s6,6) (1)) dx.

Consequently,
5725t [
< |Is" Vi lollsly [olls + (s Veollolisl? + 1811®alls lslz.. ) I1ls-
Applying (5.5), (5.7), (5.11), (5.17), (5.27), and (5.28), we arrive at the estimate

/2y < &
1529l < (er-+ sl 2 ) s,
3/2

ey = (2rg) M sIT s Tn,  es =3(2r0) T HlIsIZ s ™HIZ2

(5.33)
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Using the Fourier series for ¢; and assuming that k € clos ﬁ, we obtain

Vil =D b+ kP (h)nl” > [k D> 1(@0)u]* = 2[1¢n 3.
bel bel
Thus,

[ ls
IsY/2Victhn 5
Finally, (5.33) and (5.34) imply that

5" 2%ctalls < (e7 + ¢ eslls ™12 ) ulls,
whence (5.32) follows with the constant

(5.35) co = erro +esllsTH 2 O

1/2

(5.34) <t Hls I

Relations (5.21), (5.23), and (5.32) yield estimate (5.18) with the constant Cy = ¢5+cg.
This completes the proof of Theorem 5.1. We have proved inequality (5.1) with the
constant

C3=c1+Ci=cq4+c5+cg
— — 3/2) —113/2
= (2ro) ™ (sl s~ . + 3llsI22 s~ 172

(we have used expressions (5.17), (5.30), (5.33), and (5.35) for the constants).

(5.36)

§6. APPROXIMATIONS FOR THE RESOLVENT OF L(k) AND ITS SOLENOIDAL PART

6.1. Approximation for the operator (L(t;0)+c%I)~!. We are going to apply [BSu2,
Theorem 1.5.5]; this theorem concerns approximation of the resolvent (L(t;0) + &)1
for small € in terms of the germ S(0). Estimates (4.17) for the eigenvalues X\;(¢;0),
1 =1,2,3, show that the conditions of this theorem are satisfied. In our case, Theorem
1.5.5 of [BSu2| directly implies the following result.

Theorem 6.1. Let P be the orthogonal projection in $) onto the subspace N defined by
(4.6), and let S(0) be the spectral germ of the family L(t;0) at t = 0 (see (4.31)). If t9
is the number given by (4.10), then for the resolvent

(6.1) R(t;0;¢) := (L(t;0) +*T)7!
we have
(6.2) |R(t; 0;¢) — (t2S(0) + 2In) ' P|lgg <Cic !, 0<e<1, tec(0,t.

The constant C; depends on c., 6, and t° (see (3.16), (3.28), (4.9), and (4.10)), i.e.,

ultimately, it depends on the radius rq of the ball inscribed in Q and on the Lo,-norms
of the coefficients s, s, h, ™1, v, v1.

Observe that the norm of each of the two terms in (6.2) is of order O(e~2), while the
norm of the difference is of order of e~!. Therefore, we may treat relation (6.2) as an
approximation for the resolvent (6.1). In [BSu2l §1.5], the following explicit expression
for the constant C; was given:

(6.3) Cr = Bie: V207 + Boder (t0) 8 + (36) L,

where 31 and (35 are absolute constants.

Now we consider the effective operator L°(; @) with the coefficients s, h®, v. We note
that (cf. (4.35)) the Lo-norms of the effective coefficients s%, (s°)=1, h%, (%)=L, v, vt
do not exceed the corresponding norms of the initial coefficients s, s=*, h, A™1, v, v~ 1.
It follows that if L(¢;0) is replaced by L°(t; @), then the constants c, and § (see (3.28),
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(4.9)) may only become larger. The constants t and t°6~1/2 (see (4.10), (3.16), (2.9))
also may only become larger. Therefore, the constant C; (see (6.3)) may only become
smaller. This allows us to assume that the constants t° and Cy for L°(t;0) are the same
as for L(t;0). Applying Theorem 6.1 to the operator L°(¢; ), for the resolvent

(6.4) RO(t;0;¢) := (L°(;0) + 1)t
we obtain
(6.5)  ||R°(t;0;¢) — (t25°(0) + 2 Ig0) ' Pyl < Cie™t, 0<e<1, te]0,t.

Here Py is the orthogonal projection in $) onto the subspace MY defined by (4.13), and
S9(0) is the germ of the family L°(¢;0).
By (4.33),

(t25(0) + *In) ' P = (PU*S°(O)U + *U*U) ' P
=U(125°(0) + ®Iy0) 'UP = (UP)*(t*S°(0) + % I0) "' Py(UP).

Recall that the unitary “identification of kernels” operator I : 9 — N is defined by
(4.14). From (6.2) and (6.6) we obtain

|R(t;0;¢) — (UP)*(t2S°(8) + e Io) "' Po(UP)]| g < C1e
0<e<l1, telo,t.

(6.6)

(6.7)

On the other hand, multiplying the operators under the norm in (6.5) by U P from the
right and by (P)* from the left, and using the fact that the norms of these factors do

not exceed unity, we arrive at the inequality
(6.8) |@P)*RO(t: 85 €)(UP) — (UP)*(t*S°(8) + £ Lyvo) T Po(UP) || -5 < Cae ™,
' 0<e<l1, tel0,t.

Comparing (6.7) and (6.8), we obtain the following result.

Theorem 6.2. Suppose that the conditions of Theorem 6.1 are satisfied. Let L°(t;0)
be the family corresponding to the effective operator L° defined by (4.34), and that the
resolvent RY(t; 0;¢) is defined by (6.4). Let U : Nt — N be the unitary operator defined

by (4.14). Then
69) |R(t;0;¢) — (UP)*RO(t; 0; ) (UP) | 55 < 2C1e7 7,
' 0<e<1, tel0,t

6.2. Approximation of the solenoidal part of the resolvent. Our next goal is to
approximate the “solenoidal” part of the resolvent (6.1), i.e., the operator

—1
(6.10)  Ry(t;0;¢) == P(s;0)R(t; 0;) = ((L(t;0))s(sst0) + € Lisit0))  © Oc(sstd)-

We multiply the operators under the norm in (6.2) by the projection P(s;t0) from the
left. Then

(6.11) R (t;05) — P(s:t0) P(t°S(6) + eI) "' Plls—g < Cre™ 1,
0<e<l1, te(0,t°.
Next, using estimates (4.18) for the eigenvalues of the germ S(0), we obtain
(6.12) [(t2S(0) + e2In) ' Plg—g < (cst?> +2)71, >0, t>0.
From (6.12) and (5.1) it follows that
|(P(5:10)P — Py, )(£25(8) + e2Isn)*Plls 5

(6.13) _
< Ost(et® +e2) L <0527 1er 27t 250, 0<t <.



HOMOGENIZATION OF A MAXWELL SYSTEM 895

Inequality (6.13) allows us to replace P(s;t0)P by Py, in (6.11):
1R (t;0:2) — (£2S(8) + & It) ™' Pry -5y < Cae ™,
(6.14) 0<e<l, 0<t<t®, Co=Ci+Cs27 '
By analogy with (6.10), we introduce the notation
(6.15) RY(t;65¢) := P (s 10) R"(t; 6; ) .
= ((L°(;0)) y(s0:0) + €2 L1(s0:t0)) @ OG(s0:t0)-

Multiplying the operators under the norm in (6.5) by P(s%; t8) from the left, and recalling
(5.2), we obtain

(6.16) |[RS(t; ;) — (°S°(0) + €°Io) " Pygllg— <Cie™', 0<e<1, 0<t <t
By (4.33) and (4.44),

(t2S(0) + e%In) ' Py,

6.17
(6.17) = U (125°(0) + €°Iyo) "'UP;, = UP)*(t2S°(6) + e*Ipo) "' Pyg(UP).

Now, comparing (6.14), (6.16), and (6.17), we arrive at the following important result.

Theorem 6.3. Suppose that the conditions of Theorem 6.2 are satisfied. Let the opera-
tors Ry(t;0;¢) and RY(t;6;¢) be defined by (6.10) and (6.15). Then

IRs(t:0;€) — (UP)" Ry (t;0: ) UP)|l 55 < Cae™ ",

—1/2

(6.18)
0<e<1l, 0<t<t’, C3=C1+Cy=2C+C527c;

6.3. Estimates of the resolvents for ¢ > t°. Besides (6.9) and (6.18), we need some
elementary estimates of the resolvents for k = t0 € closQ N {k € R3 : [k| > t°}. By
(3.30), for the lowest eigenvalue Ej (k) of the operator L(k) = L(t; 0) we have

IRt 0;6)|lg—g < (cx(t2)?+2) <1 (t°) 72, k=10 cclosQn{k: k| >}

The same estimate is valid for R°(t;6;¢), and also for the operators (6.10) and (6.15).
Combining this with (6.9) and (6.18), we arrive at the inequalities

| R(t;0;e) — (UP)*RO(t;0;6)(UP)| g5 < Cac™",

(6.19) 0<e<1, k=t0¢closQ,

(6.20) IRs(t;0;¢) — (UP)* R (t; ;) UP)|l5-5 §~C5€_1,
0<e<l1l, k=tOcclosQ)\{0},

where

(6.21) Cy = max{2Cy,2¢c; *(t°) 72},

(6.22) Cs = max{Cs, 2c; ' (t°) 7%} = max{2C; + C52 e 12, 2¢; (%) 72},

§7. APPROXIMATION FOR THE RESOLVENT OF L AND ITS SOLENOIDAL PART

7.1. Let £ = L(s; h;v) be the operator in & = Ly(R?; C?) defined in Subsection 3.1. Let
P(s) be the orthogonal projection in & onto the subspace J(s) (see Subsection 2.1). Let
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L0 = £(s% h°, v) be the effective operator (see (4.34)), and let P(s”) be the corresponding
orthogonal projection in & onto J(s”). We put

(7.1) R(e) = (L + )71,

(7.2) Re) = (L% +21)71,

(7.3) Ry(e) =P(s)R(e) = (Lys) +°L5(5)) " @ 05,
(7.4) Rj() = P(s°)R(e) = (LI(s0) + €2 Ly(s0)) ™! @ Og(s0)-

Recall that V denotes the (unitary) Gelfand transformation (see Subsection 1.3). The
decompositions (3.36), (3.37) and their analogs for £° show that the operators (7.1)—(7.4)
can be decomposed into the following direct integrals:

(7.5) R(e) = v*( /Q ®R(t; 0;¢) dk)V,
(7.6) R(¢) = v*( /Q ®RO(t; 6;¢) dk)v,
7.7) Rye) =v*< /Q SRy (1 6;2) dk)V,
(7.8) R%(e) = v*( /@ ©RY(t;0;¢) dk)V

(we have used (6.1), (6.4), (6.10), and (6.15); recall that ¢t = |k|, k = t6). The direct
integrals of the operators in (7.5)—(7.8) act in the direct integral K of Hilbert spaces (see

(1.6)).

Now, we define a bounded operator W : & — & by the relation
(7.9) W =V* </~ eUP) dk)V = V*[UPV.
Q

Here [U/P] is the k-independent operator in K that acts as multiplication by the operator
UP in the fibers § = Ly (Q; C?) of the direct integral K. Relations (7.6), (7.9) imply that

(7.10) ” < /Q BUP) R(t;6;2)(UP) dk>V

= W*p* ( /~ ®RO(t;0;¢) dk> VYW = W*R%(e)W
Q

(recall that V is unitary). Similarly, (7.8) and (7.9) yield

(7.11) v([ SUP)*RY(t;0;¢)(UP) dk)v = W*R%(e)W.
Q

From (7.5), (7.10) and (7.7), (7.11) we see that

(7.12)

|R(e) = W*R"(e)W|le—e = esssup, g ||R(t; 8;2) — (UP)*R(t; ;) (UP)| g3,
(7.13)
|Rs(€) = W*RG(e)W|l6—e = esssup, g ||Rs(t; 0;¢) — (UP)* RS (t;0;2)(UP)||5—s5-

Now, combining (7.12) and (7.13) with estimates (6.19) and (6.20), we arrive at the
following results.

Theorem 7.1. In the notation (7.1), (7.2), and (7.9), we have
(7.14) |R(e) = W*R’(e)W|le e <Cic™', 0<e<1,
where Cy is the constant defined by (6.21).
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Theorem 7.2. In the notation (7.3), (7.4), and (7.9), we have
(7.15) IRs() = W*RY(eW||o e <Cse7 !, 0<e<,
where Cs is the constant defined by (6.22).

Remark 7.3. Ultimately, the constants C4, C5 depend on the L,-norms of the coefficients
5,871, h, k=1 v,v71 and on ro. Note that the operators R;(¢) and R%(¢) do not depend
on the coefficient v (because the part of L(s,h,v) in the subspace J(s) is one and the
same for all v). Consequently, estimate (7.15) is valid with the constant Cs corresponding
to the operator L(s, h,v) with arbitrary v(x), in particular, with v(x) = 1. In this case,
Cs only depends on the L.,-norms of the coefficients s, 5™, h, h~', and on 7.

7.2. The bordering operators. Now, we study the operators W, W* (see (7.9)) that
border the resolvents R%(¢) or RY(e) in the approximations (7.14), (7.15). It suffices to
consider the operator

(7.16) W* =V*[(UP)*]V = V' U P|V.
Here we have used the obvious identity

(UP)* = (PlUP)* = PU*Py =U*P.
Proposition 7.4. For any function u € & we have
(7.17) ([P]Vu)(k) = 2| 2(Fu)(k), ke,
where § is the Fourier transformation in R3.

Proof. 1t suffices to check (7.17) for the functions u in the Schwartz class S(R?; C3?).
Then u.(x,k) = (Vu)(x,k) is defined in accordance with (1.5). Now, to the function
u. (-, k) € $ we apply the projection Py onto the subspace M° C § of constant vector-
valued functions

(P09 = 00 [ .10 dx = 021 1/2/2 Skt y(x 4 a) dx
Q acl’
=l em Y [ ity ay

acl Q+a
—lof 2 (em) 92 [ e iuly)dy = 07 Gu)
R3
(we have used the relation |Q[|Q] = (27)3). O

By (4.14), the operator U* = U~ : M® — N takes the vector £ = (s°)1/2C € N° to
f=5/2(C+ Vdc) € N. Let ej, j =1,2,3, be the standard unit vectors in C3. We put

(7.18) C; = (s°)"%e;, ®;:=dc,, j=12,3.

Obviously, the vectors e; = (s°)1/2C;, j = 1,2,3, form an orthogonal basis in M:
(ej,e1)s = |2]d;;. Then, since U is unitary, the functions

(7.19) g =U'e; =s"%(C; + V), j=123,

form an orthogonal basis in 1. The operator U* takes the constant vector-valued function
0 € 7M° to the function

3
U0 (%) = > (0, e))g;(x
j=1
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In other words, if C3-valued functions are represented as columns of their coordinates
in the standard basis e, ez, e3, then the operator U* reduces to multiplication by the
(3 x 3)-matrizc W*(x), the columns of which are the coordinates of the vectors g;(x):

(7.20) U ) (x) = W™ (x)f°.
From (7.17) and (7.20) it follows that
(7.21) (U Po]vu)(x, k) = [Q7?W* (x)(Fu)(k), xe€Q, ke

Finally, in order to calculate the operator W* (see (7.16)), we consider its sesquilinear
form, assuming that u,v € S(R?;C?). Using (7.21), (1.5), and the periodicity of the
matrix-valued function W*(x), we obtain
(7.22)

(W*u, V)@ = ([H*PO]VU, VV))C

= \Q|_1/2|§|_1/2/de/()deexp(i(k,x—l—a})(W*(x)(%u)(k),v(x—l—a))

ael
= (271')_3/2 Z/

acl Q+a

= (@n) 2 [ dy | dk exp(ifk, y)) (W (y) () (k). v(¥)).
R3 Q

We introduce the pseudodifferential operator II that acts in & and the symbol of which
is the indicator x¢ (k) of the set (2

(7.23) (TTu)(y) = (2m)~3/2 /~ %Y (Fu) (k) dk.

Q

dy /Q dk exp(ifk, y))(W*(y)(3u) (k), v(y))

Then (7.22) can be rewritten as

Wuve = [ W O)IE) V) dy. wyeSELC).

This implies the following statement.

Proposition 7.5. Let I be the pseudodifferential operator defined by (7.23). Let W*(x)
be the matriz-valued function with the columns g;(x), j = 1,2, 3, defined by (7.19). Then
the operator (7.16) can be represented as W* = W*II.

Thus, the operator W* is the composition of the pseudodifferential operator I1 and
the operator of multiplication by the periodic matriz-valued function W*(x). The matrix
W*(x) is expressed in terms of the gradients of the periodic solutions ®;(x) of the elliptic
equations div s(x)(C; +V®,) = 0 (see (7.18)). Hence, in general, for an arbitrary matrix
s(x) satisfying condition (3.1) only, the matrix W*(x) is not bounded. Nevertheless, the
composition W*II is a bounded operator in &, which is clear from (7.16). Also, this fact
can easily be verified directly. We shall not dwell on this direct verification. As is seen
from (7.9), (7.16), we have

(7.24) Wle—e = W le—e < 1.

§8. OTHER APPROXIMATIONS FOR THE OPERATORS R(g) AND R;(¢)

8.1. The properties of the solutions <I>C In Theorems 7.1 and 7.2, we obtained
approximations for R(e) and R;(¢) in terms of the “sandwiched” operators RY(g) and
RY(e). The role of the bordering operators was played by W* and W. In Proposition

IThe author thanks A. A. Arkhipova for consultation and help in clarifying the properties of the
solutions ®¢.
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7.5, the operator W* was represented as W*II. Our goal in this section is to show that
these approximations remain valid if the bordering operators W* and W are replaced
by the operators of multiplication by the periodic matrix-valued functions W*(x) and
W (x), respectively. In other words, the pseudodifferential operator II can be replaced
by the identity operator I.

For this, we need some properties of the periodic solutions ®¢ of equation (4.5). The
following statement is a consequence of |[LU, Chapter III, Theorem 13.1].

Proposition 8.1. Suppose that a measurable periodic matriz s(x) with real entries sat-
isfies condition (3.1). Let C € C3, and let ®c(x) be the (weak) periodic solution of (4.5)
satisfying the additional condition [, ®c(x)dx =0. Then ®¢ € Loo(R?) and

(8.1) |%c]z. <CIC],
where the constant C only depends on ||s||_, ||s~ ||z, and on Q.
Now, we prove the following statement.

Proposition 8.2. Suppose that the conditions of Proposition 8.1 are satisfied. Let f =
s1/2(C+V®c). Then the operator [f] of multiplication by the column f(x) is a continuous
operator from H'(R3) to & = Ly(R3;C3), and

(8.2) 1) a2 )0 < CLICI, Cr = (2sl]..) "/ max{2C, 1}.
Proof. For a periodic solution ®c € H (R?) of equation (4.5), we have
(8.3) / (5(x)(C + Vo), V) dx = 0

R3

for any function ¥ € H'(R3) with compact support. Let v € C§°(R3). Then in (8.3) we
can put ¥(x) = ®c(x)|v(x)[?:

/<s(x)(c+vq>c),vq>c>|u|2dx+/ (5(x)(C + Vbe), V]o]2) & dx = 0.
R3 R3

Consequently,
/ If]?|v]? dx = / (s(x)(C+ V®¢),C + Vo) |v|[* dx
R3 R3

— [ 6G0(C+ VEe),O)luf dx — [ (s(x)(C+ Vo). Vo) 0 dx
R3 R3

IN

2 2
Islli/2Ic) / I8l dax + 21512 [P / o[Vl dx

1
—/ If\QIUIQdXJrIISHLmICIQ/ IUIZdX+4IISHLmII<1>c|I%w/ [Vol* dx.
2 Jrs R3 R3

IN

As a result, by (8.1), we obtain

1 .
5/ If?|v]? dx < ||s]|z.|C|? (/ \w\gdx—l—ﬁlCQ/ Vv|2dx> , v eCERY,
R3 R3 RS

which implies (8.2). O

Proposition 8.2 elementarily implies the following statement, in which we use the
notation &' := H!(R3;C?), | € R.
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Corollary 8.3. 1°. The operator [V®c] of multiplication by the column V®c(x) acts
continuously from H(R3) to &; the adjoint operator [V®c|* of multiplication by the row
(V@c(x))* acts continuously from & to H-1(R3). We have

IVOc]llg ry—e < CalCl,  Co=Culls™H[}/2 +1,
H[V(I)C]*H@—»H*l(]lw) < 62‘0‘_
2°. Let gj, j = 1,2,3, be defined by (7.18), (7.19). Then
gl ) < Crl(s) 2 < CullsH 2, 5 =1,2,3.

3°. The operator of multiplication by the matriz W*(x) acts continuously from & to
&, and

(8.4) IW*)le o < Cs := v3Culls~ [/

4°. The operator of multiplication by the matriz W(x) acts continuously from & to
&L and

IW]lle—e-1 < Cs.

8.2. Analysis of the sandwiched resolvent. We put (see Proposition 7.5)

(8.5) V(e)* == W*(R%(e))Y? = W*II(R(e)) /2.
Then

(8.6) W*R ()W = YV()*V(e),

(8.7) WHRY (e)W = V(e)*P(sV)V(e).

We denote

(8.8) V(e)* = W*(I - ) (R%(e))"/?.

Our goal is to show that the operator (8.8) is bounded in &, and its norm is estimated by
a constant independent of . This will allow us to replace the approximating operators
(8.6) and (8.7) in the approximations (7.14) and (7.15) by W*R%(e)W and W*R%(e)W.

Proposition 8.4. The operator (I —1II)(R%(e))Y/?: & — & is continuous, and
(8.9) |2 = IR llomer < e P (1+157)! 2
The constant c, is defined by (3.28), and ro is the radius of the ball inscribed in Q.

Proof. In the Fourier representation, the operator £° (see (4.34)) acts on a function
u(x) as the multiplication of its Fourier image (Fu)(&) by the symbol 1°(¢), & € R?. The
symbol [°(€) is the (3 x 3)-matrix corresponding to the quadratic form

(1°(€)z,2) = (") 1 (€ x ((s°)/%2)), € x ((s°)/%2)) + pl{(s°) /2, €)%,

8.10 .
( ) EcR®, zeC3

It follows that the matrix-valued function [°(€) is a second-order homogeneous function
of &:

(8.11) 1°(€) = €*1°(8), 0= [¢|'¢ €S
Combining (8.10) and (4.32), we see that
)

<Z0(0 Z7Z> _ (SO(B)sz)ﬁ’ z € C3 \ {0}

2|2 [EIFS
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Recalling estimates (4.18) for the eigenvalues of the germ S°(0), we arrive at a lower
estimate for the symbol (8.11):
(8.12) (&) > c.l€f’1, €eR.

In the Fourier representation, the resolvent R%(g) (see (7.2)) corresponds to the symbol
(1°(€) + €21)~', while the operator (I — IT)(R(¢))*/? (see (7.23)) corresponds to the
symbol (1 — x5(£))(1°(€) +21)71/2. Let u € & and v := (I — II)(R%(¢))*/?u. Then

(8.13) FV)(€) = (1 = xg(©)(I°(&) +£°1) 2 (Fu)(§).
By (8.12) and (8.13), and by the estimate |£] > o for £ € R3\ Q, we have

IvIIE: = /ﬂ@(lél2 +DIEV)(€)I* de S/ (1€17 + D) (c.l€* + )7 (Fu) (€)]* d€

R3\Q

< CI1(1+7“0_2)/ (Fu) ()12 d€ < e (L +75?)[|ul3.

R3\Q
This proves (8.9). O

Now, (8.4) and (8.9) directly imply the following statement.
Proposition 8.5. The operators Y(e)* (see (8.8)) and Y(¢) are bounded in &. We have
(8.14) 19E) le—s = V() lo—o < Ca = e /(1 +75%)/*Cs.

Obviously, (7.2) implies that [|(R°(¢))"/?|¢—e < 7!, € > 0. Combining this with
(7.24), we obtain an estimate for the norm of Y(e)* (see (8.5)), and then also for the
norm of Y(¢g):

(8.15) 1Y) le—e = 1V(E)e—e <!, e>0.
By (8.5), (8.6), and (8.8), we have
W*R% (&)W — W*R ()W = (V(e)* + V()*)(V(e) + V(&) — Y(e)* V(e)
= V(e)* V(e) + V() V(e) + V()" V(e).
Then (8.14) and (8.15) yield the estimate
[W*R%(e)W = W*R%(e)W|l6 e
<2V(E)le—elV(E)lo—e + 1V(E)E o < 2Csc™' +CF, £>0.
Similarly, we use (8.7) to obtain
(8.17) [W*R%(e)W — W*RS(e)W||e—e < 204 +C2, &> 0.

8.3. Approximation for R(¢) and R;(e). Combining (7.14), (7.15) and (8.16), (8.17),
we arrive at the following results.

Theorem 8.6. Let R(g), R°(g) be the operators defined by (7.1), (7.2). Let W*(x) be
the matriz with the columns g;(x), j = 1,2,3, defined by (7.18), (7.19). Then

(8.18) |R(e) = W*RY (&)W |lo—e < Coc™", 0<e<1, C¢=Cq—+2C,+C2,
where Cy is defined by (6.21), and Cy is defined by (8.14).

Theorem 8.7. Let R;(g), RS (¢) be the operators defined by (7.3), (7.4). Let W*(x) be
the same matriz as in Theorem 8.6. Then

(8.19) HRJ(E)—W*RS(E)WH@H@ §C7871, 0<e<1, C7:C5+264+627
where Cs is defined by (6.22), and Cy is defined by (8.14).

(8.16)
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Remark 8.8. Ultimately, the constants Cg, C7 in estimates (8.18), (8.19) depend on the
Lo-norms of the coefficients s, s™1, h, h™1, v, v~ and on the parameters of the lattice
I". As in Remark 7.3, we may assume that the constant C; corresponds to the operator
L(s,h,1) with v(x) = 1; therefore, it only depends on the L,-norms of the coefficients
5,571 h,h~! and on the parameters of the lattice I'.

Now we look at how the approximating operators W*R%(e)W and W*RY ()W =
W*P(s°)RO(e)W act. By Corollary 8.3(4°), the operator [W] continuously maps & into
&~ 1. The resolvent R°(g), viewed as a pseudodifferential operator of order —2 with the
symbol (1°(¢) + €21)~1, continuously maps &1 into &!. By Corollary 8.3(3°), [W*] is
a continuous operator from &! to &. As a result, the operator W*R%(¢)W is continuous
in 8. In order to check that the operator W*RY ()W is also continuous in &, we must
use the fact that the projection P(s°) is a continuous operator in &*. Indeed, P(s°) acts
as a zeroth-order pseudodifferential operator. The symbol p(&) of the operator P(s°) is
a (3 x 3)-matrix-valued function homogeneous in & € R? of order zero. We have

(8.20) p(&)z =1z — (s°€,£) 71 ((s°)/?2,€)(s°)"/%¢, £e€R*\0, z€C’.

Therefore, P(s°) continuously maps &! into &*.

§9. HOMOGENIZATION PROBLEM FOR THE OPERATOR L

Below, if ¢(x) is a measurable I-periodic function in R, we systematically use the
notation ¢°(x) := ¢(e7'x), € > 0. For the operator £ = L(s, h,v) defined in Subsection
3.1, we consider the following family of (¢I')-periodic operators:

(9.1 L. :=L(s*,h%, V%), >0.

The coefficients of the operator (9.1) are rapidly oscillating as € — 0. The problem is to
study the behavior as ¢ — 0 of the resolvent (£. +I)~!, and also of its “solenoidal” part
(Lo +1)71P(s%).

9.1. Approximation of the resolvent (L£.+1)~!. The operator (9.1) is the selfadjoint
operator in & generated by the quadratic form

lc[u,u] = /]W((ha(x))*1 curl(s®(x)) ™Y ?u, curl(s°(x)) "/ ?u) dx

(9.2)
+/ ve(x)| div(s®(x))?ul>dx, Doml, = F(R3;s°)
R3

(the class F(R3;s%) is defined by (2.6)). Let T. denote the unitary scale transformation
in &: (T.u)(y) = £3/?u(ey), e > 0. Relation (9.2) implies that
L. = 6_2T5*£T5, >0,
whence
(9.3) (Lo+ D)7t =2TH L+ D) ML = 2T R(e)T..

Here we have used the notation (7.1). For the operator £° (see (4.34)) with constant
coefficients, identity (9.3) turns into the even simpler relation

(9.4) (LO+ D)7 =2Tr (L0 + 1) T, = 2T R ()T

(we have used (7.2)).

Let W(x) be a periodic matrix-valued function occurring in Theorems 8.6 and 8.7.
Obviously, TX[W]T, = [W¢], i.e., under the scale transformation the operator of multi-
plication by the periodic function W (x) turns into the operator of multiplication by the
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rapidly oscillating function W¢(x) = W(e~1x). Since T is unitary, by (9.4) we have
(9.5) ETWH*RY(e)WT. = (W) Tr RO (e)T.W*e = (We)* (L% + )~ We.
Subtracting (9.5) from (9.3) and using Theorem 8.6, we arrive at the following theorem.

Theorem 9.1. Let L. be the operator defined by (9.1). Let L° be the effective operator
defined by (4.34). Let W*(x) be a periodic matriz-valued function with the columns g;(x),
j=1,2,3, defined by (7.18), (7.19), and let W¢(x) = W (e~ 1x). Then

(9.6) L+ D)™ = (W (L' + 1) "W lgoe < Coe, 0<e<l1.

-1

The constant Cg depends on the Loo-norms of the coefficients s, s, h, h™ ', v, v~ ! and

on the parameters of the lattice T'.

We emphasize that the approximating operator (W¢)*(L£% + I)"*W*¢ in (9.6) involves
the resolvent of the effective operator £° with constant coefficients. At the same time, the
approximating operator still depends on € via the explicitly described rapidly oscillating
factors We, (W¢)*. This dependence can be eliminated only by passing to the weak
operator limit (see Subsection 9.3 below), i.e., by essential deterioration of the quality of
convergence.

9.2. Approximation of the solenoidal part of the resolvent of £.. By applying
the explicit description of the projection P(s) (see Subsection 2.1), it is easy to show
that

(9.7 TXP(s)T. = P(s%).

We multiply both parts of (9.3) by the projection P(s%) and use (7.3) and (9.7), obtaining

(9.8) P(s)(Le+ 1)t =2TrP(s)R(e)T: = e*TF Ry (e) T

Similarly, multiplying (9.4) by P(s%) and using (7.4) and (9.7), we get

(9.9) POLY + 1) =T RY ()T

Note that the operators on the left-hand sides of (9.8) and (9.9) can also be written as
P(s*)(Le+ D)7 = ((Le)s(eey + Lis=) ™' @ 0gse),
P(s)L + 1) = (L) s0) + Ly(s0)) ™" @ 0c(s0)-

By analogy with (9.5), we can use (9.9) to obtain

(9.10)  E2TrW*RY()WT. = (W) TX RS (e)T-W*e = (We)*P(s°)(L° + )~ We.

Subtracting (9.10) from (9.8) and applying Theorem 8.7 (and also Remark 8.8), we arrive
at the following result.

Theorem 9.2. Suppose that the conditions of Theorem 9.1 are satisfied. Let P(s®) and
P(s°) be the orthogonal projections in & onto the subspaces J(s%) and J(s°) (see (2.2)),
respectively. Then

(9.11) [P(s%)(Le + 1)~ — (W P(sOLO+T) ' We||g—e < Cre, 0<e<1.

The constant C; depends on the Lo,-norms of the coefficients s, s~*, h, h™' and on the
parameters of the lattice T'.
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9.3. On the weak limit of the resolvent. Under the conditions of Theorems 9.1 and
9.2, the weak operator limits in ® can be calculated for the resolvent (£, + I)~! and for
its solenoidal part. For this, we need the following elementary fact known as the “mean
value property” (see, e.g., [ZhKQ]).

Proposition 9.3. 1°. Let ¥(x) be a I'-periodic function of class La1oc(R?). We put
= 1Q|7 [ (x)dx.
Q
Then, as € — 0, the functions 1 (x) = (e~ 'x) weakly tend to 1 in Laoc(R?).
2°. Let ¢ € Loo(R?) be a T-periodic function, and let u € Ly(R3). Then, as e — 0,
the functions ©°(x)u(x) weakly tend to pu(x) in Ly(R3).
Now, we prove the following statement.

Theorem 9.4. Under the conditions of Theorem 9.1, the resolvent (L. + I)~! has a
weak operator limit:

(9.12) (w,® — ®)-lim (L. +1)~" = WL 4+ 17w
e—
Proof. By (9.6), it suffices to find the weak limit of the operator
(9.13) (W (L + 1)~ 'we,
First, we show that the norm of this operator in & is bounded uniformly with respect to
€.

As was shown in Corollary 8.3(3°), the operator [W*] acts continuously from &! to
&, and estimate (8.4) is valid. Then the same is true for the operator [(W*)*], and its
(! — &)-norm is bounded uniformly in e:

(9.14) W) ler—e < Cs, 0<e<1.
Indeed, estimate (8.4) means that
(9.15) |W* (x)v(x)]? dx < C’E/ ([Vav(x)]?> + [v(x)|?) dx, v €&
R3 R3
Substituting y = ex and u(y) = v(x), we rewrite (9.15) as
W ty)u(y) Py < CF /3(62|Vyu(y)|2 +u(y))dy, uees.
R R

This proves (9.14). By duality, (9.14) implies that the operator [W¢] acts continuously
from & to &1, and

(9.16) [We]llgoe-1 <Cs, 0<e<l.

The resolvent (L0 + I)~!, viewed as a pseudodifferential operator of order —2 with the
symbol (19(¢) + 1)1, continuously maps &1 into &', and we have

(0.17) 1L+ )Y g1 g < maxfe;’, 1}

by (8.12). From (9.14), (9.16), and (9.17) it follows that the norm of the operator (9.13)
is uniformly bounded:

(9.18) (W) (L0 + 1) "' We oo < C2max{c;',1}, 0<e<1.
By (9.18), it suffices to find the limit
(9.19) lirr(l)((Ws)*(EO +1)7'WEF,G)s, F,G e C5°(R?C?).
E—

By the mean value property (Proposition 9.3), we have

(w, ®)- lir% WeF =WF, (w,®)- lir% WeG = WG.
[Shad e—
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Let ¢ € C§°(R?) be such that ¢(x) = 1 for x € supp F. Then the operator (£°+ I)~! in
(9.19) can be replaced by the compact operator (£° + I)~1[¢]. Hence, (£L° + I)"1W*eF
strongly converges in & to (£° 4+ I)"'WF. Now, it is clear that the limit in (9.19)
coincides with ((£° + I)"'WF,WG)e. This proves (9.12). O

The following theorem can be proved by analogy.

Theorem 9.5. Under the conditions of Theorem 9.2, there exists a weak operator limit
for the operator P(s%)(Le + 1)L

(w, 6 — &)-lim P(s°)(Le +1)" = W P(s®) (L0 4+ 1) W.
£E—
§10. ADAPTATION OF THE RESULTS OF §9 TO APPLICATIONS
TO THE MAXWELL OPERATOR

10.1. For further application to the homogenization problem for the Maxwell operator,
we need to reformulate the results of §9 in terms natural for the following problem:

(10.1) curl(h) ™t curl(s) "tp. + 4. = F, divep, =0,

where F € J(1), i.e.,, F € ® and divF = 0. We are also interested in the behavior of the
function ¢, = (s°)~!4p_, which is the solution of the problem

(10.2) curl(h¥) "t curl g, + s°¢p. = F, divse, = 0.
Introducing g. = (s°) ~'/24_, we see that
(s%) "2 curl(h®) ! cwrl(s%) "M ?g. + ge = (s°) V2R, div(s?)/?g. = 0,
which can be rewritten as
Log.+g-= ()P, g.eJ(s).
For the right-hand side, we automatically have (s°)~'/2F € .J(s°). Then

(10.3) g = P(s°)(Le 4+ I)"1(s°)"V/2F,

(10.4) P = ()8, b= (s°) g

By (9.11), the following functions play the role of approximations for the functions (10.4):
(105) B = (55 2OV (L0 4 1) 7P () F,

(10.6) . = (7).

Moreover, from (9.11) and (10.3)—(10.6) it follows that

(10.7) b~ el < Cocl|Flle, 0<e <1, Cs=Crllslllls™ 12,

(10.8) Ip. — b-lle < Coel|Flle, 0<e<1, Co=Crlls i

10.2. Now, we transform expressions (10.5) and (10.6). Since (see (7.18) and (7.19))
the matrix W*(x) has columns g;(x) = s(x)'/2(C; + V®;(x)), j = 1,2,3, the matrix
W*(x) == s(x)"Y2W*(x) has columns C; +V®;(x), j = 1,2,3. Relations (10.5) and
(10.6) can be rewritten as

(10.9) P, = (W) 'w., ¢, = (W) w.,
where w. = (L° + I)~'P(s°)WEeF. We denote
(10.10) W= () P, B0 i= ()7 = (1),

Then wg is the solution of the problem
(10.11) curl(h®) ™! eurl(s?) T14p2 + 2 = (s°)!/*P(sO)WEF,  divep! = 0.
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Let &((s%)71) = Lo(R3;C3; (s") 1) denote the Lo-space with the weight (s°)~!. The
inner product in this space is given by (u,v)g((s0)-1) = ((s”)"'u,v)e. The set J(1) =
{u e & :divu = 0} is a closed subspace in &((s°)~!). Let P(s°) be the orthogonal
projection in &((s°)~1) onto J(1). It is easily seen that (s9)1/2P(s9) = P(s°)(s°)%/2.
Then the right-hand side in (10.11) coincides with P(s%)(s%)/2W<F. By V*(x) we
denote the matriz with the columns e; + V®,,(x), j = 1,2,3. It is elementary to check
that W*(x) = V*(x)(s°)~/2, whence (so)l/QW(x) = V(x). Therefore, the right-hand
side in (10.11) coincides with P(s°)VEF. As a result, (10.11) can be rewritten as
(10.12) curl(h®) ! curl(s) "1l + 2 = P(sY)VEF,  divep? = 0.

Note that the right-hand side in (10.12) belongs to the class J=(1) := {v € &1, divv =
0}. Indeed, by Corollary 8.3(1°), the operator [V] acts continuously from & to &1, The
same is true for [V€]. Then VEF € &1, The projection P(s°) acts as a zeroth-order
pseudodifferential operator, and, by continuity, extends to a continuous operator in &1,
The image P(s°)&~1 coincides with J~!(1). Thus, for the solution of problem (10.12),

we have 9? € &1. Also, ¢° € &' by (10.10).
Now, (10.9) and (10.10) imply that

(10.13) P =s"(VE) (), p = (VE)el.

10.3. The matrix V*(x) can be represented as V*(x) = 1 4+ V*(x), where V*(x) is the
matriz with the columns V&, (x), j = 1,2,3. Obviously, v+ (x) has zero mean value:
JoV*(x)dx = 0. Then the right-hand side of (10.12) can be written as P(s°)V°F =
F + P(s°)V=F. Naturally, the solution %° of problem (10.12) can be represented as

(10.14) P = py + .,
where 1), does not depend on € and satisfies the “homogenized” problem
(10.15) curl(h®) 7t curl(s®) 'yp, + 9, = F, divep, =0,

and 1?)5 is the solution of the “correction” problem
(10.16) curl(h?) ™1 Cur1(50)711/,[;€ + 17’5 =P(s°)V°F, div 17:6 =0.

Since the right-hand side of (10.16) belongs to J~1(1), we have fps € &!'. Note that

17)5 weakly tends to zero in &. This can easily be checked by analogy with the proof of

Theorem 9.4. One should use the presence of the factor V¢ on the right-hand side of

(10.16) and the fact that Ve weakly tends to zero in Ly joc (by the mean value property).
We put

o~ o~

(10.17) b0 = () "Mpy, @ i=(s")"p..
Then, by (10.10) and (10.14),
(10.18) ¢ = ¢y + ¢..

Note that 2155 €&l a\)a weakly tends to zero in &, and ¢, is the solution of the “homog-
enized” problem

(10.19) curl(R®) "t curl ¢y + s°p, = F, divs’p, = 0.

Next, the mean value of the matrix s(x)V™*(x) with the columns s(x)(e; + V®e, (x)),
j=1,2,3, is equal to s° (see (4.12)). We put

(10.20) G(x) := s(x)V*(x)(s") "' — 1.
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Then the matrix G(x) has zero mean value. Now, using (10.14), (10.18), (10.20), we can
rewrite (10.13) as

(10.22) ¢. = (L+ (V)¢ + &.).

Once again, from (10.21) and (10.22) we see directly that t_,¢. € &. Indeed, the
functions ¥, + 1715 and ¢, + 3)5 belong to &', and the operators of multiplication by G¢
and by (V)* act continuously from & to & by Corollary 8.3(1°).

In (10.21) and (10.22), after opening the parentheses, we distinguish the terms 1, and
¢, which are independent of ¢ and play the role of the weak limits for v, @,:

(’UJ, 6)_ gll}l%) ’lpe = "p()a (’UJ, 6)_ gg% ¢5 = ¢O'

Indeed, all other summands in (10.21) and (10.22), namely, %_, ¢., G=(1by + %.), and

(‘75)*(¢0 + Z;\BE) weakly tend to zero in &. This can be proved by analogy with the proof
of Theorem 9.4. One should use the fact that, by the mean value property, the functions
V¢ and G* weakly tend to zero in Ls joc.

10.4. We summarize. Combining estimates (10.7) and (10.8) with the representations
(10.21) and (10.22), we deduce the following theorem.

Theorem 10.1. Let 1. be the solution of problem (10.1), where F € J(1), and let
¢. = (s°)""p.. Let V*(x) be the matriz with the columns Ve, (x), j = 1,2,3, and
let G(x) be the matriz defined by (10.20). Let P(s°) be the orthogonal projection in the
weighted space &((s°)~1) onto the solenoidal subspace J(1). If ab is the solution of the
“homogenizeci” problem (10.15), ’QZE is the solution of the “correction” problem (10.16),

and ¢y and ¢_ are defined by (10.17), then the functions ¥, and ¢, defined by (10.21)
and (10.22) play the role of approzimations for 1. and ¢.. We have

. — ¥.lle < Cse|Flle, 0<e<1,
|p. — d.lle < Cocl|Flle, 0<e<L.

The constants Cg and Cy depend on the Loo-norms of the coefficients s, s~', h, h™! and
on the parameters of the lattice I'. The solutions ¥, and ¢, weakly tend in & to 1, and
@y, respectively.

§11. WEAK CONVERGENCE OF SOLUTIONS AND FLOWS

11.1. Consider problem (10.2). As was shown in Theorem 10.1, the solutions ¢, weakly
tend to the solution ¢, of the “homogenized” problem (10.19). In this section we
show that, moreover, the functions curl ¢, converge weakly to curl ¢, and the “flows”
(h¥)~Lcurl ¢, converge weakly to the “homogenized flow” (h°%)~!curl¢,. The results
of such type are traditional for homogenization theory. Close results (though there are
differences) can be found, e.g., in [BeLP].

Our goal in this section is the proof of the following theorem.

Theorem 11.1. Let ¢, be the (weak) solution of the problem

(11.1) curl(h¥) teurl g, + s°¢p. =F, divse, =0,
where ¥ € J(1). Let ¢y be the solution of the “homogenized” problem
(11.2) curl(h®) " curl ¢y + s%¢p, = F, divs’e, = 0.
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Then, as € — 0, we have the following:
1°. the solutions ¢, weakly tend in & to ¢g;
2°. the functions 1, = s°¢. weakly tend in & to Py = s"y;
3°. the functions curl ¢, weakly tend in & to curl ¢;
4°. the flows p. = (h®) ! curl ¢, weakly tend in & to pg := (h°)~!curl @,.

Though statements 1° and 2° of Theorem 11.1 are contained in Theorem 10.1, here
we present a simple proof of these statements, which does not depend on the preceding
material. This emphasizes the fact that the last statement of Theorem 10.1 is much
simpler than the statements concerning approximations of solutions in the &-norm.

11.2. We proceed to the proof of Theorem 11.1. Equation (11.1) means that ¢, € &,
curlg, € 8, and

(113) ((h€)71 curl d)E,curl g)@ + (S€¢)57 g)@ = (Fa g)@

for any vector-valued function g € & such that curlg € &.
We put g = ¢, in (11.3). Then

(11.4) 1(h5) 2 curl .13 + [1(5°) /20,13 < |IF||s ]| ls-
From (11.4) it follows that
(11.5) lpelle < lls™ oo lIFle,
(11.6) leurl g fle < [l 15712 1Fls
whence
(11.7) [¥.lle < lIsllzlls oo |Flle,
_ 1/2 _ 1/2
(11.8) Ipelle < (1o Al s 2 1F o

By the uniform boundedness properties (11.5)-(11.8), for some subsequence ; — 0 the
following limits exist:

(11.9) (.6)- lim 6. ¢ € &
(11.10) (w, ®)- Eljigoi,baj =1 € B,
(11.11) (w, B)- sljigo curl g, = curlg € &,
(11.12) (w, Qﬁ)—elj_iglopej =pec6é.

Our goal is to show that ¢ = ¢, ¥ = ¥, p = po- Then relations (11.9)—(11.12) will
imply all the statements of the theorem.
We pass to the limit as €; — 0 in identity (11.3). By (11.10) and (11.12), we have

(1113) (p,curlg)q5 + (¢7g)® = (Fag)ﬁ, ge o, curlg € &.
Consequently,
(11.14) curlp=F — ¢ € 6.

Next, passing to the limit in the relation div ¢, = 0 (see (11.1)), we obtain
(11.15) divap = 0.
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11.3. We recall the representation (4.24) for the effective matrix h0:
(11.16) hoC = \er/ h(x)(C+ V¥c(x))dx, CeC3
Q

where W € H () is a solution of the equation div h(x)(C + V¥¢c) = 0. We fix the
solution ¢ by the condition [, ¥c(x)dx = 0. We put p(x) = C+V¥¢(x), and extend
p(x) up to a I'-periodic function p € G, = L2710C(R3;(C3). The mean value property
(see Proposition 9.3) and identity (11.16) show that

(11.17) (w, Bloc)- lim h°p® = h°C.
E—

Lemma 11.2. Let ( € C§°(R3). Then
(11.18) limO(CpE,curl ¢.)e = (CC,curlp)g.
Ej—

Proof. The expression under the limit sign can be represented as the sum

(1119) (CC,CUI‘1¢5)® + (C(V\IIC)Evcurl¢s)®~

By (11.11), the limit of the first term (with respect to the subsequence €; — 0) coincides
with the right-hand side of (11.18). Thus, it suffices to show that the second term in
(11.19) tends to zero. We have

©1(c) == (((V¥c)*, curl ¢, )e = e(CV(¥G), curl @, )
= E(V(qu%) - %VC,CUI‘I ¢E)® = 75( %VC,CUI‘I ¢E)Q§;
whence
(11.20) 1©1(e)| < el curl @, || [TV |e-

By (11.6), the norms ||curl¢,|le¢ are uniformly bounded. Next, by the mean value
property, the functions Ug weakly tend to zero in Ly 1oc(R?) as e — 0. Since ¢ € C§°(R?),
it follows that the functions U V( weakly tend to zero in &. Hence, the norms ||¥& V(||
are uniformly bounded. Now, relation (11.20) implies that lim._,o ©;(e) = 0. O

11.4. The obvious identity

(Cp% curld,)e = (Ch7p%, () ' eurl ¢, )s = (Ch°p%, o)
allows us to use a different method to calculate the limit in (11.18). Namely,

(11.21) (Cp*,curl6,)e = (ChpF, D)o + O (c),
(11.22) O3(¢) := (Ch*p", P — Ple-
By (11.17),

(11.23) lim (Ch°p%, p)e = (¢h"C,p)e.
Lemma 11.3. For the term Oz(e) defined by (11.22), we have
(11.24) Eljigo O2(e) = 0.

Proof. Since div h(x)p(x) = 0, where h(x)p(x) is a I'-periodic vector-valued function of
class &), with the mean value h°C (see (11.16)), there exists a I-periodic vector-valued
potential A(x) such that

(11.25) h(x)p(x) = h°C + curl A(x), divA(x) =0, / A(x)dx =0,
Q

and A € HL (R3;C3). We have
hep® = h°C + (curl A)® = h°C + £ curl(A®).
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Then (11.22) implies that

(11.26) Os(c) = (¢Ch°C,p. —p)e +(Ccurl(A®), p. — p)e =: Oh(e) + OF(e).
By (11.12),

(11.27) lim ©5(¢) = 0.

g;—0
We transform 64 (¢):
(11.28)  ©%(e) = e(curl(CA%), p — P)e — (V) X A%, p. — P)o =: O5(c) + 5 (<).
For the second term in (11.28), we have
165 (2)] < &l (V) x A%lls P — Plle-

By (11.8), the norms ||p. — p||e are uniformly bounded. The norms ||(V(¢) x A®||s are
bounded due to the weak convergence of A® (to zero) in &),.. Consequently,

(11.29) lim 04(e) = 0.

Using identities (11.3) and (11.13) with g = (A*®, we obtain

O3 (c) = (curl(CA%), (h) ! curl g, )s — £(cwrl(CA®), p)e
=e(CASF — v )e — e(CA" F —¢)e =e(CA", Y — ¥, )e.

By (11.7), the norms ||9p — ¢, ||e are uniformly bounded. The norms ||(A¢||s are uni-
formly bounded due to the weak convergence of A€ in &,.. Hence, (11.30) implies that
lim._,o ©% () = 0. Combining this with (11.26)—(11.29), we arrive at (11.24). O

(11.30)

Relations (11.21), (11.23), and (11.24) show that
(11.31) Jim ((p°, curl @.)e = (CH'C, P)e.
Comparing (11.18) and (11.31), we obtain
(CC,curl@)s = (¢h°C,p)s, C€C? (e CF(R?).

Thus,

(11.32) p = (h°) " tcurl ¢.

11.5. We recall the representation (4.12) for the effective matrix s°:

(11.33) s'C = |Q|*1/ 5(x)(C+ Vo (x))dx, CeC3,
Q

where ®c € H'(1) is a solution of the equation div s(x)(C + V®¢) = 0. We fix the
solution ®¢ by the condition [, ®c(x)dx = 0. We put 7(x) = C+ V®¢(x), and extend
7(x) up to a I'-periodic function 7 € G),.. The mean value property and (11.33) show
that

(11.34) (w, Bioe)- hn’(l) $£1¢ = s9C.

Lemma 11.4. Let ¢ € C§°(R3). Then

(11.35) Jim ((r°,5°.)e = (CC, o
J
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Proof. We have

(11.36) (75,5 )e = (CC, . )e + Os(e), Os(e) :== (((Vc) Y. )s.
By (11.10),

(11.37) Egiglo(C07¢a)@ =((C.¢¥)s.

We show that

(11.38) lim ©3(c) = 0.

From (11.36) it follows that

(1139) @3(5) = €(CV((I)%), "ps)@ = E(V(C@%), "ps)@ - E((I)%(VC)a ¢5)®-
Since div ¢y, = 0 (see (11.1)), the first term on the right-hand side of (11.39) is equal to
zero. Hence, (11.39) implies the estimate

(11.40) 03(e) < el e (VO lsll?¥:le-

By (11.7), the norms ||%,||¢ are uniformly bounded. The norms || ®&(V()|le are uni-
formly bounded due to the weak convergence of ®g in Lo joc. Therefore, (11.40) implies
(11.38). Comparing (11.36)—(11.38), we arrive at (11.35). O

Now, we calculate the limit in (11.35) in a different way. We have

(11.41) (7%, 5°¢ )6 = ((s°7°, @)e + Oule),
(11.42) O4(e) :== ((s°7%, ¢ — Pl
By (11.34), we obtain

(11.43) lim ((5°7°, @) = ((5°C. §)o.
Lemma 11.5. For the term Oy(e) defined by (11.42), we have
(11.44) Eljigo O4(e) =0.

Proof. Since div s(x)7(x) = 0, and s(x)7(x) is a I-periodic vector-valued function of
class & with the mean value s°C, there exists a I-periodic vector-valued potential
A (x) such that

s(x)7(x) = s°C + curl A(x), divA(x) =0, /Q;&(X) dx = 0.

Moreover, A € HL _(R?: C3). We have s°7¢ = s°C + e curl(A¢). Then (11.42) implies
that

04(c) = ((s°C, b, — d)o + e(Ccurl(A%), . — P)s =: O (c) + Of (¢).
By (11.9), ©4(¢) — 0 as ¢; — 0. Next,
04 (c) = e(A%, curl (¢, — @) = (A%, Ccurl(p, — ¢))s + (A%, (VC) X (¢, — }))e-
Hence,
10/{(e)] < £]|CA% || curl ¢, — curl §|le + ¢, — dls[| A% x VC]|o.

By (11.5) and (11.6), the norms ||¢, — ¢||e and || curl(¢, — ¢)||e are uniformly bounded,
and, by the weak convergence of A¢ in &, the norms [|[(A®||e and ||A® x V(||e are
also uniformly bounded. Consequently, ©% () — 0 as ¢ — 0. O
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From (11.41), (11.43), and (11.44) it follows that
(11.45) 61;310(4“75,35(;58)@ = (¢s'C, ¢p)e.

Comparing (11.35) and (11.45), and using the arbitrariness of C € C* and ¢ € C§°(R?),
we conclude that

(11.46) P = 5.
11.6. Now, relations (11.14), (11.32), and (11.46) imply that ¢ satisfies the equation
curl(h®) "t curl ¢ 4 s°¢ = F.

This equation is the same as the first equation in (11.2) for ¢,. Moreover, from (11.15)
and (11.46) it is clear that divs°¢ = 0. Consequently, ¢ is the solution of problem (11.2),
whence ¢ = ¢, by uniqueness. Then (11.32) implies that p = (h°)~! curl ¢, = po, and
(11.46) yields ¥ = s%¢, = 1p,. As has already been mentioned, this implies all the
statements of Theorem 11.1.

§12. HOMOGENIZATION FOR THE PERIODIC MAXWELL SYSTEM

12.1. Setting of the problem. Suppose that the dielectric permittivity 7(x) and the
magnetic permeability p(x) are I'-periodic measurable (3 x 3)-matrix-valued functions in
R3 with real entries, and

col <n(x) < cpl, ol < p(x) < eyl
(12.1) . o
x€eR? 0<c¢<cy<oo.
Recalling the notation & = Ly(R?; C?), &' = H'(R?;C?), | € R, we put J! = J'(1) :=
{fe & . divf=0},J=J° Let 8(n~') = Ly(R?;C3;7~1) denote the “weighted” space
with inner product (u,v)g(,-1) = (n7'u,v)s. The space &(p ") is defined similarly.
The set J is a closed subspace in & and in both weighted spaces &(n~!) and &(u~1).

Below u, v stand for the strengths of the electric and magnetic fields, w = nu is the
electric displacement vector, and z = pv is the magnetic displacement vector.

As in [BSu2l, Chapter 7], we write the Mazwell operator M = M(n, ) in terms of the
displacement vectors, assuming that these vectors are solenoidal. Then the operator M
acts in the space J @ J (C & @ &), which does not depend on the coefficients 1 and p;
M is given by the formula

B B 0 icurl p=?
(12.2) M=M= (o ")
on the domain

(12.3) Dom M(n,p) = {(w,z):we J, z€ J, curlp 'w € &, curlp 'z € &}.

The operator M is closed but not selfadjoint in J @ J (relative to the standard inner
product in & @ &). However, the operator M is selfadjoint in the space J @ J viewed as
a subspace in &(n~1) @& G(u~1h).

Let € > 0 be a parameter. Recall the definition ¢°(x) := p(¢71x) for a measurable
I-periodic function ¢(x). We introduce the family of operators

Mo =M%, 1), €>0,

acting in J @& J. Here Dom M, (see (12.3)) depends on «.
Our goal is to study the behavior of the resolvent (M. —iI)~* as ¢ — 0. Consider the
equation

(12.4) (M. —il) (W) = <;1> , qre.l

€



HOMOGENIZATION OF A MAXWELL SYSTEM 913

The corresponding strengths are given by the relations u. = (7°) " tw,, v. = (uf) 'z..
In detail, (12.4) can be written as

1 .
Z; —1We = Qq,

i curl(p®)~
(12.5) —i curl(n®) " 'w, —iz. =r,
divw, =0, divz. =0.
It is useful (cf. [BSu2]) to represent the solutions as sums:
we=w? 4wl gz =z 47"

where the pair of vectors qu), zgq) is the solution of system (12.5) with r = 0, and the

pair of vectors w"), z{") is the solution of system (12.5) with q = 0. Correspondingly,

the fields u. and v. are also represented as sums.

12.2. The case where q =0. If q = 0, system (12.5) takes the form

wl) = curl(p) 120,

(12.6) curl(n®) "tw 4+ 2" = ir,
divw(™ =0, divz™ = 0.
The corresponding strengths are given by

(12.7) ) = ()i, v = (u) e,

()

From (12.6) it is clear that zg’“) is the solution of the problem
(12.8) curl(f) L eurl(uf) 712" 4 20 = ir, diva) =0, reJ

and vé’“) is the solution of the problem

(12.9) curl(n®) "t curl v + pfv) = ir, divpfv) =0, reJ

By (12.6) and (12.7), w'” and u{” can be expressed in terms of v{":

(12.10) w = curlv”,  u = (n°) " curl v,

Problem (12.8) is of the form (10.1), and problem (12.9) is of the form (11.1) with the
coefficients h = 7, s = p and with the right-hand side F = ir. Applying Theorem 10.1,

we can find approximations Vé’”), Eé” for vé” and zé” (with respect to the norm in &).

Applying Theorem 11.1, we obtain results about the weak convergence of vy), zg), and

also of wg) = curl vé"’ and uE!") (the latter plays the role of the “flow” for vé"’; see

(12.10)).

We formulate the results. Let u® be the effective matrix for u(x). Recall the expression
for ;0. Let e, ey, e3 be the standard unit vectors in C3, and let ®., € H} . (R?) be the
(weak) I'-periodic solution of the equation

div pu(x)(e; + Ve, (x)) =0, j=1,2,3.

If fi(x) denotes the matrix with the columns pu(x)(e; + V®,,(x)), j = 1,2, 3, then

W0 = |0t / i(x) dx.

The matrix with columns V®,, (x) is denoted by Y (x). We put G(x) := a(x)(u®) ' — 1.
The effective matrix 7° for n(x) is defined similarly. Namely, let U, € Hi (R?) be
the (weak) I-periodic solution of the equation

divn(x)(e; + V¥, (x)) =0, j=1,2,3.
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We denote by 7(x) the matrix with the columns n(x)(e; + V¥, (x)), j = 1,2,3. Then

=100 | i) ax

The matrix with columns V¥, (x) is denoted by Z(x). We put K (x) := 7j(x)(n®) "' — 1.
Let MY = M(n°, u°) be the Maxwell operator (12.2) with n = 7° and p = u°. Let

(w((;), z(()r)) be the solution of the “homogenized” system

or, in detail,

wi) = curl(u®)~'zf”,
(12.11) curl(n®) " 'wi? + 2 = ir,
div W(()T) =0, divz; () — .
Let
(12.12) ué’") =) wy)s v = (W) e

Obviously, the fields WO , zér), u(()r)7 v(()T) belong to the class &'. From (12.11) it follows
that z(()r) is the solution of the problem of the form (10.15), and V(T) is the solution of the
problem of the form (11.2) with A% = 1%, s = 1% and F = ir. Herewith, W((] ") = curl V((JT)
and u{”) = (n°) ! curl v,

Let P(1°) denote the orthogonal projection in the weighted space &((10)~1) onto the

subspace J. The projection 75(7)0) is defined similarly. We put

(12.13) ro = P(u’)(Ye) r.

Note (see Corollary 8.3(1°)) that the operator of multiplication by the matrix-valued
function (Y*(x))* continuously maps & into 1. Next, the projection P(u") acts as a
zeroth-order pseudodifferential operator; therefore, this projection is continuous in &1,

The image P(u°)& ! coincides with J~!. Thus, r. € J~!. Let (wS),zQ)) be the
solution of the “correction” system

(12.14) (MO —iI) (Zé;) _ (i) .

Here we keep in mind that the operator M° (with constant coefficients) extends up to a
continuous operator from J & J to J~! & J~1. In detail, (12.14) takes the form
W = curl ()20,

(12.15) curl(n®) 7w 42" = ir_,
divw( =0, divz") =o.

We put

(12.16) v = (u®) "1z,

From (12.15) it follows that Z 2" is the solution of the problem
(12.17) curl(n®) " eurl(p®) 712 420 = ir.,  divz(") =0,

which is of the form (10.16). If r. € J~!, then for the solution of (12.17) we have
7" € 1. Then (see (12.16)) v 3" e el and W) = curlv!"”) € .
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Applying Theorems 10.1 and 11.1 to systems (12.8) and (12.9), we arrive at the fol-
lowing theorem.

Theorem 12.1. Suppose that the I'-periodic measurable matriz-valued functions n and p
with real entries satisfy conditions (12.1). Let (wé”, z?)) be the solution of system (12.6)
with v € J, and let ul”, v{" be defined by (12.7). Let (Wér),zér)) be the solution of the
“homogenized” system (12.11), and let u((f),v(()r) be defined by (12.12). Let (v?zé”,ié”)
be the solution of the “correction” system (12.15), and let ") be defined by (12.16).
Let Y(x) be the matriz with the columns (V®,)(e™'x), j = 1,2,3, and let G*(x) :=
af(x) ()=t — 1. We put

(12.18) v = (1Y) (v + 90,
(12.19) Ey) =1+ Gs)(Z(()T) +/Z\gr))'

Then the following is true.

1°. For the strength of the magnetic field vg), we have the following approximation
in the G-norm:

(12.20) [vi) —¥||g < Celr|le, 0<e<1.

2°. Ase — 0, vg) weakly tends in & to V(()T), and curl vé” weakly tends in & to

curl v((f) .

3°. For the magnetic displacement vector zy), we have the following approximation

in the &-norm:
(12.21) |20 —Z2||e < Cellr)le, 0<e<1.

4°. Ase — 0, zg) weakly tends in & to Z(()T).
5°. As e — 0, the strength of the electric field ug) weakly tends in & to uér). For
(r) (r)
€

curlus ’ = ir — z¢ ', we have the following approzimation:

(12.22) [curlul™ —ir +2()||g < Ce|rlle, 0<e<1.
6°. As e — 0, the electric displacement vector wér) weakly tends in & to w,
The constants in estimates (12.20)-(12.22) only depend on the Loo-norms of the
matriz-valued functions n, n=%, u, u=' and on the parameters of the lattice T.

(r)
0 -

Note that, a fortiori, the functions (12.18) and (12.19) belong to &, since (v((f) + Vé”)
€&l (z(()r) +2") € &, and the operators of multiplication by Y and G¢ continuously
map &! into &.

In the approximations (12.18) and (12.19) (after opening the parentheses), we distin-

guish the terms v(()r)7 z((f), which do not depend on ¢ and are equal to the weak limits for

vér), z?). The other summands weakly tend to zero in &.

12.3. The case where r = 0 is treated in a similar way. In this case, system (12.5)
takes the form

curl (4) "2l — wlt) = —iq,
(12.23) 29 = — curl(n®) wl?,
divw(® =0, divz® =0.

For the strengths of the electric and magnetic fields, we have

(1224 al® = () w0,V = () 1),

g
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From (12.23) it is clear that w'? is the solution of the problem

(12.25) curl(f) " curl(n®) wl? + w9 = iq, divw@ =0, qeJ

and u&‘” is the solution of the problem

(12.26) curl(25) "t curlul® 4+ pful? = iq, divp*ul® =0, qeJ.

The fields v,gQ) and zé‘” can be expressed in terms of ué‘”:

(12.27) 29 = —curlul?, v@ = (45 curlul?.

Problem (12.25) is of the form (10.1), and problem (12.26) is of the form (11.1) with
h=pu, s=nmn,and F = iq. Theorems 10.1 and 11.1 are applicable.

(q)

We formulate the results. Let (w;", zéq)) be the solution of the “homogenized” system

we-in (1) = ()

or, in detail,

curl(uo)flzéq) - W(()q) = —iq,
(12.28) zé‘n =— curl(no)flw((f),
div W((Jq) =0, div Zéq) = 0.
We put
(12.29) uf = () wi?, v = (1) 2

Let (vAvé"),igq)) be the solution of the “correction” system

~(q)
. We qe
(12.30) (Mo — il) (2@) _ (0> 7

where q. := P(1°)(Z¢)*q. In detail, (12.30) has the form
curl(u”) 12 — Wl = —iq.,
(12.31) Z@ = —curl(n®) 1w,
div vAvgq) =0, divz® =0
We put
(12.32) Wl = () twl@,

Applied to systems (12.25) and (12.26), Theorems 10.1 and 11.1 yield the following
theorem.

Theorem 12.2. Suppose that the I'-periodic measurable matriz-valued functions n and
w with real entries satisfy conditions (12.1). Let (wgq),zéq)) be the solution of system
(12.23) with q € J, and let ugq), véq) be defined by (12.24). Let (w(()q),z(()q)) be the
solution of the “homogenized” system (12.28), and let u(()q),v(()q) be defined by (12.29).

Let (qu),igq)) be the solution of the “correction” system (12.31), and let ﬁé‘” be defined
by (12.32). Let Z°(x) be the matriz with the columns (V¥ )(e 'x), j =1,2,3. We put
Ko(x) = () (%)~ — 1 and

(12.33) @ = (14 2°)(u{? +a'),
(12.34) w9 = (14 K%)(wl +w).



HOMOGENIZATION OF A MAXWELL SYSTEM 917

Then the following is true:
1°. For the strength of the electric field ugq), we have the following approrimation in
the &-norm:

(12.35) [ul —u9|s < Ce|lqlle, 0<e<1.
2°, Ase — 0, ué‘” weakly tends in & to ugn, and curl ué‘” weakly tends in & to
curlu(Q)
o

3°. For the electric displacement vector qu), we have the following approximation in

the &-norm:

(12.36) [wl? — w9 < Cellqlle, 0<e<l.

4°. Ase — 0, qu) weakly tends in & to w((fI).

5°. As e — 0, the strength of the magnetic field v&” weakly tends in & to v(()Q). For

gq) _ wgq)

curl v —iq, we have the following approximation:

(12.37) [ curl v +iq — wP||g < Ceqlle, 0<e<1.

6°. As e — 0, the magnetic displacement vector qu) weakly tends in & to zéq).

The constants in estimates (12.35)—(12.37) only depend on the Loo-norms of the
matriz-valued functions n, n=%, u, u=' and on the parameters of the lattice T.

In (12.33) and (12.34) (after opening the parentheses), we distinguish the terms u(()q)7

w(()q), which do not depend on ¢ and are equal to the weak limits for ugq), wgq). The

other summands weakly tend to zero in &.

12.4. Discussion of the results. Obviously, Theorems 12.1 and 12.2 contain the
known results about weak convergence of the (total) electric and magnetic fields to the
corresponding fields in a medium with homogenized coefficients 1%, u°. The “elliptic”
rule of finding the effective characteristics for the Maxwell operator is well known (see,
e.g., [BeLP| [ZLKO [Sa]). However, the sharp order estimates (12.20), (12.21), (12.35),

(12.36), pertaining to the fields vér), zé” and ugq), qu), are much more informative than
the results about weak convergence (which follow from these estimates). The approxi-
mations (12.18), (12.19), and (12.33), (12.34) are expressed in terms of the solutions of
the “homogenized” Maxwell systems (12.11) and (12.28) with constant “effective” co-
efficients 7°, p® and with right-hand sides independent of ¢, and also in terms of the
solutions of the “correction” systems (12.15) and (12.31), also with the constant coeffi-
cients n°, u¥, but with right-hand sides depending on . The approximations (and the
right-hand sides of systems (12.15) and (12.31)) involve the rapidly oscillating factors
Ye, G¢, and Z¢, K¢. These factors cannot be eliminated without deterioration of the
quality of convergence.

For the fields ué”, Wér) and ng), zé‘”, we have not succeeded in finding appropriate
approximations in the &-norm and obtained only the weak convergence. The reason (in
the framework of the technique applied) is that these fields play the role of the flows or

the curls (see (12.10) and (12.27)) for the solutions v{" and ul? of the corresponding

second-order equations (see (12.9) and (12.26)). While for the solutions v and u'?
themselves we obtain uniform approximations in the &-norm, for the flows and curls one
can hardly expect more than weak convergence (cf. [BSu2]).

Once again (see the discussion in §0), let us have a look at the crucial steps of our
method, which allowed us to obtain the approximations described in Theorems 12.1 and
12.2. They are: taking into account the divergence free conditions; representation of the
Maxwell system in terms of the displacement vectors with fixed solenoidal right-hand



918 T. A. SUSLINA

sides q, r (see (12.4)); representation of each field as a sum of two terms; passage to
the second-order operator; extension of this operator by removing the divergence free
conditions. All these steps were also used in [BSu2l Chapter 7] in the study of the
case where y = 1. However, for p = 1 the situation is principally simpler, because in
that case the germ of the initial second-order operator coincides with the germ of the
effective operator: S(0) = S°(0) (see Remark 4.3). In the general case these germs do
not coincide, which causes a lot of (new) difficulties.

12.5. The case where u = ;° or n = n°. Now, we distinguish the case where one of
two characteristics of the medium is constant. We start with the case of u = p°. Then
P, (x) = 0, whence Y (x) = 0, f(x) = u°, G(x) = 0. Next, the right-hand side of the
“correction” system (see (12.13)) also vanishes: r. = 0, so that the solutions of system
(12.14) are trivial. As a result, the approximations (12.18) and (12.19) coincide with the
solutions of the “homogenized” system, v = v(()r), 7 = z(()r), and estimates (12.20),
(12.21) turn into the simpler relations

(12.38) V& =i lle < Cellele, 0<e<1 p=4u,

| o) — 27l < Cellrlle, 0<e<1, =y,

In the case where p = 1, this repeats the result of Theorem 3.1(1°) in [BSu2, Chapter 7].

At the same time, the approximations (12.35), (12.36) for the fields ugq), qu) essentially

refine the results of [BSu2| for the case of p = 1. The method used in [BSu2| gave only
weak convergence for ul?, w'?.
If £ = p° and r € J~1, then the Bl-norm of the solution v of problem (12.9), as

well as the &!-norm of the solution vér) of the similar “homogenized” problem, satisfies
the standard estimates in terms of C||r||s-1 (with constant C' independent of ). Thus,

(12.39) IV = vVt < Cllrlo-1, reJ p=pu
Interpolating between (12.38) and (12.39), we obtain

VO vl < Cret el gt

(12.40)

p=p, reJl 0<e<1, 0<Ii<]l.
Similarly,
(12.41) |28 ~ 2ot < Cie' el

w=pP, reJ! 0<e<1, 0<Ii<1.

For p = 1, estimates (12.40) and (12.41) repeat the result of Theorem 3.1(2°) in [BSu2l
Chapter 7].
In the case where n = 1°, we obtain the following simple approximations for the fields

ug”, W§Q):
lul —uf? 6 < Cellalle, 0<e<1, n=1",
Iw(? — wi?|ls < Cellalls, 0<e<1, n="n"
which can be supplemented by the interpolational estimates
[al® — uf? e < Cie'|lalle -,
W = wi? |l < Cie’ | afl o,
n=n’, qgeJ !, 0<e<1, 0<i<]l.

Now the fields v, z{") satisfy relations (12.20) and (12.21).
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In the general case of variable periodic coefficients 7(x) and p(x), interpolation is less
natural, because, instead of the &!-norm of the solutions, we can estimate only the norm
in some function class depending on €.

12.6. The “dual” problem. Let q € J. We put
R. :=curl(n®)"'q (€ J71h).

It is directly seen that if (w'?,z?) is the solution of (12.23), i.c.,

(12.42) (Me —il) (v;:‘j))> B (8) ’

then the pair of vectors
(12.43) Wi = iq - wle), 7l = (0

is the solution of the problem

W
(12.44) (M. —il) (sz)> - (fg> .

Problem (12.44) is called the dual problem with respect to (12.42). We put
(12.45) ul™ = () twi = i(n°) 'q — ul?,
Vit = () 1l = 9.

Applying Theorem 12.2, we immediately obtain results on the behavior of the solutions

of the dual problem (12.44). By (12.35), (12.36), (12.43), and (12.45), w'® and u'®®
can be approximated by the fields

(12.46) W = iq - w@

€ g
(12.47) ul® =i(n)'q—ul?

where Tl and w'? are defined by (12.33) and (12.34). We have

)

(12.48) [w) —wB) || < Cellqlle, 0<e<1,
(12.49) [ul) —a||g < Ce|lqlle, 0<e<1.

Next, if (Wéq)7 z(()q)) is the solution of the “homogenized” system (12.28), then the pair

of vectors
w((JR) —iq— wéq), Z(()R) _ —z((Jq)

is the solution of the dual “homogenized” system

wf) 0
(12.50) (MO —4I) ry | = , R:=curl(n®) 'q.

7 R
We put
(12.51) g = (")~ = i) M - ug?

R _1 (R
W = ()12l = )

Then Theorem 12.2 implies results about weak convergence of all four fields ugR), wéR),
ng), zgR). Here, the last three fields tend to the corresponding fields w((JR), véR), and

z(()R)7 while, in general, the weak limit for ugR) does not coincide with u(()R). Indeed, by
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the mean value property (see Proposition 9.3, 2°), (n°)~'q weakly tends in & to ﬂ_lq,
where

ﬂ_l = |Q|_1/Q77(x)_1 dx.
Hence, (12.45) and (12.51) imply that

. R . _ _ R
(w, ®)-lim ul? = in lg—uf =it ' = (°) Ha +uf?.

As a result, we arrive at the following theorem.

Theorem 12.3. Let q € J, and let R. = curl(n®)~'q. Let (wéR),zéR)) be the solution

of problem (12.44), and let ulf = (ns)_lwéR), v = (,us)_lzgR). Let (W(()R),z(()R)) be

the solution of the “homogenized” problem (12.50), and let u(()R) = (no)*lwéR), v(()R) =
(,uo)_lz(()R). Let W 3% be defined by (12.46), (12.47). Then the following is true.

1°. The strength of the electric field ugR) admits an approximation in the &-norm
with estimate (12.49).

2°. Ase — 0, ut? weakly tends in & to u(()R) +i(n~t = (n°) " Ha.

3°. The electric displacement vector w,@ admits an approximation in the G-norm

with estimate (12.48).
().

4°. Ase — 0, wéR) weakly tends in & to wy

5°. As e — 0, the strength of the magnetic field véR) weakly tends in & to V(()R). For

(R) _ 5y(R)

curl vg we have approximation in the &-norm (see (12.48)).

6°. As e — 0, the magnetic displacement vector zgR) weakly tends in & to ZBR).

The problem dual to (12.6) is considered by analogy. Let
reJ, Q.:=curl(p®) 'r.

If (Wér), zg’")) is the solution of system (12.6), i.e.,

(12.52) (M. —il) <:’§:> = (8) :

then the pair of vectors

(12.53) w@ =w 2@ — _jr 4 5"
is the solution of the problem

(@)

. w Q

(12.54) (M. —il) <z<€Q>> _ ( 05) .

€
Problem (12.54) is called the dual problem with respect to (12.52). We put
(12.55) u@ = ()" 'wl? = ul”,
(12.56) Vi@ = (1) 12 = —i(u) ' 4+ v,

Applying Theorem 12.1, we immediately obtain results on the behavior of the solutions
of the dual problem (12.54). The fields vé"?) and ng) can be approximated by the fields

(1257) VgQ) = —i(us)_lr + Vgr)’
(12.58) 7@ = _ir 430,
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where v."), Z{") are defined by (12.18), (12.19). We have
(12.59) [v@ -3 @|g < Ce|rlle, 0<e<1,
(12.60) 12(9 — 2@l < Ce|r|le, 0<e<1.

Next, if (Wér), z(()r)) is the solution of the “homogenized” system (12.11), then the pair
of vectors

(12.61) wl@ =w(? 2@ = —ir 42"

is the solution of the dual “homogenized” system
(Q)

(12.62) (M° —iI) (:(()@) = <‘3> . Q:=curl(p®)'r.
0

We put

. u = W =u
(12.63) 0 = () wp? =y,
(12.64) ved = (1) 72 = —i(0) e+ v,

Applying Theorem 12.1 and using relations (12.53), (12.55), (12.56), (12.61), (12.63),
(12.64), we arrive at the following result.

Theorem 12.4. Letr € J, and let Q. = curl(p®)~'r. Let (WgQ),ng)) be the solution

of problem (12.54), and let ul? = (775)_1W§Q)7 vi® = (ME)_lng). Let (W(()Q),z(()Q)) be
the solution of the “homogenized” problem (12.62), and let u(()Q) = (no)*lw(()Q), v(()Q) =
(,uo)_lz(()Q). Let v£9, 79 pe defined by (12.57), (12.58). Then the following is true.

1°. The strength of the magnetic field VéQ) admits an approzimation in the B-norm
with estimate (12.59).

2°. Ase — 0, v\? weakly tends in & to V(()Q) —i(pt — (%) Hr.

3°. The magnetic displacement vector ng) admits an approzimation in the -norm

with estimate (12.60).
4°. Ase — 0, ng) weakly tends in & to Z(()Q).
5°. As e — 0, the strength of the electric field qu) weakly tends in & to u(()Q). For

§Q> = —z§Q> we have an approzimation in the &-norm (see (12.60)).

6°. As e — 0, the electric displacement vector W&Q) weakly tends in & to W(()Q).

curlu

Note that it is not quite clear if the dual problem admits a natural physical interpre-
tation.

It is possible to combine the results of Theorems 12.1 and 12.4. Let r,T € J, and let
(:)5 = curl(pf)~1T. Then, for the system

e ()-(3)

“nice” approximations for the (total) magnetic fields v., z. can be obtained.
Similarly, we can combine the results of Theorems 12.2 and 12.3. Let q,q € J, and
let R. = curl(n®)~'q. Then, for the system

() (1)

“nice” approximations for the (total) electric fields u., w. can be obtained.
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