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A MINIMAL AREA PROBLEM FOR NONVANISHING FUNCTIONS

R. W. BARNARD, C. RICHARDSON, AND A. YU. SOLYNIN

ABSTRACT. The minimal area covered by the image of the unit disk is found for non-
vanishing univalent functions normalized by the conditions f(0) = 1, f/(0) = a. Two
different approaches are discussed, each of which contributes to the complete solution
of the problem. The first approach reduces the problem, via symmetrization, to the
class of typically real functions, where the well-known integral representation can be
employed to obtain the solution upon a priori knowledge of the extremal function.
The second approach, requiring smoothness assumptions, leads, via some variational
formulas, to a boundary value problem for analytic functions, which admits an ex-
plicit solution.

§1. INTRODUCTION

The class of nonvanishing analytic functions, with the exponential e* as a typical
example, is one of the standard classes studied in complex analysis. The nonlinearity of
this class causes difficulties when working with extremal problems. To give an example,
we mention that Krzyz’s coefficient conjecture |a,| < 2/e for zero-free analytic functions
bounded by 1 in the unit disk D = {z : |2| < 1} has remained open for more than 30
years. The present work was motivated by a recent paper [I], where the authors studied
a general extremal problem involving minimal area related to nonvanishing functions.

For a > 0, let N, denote the set of analytic functions

f(2)=14a1(f)z+as(f)z> +---

normalized by the condition a;(f) = « that are univalent and zero-free in D. For
univalent functions, the Dirichlet integral

(L1) D)= [17 do =3 nlan()

measures the area of the image f(ID). From (L)), it is immediate that
D(f) = ma?®,

with the sign of equality only for the linear polynomial p,(z) = 1+ az, which is in N, for
0 < a <1 Thusif 0 < «a <1, the minimal area problem for N, is trivial. In addition,
the Koebe 1/4-theorem implies that the class N, is empty for o > 4 and is trivial for
a = 4. Thus, we are left with the so-called nontrivial range 1 < a < 4.

For this range, the minimal area problem for NN, is solved by the following

Theorem 1. Forl < a <4, let f € N,. Then
(1.2) D(f) > mad*(a + Va2 — 1)*(aa® — 2v/a2 — 1(a + Va2 — 1)),
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FIGURE 1. The graph of A(«).

where a = a(a) is the solution to the equation

(1.3) al=ad? <1 —Va2 —1(a+ a2 —1)*log (2622(;22 : 11))4> ,

which is unique in the interval 1 < a < oco.
Equality occurs in (L2) if and only if f = fa, where f, is a univalent function defined

by
(14 fa) = [ 90F
with

ial—z
(15) (-3
and
(16) 9a(0) = Ve o

(C+VE=1)2(a/( — 1+ (Va2 = 1)

with the principal branches of the radicals and

(1.7) B =aad*(a+ a2 —1).

For 0 < ao < 4, let

Ale) = min D(f)

denote the minimal area covered by the images of functions of class N,. Thus A(a) = 7«
if 0 < @ <1 and A(«) is given by the right-hand side of (2] if 1 < o < 4. The graph
of A(a) displayed in Figure 1 suggests that A(«) is strictly increasing and convex on
0 < a < 4. These properties can be derived from the explicit form of A(«) given by
formulas (I2)) and ([I3). Alternatively, in Section B] we derive some of these properties
using geometric and variational arguments. An advantage of the latter method is that
it does not require explicit formulas and can be used when such formulas are not known
or when they are complicated.
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FIGURE 2. Extremal domains for some typical values of a.

Figure 2 demonstrates the extremal shapes D, = f, (D) for some typical values of a.
The boundary 9D, consists of the so-called free boundary Lg., the closure of which is
a closed Jordan curve, and the nonfree boundary Ly¢, which is a straight line segment
on the negative real axis. The precise definitions will be postponed until §3l Here we
want to mention one important property of the free boundary Ly: if f, is an extremal
function in N, and f,(e?) € Ly, then |f/ (e?)] = B, where the constant 3 = B(a) is
defined by (L7).

Our main goal in this paper is to demonstrate and compare two different approaches
developed in [3] and [5], respectively, each of which upon using the other gives a complete
solution to the minimal area problem on N,.

First in §2] we consider the minimal area problem on the class T, of typically real
nonvanishing functions (which are not necessarily univalent). In this new setting we
can use the linear structure of T,. The latter immediately implies uniqueness of the
extremal function and leads to a simple sufficient condition for the extremality of the
corresponding linearized functional. Theorem ] in §2] gives a complete solution to the
minimal area problem on T,. The final step of its proof is to verify that the conjectured
extremal function, again given by formulas ([4)—(L), satisfies the mentioned sufficient
condition. The method explained above was developed in [3]. It can be applied in
extremal problems on T, if we a priori know the explicit form of the extremal function.
What is missing here is that the method gives no clues as to how to construct the extremal
function.

At this step another approach developed in [5] turns out to be useful. This method,
employed in §§3] and [ is based on a local variation. Assuming a sufficient smoothness
of the free boundary of an extremal domain, we can apply a variant of Julia’s variation,
which leads to certain boundary conditions for the extremal analytic function. For the
problem studied in this paper and in many other problems this knowledge of the boundary
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is sufficient to recover the extremal function itself. In particular, we use this approach
in § to find the extremal function of Theorem [

A disadvantage of this variational method (and of any other method based on the
Julia variation) is that it requires some a priori smoothness of the boundary of the
extremal configuration. In this paper, we achieve the desired smoothness by exploiting
the geometrical content of the main parameter a = a1 (f). Namely, since « is equal to
the conformal radius of f(ID) at w = 1, we can apply suitable symmetrizations to obtain
the desired boundary characteristics while keeping control of a;(f). This approach is
not as successful by itself when working with other constraints, for instance, in problems
with a fixed nth coefficient with n > 2.

Nevertheless, by combining both approaches we can overcome the disadvantages of
each of them as follows:

e Assuming regularity of the boundary, we apply the variational method to find an
explicit form of the extremal function. At this step we obtain a “conditional” solution of
the extremal problem in question. Upon justifying the required boundary smoothness,
the conditional proof becomes a true proof.

e Next, to finish the proof, we verify that the function recovered at the first step sat-
isfies the sufficient condition of extremality, which also leads then to a complete solution
of the problem.

§2. TYPICALLY REAL NONVANISHING FUNCTIONS

The standard class T of typically real functions consists of functions f analytic in D,
normalized by the conditions f(0) = 0, f'(0) = 1, and satisfying an additional constraint

(2.1) Imz-Im f(z) >0 for all z € D;

see [7].

In this section we consider typically real functions with a different normalization. For
a > 0, let T, be the class of functions f analytic and nonvanishing in D, normalized by the
conditions f(0) =1, f'(0) = «, and also satisfying (2I)). Since f € T, is nonvanishing,
it easily follows that (—o0,0] C C\ f(D). Therefore, 0 < a < 4 by the subordination
principle; cf. [7].

If £, fo € T, then fo = (1—¢)fo+ef isin T, for all 0 < e < 1. Thus, T, is a convex
compact subset of the set of analytic functions. The latter easily implies that for every
« there is exactly one function f, minimizing the Dirichlet integral over T,. Indeed, let
f1 and fy be two minimizers. Then

D((fi+ )/ =7 [ 15+ B3l do
= %( Jrio s | |f£|2d0> = (1/2)(D(A) + D(f2)).

with the sign of equality if and only if f{(z) = fi(z), which implies the uniqueness of
the minimizer. Now an elementary variational argument used in [3] implies the following
lemma.

Lemma 1 (cf. [3 Lemma 1]). The function f, € T, such that f! is continuous on D
minimizes the Dirichlet integral D(f) on the class Ty, if and only if f, minimizes on T,
the linear functional

(2.2) L(f) == Re /D T (2)f(2) do.
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As is well known, the class T of typically real functions has an integral representation
(see [7, Theorem 2.20]). Adapting this representation to our situation, we see that
f € T, if and only if there is a probability measure py on T = {z : |z| = 1} such that
dpg(—t) = dps(t) and the following two conditions are satisfied:

oz et 4y 7 z
23 -1 , dpg(t) =142 ER ymm— U AU
(2.3) f(2) +1_22[W61t_z 240 +o</0 1 —2zcost + 22 i)

and
(2.4) / " sec2(t/2) dyu (1) < 20,
0

Inequality (Z4)), which is equivalent to the inequality f(—1) > 0, guarantees that f is
nonvanishing.
Since we can differentiate (23] with respect to z, we obtain

(2.5) (z) =2a /OTF ( -z

1—2zcost + 22)
The following lemma is a modification of Lemma 8 in [3].

5 dpg (1)

Lemma 2. If f!(z) is continuous on D, then the linear functional [Z2) can be repre-
sented as

(2) L) = [ Kal®)dug)
with the kernel
(2.7) K. (t) = % Im (e f1,(e")) .

Proof. Using (2.3]), we can represent (2.2) as

L(f) = 2a lim Re/DT 7.(2) </Oﬂ( - E duf(t)) do

r—1- 1—2zcost+ 22

s _ 1— 22
=2a lim R« ! do | dus(t).
“on e/o (/Drfa(z)(l—chost+z2)2 U) s (t)
Applying Green’s formula to the second area integral in (Z8]), we obtain

(2.8)

r—1- 1—2zcost + 22

) T - 1—22
(2.9) L(f) =a lim ; (Im/z_r fa(z)( E dz) dpg(t).

Let J1(r) denote the inner integral in (2.9). Then

7 1—2?
ImJy(r) =T N d
mJi(r) = Im ‘lerf (Z)(l722005t+,22)2 i
1-22
. =-1 o dz
(210 . \z\:rf (Z)(l — 2z cost + z2)? z
2_ .4
— 2] N £ dz.
n |z\=rf (=) (22 — 2r2zcost + r4)? :

Let H(z) denote the integrand of the last integral in (2.I0). Then H has second order
2ei and z = r2e”

poles at the points z =r e~ . Computing the residues of H at the poles,
we obtain
) ieit . ) Z'efit .
Res[H, r?e'] = ~Ssini sintfé‘(TQen)’ Res[H,r%e™"] = 2sintfé‘(7n2€ﬂt)'
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Now applying the residue theorem, we find

2mr? ; ;
I it g (2 it .
sint m (e fo(r%e))
Substituting (2Z.I1]) into ([2.9]) and taking the limit inside the integral, we obtain (2.6])
and (271). O

The following theorem shows that for all 0 < o < 4 the minimal area problems for Ty,
and for N, share the same extremal function (cf. [3, Theorem 3]).

Theorem 2. For 1 < a <4, let f € T,. Then inequality (L2) of Theorem [l holds true
with the same cases of equality.

(2.11) Im Ji(r) =

Proof. Let f, be the extremal function in Ty, and let D, = f,(D). First let us show
that (0,1] C D, for every 1 < a < 4. If not, then, for all 7 < 1 sufficiently close to 1,
the function

(2.12) f)=1—7" 477 f (12)

is in T,. We also have

D(f) = 7r<a2 'y k|ak<f>|2) - 7r<a2 'y k#’“ak(fa»?)
(2.13) k=2 h=2

<t i Has(£2)1) = D(fa)

with the sign of equality if and only if f,(2) = 1+ «z. Since for a > 1 the polynomial
Pa(z) = 14 az is not in Ty, we conclude that (0,1] C D,,. Since f, is typically real and
zero-free, it follows that f,(—1) = 0.

The latter observation when combined with Lemmas[I]and [2implies that f, minimizes
the Dirichlet integral on T, if and only if f, minimizes on T, the linear functional (2.0))
under the following linear constraints:

2/ dus®)=1 and /secz(t/z)duf(t):%rl.
0 0

The above consideration allows us to use well-known results about extremal problems
for linear functionals with linear restrictions, which say that f, is extremal if and only
if the kernel ([277)) satisfies the conditions

(2.14) Ko (t) = \o + A sec?(t/2) for all t € Support(uy, )
and
(2.15) Ko (t) > Mo+ A sec?(t/2) for all t ¢ Support(uy, ),

where \g and A; are real constants and py, is the probability measure representing f.
by [23); cf. Lemmas 3 and 4 in [3].
It follows from the first integral representation in (2.3)) that the function

1—22
= -1
az (fa(2) )
has positive real part on DD. Therefore, the corresponding probability measure py, is
given by the following formula; see [7]:

(217) dngalt) = = Re (L2 fa(a)) a5 e

(2.16) ha(2)

2o z

For 1 < a < 4, let 6, = 2arcsin(1/a), where a = a(a) is defined by equation (L3]), and
let I, = {€¥ : 0, < 0 < 27 —0,}. Using formulas (LA)—(LT), one can show that f, takes
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negative real values on [, \ {0}; see §l for the details of such a computation. The latter
property together with (ZI7) implies that

(2.18) dua(t) =0 forall 0, <t <27 —6,.
Since h, defined by (216 has positive real part on D, we have
(2.19) dpe,(t) >0 forall 0 <t <.

The latter inequality follows also from formulas (L)1) and 2I7) after direct com-
putation.
Now to finish the proof we must show that the kernel K, (t) constructed for f, by

formula (27) satisfies conditions (ZI4) and (2.15).
Differentiating ([.4) and taking into account (L6]), we obtain
7 _ 2
(220) fulz) = =5 ve g ,
(CHV/E D ay/C -1+ V- 1)
where ¢ and 8 are given by (L)) and (7).
From ([27) and ([Z20) we find
/72 _ 42
(2.21) Ko(t) = — 279 1y ¢ —a .
sin t ¢+ \/CQ _ 1)2(a\/(2 —1+¢Va2=1)

Now we consider two cases. First, let 0 < ¢t < 6,. Then ((e*) = asin(t/2) by (LH),
and therefore

V(€2 — a2 =iacos(t/2) and /(2 —1=1iy/1— a2sin?(t/2).

Substituting this into ([Z21]), after some algebra we obtain

(2.22) Ko (t) = Ao+ A1 sec?(t/2)
with
(2.23) Ao =216 and A\ =7maB(2a+ Va? —1—2a*Va% —1—2d°).

Now we consider the case where 6, < ¢t < m. Computing K, (t) as above, we obtain

Ko (t) = Ao + A1 sec?(t/2) + ®(t),

where Ao and \; are given by (Z23) and

émzaﬁﬁmtmﬁwwq@m+ﬁﬁnm%m_q

We recall that a=! < sin(¢/2) < 1 in the case under consideration, which easily implies

that
2a(a + Va2 — 1)sin?(¢/2) — 1 > 0.

Thus, ®(t) > 0. Therefore,

(2.24) Ko (t) > o+ Apsec?(t/2)

for every t, 0, <t < .

Equations (218), 219), @22), and [Z24)) show that the kernel K, (t) satisfies con-
ditions (ZI4)) and (2I5). This implies that the function f, defined by (LC4)-(7) is
extremal for the minimal area problem for typically real nonvanishing functions.

To complete the proof of Theorem [2] we need to compute the minimal area A(«) =
area( fo, (D)) and show that equation (L3]) has a unique solution in the interval 1 < a < oco.
These computations will be postponed until §4l O
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§3. EXTREMAL DOMAINS

In this section, we prove symmetry properties of our domains extremal for the minimal
area problem on N, and then derive some implications.

Let Cp(20) = {z : |z — 20| = r} with 0 < r < co. Let vg(20) = {2 = 2 +te'?,0 <
t < oo}. By circular symmetrization of a domain D C C with respect to vs(zp) we mean
the domain D* such that C,(z9) C D* whenever C,(z9) C D and if C,(z9) ¢ D for
0 < r < oo, then D* N C,(2) is a proper single arc of C,(z) centered at zo + re® and
such that meas(D* N C,(20)) = meas(D N Cy(2p)).

A domain D is said to be starlike with respect to zg € D if D contains the segment
[20, 2] for any point z in D. A domain D* starlike with respect to zy is called the
radial symmetrization of D with respect to zy if for some € > 0 such that the disk
D.(z0) :={z: |2 — 20| < e} isin D and for all € R we have A\((D*\ D.(20)) Ny9(20)) =
AM(D\D¢(20))N79(20)), where for any E C vp(20), A(E) denotes the logarithmic measure
of E:

ME):/ﬁz—%rJWA
E

Now we define the polarization of a domain D C C with respect to the directed line
lo(20) == {2z = 20 +te? : —00 < t < 00} (see [6]). Let H* and H~ be the left and right
half-planes with respect to lyp(2g), and let D* denote the reflection of D in ly(z). Then
the polarization of D with respect to lyp(zg) is defined by

D,=(DUD)NH )U((DND)NH").

Note that D, is open but might be disconnected and contain multiply connected com-
ponents even if D is a simply connected domain.

It is necessary to emphasize that circular symmetrization and polarization preserve
the area, while radial symmetrization diminishes it. All of these transformations increase
the inner radius of a domain evaluated at appropriate points; see [0, [§]. We recall that
the inner radius R(D,zg) of a domain D C C having Green’s function g¢(z,zp) with
singularity at zg € D is defined by

log R(D, z9) = lim (g(z, 20) + log |z — z0])
z—20

(see [6]). For simply connected domains the inner radius coincides with the conformal
radius.

Lemma 3. For every 1 < a < 4, there is at least one function f, € N, minimizing
D(f) over N,.

If f € N, is extremal, then the image f(D) is a bounded domain starlike with respect
to w = 1 and possessing circular symmetry with respect to the rays l; = {z = ¢ + iy :
y=0,2>7} forall0 <7 <1.

In addition, the minimal area A(a) := D(fa) strictly increases in the interval 1 <
a < 4.

Proof. Since this lemma is standard (cf. [2], [5], [4]), we only outline its proof.

For a given 1 < a < 4, the class N, is compact with respect to the uniform convergence
on compact subsets of D. Since the Dirichlet integral D(f) is lower semicontinuous, the
latter implies the existence of an extremal function f,, at least one for each a.

Let o < arp and suppose that f,, is extremal for N,,. Then f(2) = fu,((01/ag)2) is
in N,, and therefore A(ay) < D(f) < D(fa,), which implies the strict monotonicity of
Aa).

To establish the circular symmetry, we assume that D, = f,(D) is not circularly
symmetric with respect to a ray [, for some 0 < 7 < 1. Then let D} be the circular
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FI1GURE 3. Boundedness of D, via polarization.

symmetrization of D, with respect to [, and let f map D conformally onto D}, in such
a way that f(0) = 1, f/(0) = 8 > 0. Then area(D?) = area(D,), and § > «a by the
principle of symmetrization (see [6]). Since 0 ¢ D7, we have fe Ng, contradicting the
monotonicity property of A(«).

Now, assuming circular symmetry, the same symmetrization argument works for radial
symmetrization with respect to w = 1 (see [6]). The latter yields the starlike property
of D,.

Finally, to show that D, is bounded we may use the polarization as in the proof of
Lemma 2.2 in [5]. Namely, assuming that D, is not bounded, we must have [y C D,
since D, is circularly symmetric with respect to l;. Since area(D,) < oo, for a given
e > 0, there is ug > 1 such that |Imw| < € for all w = u + iv € dD, such that
u > ug. For u; > ug, let H™ be the right half-plane with respect to the line I, 4(u1).
If u, is large enough, the set D, N H~ lies in the horizontal strip between lo(—ic) and
lo(i€), and therefore the polarization D, of D, with respect to I, /4(u1) lies in the half-
plane {w : Rew < u; +¢}. Let D* be the circular symmetrization of D, with respect
to l;. Note that D* is simply connected and 0 ¢ D* if ug is sufficiently large. Let
F(z) = 1+ Bz + az® + ..., where 8 > 0, map D conformally onto D*. Note that
area D* = area D, and 8 > « by the principles of symmetrization and polarization (see
[6]). Since 0 ¢ D*, we have F' € Ng, contradicting the monotonicity property of A(«).
Figure 3 shows how polarization and symmetrization affect the domain D,,. O

Combining the results of Lemma [3] and Theorem 2l we can prove inequality (L2) of
Theorem [ as follows. For 1 < a < 4, let f, € N, be an extremal function, which exists
by Lemma[Bl The same lemma shows that f, maps D onto a domain D, symmetric with
respect to the real axis. The latter implies that f, is typically real, and therefore f, is
in the class T,.

Now the conclusion of Theorem [Il follows from Theorem

The symmetries established by Lemma [I show that for every extremal domain D,
the boundary 0D, may contain a “nonfree” part Lys, which, if it exists, must be a
closed segment (possibly degenerate) lying on the ray {w : Rew < 1}. The rest of the
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boundary, Lg = 0D, \ Lyt is usually cal_led a “free” boundary. Accordingly, the preimages
Int = {€¥ : fo(e?) € Lye} and Iy = {e¥ : f,(e?) € Ly} will be called a nonfree arc and
a free arc, respectively. The following lemma describes some useful properties of these
arcs.

Lemma 4. (1) For1 < «a < 4 and every extremal domain D, = fo(D), the free boundary
Ly is a Jordan rectifiable arc symmetric with respect to the real axis, which begins and
ends at some point c, < 0.

In addition, L satisfies the following Lavrent'ev condition:

length(J (w1, ws)) < Clwy —ws|  for wi,ws € Ly,

where C is a constant independent of wy,wq, and J(wy,ws) denotes the arc of Lg, between
w1 and wsy.

(2) Suppose that co < 0. Then Iy = {9 : 0, < 0 <21 — 04} for some 0 < 0, < T,
and |f! (e")| strictly decreases from some 3 >0 to 0 as 0 runs from 0, to .

Proof. Part (1), except for the inequality ¢, < 0, easily follows from the symmetry
properties of D,; see |2, Lemma 8] or [4, Lemma 2.2].

Let us show that ¢, < 0. If not, then the elementary variation f defined by (212
is in N,. By inequality (ZI3), we have D(f) < D(f.) with the sign of equality if and
only if f,(z) =1+ az. Since for @ > 1, the polynomial p,(z) = 1 + az is not in N,, we
conclude that (0, 1] C D, and therefore ¢, < 0.

To prove part (2), we note that D,, being circularly symmetric with respect to Iy,
possesses the polarization property with respect to the vertical lines v, := {w = u + it :
—00 < t < oo} for all ¢, < u < 0. The latter means that (D*~)" c D"* for all
co < u <0, where D¥~ = D, N{w : Rew < u}, D" = D, N{w : Rew > u}, and
(D*7)" denotes the reflection of D%~ with respect to v,. Now the strict monotonicity
of |f'(e")] for 6, < 6 < 7 follows from Lemma 2.4 in [5]. In addition, since the domain
D,, has an inner angle 27 at w = ¢,, it follows that f/(—1) = 0. O

§4. BOUNDARY VARIATION AND EXTREMAL FUNCTIONS

In this section, we show how the function f,, extremal for the minimal area problem
on N, can be recovered from its boundary values, which in turn reflect some variational
properties of the extremal domains.

Lemma 5. For 1 <« <4, let f be an extremal function for the minimal area problem
for N, and let Iy, = {9 : |0] < bo(a)}, with 0 < Oo(r) < 7, be the corresponding free
arc. Then f'(z) is continuous on D and |f'(2)| = B for some 8 > « for all z € .

Proof. First we show that |f’(z)| is constant a.e. on lg. Since Ly, is Jordan rectifiable by
Lemma @ it follows that the nonzero finite limit

) N (O 113

# 0,00
z—(,z€U z— C

exists a.e. on lg (see [I0, Theorem 6.8, Exercise 6.4.5]). Assume that
(4.2) 0< By =) <If'(e”)] =Pz <00

for %1, ez ¢ Iy.. Note that ([@I) and [@2) allow us to apply the two-point variational
formulas of [B, Lemma 10]. Namely, for fixed positive k1, ko such that 0 < k; < 1 < ko
and k1 6] s kafy 1 and fixed ¢ > 0 small enough, we consider the two-point variation
D of D centered at wy = f(e”1) and wy = f(e'2) with inclinations ¢ and radii e, = ki,
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€9 = koe, respectively (see [5 Section 3]). Computing the change in the area by [B]
formula (3.32)], we find

2mp — sin 2wy 22

(4.3) Area D — Area D = (k% — k3) +0(e?) < 0

2sin? 7
for all € > 0 small enough. Similarly, applying [5, formula (3.31)], we get
(4.4) log R(D,0) = P2+ ¢) ﬁ - Mk—% 2 +o(e?) >0
R(D,0) [6(1+¢)? 87 6(1—¢)053

for all € > 0 small enough and ¢ chosen so that the expression in the brackets is positive.

Inequalities (@3] and (&3] lead to a contradiction to the extremality of f for A(a),
via a standard subordination argument. Thus, |f’(e?’)| = 3 a.e. on lg with some 3 > 0.

To prove that | f/(e?)| < B for all €¥ € l,¢, we assume that 8 = | f/(e?1)] < | f/(ei%2)| =
B with €1 € I, and some €% € [,¢. Then applying the two-point variation as above,
we get inequalities ([A3]) and [, contradicting the extremality of f, again via a subor-
dination argument. Hence, |f'(e?)| < 3 for all ¥ € I,,¢, which, when combined with the
strict monotonicity property of | f’| established in Lemmaldl leads to the strict inequality
|f'(€)] < B for ¥ € Ly

To prove that |f'| = 3 everywhere on Ig,, we consider the function g = f1/2 with the
principal branch of the radical. Lemma@limplies that Dy = g(ID) has a Jordan rectifiable
boundary. Moreover, since Ly satisfies the Lavrent’ev condition, it follows that D, is a
Lavrent’ev domain and hence a Smirnov domain (see [10, Subsections 7.3, 7.4]). Thus,
log |¢’| can be represented by the Poisson integral

27
@5)  loglf (/2132 = loglg' ()| = 5 [ Plro—D)loglg/ ()] di

with boundary values defined a.e. on T (see [I0, p. 155]). Formula ([43) easily implies
that |¢’(e?)| = B/(2]f(e?)[*/?), and therefore |f'(e*?)| = 3 for all €? € Iy,. In addition,
(@3) implies that log f’ is bounded on D outside any neighborhood of the point z = —1.

To show that f’ is continuous at e**% | we note that, by the reflection principle, f can
be continued analytically through I}, = {z € Iy : Im2z > 0} and f’ can be continued
analytically through ls.. This implies that f can be considered as a function analytic in
aslit disk {2 : |z — e | < e} \ [e?%, (1 + ¢)e’] with € > 0 small enough.

Using the Julia-Wolff lemma (see [10, Proposition 4.13]), the boundedness of log f,
and the well-known properties of the angular derivatives (see [10, Propositions 4.7, 4.9]),
one can prove that f’ has a finite limit f’(e'%), | f/(e¥%)| = 3, along any path in D ending
at . The details of this proof are similar to the arguments in [5, Lemma 13].

Since |f’| takes its maximal values on T, it follows that |f'(z)| < 8 for all z € D. In
particular, a = |f'(0)| < 8. The proof is complete. O

Summing up the results of this section we can prove Lemma [G] below, which allows us
to find a closed form for the extremal functions.

For real 7 and s such that 7 < s, let II(7,s) denote a simply connected domain
obtained from the half-strip

H(s)={w=u+w:u<s,|v| <3r/2}
by deleting two rays [y (7) ={w=u+ir:u<7}and I_(7) ={w=u—ir:u <7}

Lemma 6. Let f be an extremal function for the minimal area problem on N, 1 <
a < 4. Then p(z) = log(zf'(z)) maps the slit disk D' = D\ (—1,0] conformally and
univalently onto the domain II(7, s) with some T < s and s = log 8, where 5 = |f'(1)].
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Proof. Let Iy, = {€¥ : 10| < 6o}, 0 < 0y < 7, and Iyt = T \ I, be the free arc and the
nonfree arc corresponding to the extremal function f. To show that ¢ maps Dt = {z €
D : Imz > 0} univalently onto IT* (7, s) = {¢ € II(7,s) : Im ¢ > 0}, we will consider the
boundary values of ¢ on 9DT.

First we notice that ¢ maps the arc I = {z € Iy : Imz > 0} one-to-one onto the
vertical segment Iy = [s,s + (3/2)7i]. Indeed, since |f/| < 8 in D and |f'| = 8 on lg,
it follows that f”(e?’) # 0 on lg. Thus, f’ is locally univalent on Ig, and therefore
arg f'(e?) is monotone on Ig. Since ¢(1) = logB > 0 and p(e'0) = log(e'? f'(e%0)) =
log B + (3/2)mi it follows that ¢ maps I one-to-one onto .

Next, it follows from the monotonicity property of Lemma [)2) that ¢ maps the arc
It = {2z € lnt : Imz > 0} one-to-one onto the ray {w =u+ (3/2)mi : u < log 8}.

Considering the values of ¢ on the negative radius I = [—1,0], we first notice that
Im(p(z)) = 7 for all z € I and that ¢(z) approaches —oco + 7i as z approaches —1 or 0
along I. Then, by Lemma H(2) and Lemma [ Re ¢(e?) decreases on 0 < 6 < 7. Thus
% Rep(z) < 0 on TT. Because ¢ is symmetric with respect to the real axis, it follows
that 5 5

2 Re p(re'?) o = 2 Re p(re'?) =0.
Since % Re ¢(re'?) is harmonic on DF, the maximum principle implies that a% Re ¢(re')
< 0 whenever re? € D,

Since ¢ is symmetric with respect to the real axis, the latter inequality shows that
the function —log |z f/(z)| takes its maximal value on the circle {z : |z| = r} at the point
z = —r. Thus,

O0=m

M(r) = mas (~log|rf'(re)]) = ~log(r|f'(~)]).

Since —log|zf’(z)| is harmonic on the punctured disk 0 < |z| < 1, the maximum
M(r) is a strictly convex function of logr on 0 < r < 1 (see [9, Theorem 2.13]). Since
M(r) — 400 as r — 0 or r — 1, the latter implies that there is rg, 0 < rg < 1, such
that Re(t) strictly increases from —oo to some value 7 < log 8 as t runs from —1 to
—ro and Reg(t) strictly decreases from 7 to —oo as ¢ runs from —rg to 0.

Finally, we consider the values of ¢ on the positive radius [0, 1]. Our consideration
above shows that |f’(re?)| takes its maximal values on the circle {z : |z| = r} at the
point z = r. Then [9, Theorem 2.13] implies that log |rf/(r)| strictly increases from —oo
to log 8 as r runs from 0 to 1.

In conclusion, since ¢ is analytic on DT and maps its boundary D™ one-to-one onto
the boundary of H* (7, s), the principle of boundary correspondence implies that ¢ maps
D* conformally and univalently onto H¥(7,s). Finally, applying the Schwarz reflection
principle we finish the proof of the lemma. (]

Now we are ready to find the extremal function explicitly. Let w = ¢, () be a
univalent function that maps the slit disk D’ conformally onto II(7, s) and satisfies

¢r,s(0) = —oo + 10,
¢r,s(=1410) = —oo + (3/2)i,
@rs(—1 —1i0) = —o0 — (3/2)7i
in the sense of the boundary correspondence. The configuration II(7,s) depends on
two parameters 7 and s. Accordingly, we introduce two related parameters 6y and ro,

which characterize the preimage of this configuration in the z-plane. Namely, we put
e = o 1(s + 3mi/2) and 1o = —; (7 + mi). Then

O0<bg<m, O0<ryg<l.
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By symmetry, we also have e="% = ¢ 1(s — 3mi/2) and ro = —¢; L(7 — mi).
We represent ¢, ¢ as a composition of two functions: ¢, = 9 0 1. Here
P P, p P, P2 0@
i 1-=z2
2sin(6p/2) 'z

with the principal branch of the radical. The function ¢; maps I’ conformally onto the
upper half-plane H; = {w : Imw > 0} so that

p1(0) =00, @1(1) =0, @i(e™') ==L
Then the function s is given by the Schwarz—Christoffel integral:

(4.6) p1(2) =

22
(4.7 C/ t27a2 17t2dt+s

with the principal branch of the radical and with parameters a, b, and C' defined as
follows:

a=csc(bp/2), b= (a/2)(r 1/2+T 1/2)7

and

3m 2 — b2
4.8 C= ——dt
(4.8) 2 </0 (t2 —a2)v1 — 2 )
Integrating (A7) and (LS]), we find
w2(C) = C’i(arcsin(

(4.9) L v (bgm+gmx—1—¢WFiT¢Tf?)_FO)+S
2aiva 1\ (a— e+ 11+ v —Ty/1 =)

-1

and
b2 —a? -1 3av/a? — 1
(4.10) C=3(1+ =) =—*" .
ava? —1 b2 —a? +ava2 -1

For € > 0 sufficiently small, let 7. denote the semicircle {¢ : |[( — 1] = &,Im{ > 0}
oriented in the clockwise direction. Using (&7), we can find the change A(v:) in p = 2(¢)
when ( runs along ~.:

2 — b2 3mi b — a?
4.11 A(ve) = lim Ci/ —dt) =—— .
(4.11) (7e) 5H0+( L (82— a?)V/1 — 2 2 22— 4+ava—1

Since @2 maps the upper half-plane onto II(7, s), it follows that

)

(4.12) At =-T

Equating (£I1) and (£I2), we express b as a function of a:

(4.13) b=/a? + (a/2)v/a® — 1.

Substituting this into ([@I0), we obtain

(4.14) C=2.

Substituting (£13) and (£I4]) into (£9) and simplifying, we can represent @9 as

(C+ V3 —1)*(ay/C -1+ ¢Va? - 1)
’ N

(4.15) @2(¢) = —1lo + i+ s.
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Now we can write the closed form of the extremal function f,. By Lemma [6] we have
log(zf! (%)) = ¢r s(2) for some 7 and s = log 5. Using equation ([@I5) we obtain

o J—a?
(4.16) faz) =—0 (C+/C—1)2(a/C2— 1+ (Va2 — 1)

where ¢ = ¢1(z) is defined by ([@6]). The parameter 5 can be found from the equation
(4.17) m (p2(¢) — log z) = log a.

li

z—0
Solving (48] for z, we obtain

(4.18) z=—a"2(¢ —\/C? — a?)?

with the principal branch of the radical. Using ({I5]) and (£I8) and taking the limit in

[@IT), we obtain equation (L7):

(4.19) B =aad*(a+ a2 —1).

Integrating (EI0]), we find

fa(z) = 5[12 (C+/C—1)2(a/C -1+ CVa? - 1) =
200>

(4.20) (a = va* - 1)7

a ¢
8 <a—|—\/a2—1 N/
az -1 o 2ava? — 1(¢ ++/C2 - 1) )
a—+Vaz—1 g(a—i—\/a2—1)(a\/§2—1+Cva2—1)

with 8 given by (£I9) and ¢ = {(z) defined by (£I8]). Thus, [£20) gives an integrated
form of the extremal function (L4).

To express a as a function of a, we shall use the normalization f,(0) = 1. From (Z£.20)
we obtain

Fa0) = B(a — Va? 1)+ (0 Va7~ 1)(1 - a2 - a/a? ~ 1) log GEVELTY

16a2(a® — 1)

_|_

Since f,(0) = 1, this leads to equation (L3]).
To show that the right-hand side of (L3) is monotone in 1 < a < oo, we change
variables via

x
S VaZ -1

which expresses a as a monotone function of x, 1 < x < co. Then the right-hand side of

([L3) becomes
2 4
T(z) = v <1 vl log(x+1)>.

22 -1 (x —1)2 1622
Differentiating, we find

oy (2+)
T'(z) = mﬂ(x)a
where .
Ty(z) = (1 +2)° log ("”12;2) — o — 1)

To show that T3 (x) > 0 for > 1, we put
To(z) = (1 + ) 2Ty ().
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Then T5(1) = 0 and

z+1
for all z > 1. Thus, T1(z) > 0 for z > 1. Therefore, T'(x) strictly increases in 1 < x < oc.
Since

T(z) = % (“”‘1>2 >0

lim o [1—+va2— 1(a+ Va (a+ Va ) :1

a—oo 16a 2((12 1) 4

and

lim a? 1—+/a?— a-l-\/ (a+ ) =1,

a—1- 16a 2(a2 1)

the monotonicity established above implies that for every 1 < o < 4 there is exactly one
solution a = a(«) of equation (3.

To evaluate the minimal area A(«) := area(D,,), we apply the standard line integral
formula:

1
area(D,) = 5 Im w dw
9Dy (d)

1 1 0 ______ _
=5Im [ wdw=_Re fa(ew)e“‘) 1L (e do
Ly -

(4.21) 52 T fale®?) 62 fa(z)
Re / aopen? =9 / 2

L o] = mstre (2]
— (1 a2 f2(0)).

To find f/(0), we differentiate equation (4] with g, and ¢ = ¢1(z) defined by (L)
and ([LA). Then we obtain

(4.22) a”2f7(0) = —\/a2 —1(a+ a2 -
Combining (£2I) and [@22), we find the minimal area:

area(Dy) = maa’(a + Va (a+Va

which gives the right-hand side of inequality (EEZI)

= 13? Re Res { Ja
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