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QUATERNIONIC PLURISUBHARMONIC FUNCTIONS
AND THEIR APPLICATIONS TO CONVEXITY

S. ALESKER

Dedicated to Professor Victor Abramovich Zalgaller on the occasion of his 85th birthday

Abstract. The paper is a survey of the recent theory of plurisubharmonic functions
of quaternionic variables, together with its applications to the theory of valuations on
convex sets and HKT-geometry (Hyper-Kähler with Torsion). The exposition follows
some earlier papers by the author and a joint paper by Verbitsky and the author.

§0. Introduction

Our goal in this article is to present a survey of the recent theory of plurisubharmonic
functions of quaternionic variables, together with its applications to the theory of valu-
ations on convex sets and HKT-geometry (Hyper-Kähler with Torsion). The exposition
follows the papers [4, 5, 7] by the author and [8] by Verbitsky and the author.

We denote by H the (noncommutative) field of quaternions. The notion of a quater-
nionic plurisubharmonic function on the flat space Hn was introduced by the author in
[4] and independently by Henkin in [24]. This notion is a quaternionic analog of a convex
function on R

n and a complex plurisubharmonic function on C
n; see Definition 3.1 below.

On the one hand, this class of functions enjoys many analytic properties similar to those
of convex and complex plurisubharmonic functions. On the other hand, these properties
reflect rather different geometric structures behind them. This will be illustrated below
by applications to convexity and HKT-geometry.

We start with some analytic properties of quaternionic plurisubharmonic functions. In
[4], the author proved a quaternionic analog of the Aleksandrov [2] and Chern–Levine–
Nirenberg [19] theorems (see Theorems 3.4 and 3.6 in §3 below). It is worthwhile to
recall these classical results now. The Aleksandrov theorem says that if a sequence {fN}
of convex functions converges uniformly on compact subsets to a function f , then f is
convex, and

det
( ∂2fN

∂xi∂xj

)
w−→ det

( ∂2f

∂xi∂xj

)

weakly in the sense of measures (note that the expression det( ∂2u
∂xi∂xj

) for a convex func-
tion u is understood in a distributional sense, as explained in the quaternionic situation
in Theorem 3.4 of §3 below).

The Chern–Levine–Nirenberg theorem (in fact, in a slightly weaker form) says that if
a sequence {fN} of continuous complex plurisubharmonic functions converges uniformly
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2 S. ALESKER

on compact subsets to a function f , then f is continuous and complex plurisubharmonic,
and

det
( ∂2fN

∂zi∂z̄j

)
w−→ det

( ∂2f

∂zi∂z̄j

)

weakly in the sense of measures (again, the expression det( ∂2u
∂zi∂z̄j

) is understood in a
distributional sense).

The statement of the quaternionic analog of the above theorems requires analogs of
the complex operators ∂

∂z̄ , ∂
∂z and the notion of the determinant of quaternionic matrices.

The former notion is called sometimes the Dirac operators ∂
∂q̄ , ∂

∂q ; it is discussed in §2.
The latter notion of quaternionic determinants is described in §1, where we discuss the
Moore determinant of hyper-Hermitian (= quaternionic Hermitian) matrices in detail.
This quaternionic result is used in applications to the theory of valuations on convex sets
(Theorem 4.2 in §4).

Another result important for applications in valuation theory is Theorem 3.7 (proved in
[7]), which is a quaternionic version of Blocki’s theorem [13] for complex plurisubharmonic
functions.

In §4 we discuss applications of the above results to the theory of valuations on convex
sets in more detail. We recall the basic notions of that theory, referring for further
information to the surveys by McMullen [31] and McMullen and Schneider [32]. Let V
be a finite-dimensional real vector space. Let K(V ) denote the class of all nonempty
compact convex subsets of V .

0.1. Definition. (1) A function φ : K(V ) → C is called a valuation if for any sets
K1, K2 ∈ K(V ) such that their union is also convex we have

φ(K1 ∪ K2) = φ(K1) + φ(K2) − φ(K1 ∩ K2).

(2) A valuation φ is said to be continuous if it is continuous with respect to the
Hausdorff metric on K(V ).

Recall that the Hausdorff metric dH on K(V ) depends on the choice of a Euclidean
metric on V and is defined as follows: dH(A, B) := inf{ε > 0 | A ⊂ (B)ε and B ⊂ (A)ε},
where (U)ε denotes the ε-neighborhood of a set U . Then K(V ) becomes a locally compact
space, and the topology on K(V ) induced by the Hausdorff metric does not depend on
the choice of a Euclidean metric on V .

The theory of valuations has numerous applications in convexity and integral geometry
(see, e.g., [6, 23, 28, 38]). We present some basic examples of translation invariant
continuous valuations.

0.2. Example. (1) A Lebesgue measure vol on V is a translation invariant continuous
valuation.

(2) The Euler characteristic χ is a translation invariant continuous valuation. (Recall
that χ(K) = 1 for any K ∈ K(V ).)

(3) Let m := dim V . For a fixed k = 1, . . . , m, let A1, . . . , Am−k ∈ K(V ). Then the
mixed volume

K �→ V (K[k], A1, . . . , Am−k)
is a translation invariant continuous valuation. (For the notion of the mixed volume and
its properties, see, e.g., the books by Burago–Zalgaller [14] and by Schneider [38].)

It was conjectured by McMullen [30] and proved by the author [3] that the linear
combinations of the mixed volumes as in Example 0.2 (3) above are dense in the space
of all translation invariant continuous valuations in the topology of uniform convergence
on the compact subsets of K(V ).
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Nevertheless, there are nontrivial constructions of translation invariant continuous
valuations other than mixed volumes. In this survey we shall discuss two of them. They
are closely related to each other, being based on the theory of complex and, respectively,
quaternionic plurisubharmonic functions. Their relationship with the mixed volume con-
struction is not straightforward. The possibility of approximating these examples by the
mixed volumes follows from the solution of McMullen’s conjecture.

Let us agree on the notation. For K ∈ K(V ), we denote by hK : V ∗ → R the support-
ing functional of K. Recall that

hK(y) = sup{y(x) | y ∈ K}.
The construction of valuations via complex plurisubharmonic functions can be de-

scribed as follows. Let Ωp,p denote the vector bundle of (p, p)-forms over Cn, and let
Cc(Cn, Ωp,p) be the space of continuous compactly supported forms of type (p, p) on Cn.

0.3. Theorem ([7, Theorem 4.1.3]). Fix k = 1, . . . , n. If ψ ∈ C0(Cn, Ωn−k,n−k), then
K �→

∫
Cn(ddchK)k ∧ ψ defines a continuous translation invariant valuation on K(Cn).

In the above generality, this result was proved by the author in [7]; the proof involves
some known properties of complex plurisubharmonic functions. This theorem contains
two nontrivial parts: the continuity and the valuation property of the above functional.
The former is a consequence of the Chern–Levine–Nirenberg theorem [19], and the latter
is a consequence of the Blocki formula [13]. Note that, probably, expressions such as in
Theorem 4.1 were considered first in the context of convexity, by Kazarnovskĭı in [26] and
[27]. In [7] we obtained a quaternionic version of the above construction; it is discussed
in §4, Theorem 4.2.

In §5 we discuss two theorems on the Dirichlet problem for quaternionic Monge–
Ampère equations, obtained by the author in [5]. They also have real and complex
classical analogs; see §5 for references.

In §6 we describe generalizations of some of the definitions and results on quaternionic
plurisubharmonic functions to the so-called hypercomplex manifolds; these generaliza-
tions were obtained by Verbitsky and the author in [8]. This class of manifolds contains,
for instance, the flat spaces Hn and the hyper-Kähler manifolds. For such manifolds,
quaternionic plurisubharmonic functions can be defined, and a version of the Aleksan-
drov and Chern–Levine–Nirenberg theorems can be proved. Next, it turns out that the
C∞-smooth strictly plurisubharmonic functions on hypercomplex manifolds admit a geo-
metric interpretation as (local) potentials of HKT-metrics; this was also shown in [8].
Roughly, an HKT-metric on a hypercomplex manifold is an SU(2)-invariant Riemannian
metric satisfying certain first order differential equations. These metrics are similar to
Kähler metrics on complex manifolds. The above interpretation of quaternionic plurisub-
harmonic functions is similar to the well-known interpretation of C∞-smooth complex
strictly plurisubharmonic functions on complex manifolds as (local) potentials of Kähler
metrics. We recall this fact more explicitly. Let f be a C∞-smooth complex strictly
plurisubharmonic function on a complex manifold M , and let local complex coordinates
be fixed on M . Then the matrix g := ( ∂2f

∂zi∂z̄j
) determines a Kähler metric on M . Vice

versa, for any Kähler metric g on M , every point z ∈ M has a neighborhood in which
g = ( ∂2f

∂zi∂z̄j
) for a C∞-smooth complex strictly plurisubharmonic function f .

The organization of the paper is clear from the table of contents.

§1. Quaternionic linear algebra

It is known that some standard results of linear algebra over commutative fields ex-
tend to general noncommutative fields, e.g., the theory of the dimension and bases of
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vector spaces. However, over noncommutative fields, no notion of the determinant of
matrices is as good as in the commutative case. There is a notion of the Dieudonné de-
terminant (see, e.g., [9]), which is good for some applications (see, e.g., [4]). Gelfand and
Retakh have developed a theory of quasideterminants over noncommutative fields which,
probably, generalizes in a sense all the known theories of noncommutative determinants
(in particular the Dieudonné, the super-, and the quantum determinants). We shall not
discuss that theory here, referring the reader to the survey [20].

Nevertheless, over the field H of quaternions there is a notion of the Moore determi-
nant on the class of hyper-Hermitian matrices discussed below. The hyper-Hermitian
quaternionic matrices are similar to real symmetric and complex Hermitian matrices.
The properties of the Moore determinant on this class resemble those of the usual deter-
minant. It seems that any general identity or inequality that is true for the determinant
of real symmetric or complex Hermitian matrices should be true for the Moore determi-
nants of quaternionic hyper-Hermitian matrices. Among examples of such results, we can
mention the Sylvester criterion of positive definiteness and the Aleksandrov inequalities
for mixed determinants, discussed below. For more information on quaternionic deter-
minants see the survey [10] and the references therein; for the relationship between the
Moore determinant and the Gelfand–Retakh quasideterminants, see [21].

In the remaining part of this section we discuss the notion of hyper-Hermitian matrices
and their Moore determinant in more detail.

1.1. Definition. A hyper-Hermitian semilinear form on V is a map a : V × V → H

with the following properties:
(a) a is additive with respect to each argument;
(b) a(x, y · q) = a(x, y) · q for any x, y ∈ V and any q ∈ H;
(c) a(x, y) = a(y, x), where q̄ denotes the usual conjugation of a quaternion q.

1.2. Definition. A quaternionic (n × n)-matrix A = (aij)n
i,j=1 is said to be hyper-

Hermitian if aij = āji.

1.3. Example. Let V = Hn be the standard coordinate space viewed as a right vector
space over H. Fix a hyper-Hermitian (n × n)-matrix (aij)n

i,j=1. For x = (x1, . . . , xn),
y = (y1, . . . , yn), we define

a(x, y) =
∑
i,j

x̄iaijyj

(note the order of the terms!). Then a determines a hyper-Hermitian semilinear form
on V .

In general, the following standard claims are true.

1.4. Claim. Fix a basis in a finite-dimensional right quaternionic vector space V . Then
there is a natural bijection between the hyper-Hermitian semilinear forms on V and the
(n × n)-hyper-Hermitian matrices.

In fact, this bijection was described in Example 1.3 above.

1.5. Claim. Let A be the matrix of a given hyper-Hermitian form in a given basis. Let
C be the transition matrix from this basis to another one. Then the matrix A′ of the
given form in the new basis looks like this: A′ = C∗AC.

1.6. Definition. A hyper-Hermitian semilinear form a is positive definite if a(x, x) > 0
for any nonzero vector x.

A quaternionic right vector space V equipped with a fixed positive definite hyper-
Hermitian form (·, ·) will be called a hyper-Hermitian space.
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For any quaternionic linear operator φ : V → V in a hyper-Hermitian space V , we
can define the adjoint operator φ∗ : V → V in the usual way, i.e., (φx, y) = (x, φ∗y)
for any x, y ∈ V . Then, for a fixed orthonormal basis in the space V , the operator φ is
selfadjoint if and only if its matrix in this basis is hyper-Hermitian.

1.7. Claim. For any selfadjoint operator A in a hyper-Hermitian space, there exists an
orthonormal basis such that the matrix of A in this basis is diagonal and real.

Now we are going to define the Moore determinant of hyper-Hermitian matrices. The
definition below differs from that given by Moore in [33], but is equivalent to it.

First, note that every hyper-Hermitian (n×n)- matrix A determines a hyper-Hermitian
semilinear form on the coordinate space Hn, as explained in Example 1.3. It also can
be viewed as a symmetric bilinear form on R4n (which is the realization of Hn). We
denote its (4n × 4n)-matrix by RA. The entries of A are regarded as formal variables
(each quaternionic entry corresponds to four commuting real variables). Then det(RA)
is a homogeneous polynomial of degree 4n in n(2n − 1) real variables. Let Id denote
the identity matrix. The following result was rediscovered several times (see [10] for
references).

1.8. Theorem. There exists a polynomial P defined on the space of all hyper-Hermitian
(n × n)-matrices and such that for any hyper-Hermitian (n × n)-matrix A we have
det(RA) = P 4(A) and P (Id) = 1. These two properties determine P uniquely. Fur-
thermore, P is homogeneous of degree n and has integral coefficients.

Thus, for any hyper-Hermitian matrix A, the value P (A) is a real number; this number
is called the Moore determinant of the matrix A. An explicit formula for the Moore
determinant was given by Moore [33] (see also [10] and Theorem 1.16 below). In what
follows, the Moore determinant of a matrix A will be denoted by det A. This notation
should not cause any confusion with the usual determinant of real or complex matrices,
due to part (i) of the next theorem, which is probably folklore.

1.9. Theorem. (i) The Moore determinant of any complex Hermitian matrix viewed as
a quaternionic hyper-Hermitian matrix is equal to its usual determinant.

(ii) For any hyper-Hermitian matrix A and any quaternionic matrix C we have

det(C∗AC) = detA · det(C∗C).

1.10. Example. (a) Let A = diag(λ1, . . . , λn) be a diagonal matrix with real λi’s. Then
A is hyper-Hermitian and the Moore determinant detA is equal to

∏
i λi.

(b) A general hyper-Hermitian (2 × 2)-matrix A has the form

A =
[

a q
q̄ b

]
,

where a, b ∈ R, and q ∈ H. Then detA = ab − qq̄(= ab − q̄q).

1.11. Claim. Let A be a nonnegative (respectively, positive) definite hyper-Hermitian
matrix. Then detA ≥ 0 (respectively, det A > 0).

The following theorem is a quaternionic generalization of the standard Sylvester cri-
terion.

1.12. Theorem (Sylvester criterion, [4]). A hyper-Hermitian (n×n)- matrix A is positive
definite if and only if the Moore determinants of all the left upper minors of A are positive.

Now we define the mixed discriminant of hyper-Hermitian matrices by analogy with
the case of real symmetric matrices studied by A. D. Aleksandrov [1].
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1.13. Definition. Let A1, . . . , An be hyper-Hermitian (n × n)-matrices. Consider the
degree n homogeneous polynomial det(λ1A1 + · · · + λnAn) in real variables λ1, . . . , λn.
The coefficient of the monomial λ1 · · ·λn divided by n! is called the mixed discriminant
of the matrices A1, . . . , An, and is denoted by det(A1, . . . , An).

Note that the mixed discriminant is symmetric with respect to all variables and linear
with respect to each of them; recall that the linearity with respect to, say, the first
argument means that

det(λA′
1 + µA′′

1 , A2, . . . , An) = λ · det(A′
1, A2, . . . , An) + µ · det(A′′

1 , A2, . . . , An)

for any real λ, µ. Note also that det(A, . . . , A) = detA. The following theorem general-
izes the Aleksandrov inequalities for mixed discriminants [1].

1.14. Theorem. (i) The mixed discriminant of positive (respectively, nonnegative) def-
inite matrices is positive (respectively, nonnegative).

(ii) Let A1, . . . , An−2 be positive definite hyper-Hermitian (n × n)-matrices. On the
real linear space of hyper-Hermitian (n × n)-matrices, consider the bilinear form

B(X, Y ) := det(X, Y, A1, . . . , An−2).

Then B is a nondegenerate quadratic form, and its signature has one plus and the rest
are minuses.

1.15. Corollary (Aleksandrov inequality, [4]). Let A1, . . . , An−1 be positive definite
hyper-Hermitian (n × n)-matrices. Then for any hyper-Hermitian matrix X we have

det(A1, . . . , An−1, X)2 ≥ det(A1, . . . , An−1, An−1) · det(A1, . . . , An−2, X, X),

and equality occurs if and only if the matrix X is proportional to An−1.

Finally, we present an explicit formula for the Moore determinant (which was the
original definition by Moore [33]). Let A = (ai,j)n

i,j=1 be a hyper-Hermitian (n × n)-
matrix. Let σ be a permutation of {1, . . . , n}. Write σ as a product of disjoint cycles
such that each cycle starts with the smallest number. Since disjoint cycles commute, we
can write

σ = (k11 . . . k1j1)(k21 . . . k2j2) . . . (km1 . . . kmjm
),

where for each i we have ki1 < kij for all j > 1, and k11 > k21 > · · · > km1. This
expression is unique. Let sgn(σ) be the parity of σ. For the next result we refer to [10]
and the references therein.

1.16. Theorem. The Moore determinant of A is equal to

detA =
∑

σ

sgn(σ)ak11,k12 . . . ak1j1 ,k11ak21,k22 . . . akmjm ,km1 ,

where the sum runs over all permutations σ.

§2. Dirac operators

We write a quaternion q ∈ H in the standard form

q = t + x · i + y · j + z · k,

where t, x, y, z are real numbers, and i, j, k satisfy the usual relations

i2 = j2 = k2 = −1, ij = −ji = k, jk = −kj = i, ki = −ik = j.

The Dirac operator ∂
∂q̄ is defined as follows. For any H-valued function F ,

∂

∂q̄
F :=

∂F

∂t
+ i

∂F

∂x
+ j

∂F

∂y
+ k

∂F

∂z
.
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Also, we define the operator ∂
∂q :

∂

∂q
F :=

∂

∂q̄
F̄ =

∂F

∂t
− ∂F

∂x
i − ∂F

∂y
j − ∂F

∂z
k.

In the case of several quaternionic variables, it is easily seen that the operators ∂
∂qi

and ∂
∂q̄j

commute:
[ ∂

∂qi
,

∂

∂q̄j

]
= 0.(1)

2.1. Proposition ([4]). (i) Let f : H
n → H be a smooth function. Then for any H-

linear transformation A of the space Hn (viewed as a right H-vector space) we have the
identities (∂2f(Aq)

∂q̄i∂qj

)
= A∗

( ∂2f

∂q̄i∂qj
(Aq)

)
A.

(ii) If, moreover, f is real-valued, then for any H-linear transformation A of Hn and
any quaternion a with |a| = 1 we have(∂2f(A(q · a))

∂q̄i∂qj

)
= A∗

( ∂2f

∂q̄i∂qj
(A(q · a))

)
A.

§3. Plurisubharmonic functions of quaternionic variables

First, we follow [4] to introduce the class of quaternionic plurisubharmonic functions
on Hn. The same notion was also introduced independently by Henkin in [24]. Let Ω be
an open subset of H

n.

3.1. Definition. A real-valued function u : Ω → R is said to be quaternionic plurisub-
harmonic if it is upper semicontinuous and its restriction to any right quaternionic line
is subharmonic.

Recall that upper semicontinuity means that u(x0) ≥ lim supx→x0
u(x) for any x0 ∈ Ω.

The class of plurisubharmonic functions on Ω will be denoted by P (Ω).
Also, we say that a C2-smooth function u : Ω → R is strictly plurisubharmonic if its

restriction to any right quaternionic line is strictly subharmonic (i.e., the Laplacian is
strictly positive).

Before stating the next proposition, we observe that if a smooth function f is real-
valued, then the matrix ( ∂2f

∂qi∂q̄j
)(q) is hyper-Hermitian.

3.2. Proposition ([4, Proposition 2.1.6]). A real-valued and twice continuously differ-
entiable function f on an open subset Ω ⊂ Hn is quaternionic plurisubharmonic (respec-
tively, strictly plurisubharmonic) if and only if at every point q ∈ Ω the matrix ( ∂2f

∂qi∂q̄j
)(q)

is nonnegative definite (respectively, positive definite).

3.3. Remark. Proposition 3.2 is completely similar to the characterization of the smooth
convex functions as those for which the Hessian ( ∂2f

∂xi∂xj
) is nonnegative definite, and the

characterization of the smooth complex plurisubharmonic functions as those for which
the complex Hessian ( ∂2f

∂zi∂z̄j
) is nonnegative definite.

3.4. Theorem ([4]). For any u ∈ C(Ω) ∩ P (Ω), a nonnegative measure det( ∂2u
∂qi∂q̄j

) can
be defined uniquely ; this measure is characterized by the following two properties:

(1) if u ∈ C2(Ω), then the above measure has an obvious meaning ;
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(2) if uN → u uniformly on the compact subsets of Ω, and uN , u ∈ C(Ω)∩P (Ω), then

det
( ∂2uN

∂qi∂q̄j

)
w−→ det

( ∂2u

∂qi∂q̄j

)
,

where the convergence of measures is understood in the weak sense.

3.5. Remark. (1) It is easily seen that if uN → u uniformly on compact subsets and
uN ∈ C(Ω) ∩ P (Ω), then u ∈ C(Ω) ∩ P (Ω).

(2) Note that the real analog of this result was proved by Aleksandrov in [2], and the
complex analogue was obtained by Chern, Levine, and Nirenberg in [19].

We shall need a refinement of Theorem 3.4, which was proved by the author in [7] in
somewhat different notation. We denote ∂2u := ( ∂2u

∂qi∂q̄j
) for brevity.

3.6. Theorem (see [7]). Let Ω ⊂ Hn be an open subset. Fix k = 1, . . . , n. Let {u(i)
N }∞N=1,

1 ≤ i ≤ k, be sequences in P (Ω)∩C(Ω), and let V (1), . . . , V (n−k) be continuous functions
on Ω with values in the space of (n × n)-hyper-Hermitian matrices. Assume that, for
every i = 1, . . . , k,

u
(i)
N → u(i) as N → ∞

uniformly on compact subsets. Then u(i) ∈ P (Ω) ∩ C(Ω), and

det
(
∂2u

(1)
N , . . . , ∂2u

(k)
N , V (1), . . . , V (n−k)

) w−→ det
(
∂2u(1), . . . , ∂2u(k), V (1), . . . , V (n−k)

)
weakly in the sense of measures (we have used the notion of the mixed determinant).

For hyper-Hermitian matrices A, B1, . . . , Bn−k, we denote

det(A[k], B1, . . . , Bn−k) := det(A, . . . , A︸ ︷︷ ︸
k times

, B1, . . . , Bn−k).

Observe that the maximum of two plurisubharmonic functions is plurisubharmonic.

3.7. Theorem (see [7]). Let Ω ⊂ Hn be an open subset. Fix k = 1, . . . , n. Let f, g ∈
P (Ω)∩C(Ω). Assume that min{f, g} ∈ P (Ω)∩C(Ω). If V (1), . . . , V (n−k) are continuous
functions on Ω with values in the space of (n × n)-hyper-Hermitian matrices, then

det(∂2(max{f, g})[k], V (1), . . . , V (n−k))

= det(∂2f [k], V (1), . . . , V (n−k)) + det(∂2g[k], V (1), . . . , V (n−k))

− det(∂2(min{f, g})[k], V (1), . . . , V (n−k)).

3.8. Remark. Theorem 3.7 was proved in [7] as a consequence of a more precise result,
Theorem 3.2.1 there, which is a quaternionic version of a result proved by Blocki in [13]
for complex plurisubharmonic functions.

§4. Applications to valuation theory

Here we discuss applications of the above results to the theory of valuations on convex
sets. The necessary definitions of this theory were recalled in the Introduction. Especially,
we recall Theorem 0.3.

4.1. Theorem ([7, Theorem 4.1.3]). Fix k = 1, . . . , n and ψ ∈ C0(Cn, Ωn−k,n−k). Then
the rule K �→

∫
Cn(ddchK)k ∧ ψ determines a continuous translation invariant valuation

on K(Cn).
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In the above generality, this result was proved by the author in [7]; the proof involves
some known properties of complex plurisubharmonic functions. This theorem contains
two nontrivial parts: the continuity and the valuation property of the above functional.
Continuity is a consequence of the Chern–Levine–Nirenberg theorem [19] and the fact
that a sequence {KN} of convex compact sets converges in the Hausdorff metric to a
convex compact set K if and only if hKN

→ hK uniformly on compact subsets. The
valuation property is a consequence of the Blocki formula (see [13]) combined with the
fact that

hK1∪K2 = max{hK1 , hK2} whenever K1 ∪ K2 is convex, and

hK1∩K2 = min{hK1 , hK2}.
Let us discuss the quaternionic version of Theorem 4.1. To facilitate the exposition,

we state the result in a more straightforward form. A better way was discussed in [7],
where quaternionic analogs of (p, p)-forms were introduced.

4.2. Theorem ([7, Theorem 4.2.1]). Fix k = 1, . . . , n. Let ψ0 be a continuous compactly
supported real-valued function on Hn∗, and let V (1), . . . , V (n−k) be continuous compactly
supported functions on Hn∗ with values in the space of (n×n)-hyper-Hermitian matrices.
Then the functional

K �→
∫

Hn∗
det(∂2hK [k], V (1), . . . , V (n−k)) · ψ0 · d vol

is a translation invariant continuous valuation.

As in the complex case, continuity is a consequence of Theorem 3.6, and the valuation
property is a consequence of Theorem 3.7.

§5. Quaternionic Monge–Ampère equations

In this section we discuss some results on quaternionic Monge–Ampère equations; we
follow [5]. These results have real and complex analogs; the corresponding references will
be given below.

5.1. Definition. An open bounded domain Ω ⊂ H
n with a smooth boundary ∂Ω is said

to be strictly pseudoconvex if for every point z0 ∈ ∂Ω there exists a neighborhood O
and a smooth quaternionic strictly plurisubharmonic function h on O such that Ω∩O =
{h < 0}, h(z0) = 0, and ∇h(z0) �= 0.

Let B denote the unit Euclidean ball in H
n.

5.2. Theorem ([5, Theorem 0.1.4]). Let f ∈ C∞(B̄), f > 0. For any φ ∈ C∞(∂B)
there exists a unique function u ∈ C∞(B̄) that is quaternionic plurisubharmonic in B
and solves the Dirichlet problem

det
( ∂2u

∂qi∂q̄j

)
= f in B, u|∂B = φ.

5.3. Remark. (1) It is natural to expect that Theorem 5.2 is true for a larger class of
domains, say for all bounded strictly pseudoconvex domains.

(2) The real version of Theorem 5.2 was proved for arbitrary bounded strictly convex
domains in Rn by Caffarelli, Nirenberg, and Spruck [15]. The complex version was
proved for arbitrary bounded strictly pseudoconvex domains in Cn by Caffarelli, Kohn,
Nirenberg, and Spruck [16], and Krylov [29]. Our method is a modification of the method
used in [16]. We also note that for n = 1 the problem reduces to the classical Dirichlet
problem for the Laplacian in R4 (which is a linear problem); it was solved in the XIX
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century. The interior regularity of the solution of the Dirichlet problem for real Monge–
Ampère equations had been proved before by A. Pogorelov, and the proof was described
briefly in [34]–[36]. The complete proof was published in [37] and [17, 18].

5.4. Theorem ([5, Theorem 0.1.3]). Let Ω ⊂ Hn be a bounded quaternionic strictly
pseudoconvex domain. Let f ∈ C(Ω̄), f ≥ 0. For any φ ∈ C(∂Ω) there exists a unique
function u ∈ C(Ω̄) plurisubharmonic in Ω and such that

det(
∂2u

∂qi∂q̄j
) = f in Ω, u|∂Ω ≡ φ.

5.5. Remark. The real analogue of this result was proved by Aleksandrov in [2], and
the complex one by Bedford and Taylor in [12].

§6. Generalizations to hypercomplex manifolds

Some of the definitions and results on quaternionic plurisubharmonic functions dis-
cussed above were extended by Verbitsky and the author [8] to a more general context
of the so-called hypercomplex manifolds. In this section we give an overview of these re-
sults, including a geometric interpretation of the quaternionic strictly plurisubharmonic
functions as (local) potentials of HKT-metrics. The exposition follows [8].

6.1. Definition. A hypercomplex manifold is a smooth manifold X together with a triple
(I, J, K) of complex structures satisfying the usual quaternionic relations:

IJ = −JI = K.

6.2. Remark. (1) Here we suppose (contrary to much of the literature on the subject)
that the complex structures I, J, K act from the right on the tangent bundle TX of X.
This action extends uniquely to a right action of the algebra H of quaternions on TX.

(2) It follows that the dimension of a hypercomplex manifold X is divisible by 4.

Let (X4n, I, J, K) be a hypercomplex manifold. We denote by Λp,q
I (X) the vector

bundle of (p, q)-forms on the complex manifold (X, I). By abuse of notation, we shall
also denote the space of C∞-sections of this bundle by the same symbol Λp,q

I (X).
Let

∂ : Λp,q
I (X) → Λp+1,q

I (X)(2)

be the usual ∂-differential of differential forms on the complex manifold (X, I).
Set

∂J := J−1 ◦ ∂̄ ◦ J.(3)

6.3. Claim ([39]). (1) J : Λp,q
I (X) → Λq,p

I (X).
(2) ∂J : Λp,q

I (X) → Λp+1,q
I (X).

(3) ∂∂J = −∂J∂.

6.4. Definition ([39]). Let k = 0, 1, . . . , n. A form ω ∈ Λ2k,0
I (X) is said to be real if

J ◦ ω = ω.

The subspace of real C∞-smooth (2k, 0)-forms on (X, I) will be denoted by Λ2k,0
I,R (X).

6.5. Lemma. Let X be a hypercomplex manifold. Let f : X → R be a smooth function.
Then ∂∂Jf ∈ Λ2,0

I,R(X).
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6.6. Definition. Let ω ∈ Λ2,0
I,R(X). We say that ω is nonnegative (notation: ω ≥ 0) if

ω(Y, Y ◦ J) ≥ 0

for any (real) vector field Y on the manifold X. Equivalently, ω is nonnegative if
ω(Z, Z̄ ◦ J) ≥ 0 for any (1, 0)-vector field Z.

6.7. Definition. A continuous function

h : X → R

is said to be quaternionic plurisubharmonic if ∂∂Jh is a nonnegative (generalized) section
of Λ2,0

I,R(X).

6.8. Remark. The generalized nonnegativity was discussed in detail in [8, §5].

Let P ′(X) denote the class of continuous quaternionic plurisubharmonic functions on
X, and let P ′′(X) be the subclass of functions in P ′(X) with the following additional
property: a function h ∈ P ′(X) belongs to P ′′(X) if and only if for any point x ∈ X
there is a neighborhood U � x and a sequence {hN} ⊂ P ′(U)∩C2(U) such that hN → h
uniformly on the compact subsets of U . Thus, P ′′(X) ⊂ P ′(X).

We conjecture that P ′(X) = P ′′(X). This conjecture is true in the case where X is
an open subset of Hn.

6.9. Theorem ([8, Theorem 1.10]). Let X be a hypercomplex manifold of (real) dimen-
sion 4n. Let 0 < k ≤ n. For any h(1), . . . , h(k) ∈ P ′′(X), a nonnegative generalized
section of Λ2k

I,R denoted by ∂∂Jh(1) ∧ · · · ∧ ∂∂Jh(k) can be defined ; this section is charac-
terized uniquely by the following two properties:

(1) if h(1), . . . , h(k) ∈ C2(X), then the definition is clear ;
(2) if {h(i)

N } ⊂ P ′′(X) and h
(i)
N → h(i) as N → ∞ uniformly on compact subsets, i = 1,

. . . , k, then h(i) ∈ P ′′(X) and

∂∂Jh
(1)
N ∧ · · · ∧ ∂∂Jh

(k)
N → ∂∂Jh(1) ∧ · · · ∧ ∂∂Jh(k)

in the weak topology on measures.

6.10. Remark. Theorem 6.9 extends Theorem 3.6 from the flat space Hn to the hyper-
complex manifolds.

We discuss the links to the HKT-geometry. Let g be a Riemannian metric on a
hypercomplex manifold X. The metric g is said to be quaternionic Hermitian (or hyper-
Hermitian) if g is invariant with respect to the group SU(2) ⊂ H of unitary quaternions.

Given a quaternionic Hermitian metric g on a hypercomplex manifold X, consider the
differential form

Ω := ωJ −
√
−1ωK ,

where ωL(A, B) := g(A, B ◦ L) for any L ∈ H with L2 = −1 and any real vector fields
A, B on X. It is easily seen that Ω is a (2, 0)-form with respect to the complex structure
I.

6.11. Definition. The metric g on X is called an HKT-metric if ∂Ω = 0.

6.12. Remark. The HKT-metrics on hypercomplex manifolds first were introduced
by Howe and Papadopoulos in [25]. Their original definition was different from but
equivalent to Definition 6.11 (see [22]).

We denote by SH(X) the vector bundle over X such that its fiber over a point x ∈ X
is the space of hyper-Hermitian forms on the tangent space TxX. Consider the map of
vector bundles

t : Λ2,0
I,R(X) → SH(X)
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defined by t(η)(A, A) = η(A, A ◦ J) for any (real) vector field A on X. Then t is an
isomorphism of vector bundles (this was proved in [39]).

6.13. Theorem ([8, Proposition 1.14]). (1) Let f be an infinitely smooth strictly plurisub-
harmonic function on a hypercomplex manifold (X, I, J, K). Then t(∂∂Jf) is an HKT-
metric.

(2) Conversely, assume that g is an HKT-metric. Then for any point x ∈ X there is
a neighborhood U of x and an infinitely smooth strictly plurisubharmonic function f on
U such that g = t(∂∂Jf) in U .

6.14. Remark. (i) By [8, Proposition 4.1], on the flat space Hn, for any smooth real-
valued function f we have

t(∂∂Jf) =
1
4

( ∂2f

∂qi∂q̄j

)
.

(ii) The proof of Theorem 6.13 employs a result of Banos–Swann [11].
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