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EXAMPLES OF FINSLER METRICS WITHOUT CONJUGATE
POINTS: METRICS OF REVOLUTION

N. ZINOV′EV

Abstract. A large class of Finsler metrics without conjugate points on the torus
that are far away from flat metrics is constructed.

Introduction

In accordance with the Hopf hypothesis (which was proved in [BuI]), all Riemannian
metrics without conjugate points on the n-dimensional torus are flat. There are examples
of nonflat Finsler metrics on tori without conjugate points. Here by a flat Finsler met-
ric we mean a metric invariant under parallel translations, i.e., corresponding to some
Minkowski norm on the universal cover of the torus.

Nevertheless, there is a conjecture that, in the Finslerian case, if there are no conjugate
points, then the geodesic flow (on the unit tangent bundle) is conjugate to the flow of
a flat Finsler metric. Not much is known about this, most likely due to the lack of
examples.

It seems that the first examples of nonflat metrics without conjugate points on the
two-dimensional torus were given in [Bu1] (see also [Bu2, §33]). Also, in [Bu1], there is
a simple criterion for a system of curves on the two-dimensional torus to be realized as
geodesics of some intrinsic metric without conjugate points. However, it is not quite clear
under what conditions the resulting metric will be Finsler. There are examples, known
to specialists but perhaps not published, of Finsler metrics without conjugate points on
the torus that are obtained by perturbation of flat metrics.

In this paper we construct a large class of examples of Finsler metrics without con-
jugate points that are far away from flat ones. Moreover (see Theorem 1′), a metric in
question is determined essentially by an arbitrary one-parameter family of norms on R

n

with fixed values on the hyperplane {yn = 0}. In contrast to the Riemannian case, a
norm on the hyperplane admits significantly different (not affine-equivalent) extensions
to the entire space.

Necessary information from Finsler geometry can be found, for example, in [Sh]. By
a Finsler metric we mean a symmetric, smooth, and strictly convex Finsler structure on
a smooth manifold M , i.e., a continuous function Φ: TM → R such that

(1) for every x ∈ M the restriction Φx := Φ|TxM is a Banach norm, in particular,
Φ(v) = Φ(−v) for all v ∈ TM ;

(2) Φ is smooth on TM \ 0 (outside the zero cross section);
(3) for every x ∈ M the matrix of the second derivatives of the function Φ2

x is positive
definite everywhere on TxM \ {0}.
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These requirements ensure the existence of smooth geodesics and of the exponential
map.

The length of a smooth curve γ relative to a metric Φ is given by the formula

Length(γ) =
∫

Φ(γ̇(t)) dt.

The lengths of curves give rise to the distance function dΦ; namely, the distance between a
pair of points is equal to the infimum of the lengths of piecewise smooth curves connecting
them.

As in the Riemannian case, the concept of conjugate points can be introduced. It
remains true that the absence of conjugate points is equivalent to the property that
in the universal covering space every geodesic is minimal (i.e., it is the shortest curve
between any two of its points).

In what follows we consider metrics on the n-dimensional torus Tn = R
n/Z

n, together
with the corresponding lift of each metric to R

n, the universal covering space of the torus.
This lift is invariant with respect to the action of the group Z

n by parallel translations
(which swap sheets of the covering). We denote a metric on the torus and its lift to R

n

by the same letter Φ.
We represent the n-dimensional torus as Tn = Tn−1×S1; by the standard action of the

group Tn−1 on Tn we mean its shift-action on the first factor. On the universal covering
space, this corresponds to the action of the group R

n−1 × Z by parallel translations.

Definition. We say that a Finsler metric on Tn (or on R
n) is a generalized metric of

revolution if it is invariant under the standard action of the group Tn−1 (respectively,
of R

n−1 × Z).

The first part of this paper is devoted to the proof of the following theorem.

Theorem 1. A generalized metric of revolution Φ on Tn has no conjugate points if and
only if, for every one-parameter subgroup {ψt} of the group Tn−1, the vector field X on
Tn given by the formula X(p) = ∂

∂t

∣∣
t=0

ψtp satisfies the condition Φ(X) ≡ const.

We state a coordinate version of this theorem for R
n viewed as the universal covering

space of the torus. Let (x1, . . . , xn) be the standard coordinates in R
n, and let (y1, . . . , yn)

be the coordinates in the tangent spaces TxR
n that correspond to the basis of coordinate

vector fields { ∂
∂x1

, . . . , ∂
∂xn

}. Thus, the tangent spaces at various points of R
n may be

identified, and we can consider the Finsler metric Φ as the family {Φx}x∈Rn of norms on
the space R

n = {(y1, . . . , yn)}.
Since Φ is a generalized metric of revolution, the norm Φx depends only on the

xn-coordinate of the point x, and this dependence is 1-periodic. Thus, the metric Φ
is given by a one-parameter family of norms {Φt}t∈[0,1], where Φt = Φ(0,...,0,t).

We put H = {(y1, . . . , yn)|yn = 0} ⊂ R
n. We say that the vectors in H are horizontal,

and call H the horizontal subspace. The vector fields X occurring in Theorem 1 corre-
spond to constant horizontal vector fields on R

n. Now, Theorem 1 takes the following
form.

Theorem 1′. A generalized metric of revolution Φ has no conjugate points if and only
if its horizontal sections are constant, i.e., in the above notation, Φx|H does not depend
on x.

This theorem is proved in §2. In the rest of the article we prove that the generalized
metrics of revolution without conjugate points satisfy the above conjecture on conjugacy
of geodesic flows.

For this, in §3 we show that the geodesic flow of a generalized metric of revolution
without conjugate points has a complete set of independent C∞-smooth integrals. Given
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a rich isometry group, the presence of such integrals (multidimensional analogs of the
Clairaut integral) follows from the Noether theorem. However, these integrals degenerate
at horizontal directions; this is the main technical difficulty we have to cope with.

In §4 we calculate the stable norm of the metric (see §4 for the definition) and prove
Theorem 2.

Theorem 2. If a generalized metric of revolution has no conjugate points, then its stable
norm is C∞-smooth and quadratically strictly convex.

For a Finsler metric Φ on Tn, by SΦTn we denote its unit tangent bundle, and by
gt
Φ : SΦTn → SΦTn the geodesic flow on it. As usual, we say that the geodesic flows

of Finsler metrics Φ and Ψ are smoothly conjugate if there exists a diffeomorphism
h : SΦTn → SΨTn such that gt

Φ = h−1 ◦ gt
Ψ ◦ h for all t ∈ R.

Using standard techniques of Hamiltonian mechanics, in Subsection 4.1 we deduce the
following statement from the results of §§3 and 4.

Theorem 3. The geodesic flow of a generalized metric of revolution on the torus Tn

without conjugate points is smoothly conjugate to the flow of a flat Finsler metric on Tn

that corresponds to a stable norm.

Remark. A more general statement was mentioned in [CK] without proof: if the Heber
foliation (see [H]) of a Finsler metric without conjugate points on Tn is smooth and
regular, then its geodesic flow is smoothly conjugate to the geodesic flow of a flat Finsler
torus. For metrics of revolution, the regularity of the Heber foliation can easily be
deduced from Proposition 3.1; see also Remark 4.

The author is sincerely grateful to Sergei Ivanov and Dima Burago for suggesting the
problem considered in this paper and for numerous helpful discussions.

§1. Preliminaries

Here we introduce some notation and list standard facts to be used further without
explicit reference.

1.1. The Legendre transformation. Given a finite-dimensional vector space V , we
denote by V ∗ the dual space, i.e., the space of linear functions V → R. For a norm Ψ on
V , let Ψ∗ denote the dual norm on V ∗, i.e.,

Ψ∗(u) = sup{u(v) : v ∈ V, Ψ(v) = 1} for u ∈ V ∗.

It is well known that if the norm Ψ is smooth and quadratically strictly convex, then so
is Ψ∗.

The second dual V ∗∗ is canonically identified with V ; moreover, Ψ∗∗ = Ψ.
Given a Finsler metric Φ on a manifold M , we define a function Φ∗ : T ∗M → R by

the rule Φ∗|TxM = (Φ|TxM )∗, x ∈ M , and introduce the sets

SΦM = {v ∈ TM : Φ(v) = 1},
S∗

ΦM = {u ∈ T ∗M : Φ∗(u) = 1},
which are called the unit tangent and unit cotangent bundle of Φ, respectively. It is not
hard to check that Φ∗ is a smooth function on T ∗M \ 0, and SΦM , S∗

ΦM are smooth
submanifolds of TM and T ∗M .

Definition 1.1. Let Ψ be a smooth quadratically strictly convex norm on a finite-
dimensional vector space V . The map

LΨ : V → V ∗
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defined by the formula

LΨ(v) = dv

(
1
2
Ψ2

)
, v ∈ V,

is called the Legendre transform of the norm Ψ. (Here, dv denotes the differential of a
function at the point v. Note that, unlike Ψ, the function Ψ2 is C1-smooth everywhere
on V , including zero.)

Obviously, the map LΨ is smooth and positive homogeneous on V \ {0}. It maps
a point v on the unit sphere of the norm Ψ to the support linear function at v, i.e.,
Ψ∗(LΨ(v)) = 1 and LΨ(v)(v) = 1. Indeed, for every vector w such that Ψ(w) = 1, the
function g(t) = Ψ(v +wt) is 1-Lipschitz in t, whence |LΨ(v)(w)| = Ψ(v) · |g′(0)| ≤ 1, and
equality is attained if and only if w = v. Similarly, the Legendre transform LΨ∗ of the
dual norm takes the resulting support function to the point v. Thus, the maps LΨ and
LΨ∗ are inverse of each other and map the unit spheres of the norms Ψ and Ψ∗ to each
other.

Definition 1.2. Let M be a smooth manifold equipped with a Finsler metric Φ. The
map LΦ : TM → T ∗M that coincides on every fiber TxM with the Legendre transform
of the norm Φ|TxM is called the Legendre transform of the metric Φ.

Clearly, the map LΦ is smooth and is a diffeomorphism between TM \0 and T ∗M \0;
furthermore, we have L−1

Φ = LΦ∗ , where LΦ∗ is a similar fiberwise Legendre transform
of the cotangent bundle. Since LΦ takes the unit tangent vectors to unit covectors, we
can view it as a diffeomorphism between SΦM and S∗

ΦM .
If the metric Φ is fixed, we omit the index Φ in the notation for LΦ, SΦM , and S∗

ΦM
(in particular, by SR

n and STn we denote the unit tangent bundles of the metrics of
revolution under consideration). For x ∈ M , we denote by SxM and S∗

xM the fibers of
the bundles SM and S∗M with the basepoint x.

1.2. Forms and calibrators. We need some notions related to differential 1-forms.
We view a 1-form ω on the manifold M as a covector field on M , ω : M → T ∗M , or as
a fiberwise linear map ω : TM → R. Therefore, for x ∈ M , ω(x) denotes a covector in
T ∗

x M , and for v ∈ TxM ⊂ TM the formula ω(v) denotes a number ω(x)(v) ∈ R.
The Legendre transform L of a Finsler metric sets up a bijective correspondence

between the smooth vector fields and differential 1-forms. For a vector field X on M , we
denote by L(X) the differential form ω given by ω(x) = L(X(x)), x ∈ M . Similarly, the
vector field X can be represented as L−1(ω) for some differential form ω.

Definition 1.3. Let M be a smooth manifold with a Finsler metric Φ, and let γ be a
geodesic of this metric parametrized naturally. A differential 1-form ω on M is called a
calibrating form (or a calibrator) for γ if it is closed, Φ∗(ω(x)) ≤ 1 for all x ∈ M , and
ω(γ̇(t)) = 1 for all t.

The condition Φ∗(ω(x)) ≤ 1 is equivalent to |ω(v)| ≤ Φ(v) for all v ∈ TxM . If ω is
a calibrator for γ and ω(v) = 1 for some v ∈ SxM , then ω(x) = L(v), because L(v) is
a unique support linear function for the norm Φx = Φ|TxM at the point v. Substituting
v = γ̇(t), we see that ω(γ(t)) = L(γ̇(t)) for all t.

If a geodesic of a Finsler metric in R
n (more generally, in any simply connected

manifold) has a calibrator, then this geodesic is minimal. Indeed, if ω is a calibrator
of the geodesic segment γ : [a, b] → M , then for every smooth curve γ1 that connects
the same pair of points we have

∫
γ

ω =
∫

γ1
ω because the form is closed. On the other

hand,
∫

γ1
ω ≤ Length(γ1), with equality if and only if γ1 = γ, because ω(γ̇1) ≤ Φ(γ̇1)

and ω(γ̇) ≡ Φ(γ̇). Hence, Length(γ) ≤ Length(γ1).
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§2. Proof of Theorem 1

Here we shall prove Theorem 1′, which is the coordinate version of Theorem 1. The
“only if” part is contained in Lemma 2.2; the rest of this section is devoted to the proof
of the “if” part.

We identify the tangent bundle TR
n with R

n × R
n and reserve the notation x1, . . . ,

xn for the coordinates of points of R
n and y1, . . . , yn for the coordinates of tangent

vectors. Let Φ be a generalized metric of revolution on R
n. By Φx we denote the norm

on R
n = {(y1, . . . , yn)} that corresponds to the restriction of Φ to TxR

n ∼= R
n.

Recall that H denotes the subspace of horizontal vectors, H = {(y1, . . . , yn) | yn = 0}.
A tangent vector (x, y) ∈ TxR

n is said to be horizontal if y ∈ H. We define a map
PH∗ : T ∗

R
n → H∗ by the formula

PH∗(u) = u|H , u ∈ T ∗
x R

n ⊂ T ∗
R

n,

where H is identified with the corresponding subspace of horizontal vectors in TxR
n ∼=

R
n. In coordinates, this map has the following representation:

PH∗(u) = (w1, . . . , wn−1) ∈ R
n−1 ∼= H∗,

where (w1, . . . , wn−1, wn) are the coordinates of the covector u in the standard basis of
the subspace T ∗

x R
n.

Given a curve γ = γ(t) in R
n, we denote by γ(t)n its n-coordinate. Depending on the

context, the velocity vector γ̇(t) will be regarded as a vector in R
n or in Tγ(t)R

n ⊂ TR
n.

Consider the Lagrangian φ = 1
2Φ2 : TR

n → R. The geodesic segments, parametrized
proportionally to arc length, are extremals of the energy functional

E(γ) =
∫ b

a

φ(γ(t), γ̇(t)) dt, γ : [a, b] → R
n.

Consequently, they satisfy the system of Euler–Lagrange equations
d

dt

∂φ

∂yi
(γ(t), γ̇(t)) =

∂φ

∂xi
(γ(t), γ̇(t)), i = 1, . . . , n.

In our case, since ∂φ
∂xi

= 0 for i �= n, this system takes the form{
∂φ
∂yi

(γ(t), γ̇(t)) ≡ const = ci, i = 1, . . . , n − 1,
d
dt

∂φ
∂yn

(γ(t), γ̇(t)) = ∂φ
∂xn

(γ(t), γ̇(t)).

By a horizontal line in a direction h ∈ H we shall mean a curve of the form γ(t) =
x0 + th, where x0 ∈ R

n.

Lemma 2.1. A horizontal line γ(t) = x0 + th is a geodesic if and only if ∂φ
∂xn

(x0, h) = 0.

Proof. For such a curve we have γ(t)n = const and γ̇(t) = h. Hence, the first n − 1
Euler–Lagrange equations

∂φ

∂yi
(γ(t), γ̇(t)) ≡ const, i = 1, . . . , n − 1,

are satisfied automatically. Since the metric is invariant under horizontal translations,
the last equation takes the form

∂φ

∂xn
(x0, h) =

d

dt

∂φ

∂yn
(x0, h) = 0,

as required. �

Lemma 2.2. If a metric has no conjugate points, then Φx|H does not depend on x.
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Proof. Fixing a vector h ∈ H, we view Φ(x, h) as a function of the xn-coordinate of
the point x ∈ R

n. Since this function is periodic, it attains its maximum amax and
minimum amin. It suffices to prove that these two quantities are equal. Let x0 and
x1 be the corresponding points of extremum, Φ(x0, h) = amin, Φ(x1, h) = amax. Then
∂φ
∂xn

(x0, h) = ∂φ
∂xn

(x1, h) = 0, and by Lemma 2.1 the horizontal lines t 	→ x0 + th and
t 	→ x1 + th are geodesics, hence minimal curves, because there are no conjugate points
by assumption. The lengths of the segments between the corresponding points x1, x1+th
and x0, x0 + th are equal to amaxt and amint, and by the triangle inequality we have

|amaxt − amint| ≤ dΦ(x0, x1) + dΦ(x0 + th, x1 + th)

for all t ∈ R. Since parallel translation by the vector th is an isometry, the right-hand side
of this inequality does not depend on t (and equals 2dΦ(x0, x1)). Hence, amax = amin. �

Agreement. From now on in this section we assume that the restriction Φx|H does not
depend on x ∈ R

n. We denote this restriction by ΦH .

Lemma 2.3. All horizontal lines are geodesics. For any geodesic γ that is not a hori-
zontal line, we have sgn γ̇(t)n = const �= 0.

Proof. The first statement follows from Lemma 2.1. The second follows from the first:
if γ̇(t0)n = 0 for some t0, then the uniqueness of a geodesic with given initial data shows
that γ coincides with the horizontal line in the direction of γ̇(t0) passing through the
point γ(t0). �

Remark. Lemma 2.3 implies that the shortest curve between any two points from the
same horizontal section cannot leave it. Therefore, horizontal lines are minimal curves
(in particular, they contain no conjugate points).

Definition 2.4. The Clairaut integral of the metric Φ is defined to be the map K :
TR

n \ 0 → H∗ ∼= R
n−1 introduced by the formula

K(v) = PH∗(L(v)), v ∈ TR
n.

The map K is a multidimensional analog of the Clairaut integral of two-dimensional
surfaces of revolution. Note that K is invariant under parallel translations by the vectors
from R

n−1 × Z.
We shall show that for every geodesic γ the value of K(γ̇) is constant along it. Indeed,

in coordinates, K(γ̇) has the form

K(γ̇(t)) = (L(γ̇(t))(e1), . . . ,L(γ̇(t))(en−1)),

where the ei = ∂
∂xi

are the standard basis vectors in Tγ(t)R
n, and

L(γ̇(t))(ei) =
∂φ

∂yi
(γ(t), γ̇(t)) ≡ ci

for i < n by the Euler–Lagrange equations.

Remark. It is not hard to check that K is the standard Noether integral corresponding
to the action of the group R

n−1.

Lemma 2.5. If γ is a nonhorizontal naturally parametrized geodesic, then γ(t)n is a
monotone function unbounded both from below and from above.

Proof. Monotonicity follows from Lemma 2.3. To prove unboundness, we show that for
every interval [a, b] the derivative γ̇(t)n is separated away from zero whenever γ(t)n ∈
[a, b].
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Observe that a vector v ∈ SR
n is horizontal if and only if (ΦH)∗(K(v)) = 1. Hence,

two unit tangent vectors with the same value of K are horizontal or not simultaneously.
Let K(γ̇) ≡ w; then the set

{v = (x, y) ∈ SR
n : x1 = · · · = xn−1 = 0, xn ∈ [a, b], K(v) = w}

is compact and contains no horizontal vectors. Hence, the yn-coordinates of the elements
of this set are separated away from 0. Consequently, γ̇(t)n is separated away from 0
when γ(t)n ∈ [a, b]. �

Lemma 2.6. Every naturally parametrized geodesic γ has a calibrating 1-form.

Proof. First, we construct a smooth vector field X on R
n that is invariant under horizon-

tal shifts and is such that Φ(X) ≡ 1, K(X) = const, and X(γ(t)) = γ̇(t) for all t. If γ is a
horizontal line in the direction h ∈ H, we may take X to be a constant vector field equal
to h at every point. Then the required properties follow from the fact that the restriction
Φx|H = ΦH is constant. Indeed, for every x ∈ R

n we have Φ(x, h) = ΦH(h) = 1, and
K(x, h) = PH∗(L(x, h)) is a (unique) supporting linear function of the norm ΦH at the
point h.

If γ is not horizontal, then, by Lemma 2.5, the entire space is foliated by the geodesics
that are horizontal translates of γ. We take X to be equal to the velocity field of this
foliation. The smoothness of this field follows from the fact that γ̇(t)n does not vanish.
Since the Clairaut integral K(γ̇) is constant, it follows that K(X) ≡ K(γ̇) = const.

Now we put ω = L(X) and prove that ω is the calibrator we are looking for. The
properties of the field X imply that this 1-form ω is invariant under horizontal shifts,
Φ∗(ω) ≡ 1, ω(γ̇) ≡ 1, and PH∗(ω(x)) = K(X(x)) does not depend on x ∈ R

n. So, we
only need to prove that ω is closed. This follows from horizontal invariance and the fact
that PH∗(ω(x)) is constant. Indeed, these properties imply that, in coordinates, ω has
the form

ω(x) = c1dx1 + · · · + cn−1dxn−1 + f(x)dxn,

where c1, . . . , cn−1 are some constants and f(x) depends only on the xn-coordinate.
Then

dω =
∑
i �=n

∂f

∂xi
dxi ∧ dxn = 0.

Therefore, ω is a calibrating form for γ. �

Proof of the theorem. The necessity of the condition Φx|H ≡ const is contained in Lem-
ma 2.2. Conversely, if Φx|H ≡ const, then, by Lemma 2.6, every geodesic has a calibrator,
whence every geodesic is minimal, and this is equivalent to the absence of conjugate
points. �

Remark. We have used the periodicity of the metric in xn only to derive the necessity of
the condition Φx|H ≡ const (see Lemma 2.2).

§3. Construction of a complete system of integrals of the geodesic flow

The Clairaut integral K constructed in §2 is a smooth integral of the geodesic flow of
the generalized metric of revolution, but this integral degenerates on horizontal directions.

Our aim is to construct a smooth nondegenerate integral K for all directions; namely,
we shall prove the following Proposition 3.1, which is the cornerstone of Theorem 3.

Proposition 3.1. If a generalized metric of revolution on the n-dimensional torus Tn

has no conjugate points, then there exists a smooth map K : STn → Sn−1 that is an
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integral of the geodesic flow and has the following properties:
1) for all p ∈ Tn, the restriction K|SpT n : SpT

n → Sn−1 is a diffeomorphism;
2) for all w ∈ Sn−1, the covector field L(K−1(w)) on Tn is a graph of a closed

1-form on Tn.
Here, STn denotes the unit tangent bundle, and L denotes the Legendre transform of

the metric in question.

We shall derive Proposition 3.1 from Proposition 3.7 (see the end of Subsection 3.2),
which is also used in §4. The map K will be constructed not for the metric on the torus,
but for its lift to R

n.

3.1. Notation. Let Φ be a generalized metric of revolution in R
n without conjugate

points. We continue to use the notation introduced at the beginning of §2, as well as the
notation ΦH for the restriction Φx|H (which does not depend on x ∈ R

n by Theorem 1′)
and K for the Clairaut integral (K : SR

n → H∗, K(v) = PH∗L(v), see Definition
2.4). Recall that SR

n and S∗
R

n denote the unit (relative to the metric Φ) tangent and
cotangent bundle (respectively), and L is the Legendre transform of the metric Φ.

We fix the notation (w1, . . . , wn) for the standard coordinates in the fibers of the cotan-
gent bundle T ∗

R
n and identify T ∗

R
n with R

n × R
n = {(x, w)}, where x = (x1, . . . , xn),

w = (w1, . . . , wn). It is convenient to introduce the short notation w̄ = (w1, . . . , wn−1).
Recall that in these coordinates the map PH∗ : T ∗

R
n → H∗ ∼= R

n−1 has the form

PH∗(x, w̄, wn) = w̄.

Given a vector v ∈ R
n−1 ×Z, we denote by T v the parallel translation by this vector,

T v : R
n → R

n. Recall that Φ and K are invariant under T v.

3.2. Proof of Proposition 3.1. The following lemma shows that a vector v ∈ SpR
n

is uniquely determined by the value K(v) of the Clairaut integral and by the nonstrict
sign of its yn-coordinate.

Lemma 3.2. Let p ∈ R
n, and let v1, v2 ∈ SpR

n be such that K(v1) = K(v2) and the
yn-coordinates of the vectors v1 and v2 are both nonpositive or both nonnegative. Then
v1 = v2.

Proof. Assume that v1 �= v2. Put Fi = L(vi) ∈ T ∗
p R

n for i = 1, 2. By identifying TpR
n

with R
n, we may view Fi as a linear map R

n → R. Recall that K(vi) = PH∗L(vi) = Fi|H ,
so that F1|H = F2|H . Consider the linear function F = F1−F2 : R

n → R. Since it is zero
on the hyperplane H, the values F (v1) and F (v2) both lie (nonstrictly) on the same side
of 0, because the vectors v1 and v2 lie on the same side of H. But F1(v1) = F2(v2) = 1,
F1(v2) < 1, and F2(v1) < 1, because Fi is the support linear function of the norm Φp at
the point vi. Consequently, F (v1) > 0 and F (v2) < 0, a contradiction. �

Corollary 3.3. Assume that p ∈ R
n and u1, u2 ∈ S∗

pR
n are such that PH∗(u1) =

PH∗(u2) and the yn-coordinates of the vectors L−1(u1) and L−1(u2) are both nonpositive
or both nonnegative. Then u1 = u2.

Definition 3.4. By a standard calibrator, we mean any closed 1-form ω on R
n that

possesses the following properties:
1) ω(x) ∈ S∗

xR
n for all x ∈ R

n;
2) PH∗(ω(x)) does not depend on x ∈ R

n;
3) the sign of the yn-coordinate of the vector L−1(ω(x)) does not depend on x ∈ R

n.

We need the following refinement of Lemma 2.6.



EXAMPLES OF FINSLER METRICS WITHOUT CONJUGATE POINTS 369

Lemma 3.5. For any p ∈ R
n and any u ∈ S∗

pR
n, there exists a unique standard calibrator

ω with ω(p) = u. Moreover,
1) ω is invariant under horizontal translations by the vectors in R

n−1 × Z;
2) ω calibrates the geodesic γ determined by the condition γ̇(0) = L−1(u).

Proof. Uniqueness is evident from Definition 3.4 and Corollary 3.3. We prove existence
and the additional properties.

Let γ be a geodesic with γ̇(0) = v. We construct a calibrator ω for γ as in the proof
of Lemma 2.6, namely, ω = L(X), where X is the vector field on R

n with Φ(X) ≡ 1,
X(p) = γ̇(0), and K(X) = const. These relations imply that Φ∗(ω) ≡ 1, ω(p) = u, and
PH∗(ω) = K(X) = const. By the construction of the field X (see the proof of Lemma 2.6,
and also Lemma 2.3), the sign of its yn-coordinate is constant. Thus, the last condition
of Definition 3.4 is also satisfied.

Invariance under R
n−1 × Z follows from Lemma 3.2: if x = T v(x′) with x, x′ ∈

R
n and v ∈ R

n−1 × Z, then the vectors X(x) and dT v(X(x′)) both lie on SxR
n and

have the same values of the Clairaut integral and the same signs of the last coordinate.
Consequently, they are equal. Therefore, the field X and, with it, the 1-form ω, are
invariant under T v. �

Definition 3.6. Lemma 3.5 shows that for every x ∈ R
n and every nonzero covector

u ∈ T ∗
x R

n there is a unique 1-form ω on R
n proportional to a standard calibrator and

such that ω(x) = u. We denote this form by ωu.
For all x, p ∈ R

n, we define a map

rp,x : T ∗
x R

n \ {0} → T ∗
p R

n \ {0}

by the formula rp,x(u) = ωu(p). Then we introduce the map

r : R
n × (T ∗

R
n \ 0) → T ∗

R
n \ 0

such that r(p, u) = rp,x(u) for u ∈ TxR
n \ {0} ⊂ TR

n \ 0.

The first property in Definition 3.4 implies that the image rp,x(u) of the unit covector
u ∈ S∗

xR
n is also a unit covector. Therefore, we may regard rp,x as a map from S∗

xR
n to

S∗
pR

n.

Proposition 3.7. The map r is smooth. For all p, x ∈ R
n, the map rp,x is a diffeo-

morphism between T ∗
x R

n \ {0} and T ∗
p R

n \ {0}; moreover, the restriction rp,x|S∗
xRn is a

diffeomorphism between S∗
xR

n and S∗
pR

n.

Remark. In fact, we shall prove that the map that takes a tangent vector at some point
to the tangent vector at another point with the same value of the Clairaut integral and
the same sign of the yn-coordinate depends smoothly on its arguments.

Before we start proving Proposition 3.7, we deduce Proposition 3.1 from it. We fix
p ∈ R

n and define a map K : SR
n → S∗

pR
n by the formula

K(v) = rp,x(L(v)), v ∈ SxR
n.

By Proposition 3.7, the map K is smooth, and for every x ∈ R
n the restriction K|SxRn

is a diffeomorphism onto S∗
pR

n ∼= Sn−1. By construction, for every u ∈ S∗
pR

n the set
L(K−1(u)) is a graph of a smooth closed form ωu.

We show that K is an integral of the geodesic flow. Let γ be a geodesic parametrized
naturally; we put u(t) = L(γ̇(t)), ω = ωu(0). By Lemma 3.5, 2), ω is a calibrator for
γ. Hence, ω(γ(t)) = L(γ̇(t)) = u(t), so that ωu(t) = ω for all t. Hence, K(γ̇(t)) =
rp,γ(t)(u(t)) = ω(p) = const; i.e., K is an integral of the geodesic flow.
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Lemma 3.5, 1) shows that K is invariant under integral parallel translations. Therefore,
it is the lift of some map S∗Tn → S∗

pR
n ∼= Sn−1 that satisfies Proposition 3.1.

Thus, Proposition 3.1 follows from Proposition 3.7.

3.3. Proof of Proposition 3.7. Obviously, rp,p is the identity map, and rp,q = rp,x ◦
rx,q for any p, q, x ∈ R

n. Hence, rp,x is a bijection between T ∗
x R

n \ 0 and T ∗
p R

n \ 0 and
r−1
p,x = rx,p.

Now the second part of Proposition 3.7 follows from the first. Indeed, the smoothness
of the map r implies the smoothness of the restrictions rp,x and rx,p = r−1

p,x, so that rp,x

is a diffeomorphism. Similarly, rp,x|T∗
x Rn is a diffeomorphism between S∗

xR
n and S∗

pR
n.

Thus, it suffices to show the smoothness of the map r.
We split the set T ∗

R
n into three sets M0, M+, and M− that consist of all covectors

u ∈ T ∗
R

n such that the yn-coordinate of the vector L−1(u) is zero, positive, or negative,
respectively.

Clearly, these three sets are cones: for any u ∈ T ∗
R

n and any α > 0 the covector αu
belongs to the same set as u. The sets M+ and M− are open and connected because so
are the corresponding sets L−1(M+) and L−1(M−).

In the following lemma we list all the properties of the map r that will be needed in
our proof.

Lemma 3.8. The map r : R
n × (T ∗

R
n \ 0) → T ∗

R
n \ 0 is fiberwise homogeneous in the

second argument. For every p ∈ R
n and u ∈ T ∗

R
n \ 0, the following is true:

1) r(p, u) ∈ T ∗
p R

n;
2) Φ∗(r(p, u)) = Φ∗(u);
3) PH∗(r(p, u)) = PH∗(u);
4) if u ∈ M0, then r(p, u) ∈ M0, and the same is true for M+ and M−.

Proof. Homogeneity and property 1) follow from the definition of r. Given homogeneity,
the remaining properties follow from the requirements of Definition 3.4. �

We have the following consequence of statements 1) and 3) in Lemma 3.8.

Corollary 3.9. In coordinates, the map r has the form

r(p, x, w̄, wn) = (p, w̄, rn(p, x, w̄, wn)), p, x ∈ R
n, w̄ ∈ R

n−1, wn ∈ R,

where rn is some function defined for (w̄, wn) �= 0.

Lemma 3.10. The map r is continuous.

Proof. By homogeneity, it suffices to prove that the restriction of r to R
n × S∗

R
n is

continuous.
Assume that the covectors ui ∈ S∗

R
n, i = 1, 2, . . . , converge to u ∈ S∗

R
n, and

points pi ∈ R
n converge to a point p. We must show that the covectors r(pi, ui) converge

to r(p, u). It suffices to check that for every point of condensation α of the sequence
{r(pi, ui)} we have α = r(p, u).

Lemma 3.8, 1), 2) shows that r(p, u) ∈ S∗
pR

n and r(pi, ui) ∈ S∗
pi

R
n for every i, whence

α ∈ S∗
pR

n. By Lemma 3.8, 3), we have PH∗(r(p, u)) = PH∗(u) and PH∗(r(pi, ui)) =
PH∗(ui); passing to the limit, we get PH∗(α) = PH∗(r(p, u)). Switching to a subsequence,
we may assume that all the covectors ui lie in one of the sets M0, M+ and M−, and
without loss of generality we may assume that all ui lie in M0 ∪M+. Then u ∈ M0 ∪M+

because the set M0 ∪ M+ is closed. By Lemma 3.8, 4), r(p, u) and r(pi, ui) belong to
M0 ∪M+ for every i, whence α ∈ M0 ∪M+. Since the covectors α and r(p, u) satisfy the
assumptions of Corollary 3.3, they are equal. �
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We denote Ψ = Φ∗, Ψx = Ψ|T∗
x Rn . We view Ψ as a function of the coordinates

(x, w̄, wn), where x ∈ R
n, w̄ ∈ R

n−1, wn ∈ R.
Let ψ denote the norm on H∗ dual to ΦH .

Lemma 3.11. The sets M0, M+, and M− have the following properties:
1) ψ(PH∗(u)) ≤ Ψ(u) for all u ∈ T ∗

R
n, with equality if and only if u ∈ M0;

2) in coordinates, M0 can be described as follows:

M0 =
{

(x, w) ∈ T ∗
R

n :
∂Ψ2

∂wn
(x, w) = 0

}
;

3) M0 can be represented as the graph

M0 = {(x, w̄, wn) ∈ T ∗
R

n : wn = f(x, w̄)}
of a function f = f(x, w̄), x ∈ R

n, w̄ ∈ R
n−1, which is smooth outside the set

{w̄ = 0};
4) M+ and M− are the supergraph and subgraph of this function f :

M± = {(x, w̄, wn) ∈ T ∗
R

n : sgn(wn − f(x, w̄)) = ±1}.

Proof. 1) Suppose u ∈ T ∗
x R

n, x ∈ R
n. By definition, Ψ(u) is the maximal value of the

covector u applied to all vectors from SxR
n, and ψ(PH∗(u)) equals the maximal value of

u on the horizontal vectors in SxR
n. Therefore, ψ(PH∗(u)) ≤ Ψ(u) and equality occurs

if and only if the maximum of u on SxR
n is attained on some horizontal vector h, which

means that u is proportional to a covector from L(h) ∈ M0.
2) Recall that L−1 = LΨ is the fiberwise Legendre transform of the family of norms

Ψx, x ∈ R
n. By the definition of the Legendre transform, the yn-coordinate of the vector

LΨ(u), where u = (x, w) ∈ T ∗
R

n, is equal to 1
2

∂Ψ2

∂wn
(u). Consequently, u ∈ M0 if and

only if ∂Ψ2

∂wn
(u) = 0.

Similarly, u ∈ M+ when ∂Ψ2

∂wn
(u) > 0, and u ∈ M− when ∂Ψ2

∂wn
(u) < 0.

3) Fix x ∈ R
n and w̄ ∈ R

n−1 and consider the function g(t) = Ψ2(x, w̄, t). By property
1), the covector u = (x, w̄, wn) belongs to M0 if and only if wn is a point of minimum of
the function g. Since Ψx is a strictly convex norm, the function g is strictly convex, and
g(t) → +∞ as t → ±∞, its minimum is attained at a unique point. Hence, M0 is the
graph wn = f(x, w̄) of some function f .

The smoothness of f (for w̄ �= 0) follows from the implicit function theorem. Indeed, by
property 2), M0 is given by the equation ∂Ψ2

∂wn
= 0. This equation satisfies the conditions

of the implicit function theorem (in the variable wn): we have ∂2Ψ2

∂w2
n

> 0 because the
norms Ψx are quadratically strictly convex.

4) The function g is strictly convex (see the proof of the preceding property). Hence,
its derivative near the point of minimum is positive. Consequently, ∂Ψ2

∂wn
(x, w̄, wn) > 0

whenever wn > f(x, w̄). The inequality ∂Ψ2

∂wn
(x, w̄, wn) > 0 is equivalent to the fact

that (x, w̄, wn) ∈ M+; see the end of the proof of property 2). Thus, (x, w̄, wn) ∈ M+

whenever wn > f(x, w̄). Similarly, (x, w̄, wn) ∈ M− whenever wn < f(x, w̄). �

Lemma 3.12. Outside of the set {w̄ = 0}, the function Ψ2 = Ψ2(x, w̄, wn) can be
represented in the form

Ψ2(x, w̄, wn) = ψ2(w̄) + (wn − f(x, w̄))2g(x, w̄, wn)2,

where f is the function occurring in Lemma (3.11), and the function g = g(x, w̄, wn) is
defined for w̄ �= 0 and is smooth and strictly positive.

We shall use the following standard fact.
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Lemma 3.13. Let U be an open set in R
k and assume that a function h = h(x, y) ∈

C∞(U ×R) satisfies h(x, 0) ≡ 0. Then there exists a function h1 ∈ C∞(U ×R) such that

h(x, y) = y · h1(x, y), x ∈ U, y ∈ R.

If, moreover, it is known that ∂h
∂y (x, 0) ≡ 0, then h can be represented in the form

h(x, y) = y2 · g(x, y), where g ∈ C∞(U × R).

Proof. By the Newton–Leibniz formula we have

h(x, y) =
∫ 1

0

dh(x, ty)
dt

dt =
∫ 1

0

y · ∂h

∂y
(x, ty) dt,

so that h(x, y) = y · h1(x, y), where

h1(x, y) =
∫ 1

0

∂h

∂y
(x, ty) dt.

This yields a smooth function h1 on U × R. The first statement is proved.
Note that h1(x, 0) = ∂h

∂y (x, 0). If this expression is equal to zero everywhere, then
we can apply the first part of the lemma to h1 in place of f , and the second statement
follows. �

Proof of Lemma 3.12. By Lemma 3.11,

Ψ(x, w̄, f(x, w̄)) = ψ(w̄),
∂Ψ2

∂wn
(x, w̄, f(x, w̄)) ≡ 0

for all x ∈ R
n, w̄ ∈ R

n−1 \ {0}, wn ∈ R. Applying Lemma 3.13 to the function

h(x, w̄, wn) = Ψ2(x, w̄, wn + f(x, w̄)) − ψ2(w̄)

on the set R
n × (Rn−1 \ {0}) × R, we get the representation

Ψ2(x, w̄, wn) = ψ2(w̄) + (wn − f(x, w̄))2g(x, w̄, wn),

where x ∈ R
n, w̄ ∈ R

n−1 \ {0}, wn ∈ R, and g is a smooth function. If (x, w̄, wn) /∈ M0,
then Ψ(x, w̄, wn) > ψ(w̄) by Lemma 3.11, 1), whence g(x, w̄, wn) > 0. If (x, w̄, wn) ∈ M0,
i.e., if wn = f(x, w̄), we have

g(x, w̄, wn) =
1
2

∂2Ψ2

∂w2
n

(x, w̄, wn) > 0,

because Ψx is a quadratically strictly convex norm. Thus, the function g is positive
everywhere. Redenoting

√
g by g, we get the required statement. �

Now we are in a position to prove Proposition 3.7. As was already noted above, it
suffices to check the smoothness of the map r. By Corollary 3.9, in coordinates the map
r has the form

r(p, x, w̄, wn) = (p, w̄, rn(p, x, w̄, wn))

for p, x ∈ R
n, (w̄, wn) ∈ R

n \ {0}. Thus, it suffices to prove that the coordinate function
rn is smooth.

Lemma 3.8, 2) implies that rn satisfies the equation

(3.1) Ψ(p, w̄, rn(p, x, w̄, wn)) = Ψ(x, w̄, wn).

By Lemma 3.11, 2), outside the set M0 we have ∂Ψ
∂wn

�= 0; hence, we can apply the implicit
function theorem to (3.1) and rn. Since the function rn is continuous (see Lemma 3.10),
the implicit function theorem shows that it is smooth in a neighborhood of every point
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(p, x, w̄, wn) such that r(p, x, w̄, wn) = (p, w̄, rn(p, x, w̄, wn)) /∈ M0. Consequently, rn is
smooth on the set

r−1(T ∗
R

n \ M0) = R
n × (T ∗

R
n \ M0).

It remains to prove that rn is smooth in some neighborhood of the set r−1(M0 \ 0) =
R

n × (M0 \ 0). Note that w̄ �= 0 for all points (p, x, w̄, wn) of this set.
Squaring both sides of (3.1) and substituting the expression for Φ2 from Lemma 3.12,

we get

(rn − f(p, w̄))2g(p, w̄, rn)2 = (wn − f(x, w̄))2g(x, w̄, wn)2,

rn = rn(p, x, w̄, wn).
(3.2)

Lemmas 3.8, 4) and 3.11, 4) show that the map r satisfies the condition

sgn(rn(p, x, w̄, wn) − f(p, w̄)) = sgn(wn − f(x, w̄))

for all p, x ∈ R
n, w̄ ∈ R

n−1 \ {0}, wn ∈ R. Using this condition and the fact that g is
positive, from (3.2) we deduce that

(3.3) F (p, w̄, rn(p, x, w̄, wn)) = F (x, w̄, wn),

where
F (x, w̄, wn) = (wn − f(x, w̄))g(x, w̄, wn).

By Lemma 3.11, 3), for (p, w̄, rn(p, x, w̄, wn)) ∈ M0 \0, we have rn(p, x, w̄, wn) = f(p, w̄).
For a point (x, w̄, wn) such that w̄ �= 0 and wn = f(x, w̄), we have ∂F

∂wn
(x, w̄, wn) =

g(x, w̄, wn) > 0. Hence, we can apply the implicit function theorem to (3.3) viewed as an
equation for rn. Since the function rn is continuous (see Lemma 3.10), this shows that
it is smooth in some neighborhood of every point of the set r−1(M0 \ 0).

The proof of Proposition 3.7, and, with it, of Proposition 3.1, is finished.

§4. Calculation of the stable norm

In our case, it is quite convenient to use the definition of the stable norm in terms of
the universal covering space of the n-dimensional torus (see also [BBI]). The standard
definition can be found, e.g., in [Ban].

Let Φ be an arbitrary Z
n-periodic Finsler metric on R

n, and let d = dΦ be the
corresponding intrinsic metric. It is known [Bur] that the metric space (Rn, d) is at a
finite Gromov-Hausdorff distance from some normed space. More precisely, there exists
a norm ‖ · ‖st, called the stable norm of the metric, and a constant C such that for any
x, y ∈ R

n, |d(x, y) − ‖x − y‖st| < C.

Remark. In the case where the metric has no conjugate points, this statement is much
easier to prove than in the general case. Namely, it is not hard to show (see, e.g.,
[Bu2, §32]) that for every v ∈ Z

n the distance d(x, x + v) does not depend on x ∈ R
n

and d(x, x + kv) = kd(x, x + v) for every positive integer k and x ∈ R
n. Using these

properties, one can put ‖v‖st = d(x, x+v) for v ∈ Z
n and extend ‖·‖st as a homogeneous

continuous function to the whole of R
n.

From the definition it is clear that for any vector v ∈ R
n we have

‖v‖st = lim
t→+∞

d(p, p + tv)
t

for any point p ∈ R
n.

In this section, we calculate the stable norm of the generalized metric of revolution
without conjugate points (see Corollary 4.8) and prove Theorem 2; i.e., we show that the
stable norm of such a metric is smooth and quadratically strictly convex.
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Below in this section, Φ denotes a generalized metric of revolution in R
n, and d = dΦ is

the corresponding intrinsic metric. We continue to use the notation fixed in the preceding
sections.

Lemma 4.1. For any x ∈ R
n and any v ∈ R

n−1 × Z, the geodesic γ connecting the
points x and x + v is invariant under the parallel translation T v by the vector v.

Proof. Let x = γ(0), x + v = γ(a). We use the fact that the Clairaut integral K(γ̇(t))
and sgn γ̇(t)n are constant (see Lemma 2.3). By Lemma 3.2, the velocity vector γ̇(a) is
uniquely determined by the values K(γ̇(a)) and sgn γ̇n(a). For the vector dT v γ̇(0), these
parameters have the same values; hence, γ̇(a) = dT v γ̇(0), which means that the geodesic
is T v-invariant. �
Remark. The lemma also follows from the fact that the function f(x) = d(x, T v(x)) is
constant (see Remark 4). Indeed, let γ be the geodesic segment between x and x + v,
and let q be its midpoint; then d(q, T v(q)) = Length(γ). Hence, γ ∪ T v(γ) is a geodesic.

Lemma 4.2. If v ∈ R
n−1 × Z, then ‖v‖st = d(p, p + v) for all p ∈ R

n. The restriction
of the norm ‖ · ‖st to the horizontal subspace H coincides with ΦH .

Proof. By Lemma 4.1, the shift T v takes the geodesic γ through p and p + v into itself.
Hence, this geodesic goes through all the points of the form p+nv with n ∈ N. Since there
are no conjugate points, we see that γ is minimal; consequently, d(p, p+nv) = nd(p, p+v).
Therefore, ‖v‖st = lim d(p,p+nv)

n = d(p, p+v). If v ∈ H, then d(p, p+v) = ΦH(v), because
γ is a horizontal line (see Lemma 2.3). �
Remark. It is easy to deduce the strict convexity of the stable norm from Lemma 4.2,
i.e., to prove that there are no segments on its unit sphere.

Indeed, if there is a segment on the unit sphere of the stable norm, then ‖v + u‖st =
‖v‖st + ‖u‖st for some noncollinear vectors u, v ∈ R

n−1 × Z. Hence, by Lemma 4.2, we
have d(0, v + u) = d(0, v) + d(v, v + u); i.e., the triangle inequality turns into equality for
the points 0, v, v + u, which, by Lemma 4.1, do not lie on the same geodesic.

Recall that for any x ∈ R
n and any nonzero covector u ∈ T ∗

x R
n, there exists a unique

1-form ωu on R
n proportional to a standard calibrator and such that ωu(x) = u (see

Definition 3.6). By Definition 3.4 and Lemma 3.5, 1), ωu is a closed Z
n-periodic 1-form on

R
n, so that it determines an element [ωu] of the group H1(Tn; R) of the one-dimensional

de Rham cohomologies of the torus Tn = R
n/Z

n.
We define a positive homogeneous map

I : T ∗
R

n \ 0 → H1(Tn; R) = R
n∗

by the formula I(u) = [ωu]. We identify H1(Tn; R) with R
n∗, by using the standard

isomorphism H1(Tn) ∼= Z
n.

Lemma 4.3. Suppose u ∈ T ∗
R

n \ 0, p ∈ R
n, v ∈ R

n−1 × Z, and γ is a smooth curve
connecting p and p + v. Then I(u)(v) =

∫
γ

ωu.

Proof. For v ∈ Z
n, the formula follows from the definition of I(u), because the projection

of the curve γ to Tn represents an element of the homology group that corresponds
to the vector v. In the general case, for every natural k we consider the curve γk =⋃k−1

i=0 (T v)iγ connecting p and p+kv. Since the form ωu is T v-invariant (by Lemma 3.5),
we have

∫
γk ωu = k

∫
γ

ωu. On the other hand, the differences |
∫

γk ωu − I(u)(kv)| for
k ∈ N are uniformly bounded, because the vectors kv lie on a bounded distance from
the integral lattice. Since |

∫
γk ωu − I(u)(kv)| = k|

∫
γ

ωu − I(u)(v)|, this implies that∫
γ

ωu − I(u)(v) = 0. �
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Lemma 4.4. For every p ∈ R
n and v ∈ R

n−1 × Z, we have

(4.1) ‖v‖st = sup
u∈S∗

pRn

I(u)(v).

The supremum is attained precisely at one covector u ∈ S∗
pR

n, u = L(γ̇(0)), where γ is
a naturally parametrized geodesic connecting the points p and p + v, γ(0) = p.

Proof. Let u ∈ S∗
pR

n, and let γ be a geodesic segment between p and p+v. By the preced-
ing lemma, we have I(u)(v) =

∫
γ

ωu. The properties of calibrators (see Subsection 1.2)
show that d(p, p + v) ≥

∫
γ

ωu, with equality attained if and only if ωu calibrates γ, i.e.,
if and only if u = L(γ̇(0)) (see Lemma 3.5). Therefore, d(p, p + v) = supu∈S∗

pRn I(u)(v).
By Lemma 4.2, d(p, p + v) = ‖v‖st, which completes the proof. �

Below, ∂B∗
st denotes the unit sphere of the norm ‖ · ‖∗st dual to the stable norm; ten

denotes the point in R
n with coordinates (0, . . . , 0, t). This notation is used till the end

of the section.

Lemma 4.5. For p ∈ R
n, let (w1, . . . , wn) be the coordinates of the covector u ∈

T ∗
p R

n \ {0} relative to the standard basis of the space T ∗
p R

n. Then

(4.2) I(u) =
(
w1, . . . , wn−1,

∫ 1

0

rn(ten, p, w̄, wn) dt
)
,

where w̄ = (w1, . . . , wn−1), and rn is a coordinate function of the map r (see Definition
3.6 and Corollary 3.9).

Proof. Definition 3.6 and Corollary 3.9 show that, in coordinates, the form ωu looks like
this:

ωu(x) = w1 dx1 + · · · + wn−1 dxn−1 + rn(x, p, w̄, wn) dxn.

By Lemma 4.3, we have Ii(u) = I(u)(ei) =
∫

γi
ωu, where the curve γi : [0, 1] → R

n is
defined by γi(t) = tei. (Here Ii is the ith coordinate function of the map I, i = 1, . . . , n.)
Substituting the coordinate expression for ωu in the integral

∫
γi

ωu, we get the required
statement. �
Lemma 4.6. The map I is smooth. For every p ∈ R

n, the differential of the restriction
I|T∗

p Rn\{0} is nondegenerate everywhere.

Proof. Smoothness follows from formula (4.2) and from the smoothness of the function
rn (see Proposition 3.7).

Since for all x ∈ R
n the map rx,p : T ∗

p R
n \ {0} → T ∗

x R
n \ {0} is a diffeomorphism

(see Proposition 3.7) and does not change the coordinates w1, . . . , wn−1 (see Corollary
3.9), we have ∂rn

∂wn
�= 0. Since the domain of the map in question is connected, the sign

of the derivative ∂rn

∂wn
is constant, and since rp,p is the identity map, this sign is positive.

Together with (4.2), this implies that ∂In

∂wn
> 0. Consequently, since I also keeps the

coordinates w1, . . . , wn−1, the differential of I|T∗
p Rn is nondegenerate. �

Proposition 4.7. For any p ∈ R
n, the restriction I|S∗

pRn is a diffeomorphism onto ∂B∗
st.

In particular, ∂B∗
st is a smooth submanifold of R

n∗.

Proof. Let u ∈ S∗
pR

n. By Lemma 4.4, I(u)(v) ≤ ‖v‖st for any v ∈ R
n−1 × Z, and hence,

for any v ∈ R
n. Moreover, equality is attained (at a vector v ∈ R

n−1 × Z such that the
geodesic γ with the initial velocity vector equal to L−1(u) connects p and p + v; such a
geodesic exists by Lemma 2.5). Consequently, I(u) ∈ ∂B∗

st.
Let v ∈ R

n−1 × Z be such that I(u)(v) = ‖v‖st, u′ ∈ S∗
pR

n, u′ �= u. Then I(u′)(v) <
‖v‖st by Lemma 4.4, whence I(u′) �= I(u). Thus, the restriction I|S∗

pRn is injective. By
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Lemma 4.6, this restriction is smooth and its differential is nondegenerate. Hence, it is a
diffeomorphism onto a smooth submanifold I(S∗

pR
n) ⊂ R

n∗, which is contained in ∂B∗
st.

Since ∂B∗
st is homeomorphic to Sn−1 and any continuous injective map from Sn−1 to

Sn−1 is surjective, the image I(S∗
pR

n) coincides with ∂B∗
st. �

Corollary 4.8. The unit sphere of the dual stable norm can be represented in the form

∂B∗
st = {I(w) | w ∈ S∗

R
n} = {[ω] | ω is a standard calibrator}.

Proposition 4.9. The hypersurface ∂B∗
st is quadratically convex; i.e., for every point

u ∈ ∂B∗
st there exists a Euclidean ball B such that u ∈ ∂B and ∂B∗

st ⊂ B.

Proof. For x ∈ R
n, we denote by S∗

x the hypersurface in R
n∗ that corresponds to the

cotangent sphere S∗
xR

n under the identification T ∗
x R

n ∼= R
n∗. We fix the notation

(w1, . . . , wn) for coordinates in R
n∗. As before, we denote w̄ = (w1, . . . , wn−1).

Fix a point p ∈ R
n. By Proposition 3.7 and Corollary 3.9, the hypersurface S∗

x ⊂ R
n∗

can be parametrized by a diffeomorphism rx,p : S∗
p → S∗

x, which in coordinates has the
form

(4.3) rx,p(w̄, wn) = (w̄, rn(x, p, w̄, wn))

(we keep the notation rx,p for the map described in Definition 3.6 composed with the
identifications T ∗

x R
n ∼= T ∗

p R
n ∼= R

n∗). By Proposition 4.7 and Lemma 4.5, the hyper-
surface ∂B∗

st ⊂ R
n∗ can be parametrized by a diffeomorphism Ip : S∗

p → ∂B∗
st, where

(4.4) Ip(w) =
(
w̄,

∫ 1

0

rn(ten, p, w̄, wn) dt
)

=
∫ 1

0

rten,p(w) dt

for w = (w̄, wn) ∈ S∗
p .

Fix w0 = (w̄0, w0
n) ∈ S∗

p . We shall show that the hypersurface ∂B∗
st is quadratically

strictly convex at the point u0 = Ip(w0). We consider two cases.

Case 1. L−1(p, w0) is a horizontal vector. This means that the covector (p, w0) and
all the covectors of the form (x, rx,p(w0)) lie in the set M0 (see Proposition 3.3 and
Lemma 3.8(4)).

Since the hypersurfaces S∗
x are quadratically strictly convex, for every x ∈ R

n there
exists a Euclidean ball Bx containing S∗

x and such that rx,p(w0) ∈ ∂Bx. By compactness,
we may assume that the radii of all the balls Bx are the same.

Note that all the tangent hyperplanes to the surfaces S∗
x at the points rx,p(w0) coincide.

Indeed, items 1) and 2) of Lemma 3.11 show that these hyperplanes are parallel to the
coordinate axis wn, and their images under the projection PH∗ touch the unit ball of the
norm ψ = (ΦH)∗ at the point w̄0 from H∗ ∼= R

n−1.
Hence, all the balls Bx can be identified by parallel translations that interchange the

points rx,p(w0). Let B denote the ball obtained from Bx by a parallel translation that
takes rx,p(w0) to u0. We shall show that ∂B∗

st ⊂ B.
For every w ∈ S∗

p and x ∈ R
n we have rx,p(w) ∈ Bx. Thus, by the construction of

the ball B, the point c(x, w) = u0 + rx,p(w) − rx,p(w0) lies in B. From formula (4.4), it
follows that the point Ip(w) = u0 + Ip(w) − Ip(w0) lies in the convex hull of the points
c(ten, w), t ∈ [0, 1], whence Ip(w) ∈ B. Since Ip(S∗

p) = ∂B∗
st, this means that ∂B∗

st ⊂ B.

Case 2. L−1(p, w0) is not horizontal. It suffices to prove that the second fundamen-
tal form of the hypersurface ∂B∗

st is either positive definite, or negative definite at the
point u0.
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Since ∂Ψ
∂wn

(p, w0) �= 0 (see item 2 of Lemma 3.11), some neighborhood U of the point
w0 in S∗

p can be represented as the graph

U = {(w̄, h(w̄)) | w̄ ∈ U0}

of a smooth function h : U0 → R, where U0 is some neighborhood of the point w̄0 in
R

n−1.
Now, from (4.3) it follows that for any x ∈ R

n the corresponding domain rx,p(U) ⊂ S∗
x

is represented as a graph:

rx,p(U) = {(w̄, gx(w̄)) | w̄ ∈ U0},

where gx(w̄) = rn(x, p, w̄, h(w̄)).
Formula (4.4) shows that the corresponding neighborhood Ip(U) of the point u0 in

∂B∗
st can be represented as the graph of a smooth function g : U0 → R, where

g(w̄) =
∫ 1

0

gten
(w̄) dt, w̄ ∈ U0.

We use the following simple fact: if a hyperplane N ⊂ R
n can be represented locally

as the graph of a smooth function g : R
n−1 → R, then its second fundamental form has

a definite sign if and only if so does the second derivative d2g (i.e., the quadratic form
with the coefficients ∂2g

∂ui∂uj
).

Since every surface S∗
x is quadratically strictly convex, the quadratic form d2gx(w̄0)

has a definite sign. Moreover, by continuity, its sign is the same for all x ∈ R
n. There-

fore, the quadratic form d2g(w̄0) =
∫ 1

0
d2gten

(w̄0) dt also has a definite sign, so that the
hypersurface ∂B∗

st is quadratically strictly convex at the point u0. �

Proof of Theorem 2. Propositions 4.7 and 4.9 show that the dual stable norm is infinitely
smooth and quadratically strictly convex. Hence, so is ‖ · ‖st. �

Remark. By the limit direction of a geodesic γ of a Finsler metric in R
n we mean the limit

D(γ) = limt→∞
γ(t)

t if it exists. In the case of a generalized metric of revolution, this
limit always exists because γ is invariant under the shift T v by some vector v ∈ R

n−1×Z

(see Lemma 4.1).
Let Lst : ∂Bst → ∂B∗

st be the Legendre transform of the stable norm. It is easily
seen that for any v ∈ SR

n the vector L−1
st (I(L(v))) coincides with D(γv), where γ is

the geodesic with γ̇v(0) = v. The maps I ◦ L and L−1
st ◦ I ◦ L have all the properties of

the map K listed in Proposition 3.1. Thus, the constructed integral of the geodesic flow
acquires a clear geometric sense.

Remark. It is not hard to show that the fibers I−1(y), y ∈ R
n∗, coincide with the fibers

of the foliation constructed in [H]. The latter ones are the graphs of the differentials
of the Busemann functions. In [H] it was shown that if the metric Φ has no conjugate
points, then for w ∈ SR

n the Busemann function bw of the geodesic γ with γ̇(0) = w
coincides with −b−w. In other words, for all x ∈ R

n we have

bw(x) = lim
t→∞

dΦ(x, γ(t)) − t = lim
t→∞

t − dΦ(x, γ(−t)).

From this, it is not hard to deduce that an arbitrary 1-Lipshitz function g such that
g(γ(t)) = t for all t ∈ R coincides with b−w. Therefore, every standard calibrator is a
differential of some Busemann function.
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4.1. Proof of Theorem 3. We regard T ∗Tn as a symplectic manifold with the standard
symplectic form ω. Since the map I is invariant under integral parallel translations, it is
a lift of some map F : T ∗Tn \ 0 → R

n∗. For every y ∈ R
n∗ \ {0}, the fiber F−1(y) is the

graph of some closed 1-form ωy (this form lifts to R
n as ωu, where u ∈ I−1(y)). This

means that F−1(y) is a Lagrange submanifold (see [TF, §24; [Fom], §3.1]).
This and Theorem 35.2 in [DNF, Part 1] imply that the coordinate functions of the

map F are in involution (see also Proposition 15 in [TF, §24] and the study of Lagrange
fibrations in [TF, §28]). Consequently, we can apply the Liouville theorem (see [Arn,
DNF, BF]) that states the existence of “action-angle” coordinates in a neighborhood of
every torus F−1(y). Namely, for every point y0 ∈ R

n∗ there exists a neighborhood U � y0

and smooth functions s1, . . . , sn : F−1(U) → R (action coordinates) and ϕ1, . . . , ϕn :
F−1(U) → R/Z (angle coordinates) such that

1) the functions si are constant on every fiber F−1(y), y ∈ U ;
2) the map (s1, . . . , sn, ϕ1, . . . , ϕn) is a diffeomorphism from F−1(U) onto V × Tn,

where V is an open domain in R
n;

3) ω =
∑

i dsi ∧ dϕi.
Moreover, the action coordinates can be obtained in the following way. Assume that,

on every torus F−1(y), y ∈ U , we have fixed a set γ1,y, . . . , γn,y of cycles representing the
basis of the fundamental group π1(F−1(y)) ∼= Z

n and that γi,y depends on y continuously.
Let α be a 1-form on F−1(U) such that dα = ω. Then we can define si by an explicit
formula (see [BF, §1.5]):

si(u) =
∫

γi,y

α, where u ∈ F−1(U), y = F (u).

Let γ1, . . . , γn be some cycles in Tn that represent the standard basis of the funda-
mental group π1(Tn) ∼= Z

n. We select γi,y to be the cycle in F−1(y) that projects to γi

under the projection map of the bundle π : T ∗M → M . Let α be the canonical action
form (given by α(a) = ξ(dπ(a)), where a ∈ T(x,ξ)T

∗M).
Let y ∈ U , u ∈ F−1(y). Recall that F−1(y) is the graph of a smooth 1-form ωy, and

that y = F (u) = [ωy] is an element of the cohomology group H1(Tn, R) ∼= R
n∗, which

corresponds to the form ωy. Now the formula for si takes the form

si(u) =
∫

γi,y

α =
∫

γi

ωy = [ωy](ei) = Fi(u),

where the Fi are the coordinate functions of the map F . Thus, the action coordinates
coincide with the coordinate functions of the map F . In particular, they are defined
everywhere on T ∗Tn \ 0. The choice of the origin on every torus F−1(y), y ∈ R

n∗ \ {0},
determines the angle coordinates uniquely. Thus, the action-angle coordinates can be
defined globally as

(s, ϕ) : T ∗Tn \ 0 → (Rn∗ \ {0}) × Tn,

and ‖s(u)‖∗st = Φ∗(u), u ∈ T ∗Tn \ 0 (see Proposition 4.7).
Let Φ0 be a flat Finsler metric on Tn that corresponds to the stable norm of the metric

Φ (here we use Theorem 2). We construct similar coordinates (s0, ϕ0) for the metric Φ0

and define the diffeomorphism h : T ∗Tn \ 0 → T ∗Tn \ 0 by h = (s0, ϕ0)−1 ◦ (s, ϕ). This
diffeomorphism keeps the symplectic structure and satisfies H = H0 ◦ h, where H and
H0 are Hamiltonians of the metrics Φ and Φ0, respectively.

Therefore, h conjugates the Hamiltonian flows of the metrics Φ and Φ0, as well as their
restrictions to the unit cotangent bundles. Since the Legendre transformation maps the
geodesic flow to the Hamiltonian flow, the geodesic flows of the metrics Φ and Φ0 are
also conjugate.
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