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GENERAL SOLUTION OF THE YANG–BAXTER EQUATION

WITH SYMMETRY GROUP SL(n,C)

S. E. DERKACHEV AND A. N. MANASHOV

Abstract. The problem of constructing the R-matrix is considered in the case of
an integrable spin chain with symmetry group SL(n,C). A fairly complete study of
general R-matrices acting in the tensor product of two continuous series represen-
tations of SL(n,C) is presented. On this basis, R-matrices are constructed that act
in the tensor product of Verma modules (which are infinite-dimensional representa-

tions of the Lie algebra sl(n)), and also R-matrices acting in the tensor product of
finite-dimensional representations of the Lie algebra sl(n).
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§1. Introduction

A modern approach to the theory of quantum integrable systems is the quantum
inverse problem method [1]–[5], which relates an integrable model to an arbitrary solution
of the Yang–Baxter equation [6, 7, 9, 11] and gives a method of constructing eigenstates
of the Hamiltonian of the model with the help of the algebraic Bethe ansatz [1, 2, 5]. The
eigenvalues can be found by solving the system of Bethe equations. The advantage of the
algebraic Bethe ansatz is its simplicity and universality, because it admits a generalization
to groups of higher ranks [12]–[14].

Quite often in applications, we meet integrable models in which the symmetry repre-
sentations have no lowest weight vectors. As examples of such models, we mention the
quantum Toda chain [15, 16], the XXX-spin chain with symmetry group SL(2,C), which
has applications in the theory of Yang–Mills fields [17, 19, 20, 21], and also the XXX-spin
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chain with symmetry group SL(2,R) [22] or the modular magnet [23]. In such cases, an
alternative approach is the Q-operator method [11, 16] or the method of separation of
variables [4, 15]. These methods are sufficiently well developed in the case of a symmetry
group of rank one, but, in contrast to the algebraic Bethe ansatz, admit no generalization
to models with symmetry groups of higher ranks. Despite the fact that the Baxter op-
erator is known for various models [26, 29, 30, 31, 33, 34], there is no generally accepted
explicit method of constructing Q-operators.

For various versions of XXX or XXZ-spin chains with the symmetry algebra sl(2) or
Uq(sl(2)) [21]–[25], the Q-operator can be constructed by the Pasquier–Gaudin method;
see [16]. However, it is hard to generalize this method to models with symmetry group
of higher rank.

Another method of constructing Q-operators was given by Bazhanov, Lukyanov, and
Zamolodchikov in [35] for a model with symmetry algebra Uq(sl(2)) and was generalized
to the symmetry algebra Uq(sl(3)) in [36] and to the symmetry algebra Uq(sl(2|1)) in [37].
In this method, the Q-operator is constructed as the trace of a special monodromy
matrix over an auxiliary space of an infinite-dimensional representation of a q-oscillator
algebra, with the use of an explicit form of the universal R-matrix [38]. An abstract
representation of the universal R-matrix in terms of generators is quite complicated,
which causes technical difficulties when we want to generalize this method of constructing
the Q-operator to Uq(sl(n)) [41]. Moreover, the case of a nondeformed symmetry algebra
sl(n) must be obtained as a limit as q → 1, which is a nontrivial technical problem in
itself.

In the papers [42]–[45], Q-operators in models of spin chains with symmetry alge-
bras sl(2), sl(3), and sl(2|1) were constructed. In each case, the Q-operator is constructed
similarly as the trace of a special monodromy matrix over an infinite-dimensional auxil-
iary space. The main difference from [35]–[37] is that the role of the auxiliary space is
played by the space of a specific representation of the symmetry algebra that is not an
analog of a representation of a q-oscillator algebra.

As in [35]–[37], the universal R-matrix plays a key role. In the paper [47], it was proved
that the R-matrix acting in the tensor product of two representations in general position
of the symmetry algebra can be represented as the product of two (for sl(2)) or three (for
sl(3) and sl(2|1)) simpler operators. The transfer matrix is constructed as the trace of
the product of universal R-matrices. In this product, all R-matrices act as operators in
the same auxiliary space, over which the trace is calculated. The factorization property
of the R-matrix is inherited by the transfer matrix [42]–[45], which also decomposes into
a product of simpler building blocks, and these are Q-operators. If we choose some
specific parameters of the representation in the auxiliary space, then in this product
all Q-operators but one are identity operators. Thus, for the remaining Q-operator we
obtain a representation in the form of the trace of a specific monodromy matrix over an
infinite-dimensional auxiliary space.

We want to generalize this method of constructing Q-operators to the case of the
symmetry algebra sl(n). It is natural to divide this problem into two parts. The first
part is the construction of a universal R-matrix for the symmetry algebra sl(n), and the
second is the study of the transfer matrices and Q-operators.

The continuous series representations of the group SL(n,C) are most simple and uni-
versal for constructing R-matrices. In the paper [46], an R-matrix acting in the tensor
product of two continuous series representations of the group SL(n,C) was constructed.
In the case of the group SL(2,C), this was done in [21].



GENERAL SOLUTION OF THE YANG–BAXTER EQUATION 515

In the present paper, we construct and study in detail the R-matrices acting in the
tensor product of continuous series representations of SL(n,C). The R-matrix for con-
tinuous series is constructed as an integral operator acting on an appropriate function
space.

Restricting this integral operator to the space of polynomials, we obtain an R-matrix
acting in the tensor product of Verma modules, which are infinite-dimensional represen-
tations of the Lie algebra sl(n). Further restriction to the space of polynomials realizing a
finite-dimensional representation gives an R-matrix for finite-dimensional representations
of the group SL(n,C).

Heuristically, it is convenient to regard formulas for Verma modules or for finite-
dimensional representations as “shadows” or “projections” of the corresponding formulas
for continuous series. The general picture is extraordinarily attractive, and we tried to
perform the reduction step-by-step: continuous series �−→ Verma modules �−→ finite-
dimensional representations.

The paper is organized as follows. In the first part, we consider the case of the group
SL(2,C) in detail and realize our plan of constructing R-matrices for different types of
representations.

In the second part, we repeat practically the same steps in the general case, so that
all changes and complications can be traced. In comparison with the first part, the
exposition becomes less detailed and more technical, because the main steps are the
same and it is only necessary to trace the required changes.

A forthcoming paper will be devoted to the construction of transfer matrices and
Baxter operators.

§2. The group SL(2,C)

In this section, we construct an SL(2,C)-invariant solution of the Yang–Baxter equa-
tion. The simplest case is studied in detail for the following reasons: first, by this
simple example we illustrate almost all our methods; second, in the general case of an
SL(n,C)-invariant Yang–Baxter equation, most key formulas can be reduced to the case
of SL(2,C). Moreover, on the one hand, this example is sufficiently nontrivial and has all
main features of the general case, and, on the other hand, this example is quite simple
and makes it possible to perform a detailed study of the required objects. The formulas
become more cumbersome for groups of higher rank.

The following analogy seems to be useful. The construction of the operator R looks
like the assemblage of a model with the help of a constructor set: simple building blocks
are used to assemble more and more complicated constructions by certain rules. The op-
erators intertwining two equivalent principal series representations of the group SL(2,C)
play the role of the simplest building blocks. The assembling rules are given by a per-
mutation group. As the objects constructed become more and more complicated, the
building blocks and the assembling rules change. Thus, at each level of construction,
we need an instruction with a sufficiently full description of all building blocks and the
corresponding assembling rules.

We shall proceed as follows. First, we recall basic facts about the representations of the
group SL(2,C), namely, the construction of induced representations, the construction of
intertwining operators for equivalent representations, and the classification of irreducible
representations.

Next, we consider the Yang–Baxter equation. We construct a solution of this equation
in two steps. First, we solve a simpler RLL-relation defining for the operator R, and then
prove that the resulting operator satisfies the general Yang–Baxter equation. We give a
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visual graphical proof, which employs the star-triangle transformation, and an algebraic
proof, which is more convenient for generalization to the case of the group SL(n,C).

We use the continuous series representations of SL(2,C) and construct an integral
operator R satisfying the Yang–Baxter equation. For specific values of the representa-
tion parameters, invariant subspaces of polynomials arise in the representation space of
the continuous series, on which finite-dimensional irreducible representations of SL(2,C)
are realized. An intermediate level between the continuous series representations and
finite-dimensional representations is occupied by the Verma modules, which are infinite-
dimensional representations of the Lie algebra sl(2,C) in the space of polynomials.
Constructing the restrictions of the integral operator R to spaces of polynomials, we
obtain operators R acting on Verma modules and finite-dimensional representations of
the group SL(2,C). Here, the building blocks become more complicated, because the
intertwining operators for equivalent principal series representations of SL(2,C) are ill
defined on the space of polynomials. We consider the properties of the operators play-
ing the role of elementary building blocks in detail at each step of restriction of the
representation space: continuous series −→ Verma modules −→ finite-dimensional rep-
resentations.

All formulas are presented in detailed notation to avoid misunderstanding in the case
of the group SL(n,C), where we use more concise notation. In this section, we tried to
be informal and did not emphasize statements and proofs, intending to make this in the
general case of the group SL(n,C). Moreover, almost all formulas for SL(2,C) can easily
be proved by direct calculation.

2.1. Representations of complex group SL(2,C). We recall the construction of
induced representations of the group GL(2,C) of nonsingular complex matrices of order
2 [49, 50]. We denote by Z the group of lower triangular complex matrices with 1 on the
diagonal, and by H the group of upper triangular matrices,

(2.1) z =

(
1 0
z 1

)
∈ Z, h =

(
h11 h12

0 h22

)
∈ H.

A matrix z ∈ Z is parametrized by a single complex number z = x + iy. We take the
subgroup of upper triangular matrices H as an induced subgroup and the one-dimensional
representation α(h) of H as the induced representation. Let h11 and h22 be the diagonal
entries of h, and let sh11 and sh22 be the complex conjugates. The function α(h) is given
by the formula

(2.2) α(h) = h−1−σ1
11

sh−1−sσ1
11 · h−2−σ2

22
sh−2−sσ2
22 = [h11]

−1−σ1 · [h22]
−2−σ2 .

In general position, the parameters (σ1, σ2) and (sσ1, sσ2) are not complex conjugate,
because the single-valuedness of the function α(h) implies only that the differences must
be integers, σk − sσk ∈ Z. It is convenient to use the following concise notation:

(2.3) [z]a ≡ za · szsa = |z|2a · szsa−a = |z|2sa · za−sa,

where z = x+ iy and sz = x− iy are mutually complex conjugate and a− sa ∈ Z.
The following two forms of induced representations are commonly used. In the first

form, the induced representation is realized as a subrepresentation of the left regular
representation

(2.4) T(g)Φ(x) = Φ(g−1x); g, x ∈ GL(2,C)

in the space of functions on the group GL(2,C) that satisfy

(2.5) Φ(x) = Φ(z h) = α(h−1) · Φ(z).
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Here we have used the Gauss decomposition: almost every matrix x ∈ GL(2,C) admits
a unique representation in the form x = z h.

A function Φ(x) satisfying (2.5) is uniquely determined by its restriction Φ(z) to the
subgroup Z of lower triangular matrices. Rewriting the action of the operator of the
left regular representation (2.4) for the functions Φ(z), we obtain the second form of the
induced representation. Let z be an arbitrary matrix in Z and g an arbitrary matrix in
GL(2,C). Using the Gauss decomposition, we represent the product g−1 · z in the form

(2.6) g−1 · z = z′ · h.

The action of the operator T(g) on a function is defined as follows:

(2.7) T(g) Φ(z) = α(h−1) · Φ(z′).

The space in which the representation operators act consists of functions Φ(z) on the
subgroup Z, i.e., of functions of the variables z and sz : Φ(z) = Φ(z, sz). We perform
explicit calculations:

(2.8)

g =

(
a b
c d

)
,(

a b
c d

)−1(
1 0
z 1

)
=

(
1 0

−c+az
d−bz 1

)(
d−bz
ad−bc − b

ad−bc

0 1
d−bz

)
,

obtaining

z′ =
−c+ az

d− bz
; α(h−1) = [ad− bc]

1−σ1 · [d− bz]
σ1−σ2−1

.

Thus, the action of the operator T(g) on Φ(z, sz) is given by the formula

(2.9) T(g) Φ(z, sz) = [ad− bc]
1−σ1 · [d− bz]

σ1−σ2−1 · Φ
(
−c+ az

d− bz
,
−sc+ sasz

sd−sbsz

)
.

The representation T(σ1,σ2) obtained above is parametrized by two sets of numbers
(σ1, σ2) and (sσ1, sσ2) satisfying σk − sσk ∈ Z. To simplify the notation, we drop the
dependence on (sσ1, sσ2) in T(σ1,σ2). If the representation is to be shown explicitly, we
write the representation operators in the form T(σ1,σ2)(g) instead of T(g).

In the case of the group SL(2,C), the determinant of g is equal to 1 (ad−bc = 1), and to
characterize the representation we only need the difference σ12 = σ1−σ2 (sσ12 = sσ1−sσ2),

(2.10) T(g) Φ(z, sz) = [d− bz]σ12−1 · Φ
(
−c+ az

d− bz
,
−sc+ sasz

sd−sbsz

)
.

Thus, two sets of parameters (σ1, σ2) and (σ1 + σ, σ2 + σ) differing by a common shift
σ characterize the same representation of the group SL(2,C). We use the symmetric
parametrization (σ1, σ2) by imposing an extra condition on the sum, σ1 + σ2 = 1, which
fixes the common translation.

2.2. Irreducible representations of the group SL(2,C). To this point, we consid-
ered a purely algebraic method of constructing representation operators and did not
impose any restrictions on the functions Φ(z, sz) in (2.10). Now, we specify the func-
tion space and assume that the functions Φ(z, sz) are infinitely differentiable with respect
to z and sz in C. We consider the behavior of infinitely differentiable functions under
group transformations. Every transformation belonging to SL(2,C) can be obtained as
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a composition of translations, dilations, and inversion,

(2.11)

T(g) Φ(z, sz) = Φ (z − c, sz − sc) , g =

(
1 0
c 1

)
;

T(g) Φ(z, sz) = [a]1−σ12 · Φ (az,sasz) , g =

(
a 0
0 a−1

)
;

T(g) Φ(z, sz) = zσ12−1
szsσ12−1 · Φ

(
−1

z
,−1

sz

)
, g =

(
0 −1
1 0

)
.

If a function Φ(z, sz) is infinitely differentiable with respect to z and sz, then its image
under translations and dilations has the same property. Inversion takes a neighborhood
of the point z = 0 to a neighborhood of the point z = ∞, which imposes an additional
restriction on the behavior of the function as |z| → ∞. It can easily be proved [50] that
the function Φ (z, sz) and its image under inversion are differentiable with respect to z
and sz if and only if the function Φ (z, sz) is infinitely differentiable with respect to z and
sz in the complex plane C and is expandable into an asymptotic series of the form

(2.12) Φ (z, sz) ∼ zσ12−1
szsσ12−1 ·

+∞∑
n,m=0

Φnm z−n
sz−m

as |z| → ∞. Thus, we obtain a representation T(σ1,σ2) of the group SL(2,C) in the space
C∞

σ1,σ2
(C) of functions infinitely differentiable with respect to z and sz in the complex

plane and satisfying the asymptotic relation (2.12). A point (σ1, σ2) in the parameter
space is singular if both σ12 and sσ12 are integers. We say that (σ1, σ2) is a point in
general position if none of the numbers σ12 and sσ12 is an integer.

For the parameters (σ1, σ2) in general position, the representation constructed is ir-
reducible and belongs to the most general principal series of nonunitary representations.
For a specific choice of (σ1, σ2), the representation operators are unitary, and we ob-
tain representations of the principal unitary series. At singular points (σ1, σ2) such
that σ12 and sσ12 are positive integers, there is a finite-dimensional invariant subspace
in the representation space on which a finite-dimensional irreducible representation of
SL(2,C) [49, 50, 55] is realized. We restrict ourselves to irreducible representations of
the three series listed above, leaving aside the representations arising at singular points
such that σ12 and sσ12 are either negative integers or integers of opposite signs.

• The principal series of nonunitary representations.

The action of the operators of the representation T(σ1,σ2) on functions is defined by
formula (2.10). The representation parameters satisfy the same restriction σ12−sσ12 ∈ Z.
The representation T(σ1,σ2) of the group SL(2,C) in the space C∞

σ1,σ2
(C) is irreducible if

(σ1, σ2) is in general position. The representations T(σ1,σ2) and T(σ2,σ1) of the principal
nonunitary series are equivalent [50].

• The principal series of unitary representations [49, 50, 55].

For the specific values of the representation parameters (n is integral and λ is real)

(2.13) σ12 = −n

2
+ iλ; sσ12 =

n

2
+ iλ; n ∈ Z, λ ∈ R,

we can define the following invariant scalar product in the space C∞
σ1,σ2

(C):

(2.14) 〈Φ1|Φ2〉 =
∫

d2zΦ1(z, sz)Φ2(z, sz); 〈T(g)Φ1|T(g)Φ2〉 = 〈Φ1|Φ2〉,

where z = x+iy, sz = x−iy, d2z = dxdy, and integration is taken over the entire complex
plane. The invariance requirement leads to the condition |α(h−1)|2 = |d − bz|−4, which
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relates the function α(h−1) to the Jacobian of the transformation

z → −c+ az

d− bz
; sz → −sc+ sasz

sd−sbsz
.

The equation |α(h−1)|2 = |d − bz|−4 is equivalent to σ12 + sσ∗
12 = 0, where ∗ stands for

complex conjugation, so that we obtain the parametrization (2.13) for the pair σ12, sσ12.
Considering the completion L2(C) of the space C∞

σ1,σ2
(C) with respect to the norm

‖Φ‖2 = 〈Φ|Φ〉 and extending the operators T(g) by continuity to unitary operators in
L2(C), we obtain representations of the principal unitary series in the space L2(C). The
unitary representations of the principal series are irreducible, and the representations
T(σ1,σ2) and T(σ2,σ1) are unitarily equivalent [49, 50, 55].

• Finite-dimensional irreducible representations.

If the parameters σ12 and sσ12 are positive integers, then the representation space of
the principal nonunitary series has a finite-dimensional invariant subspace of polynomials
in z and sz. Indeed, the formula

T(g) Φ(z, sz) = (d− bz)σ12−1 (
sd−sbsz

)
sσ12−1 · Φ

(
−c+ az

d− bz
,
−sc+ sasz

sd−sbsz

)
shows that the space of polynomials in z and sz of degree at most σ12−1 in z and at most
sσ12 − 1 in sz is invariant under the action of the operators T (σ1,σ2)(g). It can be proved
that the representation in question is irreducible and that every finite-dimensional irre-
ducible representation of SL(2,C) can be obtained in this way. The dimension of a finite-
dimensional representation is equal to σ12 · sσ12, so that there exist two two-dimensional
fundamental representations. Namely, for σ12 = 2 and sσ12 = 1, the polynomials 1 and
z form a basis of the representation space and, for σ12 = 1 and sσ12 = 2, the basis
polynomials are 1 and sz.

2.3. Intertwining operators. The intertwining operators are the elementary building
blocks in the construction of the general SL(2,C)-invariant solution of the Yang–Baxter
equation. In this section, we study the properties of these operators. First, we present
various representations of intertwining operators and prove that they are equivalent.
Then, we consider in detail the main relation for the intertwining operators, namely, the
star–triangle relation.

It can be proved [49, 50] that, for two operators T(σ1,σ2) and T(ρ1,ρ2), an intertwining
operator S exists if and only if (ρ1, ρ2) = (σ2, σ1), i.e., if and only if the sets of parameters
are related by a permutation. For the operator S, the defining relation has the form

(2.15) S · T(σ1,σ2)(g) = T(σ2,σ1)(g) · S.
For the first form of an induced representation, the action of the intertwining operator
on a function is given by the following formula [55] (the normalization factor A(σ12) will
be fixed later):

(2.16)

SΦ(x) = A(σ12)

∫
d2yΦ(xw y);

w =

(
0 1
−1 0

)
, y =

(
1 0
y 1

)
∈ Z, x ∈ SL(2,C),

where w is an element of the Weyl group. To prove (2.15), we verify that the operator S
transforms the functions satisfying the condition

(2.17) Φ(z h) = [h11]
1+σ1 · [h22]

2+σ2 · Φ(z)
to functions satisfying the condition

(2.18) SΦ(z h) = [h11]
1+σ2 · [h22]

2+σ1 · S Φ(z),
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i.e., that the parameters σ1 and σ2 are permuted. The proof is immediate: we substitute
x = z h in Φ(xwy), transform appropriately the argument

z hw y = zwhw y = zw y′ h′w,

h =

(
h11 h12

0 h22

)
→ hw = w−1hw =

(
h22 0
−h12 h11

)
→ h′w =

(
h22 0
0 h11

)
;

y′ =

(
1 0

h11

h22
· y − h12

h22
1

)
,

and use a simple rule to transform the measure d2y,

SΦ(zh) →
∫

d2yΦ(zhw y) =

∫
d2yΦ(zw y′ h′w)

=

∫
d2y [h22][h11]

−1 · Φ(zw y) · [h22]
1+σ1 [h11]

2+σ2 .

Rewriting formula (2.16) for the second form of an induced representation, we ob-
tain (see [50])

(2.19) SΦ(z, sz) = A(σ12)

∫
d2y (z − y)−1−σ12(sz − sy)−1−sσ12 Φ(y, sy)

or, in a more concise form,

(2.20) S = (i∂z)
σ12 (i∂

sz)
sσ12 ≡ [i∂z]

σ12 .

The simple normalization in this formula corresponds to a specific choice of the normal-
ization factor A(σ12) in (2.16). We return to the proof of formula (2.20) later. Now,
we note that the concise representation (2.20) is very convenient when studying the
properties of intertwining operators.

We consider two examples. First, this formula can be used to prove the unitary prop-
erty of the intertwining operator in the case of representations of the principal unitary

series. Integrating by parts, we can easily prove that (i∂z)
† = i∂

sz and (i∂
sz)

† = i∂z, and
therefore, the operator adjoint to S coincides with its inverse,

S = (i∂z)
−n

2 +iλ
(i∂

sz)
n
2 +iλ → S† = (i∂

sz)
−n

2 −iλ
(i∂z)

n
2 −iλ

= S−1.

Second, with the help of (2.20) it is easy to trace the finite-dimensional invariant sub-
spaces arising at the integral points (σ1, σ2) and to describe them constructively. The
intertwining formula S · T(σ1,σ2)(g) = T(σ2,σ1)(g) · S shows that the nontrivial kernel of
the operator S is a subspace invariant under the action of the representation operators
T(σ1,σ2)(g). If the parameters σ12 and sσ12 are positive integers, then S = [i∂z]

σ12 is a
differential operator that has a nontrivial kernel consisting of functions satisfying the
equation ∂σ12

z ∂sσ12
sz Φ(z, sz) = 0. Thus, the representation space of the principal nonunitary

series has an invariant subspace of polynomials in z and sz of degree at most σ12 − 1
in z and at most sσ12 − 1 in sz. This example will be generalized to the case of the
group SL(n,C) of higher rank, where the intertwining operators also allow us to trace
the finite-dimensional invariant subspaces arising at integral points and to describe them
constructively [51]–[53].

The fact that the representations (2.19) and (2.20) for the intertwining operator are
equivalent can be proved via the Fourier transformation. As usual, the space of functions

Φ(z, sz) is called the coordinate space and the space of functions pΦ(p, sp) obtained by the
Fourier transformation,

(2.21) Φ(z, sz)
def
=

∫
d2p

π2
e−ipz−ispsz

pΦ(p, sp); pΦ(p, sp)
def
=

∫
d2z eipz+ispsz Φ(z, sz),



GENERAL SOLUTION OF THE YANG–BAXTER EQUATION 521

is called the momentum space. For general values of the parameters α and sα (α− sα ∈ Z),

we define the operator [i∂z]
α ≡ (i∂z)

α (i∂
sz)

sα as the operator of multiplication by the
function [p]α = pαspsα in the momentum space. The Fourier transform of a power function
is calculated by the standard formula∫

d2p

π2
e−ipz−ispsz pα

sp sα =
A(α)

z1+α
sz1+sα

; A(α)
def
=

iα−sα

π

Γ(1 + α)

Γ(−sα)
,(2.22)

[p]α �→ A(α)

[z]1+α
, 1 �→ δ(2)(z); [z]α �→ A−1(−1− α)

[p]1+α
.(2.23)

Since the Fourier transform of a product is a convolution, we obtain an integral operator
of the required form in the coordinate space,

(2.24) [i∂z]
α Φ(z, sz) = A(α)

∫
d2y (z − y)−1−α(sz − sy)−1−sα Φ(y, sy).

The operators [i∂z]
α have all the expected properties:

[i∂z]
α · [i∂z]β = [i∂z]

α+β ; [i∂z]
α · [i∂z]−α = �,

which follows from similar formulas in the momentum space,

pαspsα · pβsp
sβ = pα+β

spsα+sβ ; pαspsα · p−α
sp−sα = 1.

For the kernels of the operators, the first formula is equivalent to an integral identity,
which can be written in two equivalent forms:∫

d2w
1

[w − x]1+α [z − w]1+β
=

A(α+ β)

A(α)A(β)

1

[z − x]1+α+β
,(2.25)

[i∂z]
α :

1

[z − x]1+β
�→ A(α+ β)

A(β)

1

[z − x]1+α+β
.(2.26)

In terms of kernels of operators, the second formula is equivalent to the identity

(2.27)

∫
d2w

1

[w − x]1+α [z − w]1−α
=

1

A(α)A(−α)
δ(2)(x− z),

obtained from (2.25) for β = −α+ε as ε → 0 by the following representation of the delta
function:

(2.28) δ(2)(z) = lim
ε→0

∫
d2p

π2
e−ipz−ispsz [p]ε = lim

ε→0

A(ε)

[w]1+ε
.

In the sequel, an important role will be played by an identity often used in the calculation
of the Feynman diagrams in field theory and called the integration rule for a unique
vertex, or briefly, the star-triangle relation [57]. This relation can be represented in three
equivalent forms: the integral identity

(2.29)

∫
d2w

1

[z − w]α [w − x]β [w − y]γ

=
A(−β)

A(α− 1)A(γ − 1)

1

[z − x]1−γ [z − y]1−β [y − x]1−α
,

the action of the operator on a function

(2.30) [i∂z]
α−1 :

1

[z − x]β [z − y]γ
�→ A(−β)

A(γ − 1)
· 1

[z − x]1−γ [z − y]1−β [y − x]1−α
,

and the operator identity [59]

(2.31) [i∂z]
α · [z]α+β · [i∂z]β = [z]β · [i∂z]α+β · [z]α.
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In the deformed-symmetry case, similar operator identities and their links with the so-
lution of the Yang–Baxter equation were considered in detail in [58]. The first and the
second formulas are valid under the following restriction on the sum of exponents, called
the uniqueness condition:

α+ β + γ = sα+ sβ + sγ = 2.

To verify that (2.31) and (2.29) are equivalent, it suffices to calculate the kernels of the op-
erators on both sides of (2.31) and obtain the star-triangle relation (2.29). Formula (2.30)
is simply a restatement of (2.29) and can be derived from the (already proved) general
intertwining formula for the representations of the group GL(2,C),

[i∂z]
σ1−σ2 · T(σ1,σ2)(g) Φ(z, sz) = T(σ2,σ1)(g) · [i∂z]σ1−σ2 Φ(z, sz),

if we take

Φ(z, sz) = [z]−β ; g =

(
a b
c d

)
�→
(
1 1
x y

)
,

use formulas (2.9) and (2.26), and introduce the notation α = 1+ σ1 − σ2, γ = 1+ σ2 −
σ1 − β.

We note that all formulas of types (2.25) and (2.29) are understood in the sense of
the regularized value of an integral [48] or, which is the same, in the sense of analytic
continuation from the domain of the parameter values for which the integrals converge
absolutely.

Figure 1. Graphical representation of identity (2.25).

Figure 2. Star-triangle relation.

It is convenient to represent identity (2.25) graphically (Figure 1), using the following
rules. We display the function [z−x]−α by an arrow with index α that goes from x to z.
A vertex at which several vertices meet is marked by the bold dot if integration with
respect to the corresponding variable is performed.

A graphical representation of the star-triangle relation is displayed in Figure 2. The
left-hand side of the identity is depicted by a star formed by three arrows going from
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the same point. The vertex is marked to show that integration with respect to w is
performed. The vertex at which three arrows meet is said to be unique if the sum of the
indices of the three lines is equal to 2. The right-hand side of the identity is depicted by
a triangle formed by three arrows. The triangle is unique if the sum of the indices of the
three lines is equal to 1. Thus, the star-triangle relation allows us to transform a unique
vertex to a unique triangle and vice versa.

2.4. Generators of the Lie algebras gl(2,C) and sl(2,C). The following matrix L(u),
which coincides up to a trivial summand with the matrix E constructed from generators
of the Lie algebra sl(2,C), is a main object in the study of solutions of the Yang–Baxter
equation:

L(u) = u · �+ E =

(
u+ E11 E21

E12 u+ E22

)
.

In this section, we obtain explicit expressions for the generators and a convenient repre-
sentation of the matrix E.

The Lie algebra gl(2,C) consists of complex matrices of order 2. As a basis of the space
Mat(2 × 2), we take the standard matrix units eik, (eik)nm = δinδkm. The generators
Eik and sEik of the Lie algebra gl(2,C) in the representation T(σ1,σ2) are defined by the
relation

(2.32) T(1 + ε · eik) Φ(z, sz) = Φ(z, sz) +
(
ε · Eik + sε · sEik

)
Φ(z, sz) +O(ε2).

From the definition (2.9), we obtain explicit formulas for generators, which, in the rep-
resentation in question, are realized by the first order differential operators

(2.33)

E11 = z∂z + 1− σ1; E12 = z2∂z + (1− σ1 + σ2)z;

E21 = −∂z; E22 = −z∂z − σ2;

sE11 = sz∂
sz + 1− sσ1; sE12 = sz2∂

sz + (1− sσ1 + sσ2)sz;

sE21 = −∂
sz; sE22 = −sz∂

sz − sσ2.

We consider the matrix E with the entries Eik (similarly, the matrix sE with the en-
tries sEik):

(2.34) E = E(σ1,σ2) =

(
E11 E21

E12 E22

)
=

(
z∂z + 1− σ1 −∂z

z2∂z + (1− σ1 + σ2) · z −z∂z − σ2

)
.

The generators Eik and sEik of the Lie algebra sl(2,C) are calculated in the same way by
the formula

T(1 + ε · Eik) Φ(z, sz) = Φ(z, sz) +
(
ε · Eik + sε · sEik

)
Φ(z, sz) +O(ε2);

Eik = eik −
δik
2

· �,

where the Eik are the generators of sl(2,C) in the fundamental representation, i.e., ma-
trices with trace 0. We consider the matrix whose entries are the generators obtained,

(2.35)

(
E11 E21

E12 E22

)
=

(
z∂z +

1−σ12

2 −∂z
z2∂z + (1− σ12) · z −z∂z − 1−σ12

2

)
.

In contrast to (2.34), the generators of the Lie algebra sl(2,C) satisfy the relation E11 +
E22 = 0. We use the general formula (2.34) because it is convenient to consider both
cases simultaneously: if we impose the additional condition σ1+σ2 = 1 on the parameters
σ1, σ2 in (2.34), we obtain (2.35).
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There are convenient representations for E and sE as products of triangular matrices,

(2.36)

E(σ1,σ2) =

(
1 0
z 1

)(
−σ1 −∂z
0 −σ2

)(
1 0
−z 1

)
;

sE(sσ1,sσ2) =

(
1 0
sz 1

)(
−sσ1 −∂

sz

0 −sσ2

)(
1 0
−sz 1

)
.

In this decomposition of the matrix E, information about the representation in question
of the Lie algebra gl(2,C) is encoded in a concise and visual way.

• The parameters σ1 and σ2 that characterize the representation are the diagonal
entries of the middle matrices in (2.36). In the case of the Lie algebra sl(2,C), we
have σ1 + σ2 = 1. If this relation is not satisfied, then we have a representation
of the Lie algebra gl(2,C).

• The intertwining operator S = (i∂z)
σ1−σ2 (i∂

sz)
sσ1−sσ2 is constructed by a plain

rule from the entries of the middle matrices in (2.36).
• The intertwining relation (2.15) is equivalent to the relations

S ·
(
1 0
z 1

)(
−σ1 −∂z
0 −σ2

)(
1 0
−z 1

)
=

(
1 0
z 1

)(
−σ2 −∂z
0 −σ1

)(
1 0
−z 1

)
· S,(2.37a)

S ·
(
1 0
sz 1

)(
−sσ1 −∂

sz

0 −sσ2

)(
1 0
−sz 1

)
=

(
1 0
sz 1

)(
−sσ2 −∂

sz

0 −sσ1

)(
1 0
−sz 1

)
· S,(2.37b)

i.e., the diagonal entries of the middle matrices are interchanged under the action
of S.

We note that, by integrating by parts, we can represent relations (2.37) as a sys-
tem of differential equations for the kernel of the operator S. A unique solution is the
expression (2.19), which was obtained earlier from other considerations.

§3. SL(2,C)-invariant R-matrix

3.1. The Yang–Baxter equation. Our goal is to construct SL(2,C)-invariant solu-
tions of the Yang–Baxter equation

(3.1) R12(u− v, su− sv)R13(u, su)R23(v, sv) = R23(v, sv)R13(u, su)R12(u− v, su− sv).

The linear operator R(u, su) depends on two spectral parameters u and su, which a priori
are not related to each other. It will be proved that the difference u − su must be an
integer.1 The fact that the operator R(u, su) is SL(2,C)-invariant means that it acts in the
space of the tensor product of two representations of the group SL(2,C) and commutes
with the operators of the representation

T(g)⊗ T(g) · R(u, su) = R(u, su) · T(g)⊗ T(g).

In the Yang–Baxter equation, all operators are defined in the general tensor product of
three spaces V1⊗V2⊗V3. The indices ik show that the operator Rik acts nontrivially in
the tensor product Vi ⊗Vk and is extended to the remaining part of the tensor product
V1 ⊗ V2 ⊗ V3 as the identity operator. In the sequel, we drop the index ik if the space
in which the operator R acts is clear from the context.

We construct a solution of the Yang–Baxter equation in two steps. First, we find
a solution of a simpler defining RLL-relation [56]. Then, we prove that the resulting
operator R(u, su) satisfies the general equation (3.1).

To make the origin of the RLL-relation clear, we outline how to derive it from the
general Yang–Baxter equation. For the Yang–Baxter equation (3.1), as the space V3 we
take the space of the fundamental two-dimensional representation of the group SL(2,C).

1For the first time, this condition was stated in the paper [21].
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In this case, the operators R13(u, su) and R23(v, sv) transform into the standard quantum
L-operators, which are the matrices L1(u) and L2(v) [56], [4]–[6] that have the following
general form:

(3.2) L(u) = u · �+ E =

(
u+ E11 E21

E12 u+ E22

)
and depend on the generators Eik of the representations in the spaces V1 and V2, re-
spectively. Thus, we obtain the following simple defining RLL-relation for the operator
R12 (see [56]):

(3.3) R12(u− v, su− sv)L1(u)L2(v) = L2(v)L1(u)R12(u− v, su− sv).

However, this equation is insufficient because the matrix L(u) depends only on the holo-
morphic variable and on the spectral parameter u. The missing equation can be obtained
similarly, but for the role of the space V3 we must take the space of the second two-
dimensional representation of the group SL(2,C). In this case, the operator R13(u, su) is
the matrix sL1(su), the operator R23(v, sv) is the matrix sL2(sv), and we obtain

(3.4) R12(u− v, su− sv)sL1(su)sL2(sv) = sL2(sv)sL1(su)R12(u− v, su− sv).

Up to a trivial summand, the matrix sL(su) coincides with the matrix sE,

(3.5) sL(su) = su · �+ sE =

(
su+ sE11

sE21
sE12 su+ sE22

)
.

We solve the resulting system of two RLL-equations, taking as V1 and V2 the represen-
tation spaces of continuous series. Let V1 be the space of functions of z1 and sz1 in which
the operators of the representation T(σ1,σ2) act, and let V2 be the space of functions of
z2 and sz2 in which the operators of the representation T(ρ1,ρ2) act. Using formula (2.36)
for the matrices E from L1(u) and L2(v), we see that

(3.6)

L1(u) =

(
1 0
z1 1

)(
u1 −∂z1
0 u2

)(
1 0

−z1 1

)
;

L2(v) =

(
1 0
z2 1

)(
v1 −∂z2
0 v2

)(
1 0

−z2 1

)
.

The matrix L1(u) depends on the spectral parameter u and the parameters σ1 and σ2 of
the representation T(σ1,σ2). Formula (3.6) shows that all the parameters can naturally
be combined into the set of numbers (u1, u2) = (u− σ1, u− σ2), which are the diagonal
entries of the middle matrix, so that L1(u) = L1(u1, u2). In the same way, we have
L2(v) = L2(v1, v2), where (v1, v2) = (v − ρ1, v − ρ2).

It is convenient to extract the permutation Pik from the operator Rik, Rik = Pik
qRik.

Acting on a function, the operator Pik permutes the arguments zi and zk. For exam-
ple, the operator R12 acts in the space V1 ⊗ V2, the elements of which are functions
Φ(z1, sz1, z2, sz2). In this case, the permutation operator P12 interchanges the variables z1
and z2, P12 Φ(z1, sz1, z2, sz2) = Φ(z2, sz2, z1, sz1). For the operator qR, the general Yang–
Baxter equation is modified as follows:

(3.7) qR23(u− v, su− sv)qR12(u, su)qR23(v, sv) = qR12(v, sv)qR23(u, su)qR12(u− v, su− sv),

and the defining relations take the form

qR(u− v, su− sv) L1(u1, u2) L2(v1, v2) = L1(v1, v2) L2(u1, u2) qR(u− v, su− sv),(3.8a)

qR(u− v, su− sv) sL1(su1, su2) sL2(sv1, sv2) = sL1(sv1, sv2) sL2(su1, su2) qR(u− v, su− sv).(3.8b)
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In the sequel, we use a more concise notation, suppressing the antiholomorphic part of
the equations and the explicit indication to the dependence on the variables sz and su if
this does not cause misunderstanding.

Equation (3.8) has a natural interpretation; namely, the operator qR interchanges the
parameters (u1, u2) of the first Lax matrix and the parameters (v1, v2) of the second
matrix. It is convenient to combine these four parameters into one set in the following

order: u ≡ (v1, v2, u1, u2). Thus, the operator qR corresponds to a specific permutation s
belonging to the permutation group of the four parameters,

s → qR(u− v); s(v1, v2, u1, u2) = (u1, u2, v1, v2).

Let us investigate how far we can proceed in parallel with the permutation group. An
arbitrary permutation in the symmetry groupS4 can be constructed from the elementary
transpositions s1, s2, and s3,

s1u = (v2, v1, u1, u2), s2u = (v1, u1, v2, u2), s3u = (v1, v2, u2, u1),

permuting only two nearest neighbors. For example, for the specific permutation in
question, the decomposition into elementary transpositions has the form s = s2s1s3s2.
It is natural to try to find the operators Si(u) that realize these transpositions:

(

S1︷ ︸︸ ︷
v1, v2, u1, u2) : S1(u) L2(v1, v2) = L2(v2, v1)S1(u),

(v1

S2︷ ︸︸ ︷
v2, u1, u2) : S2(u) L1(u1, u2) L2(v1, v2) = L1(v2, u2) L2(v1, u1)S2(u),

(v1, v2,

S3︷ ︸︸ ︷
u1, u2) : S3(u) L1(u1, u2) = L1(u2, u1)S3(u).

The operators S1 and S3 act much in the same way since each of them permutes only
parameters of a single L-operator. We note that the intertwining operator S realizes
the required permutation of the parameters, because formula (2.37) is equivalent to the
required relation for the matrix L(u1, u2),

S L(u1, u2) = L(u2, u1) S.

Thus, two of the three operators that realize elementary permutations are intertwining
operators acting separately on their L-matrices,

(3.9)
S1(u) = (i∂z2)

v2−v1(i∂
sz2)

sv2−sv1 ≡ [i∂2]
v2−v1 ,

S3(u) = (i∂z1)
u2−u1(i∂

sz1)
su2−su1 ≡ [i∂1]

u2−u1 .

Using the representation (3.6) for the matrices L1 and L2 (zik ≡ zi − zk), we write the
equation

S2(u) L1(u1, u2) L2(v1, v2) = L1(v2, u2) L2(v1, u1)S2(u)

for the last missing operator S2(u) in an expanded form as follows:

S2

(
1 0
z1 1

)(
1 0
0 u2

)(
u1 −∂z1
0 1

)(
1 0
z21 1

)(
1 −∂z2
0 v2

)(
v1 0
0 1

)(
1 0

−z2 1

)

=

(
1 0
z1 1

)(
1 0
0 u2

)(
v2 −∂z1
0 1

)(
1 0
z21 1

)(
1 −∂z2
0 u1

)(
v1 0
0 1

)(
1 0

−z2 1

)
S2.

For clearness, we explicitly singled out the diagonal matrices diag(1, u2) and diag(v1, 1)
in the above formula. Despite a large number of factors, each factor is simple and the
structure of the equation hints at a natural method for its solution. The parameters u2

and v1 enter the equation in such a way that, under the condition [S2, z1] = [S2, z2] = 0,
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we can cancel out the underlined matrices, so that everything simplifies considerably,
and we obtain

(3.10) S2

(
u1 −∂z1
0 1

)(
1 0
z21 1

)(
1 −∂z2
0 v2

)
=

(
v2 −∂z1
0 1

)(
1 0
z21 1

)(
1 −∂z2
0 u1

)
S2.

The conditions [S2, z1] = [S2, z2] = 0 mean that S2 is the operator of multiplication by a
function of the variables z1 and z2 that can easily be found from equation (3.10) and a
similar antiholomorphic equation

(3.11) S2(u) = zu1−v2
12 szsu1−sv2

12 = [z12]
u1−v2 .

Now, we have all operators realizing the elementary permutations si → Si(u), and it
remains to construct a composite operator realizing the permutation s = s2s1s3s2. It
should be taken into account that, in the product SiSj , the operator Si acts on the
product of L-matrices in which the parameters are already permuted properly after the
action of the operator Sj . As a result, the realization of the product is defined by the
formula sisj �→ Si(sju)Sj(u), and, finally, we get

(3.12)
s = s2s1s3s2 �→ qR(u− v) = S2(s1s3s2u)S1(s3s2u)S3(s2u)S2(u)

= [z12]
u2−v1 [i∂2]

u1−v1 [i∂1]
u2−v2 [z12]

u1−v2 .

The explicit formula for the integral operator qR(u− v),

(3.13) qR(u− v)Φ(z1, sz1, z2, sz2) ≡
∫

d2x1

∫
d2x2

qRu−v(z1, z2|x1, x2) Φ(x1, sx1, x2, sx1) ,

can easily be obtained from (3.12) by formula (2.24) for the middle operators:

qRu−v(z1, z2|x1, x2) = A(u1 − v1)A(u2 − v2)[z12]
u2−v1

× [z2 − x2]
v1−u1−1

[z1 − x1]
v2−u2−1

[x12]
u1−v2

(the dependence of the kernel on the conjugate variables is suppressed for simplicity).

The operator R(u− v) is obtained from the operator qR(u− v) by left multiplication by
a permutation operator, and the kernel of the first operator is obtained from the kernel
of the second by the permutation z1 � z2,

(3.14)
Ru(z1, z2|x1, x2) = A(u− σ1 + ρ1) · A(u− σ2 + ρ2)[z21]

u+ρ1−σ2

× [z1 − x2]
σ1−ρ1−u−1

[z2 − x1]
σ2−ρ2−u−1

[x12]
u−σ1+ρ2 .

The spectral parameters u and su, the parameters σ1 and σ2 of the representation T(σ1,σ2)

in the space of functions of the variables z1 and sz1, and the parameters ρ1 and ρ2 of the
representation T(ρ1,ρ2) in the space of functions of the variables z2 and sz2 are involved
in the formula for the kernel of the operator R(u) explicitly. This detailed writing shows
that the kernel is a one-valued function of the complex variables z1, z2, x1, and x2 only
if u− su ∈ Z. The kernel of the integral operator R(u− v) is represented graphically by
a quadrangle, as shown in Figure 3.

We have found an operator R that solves the RLL-relations. It remains to prove that
this R is SL(2,C)-invariant and satisfies the general Yang–Baxter relation.

• SL(2,C)-invariance.

The SL(2,C)-invariance of R can easily be proved by direct calculation, but we give a
general proof, which can easily be generalized to the case of the group SL(n,C). The
proof is based on the following two facts. First, the operator R(u − v) as in (3.14) is a
solution of the RLL-relations, and, second, this operator depends only on the difference
u− v of the spectral parameters, i.e., is invariant under the translations u → u+ λ and
v → v + λ.
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Figure 3. Graphical representation of the kernel of the operator
R(u− v) (see 3.14).

Performing the translation u → u+ λ, v → v + λ in the relation

R(u− v) L1(u1, u2) L2(v1, v2) = L2(v1, v2) L1(u1, u2) R(u− v)

and selecting the contributions linear in λ, we obtain

(3.15) R(u− v) (L1(u1, u2) + L2(v1, v2)) = (L2(v1, v2) + L1(u1, u2)) R(u− v).

We recall that

L1(u1, u2) = u · �+ E1, L2(v1, v2) = v · �+ E2,

and therefore, equation (3.15) is obviously equivalent to

(3.16) R(u− v) (E1 + E2) = (E1 + E2) R(u− v).

The matrix E1 contains the generators of the representation T(σ1,σ2), and the matrix E2

contains the generators of the representation T(ρ1,ρ2). Therefore, the operator R(u− v)
commutes with the generators of the Lie algebra sl(2,C) that act in the tensor product
T(σ1,σ2) ⊗ T(ρ1,ρ2). Finally, we obtain

(3.17) R(u− v) T(σ1,σ2) ⊗ T(ρ1,ρ2) = T(σ1,σ2) ⊗ T(ρ1,ρ2) R(u− v).

• The Yang–Baxter relation.

We present a visual graphical proof [21] of the relation

R12(u− v, su− sv)R13(u, su)R23(v, sv) = R23(v, sv)R13(u, su)R12(u− v, su− sv)

for the integral operator R with the kernel (3.14). The kernel of the operator on the
left-hand side of the Yang–Baxter equation, which is the product of three R-operators,
is constructed from the kernels of the factors,

(3.18)

[
R12(u− v, su− sv)R13(u, su)R23(v, sv)

]
(z1, z2, z3|x1, x2, x3)

=

∫
d2y1 d

2y2 d
2y3 Ru−v(z1, z2|y1, y2)Ru(y1, z3|x1, y3)Rv(y2, y3|x2, x3).

Illustrating the kernel of each R-operator with the corresponding picture, where z1 → 1′,
x1 → 1, etc., we obtain a graphical representation of the kernel of the product in the left
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Figure 4. Graphical proof of the Yang–Baxter relation with the help
of the star-triangle relation.

upper corner in Figure 4. The kernel of the operator involved on the right-hand side of
the Yang–Baxter equation is constructed similarly from the kernels of the factors,

(3.19)

[
R23(v, sv)R13(u, su)R12(u− v, su− sv)

]
(z1, z2, z3|x1, x2, x3)

=

∫
d2y1 d

2y2 d
2y3 Rv(z2, z3|y2, y3)Ru(z1, y3|y1, x3)Ru−v(y1, y2|x1, x2),

and the pattern obtained is displayed in the left lower corner in Figure 4. These pictures
are convenient because for each transformation of integrals we have a transformation of
the corresponding pictures, and the cumbersome formulas are replaced by visual pictures.
In the case in question, the transformations are based on the star-triangle identity and are
displayed in Figure 4. Each central triangle is unique and transforms into a star. After
that, three vertices become unique and are transformed into triangles. As a result, we
obtain one and the same hexagon for the upper and for the lower picture. Unfortunately,
it is hard to generalize such visual graphical language to the case of the group SL(n,C).
Therefore, we restate the proof given above in more convenient algebraic terms.

3.2. The permutation group and relations for the operators Sk(u). The ele-
mentary transpositions s1, s2, and s3 are the generators of the permutation group S4;
i.e., every permutation in S4 can be represented as a product of the generators sk. This
representation is not unique, because distinct products can yield the same permutation.
We consider a specific example needed in the sequel. The permutation s of the pair v1, v2
with the pair u1, u2 in (v1, v2, u1, u2) can be decomposed into a product of the generators
in the following ways:

• the decomposition with a minimal number of factors: s = s2s1s3s2;
• the decomposition into two commuting permutations of special type,

s = r1 · r2 = r2 · r1; r1 = s2s1s2, r2 = s2s3s2.

The permutations r1 and r2 have a simple geometric meaning,

r1u = (u1, v2, v1, u2); r2u = (v1, u2, u1, v2),

i.e., r1 interchanges v1 and u1, and r2 interchanges v2 and u2. In this case, the permu-
tation s of the pair v1, v2 with the pair u1, u2 is performed in two steps. First, v1 are u1
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interchanged, and then v2 and u2 are interchanged, or vice versa. We have the following
relations among the generators [54]:

s21 = s22 = s23 = �, s1s3 = s3s1; s1s2s1 = s2s1s2, s2s3s2 = s3s2s3,

which makes it possible to transform different decompositions of the same permutation
into each other. In our example, we use the relations s22 = � and s1s3 = s3s1:

(3.20)
s = s2s1s3s2 = s2s1s2 · s2s3s2 = r1 · r2

= s2s3 · s1s2 = s2s1 · s3s2 = s2s3s2 · s2s1s2 = r2 · r1.

Under the action of the product L1(u1, u2) L2(v1, v2), the operators S1, S2, and S3
perform the same permutations of parameters in the set (v1, v2, u1, u2) as the generators
s1, s2, and s3. We have the correspondence

(3.21) si → Si(u); sisj �→ Si(sju)Sj(u).

Now, if we prove that the relations

(3.22) sisi = � → Si(siu)Si(u) = �; s1s3 = s3s1 → S1(s3u)S3(u) = S3(s1u)S1(u)

are valid for the operators Si(u), then the identity for the generators sk implies a sim-
ilar identity for the operators Sk(u). For example, the operators corresponding to the
permutations r1 and r2,

(3.23)
r1 → R1(u) = S2(s1s2u)S1(s2u)S2(u),

r2 → R2(u) = S2(s3s2u)S3(s2u)S2(u)

commute,

(3.24) r1r2 = r2r1 → R1(r2u)R2(u) = R2(r1u)R1(u),

and the operator qR(u − v) can be decomposed into a product in the same way as the
permutation s,

(3.25)
qR(u− v) = S2(s1s3s2u)S1(s3s2u)S3(s2u)S2(u)

= R1(r2u)R2(u) = R2(r1u)R1(u).

For the proof, we must perform the sequence of transformations (3.20) for the operators
Sk(u). Relations (3.22) become obvious if we use the explicit formulas (3.9) and (3.11):

s1s1 = � → S1(s1u)S1(u) = [i∂2]
v2−v1 · [i∂2]v1−v2 = �,

s2s2 = � → S2(s2u)S2(u) = [z12]
v2−u1 · [z12]u1−v2 = �,

s3s3 = � → S3(s3u)S3(u) = [i∂1]
u2−u1 · [i∂1]u1−u2 = �,

s1s3 = s3s1 → [i∂2]
v1−v2 · [i∂1]u1−u2 = [i∂1]

u1−u2 · [i∂2]v1−v2 .

In the simple example of different decompositions of the permutation s and the operator
qR considered above, we used only the double relations (3.22). However, these double
relations alone do not suffice, and a complete set of relations for the generators of the
group S4 includes triple relations. Thus, to prove that we have obtained a representation
of the generators of the group S4 by the operators Sk(u), it remains to verify that the
following triple relations are valid:

s1s2s1 = s2s1s2 → S1(s2s1u)S2(s1u)S1(u) = S2(s1s2u)S1(s2u), S2(u),(3.26)

s2s3s2 = s3s2s3 → S2(s3s2u)S3(s2u)S2(u) = S3(s2s3u)S2(s3u)S3(u).(3.27)

In fact, the triple relations for the operators Sk are valid indeed, and are equivalent to the
star-triangle identity. For example, if we substitute explicit expressions for the operators
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Sk(u) in (3.26), we obtain a counterpart of the operator version of the star-triangle
relation,

[i∂2]
u1−v2 · [z12]u1−v1 · [i∂2]v2−v1 = [z12]

v2−v1 · [i∂2]u1−v1 · [z12]u1−v2 .

Calculating the kernels of the operators on both sides of this relation, we arrive at the
integral star-triangle identity∫

d2y2
A(u1 − v2)A(v2 − v1)

[z2 − y2]1+u1−v2 [z1 − y2]v1−u1 [y2 − x2]1+v2−v1

=
A(u1 − v1)

[z1 − z2]v1−v2 [z2 − x2]1+u1−v1 [z1 − x2]v2−u1
.

As we saw above, the graphical proof of the Yang–Baxter relation for the operator R
was based on the star-triangle relation. The triple relations (3.26) and (3.27) represent
an algebraic counterpart of the star-triangle relation. Therefore, it is natural to expect
that the Yang–Baxter relation is a consequence of the triple relations (3.26) and (3.27).

To demonstrate links between these relations, we consider the product of three L-
operators. In the product L1(u1, u2)L2(v1, v2) L3(w1, w2), we group the parameters in
one set in the following order: u ≡ (w1, w2, v1, v2, u1, u2) and consider the group of
permutations of all six parameters. The group S6 already has five generators sk, and
the corresponding operators Sk(u) are

(

S1︷ ︸︸ ︷
w1, w2,

S3︷ ︸︸ ︷
v1, v2,

S5︷ ︸︸ ︷
u1, u2);

S1 L3(w1, w2) = L3(w2, w1)S1;

S3 L2(v1, v2) = L2(v2, v1)S3; S5 L1(u1, u2) = L2(u2, u1)S5;

(w1,

S2︷ ︸︸ ︷
w2, v1, v2, u1, u2);

S2(u) L2(v1, v2) L3(w1, w2) = L2(w2, v2) L3(w1, v1)S2(u);

(w1, w2, v1,

S4︷ ︸︸ ︷
v2, u1, u2);

S4(u) L1(u1, u2) L2(v1, v2) = L1(v2, u2) L2(v1, u1)S4(u).

The construction of the operators Sk involves nothing new in comparison with the
previous case, and everything reduces to the corresponding formulas for the product
of two Lax matrices. The operators S1, S2, and S3 are constructed for the product
L2(v1, v2)L3(w1, w2), and the operators S3, S4, and S5 are constructed for the product
L1(u1, u2)L2(v1, v2). The operators S1, S3, and S5 are intertwining operators, each for its
own representation of the group SL(2,C). As in the previous case, the defining relations

sisi = 1 → Si(siu)Si(u) = 1;

sisj = sjsi → Si(sju)Sj(u) = Sj(siu)Si(u), |i− j| > 1,

sisi+1si = si+1sisi+1 → Si(si+1siu)Si+1(siu)Si(u)

= Si+1(sisi+1u)Si(si+1u)Si+1(u),

either are fulfilled trivially, or reduce to the star-triangle relation.
The Yang–Baxter relation is a triple relation for specific permutations in the group

S6 [7, 5] (Figure 5). The operator qR12(u− v) is a solution of the equation

qR12(u− v) L1(u1, u2) L2(v1, v2) = L1(v1, v2) L2(u1, u2) qR12(u− v),
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Figure 5. Triple relation for the operators qR.

and it corresponds to the permutation s4s3s5s4,

qR12(u− v) = S4(s3s5s4u)S3(s5s4u)S5(s4u)S4(u).

The operator qR23(v − w) = S2(s1s3s2u)S1(s3s2u)S3(s2u)S2(u) corresponds to the per-
mutation s2s1s3s2 and solves the equation

qR23(v − w) L2(v1, v2) L3(w1, w2) = L2(w1, w2) L3(v1, v2) qR23(v − w).

There are two equivalent decompositions of a specific s (Figure 5):

s(w1, w2, v1, v2, u1, u2) = (u1, u2, v1, v2, w1, w2),

s = s4s3s5s4 · s2s1s3s2 · s4s3s5s4 → qR12(v − w)qR23(u− w)qR12(u− v),

s = s2s1s3s2 · s4s3s5s4 · s2s1s3s2 → qR23(u− v)qR12(u− w)qR23(v − w).

These two different products of generators sk result in the same permutation. There-
fore, there exists a sequence of transformations that involves the entire set of defining
relations and takes one product to the other; for example,

s2s3s1s2 · s4s3s5s4 · s2s1s3s2 = s2s3s4 · s1s2s3s2s1 · s5 · s4s3s2
= s2s3s4s3 · s1s2s1 · s5 · s3s4s3s2 = s2s4s3s4 · s2s1s2 · s5 · s4s3s4s2
= s4s2s3s2 · s1 · s4s5s4 · s2s3s2s4 = s4s3s2s3 · s1 · s5s4s5 · s3s2s3s4
= s4s3s5 · s2s1s3s4s3s2 · s5s3s4 = s4s3s5 · s2s1s4s3s4s2 · s5s3s4
= s4s3s5s4 · s2s1s3s2 · s4s5s3s4.

In contrast to (3.20), here we cannot do without triple relations. Repeating similar
transformations for the operators Sk, we obtain an algebraic proof of the Yang–Baxter
relation

qR23(u− v)qR12(u− w)qR23(v − w) = qR12(v − w)qR23(u− w)qR12(u− v).

If we translate all the transformations into the graphical language of kernels of operators
(Figure 4), we get a sequence of transformations of one picture to another with a hexagon
as an intermediate step (we must reverse half of the arrows in Figure 4). In the initial
sequence of transformations, we use both double and triple relations for the generators
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sk. In terms of the kernels of Sk, the double relations turn into trivial transformations
of pictures, and therefore, we do not “see” them. The triple relations correspond to the
star-triangle transformations.

Thus, the operators Sk(u) corresponding to the generators sk of the group S4 of
permutations of the parameters in the set u = (v1, v2, u1, u2) play the role of elementary
building blocks in the construction of a general SL(2,C)-invariant solution of the Yang–
Baxter equation. The operators Sk(u) satisfy the required double and triple relations,
which guarantees the Yang–Baxter relation for an R-matrix.

3.3. The operators R1 and R2. The role of the elementary building blocks in the
construction of transfer matrices, Q-operators, or solutions of the Yang–Baxter equations
for other types of representations will be played by the operators R1(u) and R2(u) (see
(3.23) and (3.25)) corresponding to the permutations u1 ↔ v1 and u2 ↔ v2. When
passing to R1 and R2, symmetry breaks down, S4 → S2×S2, because only permutations
from distinct L-operators are needed, and we “forget” the permutations u1 ↔ u2 or
v1 ↔ v2 inside one L-operator.

In the present section, the symmetry group S2 × S2 and the properties of the cor-
responding operators are considered in detail. Now, instead of the operators Sk(u), the
elementary building blocks are the operators R1 and R2 corresponding to the permu-
tations r1 and r2, where r1 interchanges only u1 and v1, and r2 interchanges only u2

and v2,

r1(v1, v2, u1, u2) = (u1, v2, v1, u2), r2(v1, v2, u1, u2) = (v1, u2, u1, v2),

r1 = s2s1s2→R1(u) = S2(s1s2u)S1(s2u)S2(u) = [z12]
v2−v1 [i∂2]

u1−v1 [z12]
u1−v2 ,

r2 = s2s3s2→R2(u) = S2(s3s2u)S3(s2u)S2(u) = [z12]
u2−u1 [i∂1]

u2−v2 [z12]
u1−v2 .

The action of these operators on functions is defined by the following explicit formulas
(the dependence of the function Φ on the conjugate variables is suppressed for simplicity):

R1(u)Φ(z1, z2) = A(u1 − v1)[z12]
v2−v1

×
∫

d2x2 [z2 − x2]
v1−u1−1 [z1 − x2]

u1−v2 Φ(z1, x2),
(3.28)

R2(u)Φ(z1, z2) = A(u2 − v2)[z12]
u2−u1

×
∫

d2x1 [z1 − x1]
v2−u2−1

[x1 − z2]
u1−v2 Φ(x1, z2).

(3.29)

The permutations r1 and r2 commute, and the permutation s decomposes into the

product s = r1r2. Thus, for the operator qR(u− v) we obtain

r1 → R1(u), r2 → R2(u),

s = r1r2 = r2r1 → qR(u− v) = R1(r2u)R2(u) = R2(r1u)R1(u).

The kernels of the integral operators R1(u) and R2(u) are displayed graphically by tri-
angles as in Figure 6. In the same figure we show how for the product R1(r2u)R2(u) we

obtain a quadrangle displaying the kernel of the operator qR(u− v) (see (3.13)).

• R1(u) and R2(u) as intertwining operators.

The operators R1(u) and R2(u) play the role of intertwining operators for the tensor
product of two representations of the group SL(2,C). This can be verified with the help of
an explicit construction in terms of the operators Sk(u), but we obtain the intertwining

relations by the method used above in the proof that the operator R(u) = PqR(u) is
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Figure 6. Graphical representation of the kernels of the operators
R1(u) and R2(u).

SL(2,C)-invariant. We need only the defining relations for the operators R1(u) and
R2(u),

R1(u) L1(u1, u2) L2(v1, v2) = L1(v1, u2) L2(u1, v2) R1(u),

R2(u) L1(u1, u2) L2(v1, v2) = L1(u1, v2) L2(v1, u2) R2(u),

and the fact that both operators depend on the difference u− v of spectral parameters,
i.e., are invariant under the translations u �→ u+λ, v �→ v+λ. Performing the translation
u �→ u+ λ, v �→ v + λ in the defining relations and collecting the contributions linear in
λ, we obtain the required relations

R1(u) (L1(u1, u2) + L2(v1, v2)) = (L1(v1, u2) + L2(u1, v2)) R1(u),

R2(u) (L1(u1, u2) + L2(v1, v2)) = (L1(u1, v2) + L2(v1, u2)) R2(u).

Up to trivial terms, the matrices L1 and L2 coincide with the matrices constructed
from generators. Thus, it remains to identify the parameters of the representations by
requiring that the relation α1 + α2 = 1 be valid for each matrix E(α1,α2):

L1(u1, u2) + L2(v1, v2) = (u+ v) · �+ E
(σ1,σ2)
1 + E

(ρ1,ρ2)
2 ;

L1(v1, u2) + L2(u1, v2) = (u+ v) · �+ E
(σ1+λ1,σ2−λ1)
1 + E

(ρ1−λ1,ρ2+λ1)
2 ,

λ1 =
u1 − v1

2
;

L1(u1, v2) + L2(v1, u2) = (u+ v) · �+ E
(σ1−λ2,σ2+λ2)
1 + E

(ρ1+λ2,ρ2−λ2)
2 ,

λ2 =
u2 − v2

2
.

As a result, we obtain the following intertwining relations:

R1(u) T
(σ1,σ2) ⊗ T(ρ1,ρ2) = T(σ1+λ1,σ2−λ1) ⊗ T(ρ1−λ1,ρ2+λ1) R1(u),(3.30)

R2(u) T
(σ1,σ2) ⊗ T(ρ1,ρ2) = T(σ1−λ2,σ2+λ2) ⊗ T(ρ1+λ2,ρ2−λ2) R2(u).(3.31)
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Figure 7. Parameter permutations.

It is of interest to trace explicitly how the three steps give the intertwining relations
reflecting the SL(2,C)-invariance of the operator R(u− v) = PR1(r2u)R2(u):

T(σ1,σ2) ⊗ T(ρ1,ρ2) R2(u)−−−−→ T(σ1−u2−v2
2 ,σ2+

u2−v2
2 ) ⊗ T(ρ1+

u2−v2
2 ,ρ2−u2−v2

2 )

R1(r2u)−−−−−→ T(ρ1,ρ2) ⊗ T(σ1,σ2) P−→ T(σ1,σ2) ⊗ T(ρ1,ρ2).

• Defining relations.

As in the case of the operators Sk, the operators R1 and R2 must satisfy the same
relations as the generators of the corresponding permutation group. In the case of the
product of two L-operators, the permutation group is S2 ×S2 and the complete set of
generators is the set of relations for two commuting groups S2:

r1r2 = r2r1 → R1(r2u)R2(u) = R2(r1u)R1(u),(3.32)

r21 = � → R1(r1u)R1(u) = �; r22 = � → R2(r2u)R2(u) = �.(3.33)

We consider the product L1(u1, u2)L2(v1, v2)L3(w1, w2) of three L-operators. In this
case, triple relations arise for the operators R1 and R2 (an analog of the Yang–Baxter
relation). Instead of the group S6 with five generators sk, now we have two commuting
groups S3 with four generators rk (Figure 7):

r1 = s2s1s2, r2 = s2s3s2, r3 = s4s3s4, r4 = s4s5s4.

The permutations r1 and r3 interchange the parameters w1 ↔ v1 and v1 ↔ u1 and
are the generators of the first group S3 of permutations of the parameters (w1, v1, u1),

r1u = s2s1s2u = (v1, w2, w1, v2, u1, u2),

r3u = s4s3s4u = (w1, w2, u1, v2, v1, u2).

For each of these permutations, we have an operator R1 that acts in different spaces.
We denote the corresponding operator by R1

ij , preserving the standard lower indices ij
to indicate the space in which the operator acts nontrivially and moving the index 1
upward,

r1 → R1
23(u) = S2(s1s2u)S1(s2u)S2(u);

r3 → R1
12(u) = S4(s3s4u)S3(s4u)S4(u).
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The permutations r2 and r4 interchange the parameters w2 ↔ v2 and v2 ↔ u2 and are
the generators of the second group S3 of permutations of the parameters (w2, v2, u2),

r2u = s2s3s2u = (w1, v2, v1, w2, u1, u2),

r4u = s4s5s4u = (w1, w2, v1, u2, u1, v2).

For each of these permutations, we have an operator R2 that acts in different spaces,

r2 → R2
23(u) = S2(s3s2u)S3(s2u)S2(u),

r4 → R2
12(u) = S4(s5s4u)S5(s4u)S4(u).

We list all relations for the operators R1 and R2. The four double relations reflect the
fact that the generators of different groups S3 commute,

r2r1 = r1r2, r4r3 = r3r4, r4r1 = r1r4, r2r3 = r3r2.

• The first two relations give nothing new because they are equivalent to (3.32):

r2r1 = r1r2 → R2
23(r1u)R

1
23(u) = R1

23(r2u)R
2
23(u),

r4r3 = r3r4 → R2
12(r3u)R

1
12(u) = R1

12(r4u)R
2
12(u).

• The last two relations are new:

(3.34)
r4r1 = r1r4 → R2

12(r1u)R
1
23(u) = R1

23(r4u)R
2
12(u),

r2r3 = r3r2 → R2
23(r3u)R

1
12(u) = R1

12(r2u)R
2
23(u).

The triple relations follow from the triple relations for each of the groups S3,

r3r1r3 = r1r3r1, r2r4r2 = r4r2r4,

r3r1r3 = r1r3r1 → R1
12(r1r3u)R

1
23(r3u)R

1
12(u) = R1

23(r3r1u)R
1
12(r1u)R

1
23(u),(3.35)

r2r4r2 = r4r2r4 → R2
23(r4r2u)R

2
12(r4u)R

2
23(u) = R2

12(r2r4u)R
2
23(r4u)R

2
12(u).(3.36)

A complete set of relations for the generators of the group Sn includes only double
and triple relations. Therefore, the relations listed above exhaust all relations for the
operators in question. On this stage, we do not need an independent proof of the above-
mentioned relations for the operators R1 and R2. As before, we deal with representations
of continuous series, where everything is constructed from the operators Sk(u) satisfying
the required relations of the permutation group. Therefore, two operators constructed
from Sk(u) and giving rise to the same permutation of parameters in the product of
L-operators coincide automatically.

Despite this, explicit proofs are useful for various reasons. Therefore, as an example
of application of formula (2.31), we present a detailed proof of the triple relation (3.36)
for the operator R2. It is convenient to use the representation (2.20) for the intertwining
operator, the operator reformulation of the star-triangle relation [59]

(3.37) [i∂z]
a · [z]a+b · [i∂z]b = [z]b · [i∂z]a+b · [z]a,

and various consequences from this formula obtained by translations, e.g.,

[i∂z]
a · [z − x]a+b · [i∂z]b = [z − x]b · [i∂z]a+b · [z − x]a.

All formulas of this type are proved in the same way. Namely, calculating the kernel
of the operators on the left-hand and on the right-hand side, we arrive at the integral
star-triangle equation.
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In the triple relation (3.36), we substitute the following concise representations for the
operators R2 acting in different spaces:

R2
12(u) = [z12]

u2−u1 [i∂1]
u2−v2 [z12]

u1−v2 (2.31)
= [i∂1]

u1−v2 · [z12]u2−v2 · [i∂1]u2−u1 ,

R2
23(u) = [z23]

v2−v1 [i∂2]
v2−w2 [z23]

v1−w2 ,

where zik = zi − zk, and consider the resulting relation

[i∂1]
u1−w2 [z12]

v2−w2 [i∂1]
v2−u1 · [z23]u2−v1 [i∂2]

u2−w2 [z23]
v1−w2

× [i∂1]
u1−v2 [z12]

u2−v2 [i∂1]
u2−u1 = [z23]

u2−v1 [i∂2]
u2−v2 [z23]

v1−v2

× [i∂1]
u1−w2 [z12]

u2−w2 [i∂1]
u2−u1 · [z23]v2−v1 [i∂2]

v2−w2 [z23]
v1−w2 .

Here, we have underlined the operators that cancel out if they are moved towards each
other. After the first stage of cancellations, we obtain a simpler equation:

[i∂1]
u1−w2 [z12]

v2−w2 · [z23]u2−v1 [i∂2]
u2−w2 [z23]

v1−w2 · [z12]u2−v2 [i∂1]
u2−u1

= [z23]
u2−v1 [i∂2]

u2−v2 · [i∂1]u1−w2 [z12]
u2−w2 [i∂1]

u2−u1 · [i∂2]v2−w2 [z23]
v1−w2 .

Now, we underline the operators that cancel separately from the left and from the right
if they are moved outwards. This is the last stage of cancellations because, as a result,
we obtain the operator relation (2.31),

[z12]
v2−w2 · [i∂2]u2−w2 · [z12]u2−v2 = [i∂2]

u2−v2 · [z12]u2−w2 · [i∂2]v2−w2 .

§4. Verma modules and finite-dimensional representations of SL(2,C)

Up to this point, we have only considered the principal continuous series of represen-
tations of the group SL(2,C). In this case, the operators Sk(u), which are elementary
building blocks, are well defined on the function space in which the representation of the
group SL(2,C) is realized. For irreducible representations of other types, the situation
is more complicated.

In the case where the parameters σ12 and sσ12 are positive integers, the representation
space of the principal nonunitary series representation of the group SL(2,C) has an
invariant subspace of polynomials in z and sz of degree at most σ12 − 1 in z and at most
sσ12 − 1 in sz. We can restrict ourselves to the representations of the Lie algebra sl(2,C)
and consider irreducible representations in the space C[z, sz] of polynomials in z and sz. If
the parameters σ12 and sσ12 are numbers in general position, then the representation is
irreducible. If σ12 and sσ12 are positive integers, then there is an invariant subspace in the
space of polynomials in which a finite-dimensional Lie algebra representation extendible
to the group representation is realized.

Thus, the Verma modules, which are infinite-dimensional representations of the Lie
algebra sl(2,C) in the space of polynomials, occupy an intermediate level between the
representations of the principal series and the finite-dimensional representations of the
group SL(2,C).

In this case, the operators Sk(u) need an additional regularization. Therefore, it is
convenient to combine them into larger building blocks R1(u) and R2(u), which are well
defined on the space of polynomials.

The finite-dimensional representations of the group SL(2,C) are realized in the space of
polynomials of a fixed degree. This space is not invariant under the operators R1(u) and
R2(u). Therefore, on this stage, the operators R1(u) and R2(u) are combined naturally
in the largest building block, an R-matrix.

There is a specific hierarchy of symmetry, depending on the type of the representations
of the group SL(2,C) and of the Lie algebra sl(2,C) for which a solution of the Yang–
Baxter equation is constructed.
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• For the principal series representations (both unitary and nonunitary) of the
group SL(2,C), the elementary building blocks are the operators Sk(u) corre-
sponding to the generators sk of the group S4 of permutations of the parameters
in the set u = (v1, v2, u1, u2).

• For general representations of the Lie algebra sl(2,C) in the space of polyno-
mials (Verma modules), the operators Sk(u) need an additional regularization.
Therefore, the well-defined operators R1(u) and R2(u) (see (3.23) and (3.25))
corresponding to the permutations u1 ↔ v1 and u2 ↔ v2 are used as elementary
building blocks. In this case, symmetry breaks down, S4 → S2×S2, because we
only need the parameter permutations from distinct L-operators, and we “for-
get” the parameter permutations u1 ↔ u2 and v1 ↔ v2 inside one and the same
L-operator.

• The finite-dimensional representations of the group SL(2,C) are realized on the
space of polynomials of a fixed degree. The representation space is not in-
variant under the action of the operators R1(u) and R2(u). Thus, only the
R-matrix itself is an operator for which the representation space is invariant.
The further symmetry breakdown occurs, S2 × S2 → S2, and one permuta-
tion s(v1, v2, u1, u2) = (u1, u2, v1, v2) of parameters from distinct L-operators is
used. In this case, we “forget” the parameter permutations u1 ↔ v1 or u2 ↔ v2
separately.

As a result, we obtain a sequence of symmetry breakdowns with increasing restrictions
on the representation space, S4 → S2 ×S2 → S2. From this point of view, the infinite-
dimensional principal series representations are the simplest, and the finite-dimensional
representations are the most complicated. The corresponding parts of the constructor
set become more and more complicated, and the assembling rules are determined by a
permutation group in a sequence of symmetry breakdowns. In the present section, we
take a closer look at the transition from the principal series representations to Verma
modules and then to finite-dimensional representations.

4.1. Verma modules. We recall the definition of a Verma module of the Lie algebra
sl(2). In the standard notation, the commutation relations for the generators e, f ,h have
the following form in the Chevalley basis:

[e, f ] = h, [h, e] = 2e, [h, f ] = −2f .

The Verma module Vλ is a free sl(2)-module generated by a lowest weight vector |0〉,

h|0〉 = λ · |0〉, λ ∈ C; f |0〉 = 0.

As a linear space, the module Vλ is the linear span of the basis vectors {|k〉}∞k=0,

(4.1) |k〉 = ek|0〉, h|k〉 = (λ+ k) · |k〉, f |k〉 = −k(λ+ k − 1) · |k − 1〉.

The Verma module Vλ is irreducible for a general λ ∈ C. The exceptional points are
λ = 1 − n, where n ∈ N is a positive integer. For these and only these values of λ, an
additional lowest weight vector |n〉 arises in the Verma module,

h|n〉 = (λ+ n) · |n〉, f |n〉 = −n(1− n+ n− 1) · |n− 1〉 = 0,

and, as a consequence, we have an invariant subspace (the Verma submodule Vλ+n) that
is the linear span of the basis vectors {|n+ k〉}∞k=0 . The quotient space Vλ/Vλ+n is a
finite-dimensional space of dimension n+ 1 in which a finite-dimensional representation
of the Lie algebra sl(2) is realized. The vectors {|k〉}nk=0 form a basis of this subspace.
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In the realization in question, the generators of the Lie algebra sl(2,C) in the Cartan–
Weyl basis are first order differential operators in z and sz:

E11 = z∂z + 1− σ1; E12 = z2∂z + (1− σ1 + σ2)z; E21 = −∂z; E22 = −z∂z − σ2,

sE11 = sz∂
sz + 1− sσ1; sE12 = sz2∂

sz + (1− sσ1 + sσ2)sz; sE21 = −∂
sz; sE22 = −sz∂

sz − sσ2.

Thus, for the generators in the Chevalley basis, we have

h = E11 − E22 = 2 z∂z + 1− σ12; e = E12 = z2∂z + (1− σ12)z; f = E21 = −∂z,

sh = sE11 − sE22 = 2 sz∂
sz + 1− sσ12; se = sE12 = sz2∂

sz + (1− sσ12)sz; sf = sE21 = −∂
sz.

The lowest weight vector must be killed by the generators f and sf , f |0〉 = sf |0〉 = 0. The
corresponding function |0〉 = Φ(z, sz) satisfies the equations ∂zΦ(z, sz) = ∂

szΦ(z, sz) = 0,
the solution of which is Φ(z, sz) = 1. For the Verma module Vλ,sλ with λ = 1 − σ12,
sλ = 1− sσ12, so that

h|0〉 = (1− σ12) · |0〉, sh|0〉 = (1− sσ12) · |0〉,

we have a basis formed by the vectors |n, sn〉 = ensesn|0〉, where n and sn are nonnegative
integers, and the explicit form of the corresponding functions can easily be found:

|n, sn〉 =
(
z2∂z + (1− σ12)z

)n (
sz2∂

sz + (1− sσ12)sz
)

sn · 1
= (1− σ12)n (1− sσ12)

sn · znszsn,

where (a)k is the Pochhammer symbol, (a)k ≡ a(a+ 1) · · · (a+ k − 1) = Γ(a+k)
Γ(a) .

Since the holomorphic operators h, e, and f commute with the antiholomorphic oper-
ators sh,se, and sf , complete separation of the holomorphic and antiholomorphic sectors is
possible: Vλ,sλ = Vλ ⊗V

sλ. We note that it is natural to assume that the parameters σ12

and sσ12 are independent, because the polynomials are single-valued functions, and there
is no need to require that the difference σ12−sσ12 be an integer. In the general case, i.e., if
none of the numbers σ12 and sσ12 is integral, the Verma module in question is isomorphic
to the space of polynomials in z and sz, and the isomorphism is given by the natural
mapping of bases: ensesn|0〉 ↔ [z]n ≡ znszsn. In this case, Vλ,sλ = C[z, sz], Vλ = C[z],
and V

sλ = C[sz]. Thus, we obtain the following separation of the holomorphic and anti-
holomorphic sectors: C[z, sz] = C[z] ⊗ C[sz]. If the parameters σ12 and sσ12 are positive
integers, then the space of polynomials C[z, sz] has an invariant subspace of polynomials
of degree at most σ12− 1 in z and at most sσ12− 1 in sz in which a finite-dimensional rep-
resentation of the Lie algebra sl(2,C) is realized. The holomorphic and antiholomorphic
sectors are separated similarly: the invariant subspace is the tensor product of the space
of polynomials in z of degree not exceeding σ12 − 1 and the space of polynomials in sz of
degree not exceeding sσ12 − 1. It turns out that the required operators R1(u) and R2(u),
acting on polynomials, split into products of operators acting on z and sz independently.
Therefore, as a result, the holomorphic and antiholomorphic sectors separate from each
other.

The operators R1(u) and R2(u) are defined as the integral operators (3.28) and (3.29)
that act in the space of functions Φ(z1, z2) depending on the variables z1, sz1 and z2, sz2.
Now, we consider the action of these operators in the space of polynomials C[z1, sz1] ⊗
C[z2, sz2]. In this new situation, it is convenient to choose another normalization. We drop
all normalizing factors for a while and make the changes of variables x2 = αz2+(1−α)z1
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and x1 = αz1 + (1− α)z2 in the integrals (3.28) and (3.29), respectively:

R1(u) : Φ(z1, z2) →
∫

d2α [α]u1−v2 [1− α]v1−u1−1 Φ (z1, αz2 + (1− α)z1) ,(4.2)

R2(u) : Φ(z1, z2) →
∫

d2α [α]u1−v2 [1− α]
v2−u2−1

Φ (αz1 + (1− α)z2, z2) .(4.3)

We can combine these formulas by introducing an operator Ra,b
ik that acts nontrivially

only on the arguments zi and zk of the function Φ(z1, . . . , zn), namely,

Ra,b
ik : Φ(z1, . . . , zi, . . . , zk, . . . , zn)

�→ N−1
a,b

∫
d2α [α]a−1 [1− α]b−a−1 Φ (z1, . . . , αzi + (1− α)zk, . . . , zk, . . . , zn) .

It is convenient to choose the normalizing coefficient Na,b so that

(4.4) Ra,b
ik : 1 �→ 1 ⇐⇒ Na,b =

∫
d2α [α]a−1 [1− α]

b−a−1
.

The lower indices in Ra,b
ik indicate that the operator acts nontrivially only on the argu-

ments zi and zk, and a and b are the parameters on which the operator depends. For
specific values of the parameters a and b, we obtain the operators R1(u) and R2(u):

(4.5) R1(u) = Ru1−v2+1,v1−v2+1
21 ; R2(u) = Ru1−v2+1,u1−u2+1

12 .

Obviously, the operator Ra,b
ik takes polynomials to polynomials and acts trivially on the

variable zk. We present an explicit formula for the action of Ra,b
ik on the monomials of

the form [zi]
n.

Proposition 1. The action of the operator Ra,b
ik on the monomials [zi]

n = zni szsn
i , where

n and sn are nonnegative integers, is given by the following formula:

Ra,b
ik : [zi]

n �→
n∑

j=0

sn∑
sj=0

Rn
j · sRsn

sj · [zi]j · [zk]n−j .

Thus, we have the factorization Ra,b
ik = Ra,b

ik · sRsa,sb
ik , where Ra,b

ik acts only on the holomor-

phic variables and sRsa,sb
ik acts only on the antiholomorphic variables,

(4.6) Ra,b
ik : zni �→

n∑
j=0

Rn
j · zji z

n−j
k , sRsa,sb

ik : szsn
i �→

sn∑
sj=0

sRsn
sj · sz

sj
i szsn−sj

k .

The explicit expression for the coefficients Rn
j and sRsn

sj
has the following form:

Rn
j =

(
j

n

)
· B(a+ j; b− a+ n− j)

B(a; b− a)
, sRsn

sj =

(
sj

sn

)
· B(sa+

sj;sb− sa+ sn− sj)

B(sa;sb− sa)
.

For the proof, we use the binomial formula to expand the only nontrivial factor in the

integral that defines the action of the operator Ra,b
ik on a function,

[αzi + (1− α)zk]
n =

n∑
j=0

sn∑
sj=0

(
j

n

)(
sj

sn

)
· [αzi]j · [(1− α)zk]

n−j ;

(
j

n

)
=

n!

j!(n− j)!
,

which gives the following expression for the coefficient of [zi]
j · [zk]n−j :(

j
n

)(
sj
sn

)
Na,b

∫
d2α [α]a+j−1 [1− α]b−a+n−j−1 .
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It only remains to calculate the integrals by formula (2.25),∫
d2α [α]a+j−1 [1− α]

b−a+n−j−1

= S(a, b) · B(a+ j; b− a+ n− j)B(sa+ sj;sb− sa+ sn− sj),

S(a, b) =
sin(πa) sin (π(b− a))

sin(πb)
, B(a; b) =

Γ(a)Γ(b)

Γ(a+ b)
.

For the principal series representations of the group SL(2,C), all important relations
for the operators R1(u) and R2(u) can be proved by a purely technical application of
the properties of the operator [i∂]α, as listed at the beginning of the section devoted to

the intertwining operator. In the case of Verma modules, the operator Ra,b
ik plays the

role of the basic building block. We have no way to extract simpler building blocks from

this operator. Therefore, we consider the properties of the operator Ra,b
ik in detail and

give independent proofs of the required results to show as clearly as possible how all
this works. Moreover, to this point, we used the language of integral operators, which
apparently is most appropriate for function spaces of continuous series. In the case of
operators on spaces of polynomials, we can use different ways to describe the operators.

Since we have a complete separation between the holomorphic and the antiholomorphic
sector, there is no loss of generality in considering only representations in the space of
holomorphic polynomials. To make combinatorial formulas shorter, it is convenient to
use the generating function for the basis vectors |n〉 ∼ zn of the Verma module Vλ, which
can easily be expressed explicitly with the help of the binomial expansion

(1− x)
−a

=

∞∑
k=0

(a)k
k!

xk,

∞∑
k=0

xk

k!
|k〉 =

∞∑
k=0

xk

k!
(1− σ12)k zk = (1− xz)

σ12−1
.

We note that, for the parameter σ12 in general position, the above formula gives a
generating function for all basis monomials zn without restrictions on the degree. If σ12

is a positive integer, then we have a generating function for all basis monomials zn in the
space of monomials in z of degree at most σ12−1, i.e., in the space of a finite-dimensional
representation of the Lie algebra sl(2).

Proposition 2. The following formulas for the action of the operator Ra,b
ik on polyno-

mials are equivalent :

Ra,b
ik : zni �→

n∑
j=0

(
j

n

)
(a)j(b− a)n−j

(b)n
· zji z

n−j
k ,(4.7)

Ra,b
ik : (1− xizi)

−b �→ (1− xizi)
−a(1− xizk)

a−b,(4.8)

Ra,b
ik =

Γ(b)

Γ(a)
· Γ(zik∂i + a)

Γ(zik∂i + b)
,(4.9)

Ra,b
ik Φ(zi, . . . , zk)

=
Γ(b)

Γ(a)Γ(b− a)
·
∫ 1

0

dααa−1(1− α)b−a−1Φ(αzi + (1− α)zk, . . . , zk).
(4.10)

Formula (4.7) is a restatement of (4.6) in terms of the Pochhammer symbols. For-
mula (4.8) is a concise form of (4.7) in terms of the generating function for the monomials
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zni , because

(1− xizi)
−b =

∞∑
n=0

(b)n
n!

xn
i z

n
i

Ra,b
ik−−−→

∞∑
n=0

(b)n
n!

xn
i

n∑
j=0

n!

j!(n− j)!

(a)j(b− a)n−j

(b)n
· zji z

n−j
k

=
∞∑
j=0

(a)j
j!

(xizi)
j ·

∞∑
m=0

(b− a)m
m!

(xizi)
m = (1− xizi)

−a(1− xizk)
a−b.

Formula (4.10) can be obtained from (4.6) by the integral representation

B(a− j; b− a+ n− j) =

∫ 1

0

dααa−j−1(1− α)b−a+n−j−1

for the beta function if we calculate the sum of the binomial expansion under the integral
sign.

Formula (4.9) is a restatement of (4.10) in terms of operators. First, we use the integral
representation for the beta function of the operator argument,

Γ(b)

Γ(a)Γ(b− a)
· e−zk∂i · B(zi∂i + a, b− a) · ezk∂i

=
Γ(b)

Γ(a)Γ(b− a)
· e−zk∂i ·

∫ 1

0

dααa−1+zi∂i(1− α)b−a−1 · ezk∂i ,

and then verify that the operator e−zk∂i · αzi∂i · ezk∂i acts on functions in the required
way,

e−zk∂i · αzi∂i · ezk∂iΦ(zi) = e−zk∂i · αzi∂iΦ(zi + zk)

= e−zk∂i · Φ(αzi + zk) = Φ (α(zi − zk) + zk) .

The next proposition gives intertwining relations for the operator Ra,b
ik . It is convenient

to indicate the representation parameters a and b explicitly, together with the spaces in
which the raising generators of the Lie algebra sl(2) act. We introduce the following
concise notation for the raising generators:

eai = z2i ∂i + a zi, ea,bik = eai + ebk.

Proposition 3. The intertwining relations (3.30) and (3.31) for the operators R1(u)

and R2(u) are equivalent to the following commutation relations for the operator Ra,b
ik :[

Ra,b
ik , ∂i + ∂k

]
= 0,

[
Ra,b

ik , zi∂i + zk∂k

]
= 0,(4.11) [

Ra,b
ik , zk

]
= 0, Ra,b

ik eb,cik = ea,b+c−a
ik Ra,b

ik .(4.12)

Regardless of (3.30) and (3.31), all relations can easily be verified by direct calculation
and with the help of formula (4.9).

Remark. We have combined the two last relations together, because they are defining

relations for the operator Ra,b
ik ; i.e., formula (4.8) for the action on the generating function

is a consequence of these two relations. It is convenient to represent the expression for
the generating function in the following exponential form:

exp (xea) · 1 =
∑
n=0

xn

n!

(
z2∂ + az

)n · 1 =
∑
n=0

xn

n!
(a)n z

n = (1− xz)−a.

Using the obvious identity

exp
(
xeb,cik

)
· 1 = (1− xzi)

−b(1− xzk)
−c
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and the condition Ra,b
ik : 1 �→ 1, we obtain

Ra,b
ik (1− xzi)

−b(1− xzk)
−c = Ra,b

ik exp
(
xeb,cik

)
· 1 = exp

(
xea,b+c−a

ik

)
Ra,b

ik · 1

= (1− xzi)
−a(1− xzk)

a−b−c.

Since Ra,b
ik commutes with zk, we can cancel out (1− xzk)

−c, obtaining (4.8).

The operators R1(u) and R2(u) can be expressed in terms of Ra,b
ik . Therefore, relations

for R1(u) and R2(u) can be restated as those for the operator Ra,b
ik .

Proposition 4. The operator Ra,b
ik satisfies the following relations : the double relations

equivalent to (3.33) and (3.32):

Ra,b
ik Rb,a

ik = �; Ra,b
21 Rc,a

12 = Rb−a+c,b
12 Rc,b−a+c

21 ,

the double relations equivalent to (3.34):

Ra,b
13 Rc,d

23 = Rc,d
23 Ra,b

13 ; Ra,b
32 Rb,c

31 = Ra,a−b+c
31 Ra−b+c,c

32 ,

and the triple relation

Rb,c
23 Ra+d,c+d

12 Ra,b
23 = Ra+d,b+d

12 Ra,c
23 Rb+d,c+d

12 .

Besides the relations listed above, we mention the convenient identities

Ra,a
ik = �, Ra,b

ik Rb,c
ik = Ra,c

ik ,

which follow directly from (4.9).
In the case of principal series representations of the group SL(2,C), the relations for

the operators R1(u) and R2(u) can be proved by an application of the relations for

the operators Sk(u). Now the operator Ra,b
ik plays the same role, and we present an

independent proof of these relations to show how all this works in the new situation. To
prove that two operators acting in the space of polynomials are equal, it suffices to check
that these operators coincide on the basis monomials.

It is convenient to use generating functions instead of individual monomials. For

example, the action of the operator Ra,b
32 Rb,c

31 on the generating function gives the same

result as the action of the operator Ra,a−b+c
31 Ra−b+c,c

32 :

(1− xz3)
−c Rb,c

31−−−→ (1− xz3)
−b(1− xz1)

b−c

Ra,b
32−−−→ (1− xz3)

−a(1− xz2)
a−b(1− xz1)

b−c,

(1− xz3)
−c Ra−b+c,c

32−−−−−−→ (1− xz3)
b−a−c(1− xz2)

a−b

Ra,a−b+c
31−−−−−−→ (1− xz3)

−a(1− xz1)
b−c(1− xz2)

a−b.

In this universal way, we can prove all relations except the following two:

Ra,b
21 Rc,a

12 = Rb−a+c,b
12 Rc,b−a+c

21 , Rb,c
23 Ra+d,c+d

12 Ra,b
23 = Ra+d,b+d

12 Ra,c
23 Rb+d,c+d

12 .

To prove these, besides the intertwining relations or, which is the same, formulas (4.8)
and (4.9), we must use the Pfaff–Saalschütz summation formula [61]

(4.13)

n∑
k=0

(
k

n

)
(a)k (b)k (c− a− b)n−k

(c)k
=

(c− a)n (c− b)n
(c)n

.

As an example, we consider the proof of the relation

Ra,b
21 Rc,a

12

1

(1− xz1)a
· 1

(1− yz2)b−a+c
= Rb−a+c,b

12 Rc,b−a+c
21

1

(1− xz1)a
· 1

(1− yz2)b−a+c
,
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from which a similar relation for an arbitrary monomial zn1 z
m
2 follows. It is convenient

to split the proof into two parts. The intertwining relations (4.12) allow us to simplify
the problem and to reduce everything to the verification of an operator identity for
monomials that only depend on one variable, i.e., to make the reduction zn1 z

m
2 → zn1 or

zn1 z
m
2 → zm2 . For the monomials in one variable, the resulting identity follows from the

Pfaff–Saalschütz summation formula [61].
By (4.12), it is easy to verify that the operators on the left-hand and the right-hand

side commute in one and the same way with the raising generator ea,b−a+c
12 : A ea,b−a+c

12 =

eb−a+c,a
12 A, where A is one of the operators Ra,b

21 Rc,a
12 or Rb−a+c,b

12 Rc,b−a+c
21 . We transform

the generating function (λ = x− y) as follows:

exp
(
xea1 + yeb−a+c

2

)
· 1 = exp

(
yea,b−a+c

12

)
exp
(
λea1
)
· 1 = exp

(
yea,b−a+c

12

)
(1− λz1)

−a.

Now, we can move the exponential with the generator ea,b−a+c
12 to the left, obtaining the

same exponent but with the generator eb−a+c,a
12 . Canceling this common factor out, we

obtain

Ra,b
21 Rc,a

12 (1− λz1)
−a = Rb−a+c,b

12 Rc,b−a+c
21 (1− λz1)

−a.

It suffices to check the corresponding identity for an arbitrary monomial zn1 . The right-
hand side of the identity can be simplified further:

Ra,b
21 Rc,a

12 zn1 = Rb−a+c,b
12 Rc,b−a+c

21 zn1 = Rb−a+c,b
12 zn1 .

Applying formula (4.7), we can easily verify that the relation obtained is a consequence
of the Pfaff–Saalschütz summation formula [61]. The triple relation is proved in the
same way, namely, the intertwining formulas (4.12) allow us to reduce the problem to
the verification of an operator identity for monomials that depend on one variable only,
and the resulting identity turns out to be equivalent to the Pfaff–Saalschütz summation
formula [61].

The above calculation shows that the representation (4.8), which is a direct conse-
quence of the intertwining relations (4.12), is a convenient representation for the operator

Ra,b
ik . In the sequel, we show that this representation can be generalized to the case of

the group SL(n,C).

4.2. Finite-dimensional representations. The operators R1(u) and R2(u) used in
the construction of solutions of the Yang–Baxter equation

(4.14) R(u− v) = P12R1(r2u)R2(u) = P12R2(r1u)R1(u)

are defined as operators acting on the space of polynomials C[z1, z2] = C[z1]⊗ C[z2]:

R1(u) = Ru1−v2+1,v1−v2+1
21 :

zi1z
k
2 �→

k∑
j=0

(
j

k

)
·
(u1 − v2 + 1)j (v1 − u1)k−j

(v1 − v2 + 1)k
· zi+k−j

1 zj2,
(4.15)

R2(u) = Ru1−v2+1,u1−u2+1
12 :

zi1z
k
2 �→

i∑
j=0

(
j

i

)
·
(u1 − v2 + 1)j (v2 − u2)i−j

(u1 − u2 + 1)i
· zj1z

i+k−j
2 .

(4.16)

In the case of irreducible Verma modules, the representation parameters (σ1, σ2) and
(ρ1, ρ2), where

(u1, u2) = (u− σ1, u− σ2) , (v1, v2) = (v − ρ1, v − ρ2) ,
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are complex numbers in general position. If σ12 = 1 + n, n = 0, 1, 2, . . . , then the
space C[z1] of polynomials has an invariant subspace with the basis 1, z1, z

2
1 , . . . , z

n
1 on

which an (n + 1)-dimensional representation of the Lie algebra sl(2,C) extendible to a
representation of the group SL(2,C) is realized. In the same way, if ρ12 = 1 +m, m =
0, 1, 2, . . . , the space C[z2] has an invariant (m+1)-dimensional subspace of polynomials
with the basis 1, z2, . . . , z

m
2 . Thus, for the integral points σ12 = 1 + n and ρ12 = 1 +m,

the space C[z1, z2] of polynomials has an invariant subspace of polynomials of degree at
most n in z1 and at most m in z2. It turns out that, at integral points, the operators
R1(u) and R2(u) are well defined on the invariant subspace; however, they map this
subspace to a finite-dimensional space of larger dimension.

Proposition 5. For integers σ12 = 1 + n and ρ12 = 1 + m, the operators R1(u) and
R2(u) are well defined on the space of polynomials of degree at most n in z1 and at most
m in z2. The operator R1(u) maps this subspace to the space of polynomials of degree at
most (n+m) in z1 and at most m in z2,

Span
{
zi1z

k
2

}n,m
i=0,k=0

R1−→ Span
{
zi1z

k
2

}n+m,m

i=0,k=0
,

and the operator R2(u) maps the same subspace to the space of polynomials of degree at
most n in z1 and at most (n+m) in z2,

Span
{
zi1z

k
2

}n,m
i=0,k=0

R2−→ Span
{
zi1z

k
2

}n,n+m

i=0,k=0
.

Since the spectral parameters are arbitrary complex numbers, nothing happens to the
differences ui − vk at integral points. They remain arbitrary complex numbers. In the
differences ui − uk and vi − vk, the spectral parameters cancel out. These expressions
only depend on the representation parameters, and these parameters determine what
happens to the operator at an integral point. Only the denominators in (4.15) and (4.16)
do not depend on the difference of the spectral parameters,

(u1 − u2 + 1)i = (1− σ12)i =
(−)in!

(n− i)!
, (v1 − v2 + 1)k = (1− ρ12)k =

(−)km!

(m− k)!
,

which vanish if i > n or k > m. Therefore, the operators themselves are well defined on
the space of polynomials of degree at most n in z1 and at most m in z2. The restrictions
on the degrees of z1 and z2 in the polynomial obtained after the action of the operator
R1(u) or R2(u) can easily be seen from the explicit formulas (4.15) and (4.16) or (4.8).

Consider the remaining operators R1(r2u) and R2(r1u) in formula (4.14) for R(u−v):

R1(r2u) = Ru1−u2+1,v1−u2+1
21 :

zi1z
k
2 �→

k∑
j=0

(
j

k

)
·
(u1 − u2 + 1)j (v1 − u1)k−j

(v1 − u2 + 1)k
· zi+k−j

1 zj2,

R2(r1u) = Rv1−v2+1,v1−u2+1
12 :

zi1z
k
2 �→

i∑
j=0

(
j

i

)
·
(v1 − v2 + 1)j (v2 − u2)i−j

(v1 − u2 + 1)i
· zj1z

i+k−j
2 .

Now, the factors (u1 − u2 + 1)j =
(−)jn!
(n−j)! and (v1 − v2 + 1)j =

(−)jm!
(m−j)! , independent of the

spectral parameters, are in the numerator and vanish if j > n and j > m, respectively.
This gives rise to restrictions in the sums over j, namely, j ≤ n and j ≤ m, and, as a
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consequence, to restrictions on the degrees of polynomials. As a result, we obtain

Span
{
zi1z

k
2

}n,m
i=0,k=0

R1(u)−→ Span
{
zi1z

k
2

}n+m,m

i=0,k=0

R2(r1u)−→ Span
{
zi1z

k
2

}m,n

i=0,k=0
,

Span
{
zi1z

k
2

}n,m
i=0,k=0

R2(u)−→ Span
{
zi1z

k
2

}n,n+m

i=0,k=0

R1(r2u)−→ Span
{
zi1z

k
2

}m,n

i=0,k=0
.

The remaining permutation operator returns everything to the initial position,

Span
{
zi1z

k
2

}m,n

i=0,k=0

P12−→ Span
{
zi1z

k
2

}n,m
i=0,k=0

,

and the initial finite-dimensional space is invariant under R(u− v).
Thus, in the case of finite-dimensional representations, the decomposition of the op-

erator R(u) into a product of simpler blocks is similar to the decomposition of a square
matrix into a product of rectangular matrices. Formulas for the action of the compound
operator R(u) on polynomials are obtained from formulas (4.7)–(4.10) for R1(u) and
R2(u).

To show that the operator R(u) obtained for finite-dimensional representations co-
incides with that known from the literature, first we present some standard formu-
las [4, 5, 60].

The (2j+1)-dimensional representation Dj of half-integer spin j of the Lie algebra s2
is realized on the space of polynomials in z with the basis {zk}2jk=0. In the representation
Dj , the action of the generators is defined by the formulas

S = z∂z − j, S− = −∂z, S+ = z2∂z − 2jz

or

(4.17) Szk = (k − j)zk, S−zk = −kzk−1, S+zk = (k − 2j)zk+1,

and, for j = 1/2 and the basis {−z, 1}, we obtain the usual two-dimensional representa-
tion

2S � σ3 =

(
1 0
0 −1

)
, S− � σ− =

(
0 0
1 0

)
, S+ � σ+ =

(
0 1
0 0

)
.

The operator R(u) (see [4, 5, 60]) acts in the tensor product of two representations
Dj1 ⊗Dj2 , is s2-invariant,

[Sj1 + Sj2 ,R(u)] =
[
S±j1 + S±j2 ,R(u)

]
= 0,

and is defined by the spectral expansion

(4.18) R(u) =

j1+j2∑
j=|j1−j2|

Rj(u) · Pj , Rj =
Γ(u+ j1 + j2)

Γ(u− j1 − j2)

Γ(u− j)

Γ(u+ j)
,

where Pj is the projection onto the irreducible representation Dj in the following decom-
position of the tensor product:

Dj1 ⊗Dj2 = Dj1+j2 ⊕Dj1+j2−1 ⊕ · · · ⊕D|j1−j2| =

j1+j2∑
j=|j1−j2|

Dj .

We consider some well-known specific cases. For j1 = 1
2 and j2 = j, the operator R(u)

acts in C2 ⊗ Dj and, up to normalization and a translation of the spectral parameter,
coincides with the Lax operator,

(4.19) R(u) → (u+ j + 1
2 )

−1 · L(u+ 1
2 ).

For j1 = j2 = 1
2 , the operator R(u) acts in C2 ⊗ C2, and, up to normalization, coincides

with the well-known R-matrix,

(4.20) R(u) → (u+ 1)−1 · (u+ P) ,
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where P is the permutation operator in C2⊗C2. We recall that the L-operator is defined
on the space C2 ⊗Dj as follows:

L(u) = u+
(
σ3 ⊗ Sj + σ− ⊗ S+

j + σ+ ⊗ S−
j

)
=

(
u+ z∂z − j −∂z
z2∂z − 2jz u− z∂z + j

)
.

It satisfies the following commutation relations with the R-matrix, R(u) = u + P (see
[4, 5, 56]):

R(u− v)L(1)(u)L(2)(v) = L(2)(v)L(1)(u)R(u− v),

where the operators L(1)(u) and L(2)(u) are defined as the extensions of the operator
L(u) to the space C2 ⊗C2 ⊗Dj that act by σ3 and σ± on the first and the second space
C2, respectively.

Comparing the formula for the L-operator with (2.34), we obtain the relation (σ1, σ2) =
(1 + j,−j) for the parameters (σ1, σ2) of the representation with spin j. Now, using the
standard notation

(σ1, σ2) = (1 + j1,−j1), (ρ1, ρ2) = (1 + j2,−j2), u− v → u,

we present an integral representation of the action of the operator R(u) (see (4.14)) on
polynomials.

Proposition 6. The action of the operator R(u) on polynomials is given by the following
formula:

(4.21)
R(u)Φ(z1, z2) = ρ

∫ 1

0

dα

∫ 1−α

0

dβ αj2−j1−u−1βj1−j2−u−1

× (1− α− β)u−j1−j2−1 · Φ (αz1 + (1− α)z2, βz2 + (1− β)z1) ,

where the normalization factor is chosen from the condition R(u) : 1 �→ 1:

ρ =
Γ (−j1 − j2 − u)

Γ (j2 − j1 − u) Γ (j1 − j2 − u) Γ (u− j1 − j2)
.

It can easily be verified by direct calculation that the integral operator presented above
coincides with (4.14). It remains to prove that this operator coincides with the standard
R(u) acting on Dj1 ⊗ Dj2 . First, we consider specific cases. For j1 = 1

2 , j2 = j, and
monomials of the form zm2 and z1z

m
2 , formula (4.21) gives

R(u) : (u+ j + 1
2 )z

m
2 �→ (u+ j −m+ 1

2 )z
m
2 +mz1z

m−1
2 ,

R(u) : (u+ j + 1
2 )z1z

m
2 �→ (2j −m)zm+1

2 + (u− j +m+ 1
2 )z1z

m
2 .

Representing the action of R(u) in the matrix form in the basis {−z1, 1} and using (4.17),
first for an arbitrary j, and then for j = 1

2 , we can easily check that, for j1 = 1
2 and

j2 = j, the operator R(u) coincides with the Lax operator (4.19) up to normalization
and a translation of the spectral parameter, and that, for j1 = j2 = 1

2 , it coincides
with the standard R-matrix (4.20). The fact that the operator R(u) is s2-invariant was
proved earlier for the more general representations (3.30)–(3.31). The fact that a finite-
dimensional irreducible space of polynomials is invariant under the action of R(u) was
proved at the beginning of the present section. To obtain the spectral expansion (4.18),
we need to find the eigenvalues of the operator R(u) on the representation space Dj in
the decomposition of the tensor product Dj1 ⊗Dj2 . It is easy to show that (z1−z2)

k is a
lowest weight vector for the representation Dj1+j2−k and that the eigenvalue is calculated
by (4.21) or (4.9):

R(u) : (z1 − z2)
k �→ (−1)k

(u− j1 − j2)k
(−j1 − j2 − u)k

· (z1 − z2)
k,
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which yields the spectral expansion (4.18). Thus, the operator R(u) obtained by restric-
tion of the general solution of the Yang–Baxter equation to finite-dimensional invariant
subspaces for the principal series representations of the group SL(2,C) coincides with
the standard operator R(u) on the space of the tensor product Dj1 ⊗Dj2 .

§5. The group SL(n,C)

In this section, we consider the construction of an SL(n,C)-invariant solution of the
Yang–Baxter equation, which is a direct generalization of the construction of an SL(2,C)-
invariant solution of the Yang–Baxter equation studied in the first part of the present
paper.

We follow the same lines as in the case of the group SL(2,C). Therefore, at each
step, it is easy to trace the changes required in the general case of the group SL(n,C)
in comparison with SL(2,C). Moreover, we decode the general formulas for SL(n,C)
in the simplest cases where n = 2 and n = 3 to show that, in the case of n = 2, we
return to formulas from the first part and to demonstrate how everything changes with
the increase of the group rank. To avoid cumbersome formulas, we use more concise
notation in comparison with the case of the group SL(2,C).

5.1. Representations of the group SL(n,C). In this section, we follow [49, 53] and
describe a construction of induced representations of the group of nonsingular complex
matrices of order n. We denote by Z the group of lower triangular complex matrices
z= ‖zik‖ of order n for which zkk = 1 and zik = 0 for i < k, and by H the group of lower
triangular complex matrices of order n,

(5.1) z =

⎛
⎜⎜⎜⎜⎜⎝

1 0 0 . . . 0
z21 1 0 . . . 0
z31 z32 1 . . . 0
...

...
...

. . .
...

zn1 zn2 zn3 . . . 1

⎞
⎟⎟⎟⎟⎟⎠ ∈ Z, h =

⎛
⎜⎜⎜⎜⎜⎝
h11 h12 h13 . . . h1n

0 h22 h23 . . . h2n

0 0 h33 . . . h3n

...
...

...
. . .

...
0 0 0 . . . hn,n

⎞
⎟⎟⎟⎟⎟⎠ ∈ H.

As an induced subgroup, we take the subgroup of upper triangular matrices H, and as
the induced representation, we take the one-dimensional representation α(h) of H,

(5.2) α(h) = [h11]
−1−σ1 [h22]

−2−σ2 · · · [hnn]
−n−σn =

n∏
k=1

[hkk]
−k−σk ,

where h11, h22, . . . , hnn are the diagonal entries of the matrix h. Again, we use the
concise notation [hkk]

−k−σk = h−k−σk

kk
sh−k−sσk

kk , where shkk is the complex conjugate to
hkk and sσk − σk ∈ Z. In the first picture, the induced representation is realized as a
subrepresentation of the left regular representation

(5.3) T(g)Φ(x) = Φ(g−1x)

in the space of functions on the group GL(n,C) that satisfy the condition

(5.4) Φ(x) = Φ(z h) = α
(
h−1

)
· Φ(z).

In this equation, we have used the Gauss decomposition (almost every matrix x ∈
GL(n,C) can be represented uniquely in the form x = z h).

A function Φ(x) satisfying condition (5.4) is uniquely determined by its restriction Φ(z)
to the subgroup Z of lower triangular matrices. Writing the action of the left regular
representation operator (5.3) on the functions Φ(z), we obtain the second picture of the
induced representation.
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Let z be an arbitrary matrix in Z, and let g be an arbitrary matrix in GL(n,C). Using
the Gauss decomposition, we represent the product g−1 · z in the form

(5.5) g−1 · z = z′ · h.
When calculating the generator, it is convenient to explicitly separate the initial matrix
z out of the resulting matrix z′ ∈ Z by decomposing z′ into the product z sg, z′ = z sg.
For example, in the case of the group GL(2,C), we obtain the following formula for the
matrix sg (for simplicity, we write z for z21, and the notation is the same as in (2.8)):(

1 0
z′ 1

)
=

(
1 0

−c+az
d−bz 1

)
=

(
1 0
z 1

)(
1 0

−c+(a−d)z+bz2

d−bz 1

)
.

The space in which the representation operators T(g) act, consists of the functions Φ(z),

where z ∈ Z, i.e., Φ(z) is a function of n(n−1)
2 variables, Φ(z) = Φ(z21, z31, . . . , zn,n−1).

We do not assume that the function is holomorphic; it also depends on the variables
sz21, sz31, . . . , szn,n−1. In the case of the group GL(2,C), we indicated the conjugate vari-
ables explicitly, but, in the case of the group GL(n,C), this becomes too cumbersome.
Therefore, for simplicity, we indicate only the holomorphic part of the variables in all
formulas. In the second picture of the induced representation, the action of the repre-
sentation operator T(g) on a function is defined as follows:

(5.6) T(g) Φ(z) = α
(
h−1

)
· Φ(z′) = [h11]

σ1+1[h22]
σ2+2 · · · [hnn]

σn+n · Φ(z′),
where the hkk are the diagonal entries of the matrix h in (5.5). In the case of the group
GL(2,C), the matrices z′ and h can easily be calculated, and we obtain the explicit
formula (2.9). In the general case, the entries of the required matrices can be expressed
in terms of the minors of the matrix g−1z (see [49, 53]):

(5.7) z ′ik =
Δik

Δk
, hkk =

Δk

Δk−1
,

where Δik is the minor formed by the entries of g−1z that are in the intersection of the
rows with indices 1, 2, . . . , k− 1, i (i ≥ k) and the columns with indices 1, 2, . . . , k− 1, k,
and Δk ≡ Δkk is the minor formed by the entries of g−1 · z that are in the intersection of
the first k rows and the first k columns. It is convenient to use the following equivalent
representation of the function α

(
h−1

)
in terms of the minors Δk (σk,k+1 ≡ σk − σk+1):

(5.8)

α
(
h−1

)
= [Δn]

σn+n · [Δ1]
σ12−1[Δ2]

σ23−1 · · · [Δn−1]
σn−1,n−1

= [Δn]
σn+n ·

n−1∏
k=1

[Δk]
σk,k+1−1.

The resulting representation is given by two sets of numbers, σ = (σ1, . . . , σn) and
sσ = (sσ1, . . . , sσn), satisfying the additional condition sσk − σk ∈ Z. To simplify the
notation, we do not indicate explicitly the dependence of the representation Tσ on sσ.

In the case of the group SL(n,C), the determinant of the matrix h is equal to 1,
Δn = det h = 1, and we need only the differences σk,k+1 = σk−σk+1 (sσk,k+1 = sσk−sσk+1)
to characterize the representation,

(5.9) T(g) Φ(z) = [Δ1]
σ12−1[Δ2]

σ23−1 · · · [Δn−1]
σn−1,n−1 · Φ(z′).

It is convenient to use a symmetric parametrization σ = (σ1, . . . , σn) of the representation
Tσ of the group SL(n,C) by imposing the additional condition

(5.10) σ1 + σ2 + · · ·+ σn =
n(n− 1)

2
.
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5.2. Irreducible representations of SL(n,C). In perfect analogy with the case of
the group SL(2,C), we consider three types of irreducible representations of the group
SL(n,C). In all cases, the action of the representation operators on functions is defined
by the general formula (5.9); however, the operators T(g) act in different functional
spaces, depending on the representation parameters. A point σ = (σ1, . . . , σn) in the
space of parameters is singular if the differences σk,k+1 are integers. We say that a point
σ = (σ1, . . . , σn) is in general position if none of the numbers σk,j is an integer for j > k.

• The principal series of nonunitary representations of the group SL(n,C).

For such representations, which are of the most general type, the point σ =(σ1, . . . , σn)
is in general position. The action of the operators on a function is defined by the general
formula (5.9). The function space is a space of infinitely differentiable functions with
a fixed asymptotic behavior at infinity. The asymptotic conditions are obtained in the
same way as for the group SL(2,C). There are n − 1 conditions in all, because, as in
the case of the group SL(n,C), there exist n − 1 basis inversions. We do not present
these conditions since they are not used anywhere explicitly. It can be proved that the
principal series representation Tσ is irreducible and that two representations Tσ and Tσ′

are equivalent if and only if there exists a permutation that takes σk to σ′
k [49, 53].

• The principal series of unitary representations of the group SL(n,C).

To determine unitary representations of the group SL(n,C), we must define an inner
product in the space of functions Φ(z) and to find the values of the parameters σk and
sσk for which the representation operators are unitary. The principal series of unitary
representations of the group SL(n,C) is defined as follows [49, 55]. The representation
space is the function space L2(Z) with the inner product

(5.11) 〈Φ1|Φ2〉 =
∫

dzΦ1(z)Φ2(z); dz ≡
∏

1≤i<k≤n

d2zki.

For every g ∈ SL(n,C), we have an operator T(g) given by formula (5.6). It can be
proved [49] that the representation operators are unitary,

〈T(g)Φ1|T(g)Φ2〉 = 〈Φ1|Φ2〉,

if and only if

|α(h−1)|2 = |h11|2|h22|4 · · · |hnn|2n,
where the right-hand side is the Jacobian of the transition from z to the new variables
z′ = z sg, dz′ = dz · |h11|2 · · · |hnn|2n. This condition leads to the system of equations
σk,k+1 + sσ∗

k,k+1 = 0, k = 1, 2, . . . , n− 1. Thus, we arrive at the following representation
for the parameters that define a unitary representation:

(5.12) σk,k+1 = −nk

2
+ iλk, sσk,k+1 =

nk

2
+ iλk, k = 1, 2, . . . , n− 1.

The numbers nk are integers and the λk are real. The principal series unitary represen-
tation Tσ is irreducible, and two representations Tσ and Tσ′

are unitarily equivalent if
and only if there exists a permutation that takes σk to σ′

k [49].

• Finite-dimensional irreducible representations of the group SL(n,C) [51]–[53].

If all parameters σk,k+1 and sσk,k+1 are positive integers, then the representation space
of the principal nonunitary series has a finite-dimensional invariant subspace of polyno-
mials in zik and szik.

In the case of the group SL(2,C), the invariant subspace is the kernel of the intertwin-
ing operator S = [i∂z]

σ12 . At a singular point, i.e., when the parameters σ12 and sσ12 are
positive integers, the operator S is a differential operator, and its kernel consists of the
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functions satisfying ∂σ12
z ∂sσ12

sz Φ(z, sz) = 0; i.e., it is formed by polynomials in z and sz of
degree at most σ12 − 1 in z and at most sσ12 − 1 in sz.

Intertwining operators remain convenient for a constructive description of finite-
dimensional representations at integral points also in the case of the group SL(n,C).
Here, all intertwining operators can be constructed from n−1 basis operators Sk that in-
tertwine the representations Tσ and Tσk : Sk T

σ = TσkSk, where σk = skσ is obtained
from σ by interchanging two nearest neighbors,

sk (. . . , σk, σk+1, . . . ) = (. . . , σk+1, σk, . . . ),

sk (. . . , sσk, sσk+1, . . . ) = (. . . , sσk+1, sσk, . . . ).

As will be proved below, the explicit formula for the operator Sk has the following
form (see (5.34b)):

(5.13)

Sk = [iDk]
σk,k+1 ≡ (iDk)

σk,k+1
(
isDk

)
sσk,k+1 , k = 1, . . . , n− 1,

Dk =
∂

∂zk+1,k
+

n∑
m=k+2

zm,k+1
∂

∂zmk
, sDk =

∂

∂szk+1,k
+

n∑
m=k+2

szm,k+1
∂

∂szmk
.

The intertwining relation Sk T
σ = TσkSk implies that the nontrivial kernels of the oper-

ators Sk are invariant subspaces under the action of the representation operators Tσ(g).
The operator Sk has a nontrivial kernel if the parameters σk,k+1 and sσk,k+1 are positive
integers, because Sk is a differential operator in this case. The kernel of an individual
operator Sk is infinite-dimensional. However, it can be proved [51]–[53] that, at a singular
point where all the parameters σk,k+1 and sσk,k+1 are positive integers, the intersection
of the kernels of all operators Sk is a finite-dimensional space of polynomials. Thus, the
space of a finite-dimensional irreducible representation is the space of polynomials Φ(z,sz)
satisfying the system of equations (see [51]–[53])

(5.14) D
σk,k+1

k
sD

sσk,k+1

k Φ(z,sz) = 0, k = 1, . . . , n− 1.

The holomorphic and antiholomorphic sectors admit separation, and an irreducible finite-
dimensional representation is the tensor product of a holomorphic and an antiholomor-
phic representation, πσ,sσ = πσ⊗π sσ. The dimension of a finite-dimensional holomorphic
representation can be calculated by the Weil characters formula [53],

dimπσ =

∏
i<k σik∏

i<k(k − i)
.

For example, for the groups SL(2,C) and SL(3,C) we obtain

dim πσ12 = σ12, dimπσ12,σ23 =
σ12σ23(σ12 + σ23)

2
.

In the general case of SL(n,C), the fundamental holomorphic representation of dimension
n is determined by the following parameters: σ12 = 2, σ23 = · · · = σn−1,n = 1, and for
the fundamental antiholomorphic representation, by the parameters sσ12 = 2, sσ23 = · · · =
sσn−1,n = 1.

5.3. The generators of the Lie algebra gl(n,C) and the generators of the right
translations. The Lie algebra gl(n,C) of the group GL(n,C) consists of matrices of
order n and has n2 independent generators; for the role of these it is convenient to take
the matrices eik,

(5.15) (eik)nm = δinδkm.

The matrices eik satisfy the standard commutation relations

(5.16) [eik, enm] = δkneim − δimenk.
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In the representation Tσ, the generators Eik of the Lie algebra gl(n,C) are the first order
differential operators with respect to zik, 1 ≤ k < i ≤ n, defined as follows. We take an
element g ∈ GL(n,C) of the specific form g = �+ ε ·eik. The action of the generator Eik

on a function in the representation Tσ is defined by the first term in the power series
expansion in ε:

(5.17) T(g) Φ(z) = Φ(z) +
(
ε · Eik + sε · sEik

)
Φ(z) +O(ε2), g = �+ ε · eik,

where the action of the operator T(g) is defined by formula (5.6). From the definition of
the generators Eik, we immediately see that they satisfy the same standard commutation
relations as the matrices eik,

(5.18) [Eik,Enm] = δknEim − δimEnk.

For the generators Eik with i > k, the corresponding matrix g is lower triangular. Thus,
in the expansion (5.5), h is the identity matrix. The operators Eik with i > k are
generators of left translations defined by (5.6), in view of the fact that h = �:

T(g) Φ(z) = Φ
(
g−1z

)
for g ∈ Z.

Similarly, we can define the operators of right translation:

D(g) Φ(z) = Φ (z g) for g ∈ Z.

We note that the matrix sg in (5.5) is lower triangular (sg ∈ Z). Therefore, the transforma-
tion z → z′ = z sg is a right translation. Thus, we obtain the following relation between
the operator T(g) and the right translation operator D(sg):

(5.19) T(g) Φ(z) = α(h) · Φ(zsg) = α(h) ·D(sg) Φ(z).

The right translation operators Dik are defined by analogy with (5.17),

(5.20) Φ
(
z(�+ ε · eik)

)
= Φ(z) + ε ·DikΦ(z) +O(ε2); i > k.

From this definition, we obtain the following useful formulas:

Dik : z �→ z eik,(5.21a)

Dik : z−1 �→ −eik z
−1.(5.21b)

The operators of right and left translation commute, and, as a consequence, the cor-
responding generators also commute, [Eik,Dnm] = 0 (i > k, n > m). Moreover, the
generators Dik, as well as the generators Eik, satisfy the same commutation relations as
the matrices eik:

(5.22) [Dik,Dnm] = δknDim − δim Dnk.

The following explicit expressions for the generators of right and left translations (we
recall that i > k and zii = 1 in the formulas below) can easily be deduced from the
definitions:

(5.23) Eik = −
k∑

m=1

zkm
∂

∂zim
; Dik =

n∑
m=i

zmi
∂

∂zmk
.

Observe that the operator Dik depends on the entries of the ith and kth columns of the
matrix z. For the generators Eik with i ≤ k, the expressions similar to (5.23) are more
cumbersome. However, there is a simple formula that makes it possible to express all
generators Eik in terms of the generators of right translations.
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Proposition 7. The generators Eik can be expressed in terms of the right translation
operators Dik by the following formula:

(5.24) Eik = −
∑
mn

zkm

(
Dnm + δnm σm

) (
z−1
)
ni
,

where the Dnm are nonzero only if n > m. Using the matrices Eσ =
∑

mn Enmemn, D =∑
n>m Dnmemn, and σ =

∑
n σnenn, we can represent formula (5.24) in a convenient

matrix form

(5.25) Eσ = −z (D + σ) z−1.

The matrices z and z−1 are lower triangular and the matrix D is strictly upper triangular.
The dependence on the numbers σk that determine the representation Tσ occurs only for
the diagonal matrix σ,

(5.26) D + σ =

⎛
⎜⎜⎜⎜⎜⎝
σ1 D21 D31 . . . Dn1

0 σ2 D32 . . . Dn2

0 0 σ3 . . . Dn3

...
...

...
. . .

...
0 0 0 . . . σn

⎞
⎟⎟⎟⎟⎟⎠ .

Formula (5.25) can be applied in the case of the Lie algebra gl(n,C) as well as in the
case of the Lie algebra sl(n,C). The case of the Lie algebra sl(n,C) differs only in that

the parameters satisfy σ1 + σ2 + · · ·+ σn = n(n−1)
2 .

As an example, we present factorization formulas for n = 2, 3:(
E11 E21

E12 E22

)
= −

(
1 0
z21 1

)(
σ1 ∂z21
0 σ2

)(
1 0
z21 1

)−1

,(5.27) ⎛
⎝E11 E21 E31

E12 E22 E32

E13 E23 E33

⎞
⎠ = −

⎛
⎝ 1 0 0
z21 1 0
z31 z32 1

⎞
⎠

×

⎛
⎝σ1 ∂z21 + z32∂z31 ∂z31

0 σ2 ∂z32
0 0 σ3

⎞
⎠
⎛
⎝ 1 0 0
z21 1 0
z31 z32 1

⎞
⎠−1

.

(5.28)

To obtain a formula for the generator Eik, we consider the matrix g = � + ε eik in the
Gauss decomposition g−1 z = z sg h and find the contributions linear in ε to the expansions
of the matrices sg and h in ε-series. Performing the substitutions g−1 → � − ε eik,
sg → �+ ε sg0, and h → �+ ε h0 in the equation z−1 g−1 z = sg h, in the first order in ε we
get sg0+h0 = −z−1 eik z. Thus, sg0 coincides with the strictly lower triangular part of the
matrix −z−1 · eik · z, and h0 coincides with the upper triangular part of this matrix,

(5.29) (sg0)pm = −zkm ·
(
z−1
)
pi
, p > m; (h0)pp = −zkp ·

(
z−1
)
pi
.

Using the relationship (5.19) between the operator T(g) and the right translation D(sg),
we obtain the general formula

Eik =
∑
mp

(sg0)pm Dpm +
∑
p

(h0)pp (σp + p− n) .

Substitution of the expressions calculated above for sg0 and h0 yields

Eik = −
∑
mp

zkm
(
z−1
)
pi

Dpm −
∑
p

zkp
(
z−1
)
pi

(σp + p− n) .
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The second formula in (5.21) implies the relation
n∑

p=m+1

Dpm

(
z−1
)
pi

= −(n−m)
(
z−1
)
mi

with the help of which we can move the matrix
(
z−1
)
pi

to the right of the operator Dpm,

obtaining

Eik = −
∑
mp

zkmDpm

(
z−1
)
pi
−
∑
p

zkp
(
z−1
)
pi

(σp + p− n+ (n− p)) ,

or, in matrix notation, Eσ = −z (D + σ) z−1.
The Lie algebra sl(n,C) of the group SL(n,C) consists of all matrices of order n with

zero trace and contains n2−1 independent generators. As its generators, it is convenient
to take the matrices

(5.30) Eik = eik −
δik
n
�, (Eik)nm = δinδkm − 1

n
δikδnm.

These matrices satisfy the same commutation relations as the generators of the Lie
algebra gl(n,C),

(5.31) [Eik, Enm] = δknEim − δimEnk.
In the representation Tσ, the generators Eik of the Lie algebra sl(n,C) are given by the
formula

T(g) Φ(z) = Φ(z) +
(
ε · Eik + sε · sEik

)
Φ(z) +O(ε2), g = �+ εEik.

The generators Eik satisfy the same commutation relations as the matrices Eik and an
additional condition that follows from the fact that Eik has zero trace,

(5.32) [Eik,Enm] = δknEim − δimEnk; E11 + E22 + · · ·+ Enn = 0.

This additional condition is equivalent to the condition σ1 + σ2 + · · ·+ σn = n(n−1)
2 , and

the entire deduction of the factorization formula remains valid.

5.4. Intertwining operators. The principal series representations Tσ and Tσ′
are

equivalent if and only if there exists a permutation that takes σk to σ′
k (see [49, 55]):

σ′ = sσ, where σ = (σ1, . . . , σn) and σ′ = (σ′
1, . . . , σ

′
n). The same permutation takes

sσk to sσ′
k, sσ′ = s sσ. An arbitrary permutation from the group Sn can be constructed by

elementary transpositions sk (k = 1, . . . , n − 1) that interchange only two neighboring
components of the vector σ,

(5.33)
sk (. . . , σk, σk+1, . . .) = (. . . , σk+1, σk, . . .);

sk (. . . , sσk, sσk+1, . . .) = (. . . , sσk+1, sσk, . . .).

In the same way, the operator intertwining the representations Tσ and Tσ′
is obtained

from the operators intertwining the representations Tσ and Tσk , where σk = skσ. There-
fore, we must start with constructing these elementary intertwining operators. They are
obtained from the generators of right translations Dk+1,k that are above the main diag-
onal in (5.26). The operators Dk ≡ Dk+1,k were already used in the construction of the
finite-dimensional representations (5.13).

Proposition 8. The operator Sk intertwining the representations Tσ and Tσk , Sk T
σ =

TσkSk, where σk = skσ, is defined by the following equivalent formulas :

Sk(σ)Φ(z) = A (σk,k+1)

∫
d2w [w]−1−σk,k+1 Φ

(
z
(
�− w ek+1,k

))
,(5.34a)

Sk(σ) = [iDk]
σk,k+1 ≡ (iDk)

σk,k+1
(
isDk

)
sσk,k+1 , k = 1, . . . , n− 1,(5.34b)
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where Dk ≡ Dk+1,k is the right translation operator. The operator Sk is unitary if
σ∗
k,k+1 + sσk,k+1 = 0, which is fulfilled automatically for the principal series representa-

tions.

To prove this statement, first we verify that the operator Sk as in (5.34b) satisfies the
required commutation relations with the generators of the representations Tσ and Tσk .
It is convenient to use the matrix representation (5.25), so that it only remains to check
the relation SkE

σ = EσkSk. For this, we need to know the permutation relations between
the operator Sk and the matrices z, D, and z−1 into which the matrix Eσ factorizes. The
permutation relations between Sk and the matrices z and z−1 follow from formula (5.21)
(σk,k+1 → α),

(5.35) Sk z = z
(
1 + αD−1

k ek+1,k

)
Sk; Sk z

−1 =
(
1− αD−1

k ek+1,k

)
z−1 Sk,

and the permutation relation with the matrix D follows from the commutation relations
for the generators of right translations (5.22),

(5.36) Sk D =
(
D+ αD−1

k

(∑
n<k

Dk+1,n enk −
∑

n>k+1

ek+1,n Dn,k

))
Sk.

We note that the operator D−1
k commutes with the matrix ek+1,kz

−1 and with the oper-
ators in the sum in (5.36). Using relations (5.35) and (5.36), we move the operator Sk in
the initial product SkE

σ to the right and then, multiplying the matrices located between
z and z−1, we obtain

(5.37)
Sk E

σ = −z
(
D+ σ + α(ek+1,k+1 − ek,k)− α(α− σk + σk+1)ek+1,kD

−1
k

)
z−1Sk

= −z (D + σ′) z−1 Sk = Eσk Sk.

The matrix σ′ = σ + σk,k+1 (ek+1,k+1 − ek,k) differs from σ only in the permutation
σk ↔ σk+1, and the nonhomogeneous contribution vanishes if α = σk − σk+1.

Formula (5.34b) is a convenient concise representation for the intertwining operator
Sk(σ). In the case of the group SL(2,C), the operator [i∂z]

λ is defined as the integral
operator

[i∂z]
λΦ(z, sz) = A(λ)

∫
d2w [z − w]−1−λ Φ(w, sw).

A similar formula for the intertwining operator Sk is a direct consequence of this rep-
resentation. From the definition of the right translation operator Dk, we see that the
following formula for the corresponding global transformation is true:

exp
(
xDk + sx sDk

)
Φ(z) = Φ

(
z
(
�+ x ek+1,k

))
,

which allows us to obtain the required integral representation (for λ → σk,k+1):

[iDk]
λ
Φ(z) = [i∂x]

λexp
(
xDk + sx sDk

)
Φ(z)

∣∣∣
x=0

= [i∂x]
λΦ
(
z
(
�+ x ek+1,k

)) ∣∣∣
x=0

= A(λ)

∫
d2w [x− w]−1−λ Φ

(
z
(
�+ w ek+1,k

)) ∣∣∣
x=0

= A(λ)

∫
d2w [w]−1−λ Φ

(
z
(
�− w ek+1,k

))
.

We presented an independent proof of the formula for the intertwining operator in
the second picture of the induced representation. We prove that the resulting formula
coincides with the canonical representation [55] for the intertwining operator. In the
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first picture of the induced representation, the formula for the operator intertwining the
representations Tσ and Tsσ: STσ = TsσS has the form (see [55])

S(σ) Φ(x) = A (σ)

∫
Zw

dyΦ(xw y); y ∈ Zw = Z ∩ w−1Hw, x ∈ SL(n,C).

In this formula, A(σ) is a normalizing factor, w is the Weyl group element that corre-
sponds to a permutation s ∈ Sn, and integration is performed over the lower triangular
matrices belonging to the intersection Z ∩ w−1Hw. For the elementary intertwining
operators Sk(σ), the general formula yields

Sk(σ) Φ(x) = A (σk,k+1)

∫
Zwk

dyΦ(xwk y); y ∈ Z, x ∈ SL(n,C),

where the Weyl group element corresponding to the permutation sk is an obvious gener-
alization of the corresponding matrix

wk = �− ek,k − ek+1,k+1 + ek,k+1 − ek+1,k

of the corresponding matrix for the group SL(2,C), and is obtained from the identity
matrix by the change

(
1 0
0 1

)
→
(

0 1
−1 0

)
of the kth diagonal block. To verify that this

formula is equivalent to (5.34a), we write it in a more explicit form. The set Z∩w−1
k Hwk

consists of matrices of the form � + yk+1,kek+1,k. Thus, integration is performed with
respect to d2yk+1,k over the entire complex plane. The following transformation of the
kth diagonal block demonstrates clearly how an upper triangular factor is separated from
the function argument,

wk y →
(

0 1
−1 0

)(
1 0

yk+1,k 1

)
=

(
1 0

−y−1
k+1,k 1

)(
yk+1,k 1

0 y−1
k+1,k

)
,

zwk y → z
(
�− y−1

k+1,kek+1,k

)
,

which gives the factor [hkk]
σk+k[hk+1,k+1]

σk+1+k+1 = [yk+1,k]
−1−σk,k+1 , and we obtain∫

d2yk+1,k Φ (zwk y) =

∫
d2yk+1,k Φ

(
z
(
�− y−1

k+1,kek+1,k

))
[yk+1,k]

−1+σk,k+1 .

After the obvious change of variables y−1
k+1,k = w, we arrive at formula (5.34a).

We have constructed elementary intertwining operators, and now it remains to prove
that they satisfy the required relations. The complete set of relations for the generators
of the permutation group Sn has the form (see [54])

sksk = �, si sk = sk si for |i− k| > 1,(5.38a)

sk sk+1 sk = sk+1 sk sk+1.(5.38b)

As in the case of the group SL(2,C), the complete set of relations for intertwining oper-
ators copies the relations for the group Sn.

Proposition 9. The intertwining operators Sk(σ) satisfy the following relations :

Sk(skσ)Sk(σ) = �,(5.39a)

Si(skσ) Sk(σ) = Sk(siσ) Si(σ) for |i− k| > 1,(5.39b)

Sk(sk+1skσ) Sk+1(skσ) Sk(σ) = Sk+1(sksk+1σ) Sk(sk+1σ) Sk+1(σ).(5.39c)

The detailed form of the first two lines in (5.39) is as follows:

[iDk]
σk+1−σk [iDk]

σk−σk+1 = �,(5.40a)

[iDi]
σi−σi+1 [iDk]

σk−σk+1 = [iDk]
σk−σk+1 [iDi]

σi−σi+1 , |i− k| > 1.(5.40b)
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The first relation is obvious. The second relation follows from the fact that the operators
Di and Dk commute if |i− k| > 1. We consider the last relation in (5.39) in more detail,

[iDk]
a
[iDk+1]

a+b
[iDk]

b
= [iDk+1]

b
[iDk]

a+b
[iDk+1]

a
,

a = σk+1,k+2, b = σk,k+1,

and prove that this is equivalent to the star-triangle relation. The operator Dk = Dk+1,k

depends only on the variables of the kth and (k + 1)th columns of the matrix z. Thus,
after the change of variables

(5.41) zk+1,k = x, zm,k+1 = xm,k+1, zm,k = xm,k + x · xm,k+1, k < m ≤ n,

the operator Dk transforms into the derivative with respect to x, Dk = ∂x, and the
operator Dk+1 becomes a linear function of x,

Dk+2,k+1 = A · x+B = A · (x− x0), x0 = −A−1B,

where the operator coefficients A and B are independent of x and ∂x. In the new
variables, the identity in question takes a familiar form of the star-triangle relation:

[i∂]a [x− x0]
a+b [i∂]b = [x− x0]

b · [i∂]a+b [x− x0]
a.

As in the case of the group SL(2,C), the intertwining operators Sk are elementary building
blocks in the construction of the R-matrix.

§6. SL(n,C)-invariant R-matrix

We construct SL(n,C)-invariant solutions of the Yang–Baxter equation:

R12(u− v, su− sv)R13(u, su)R23(v, sv) = R23(v, sv)R13(u, su)R12(u− v, su− sv).

The fact that the operator R(u, su) is SL(n,C)-invariant means that it acts in the space
of the tensor product of two representations of the group SL(n,C) and commutes with
the representation operators,

T(g)⊗ T(g) · R(u, su) = R(u, su) · T(g)⊗ T(g).

As in the case of the group SL(2,C), we solve the problem in two steps. First, we
obtain the RLL-equations and their solution. Second, we prove that the R-operator
obtained satisfies the Yang–Baxter equation. If we take the n-dimensional space of the
fundamental representation as one of the spaces in the tensor product on which the
operator R acts, then we can realize the operator R(u) as an nth order matrix whose
entries are operators acting in the second space. This matrix coincides with the L-
operator [56]

(6.1) L(u) = u+
∑
ik

Eikeki =

⎛
⎜⎜⎝
u+ E11 E21 · · · En1

E12 u+ E22 · · · En2

· · · · · · · · · · · ·
E1n E2n · · · u+ Enn

⎞
⎟⎟⎠ ,

where the Eik are the generators of gl(n,C) that realize the representation in the second
space.

In the Yang–Baxter equation, as the space V3 we choose the space of the n-dimensional
fundamental representations. The operator R13(u) becomes the matrix L1(u), the entries
of which are the generators of the representation in the space V1. In the same way, the
operator R23(v) becomes the matrix L2(v), the entries of which are the generators of the
representation in the space V2. As a result, we obtain the following defining equation for
the operator R (see [56]):

R12(u− v)L1(u)L2(v) = L2(v)L1(u)R12(u− v).
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For the role of V1, we take the space of functions of the variables of the matrix z, where
the representation Tσ acts, and as V2 we take the space of functions of the variables of
the matrix w, where the representation Tρ acts. In this case, we use formula (5.25) to
represent the matrices L1(u) and L2(v) in the following convenient form:

(6.2) L1(u) = u+ Eσ = z
(
u− σ −Dz

)
z−1, L2(v) = v + Eρ = w

(
v − ρ−Dw

)
w−1.

The matrix L1(u) depends on the spectral parameter u and the n parameters σk charac-
terizing the representation Tσ. Formula (6.2) shows that all the parameters can nat-
urally be combined into the set of numbers uk = u − σk, k = 1, . . . , n, which are
the diagonal entries of the middle matrix, so that L1(u) = L1(u1, . . . , un). Similarly,
L2(v) = L2(v1, . . . , vn), where vk = v − ρk.

From the R-matrix, we split off the permutation operator R = P qR, where the operator
P interchanges the arguments of the function, PΦ(z,w) = Φ(w, z). Now we present a

complete set of defining relations for the operator qR(u− v, su− sv), explicitly showing the
antiholomorphic parts of the equations,

qR(u− v, su− sv) L1(u1, . . . , un) L2(v1, . . . , vn)

= L1(v1, . . . , vn) L2(u1, . . . , un) qR(u− v, su− sv),
(6.3a)

qR(u− v, su− sv) sL1(su1, . . . , sun) sL2(sv1, . . . , svn)

= sL1(sv1, . . . , svn) sL2(su1, . . . , sun) qR(u− v, su− sv),
(6.3b)

where the matrix sL(su) is defined in the following obvious way:

sL(su) = su+
∑
ik

sEikeki.

6.1. The operators Sk. Equation (6.3) has the following natural interpretation: the

operator qR interchanges the set of parameters (u1, . . . , un) in the first L-operator with
the set of parameters (v1, . . . , vn) in the second L-operator. It is convenient to combine
all parameters to one big set in the following order: u = (v1, . . . , vn, u1, . . . , un). Thus,

the operator qR realizes the following specific permutation s in the permutation group of
2n parameters (v1, . . . , vn, u1, . . . , un):

(v1, . . . , vn, u1, . . . , un)
s−→ (u1, . . . , un, v1, . . . , vn).

An arbitrary permutation in the group S2n can be constructed by elementary trans-
positions sk (k = 1, . . . , 2n − 1) that interchange only two nearest neighbors in the set
(v1, . . . , vn, u1, . . . , un). Therefore, we shall seek the operators that realize these elemen-
tary permutations. The intertwining operators Sk are the operators of elementary permu-
tations of parameters inside one L-operator, because the matrix relation Sk E

σ = Eσk Sk
yields exactly the required permutation in the L-operator,

Sk L(u1, . . . , uk, uk+1, . . . , un) = L(u1, . . . , uk+1, uk, . . . , un) Sk.

Thus, among all 2n−1 elementary permutations acting on (v1, . . . , vn, u1, . . . , un), we
already have 2n− 2 permutations acting separately on v1, . . . , vn and on u1, . . . , un:

(

S1,...,Sn−1︷ ︸︸ ︷
v1, . . . , vn,

Sn+1,...,S2n−1︷ ︸︸ ︷
u1, . . . , un ), Sk =

{
�⊗ Sk, k = 1, . . . , n− 1,

Sk−n ⊗ �, k = n+ 1, . . . , 2n− 1,
(6.4)

SkL2(v1, . . . , vk, vk+1, . . . , vn) = L2(v1, . . . , vk, vk+1, . . . , vn) Sk, k = 1, . . . , n− 1,

SkL1(u1, . . . , uk, uk+1, . . . , un) = L1(u1, . . . , uk+1, uk, . . . , un) Sk, k = n+ 1, . . . , 2n− 1.
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It only remains to find one operator Sn interchanging vn and u1,

(v1, . . . ,

Sn︷ ︸︸ ︷
vn, u1, . . . , un).

The defining equation for the last missing operator Sn has the following form:

(6.5)
Sn L1(u1, u2, . . . , un) L2(v1, . . . , vn−1, vn)

= L1(vn, u2, . . . , un) L2(v1, . . . , vn−1, u1) Sn.

This equation has an unexpectedly simple solution.

Proposition 10. Sn is the operator of multiplication by a function,

(6.6) SnΦ(z,w) = S(z,w) · Φ(z,w).
The function S(z,w) is constructed from the (n, 1)th entry of the matrix product w−1z:

(6.7) S(z,w) =
[
w−1z

]u1−vn

n1
≡
(
w−1z

)u1−vn

n1

(
sw−1

sz
)

su1−svn

n1
.

We verify that the operator Sn in (6.6) is indeed a solution of equation (6.5). For this,
we calculate SL1(u1, . . . , un)L2(v1, . . . , vn)S

−1, choosing the function S(z,w) in the form
(λ = u1 − vn, sλ = su1 − svn)

(6.8) S(z,w) =
(
w−1z

)λ
n1

(
sw−1

sz
)sλ

n1
.

Using the formulas

Dz
ki : w−1z �→ w−1z · eki,(6.9a)

Dw
ki : w−1z �→ −eki · w−1z,(6.9b)

which follow from (5.21), it is easy to obtain the following relations:

∑
k>i

eikD
z
ki :

(
w−1z

)
n1

�→
∑
k>1

e1k
(
w−1z

)
nk

= −
(
w−1z

)
n1

e11 +
∑
k≥1

e1k
(
w−1z

)
nk

,

(6.10a)

∑
k>i

eikD
w
ki :

(
w−1z

)
n1

�→ −
∑
k<n

ekn
(
w−1z

)
k1

=
(
w−1z

)
n1

enn −
∑
k≤n

ekn
(
w−1z

)
k1

.

(6.10b)

Thus, we immediately arrive at the following transformation formulas for the matrices
L1 and L2:

S(z,w) (L1)ik S
−1(z,w) =

(
z (u− λ e11 −D)z−1

)
ik
+

λ

(w−1z)n1
zi1
(
w−1

)
nk

,(6.11a)

S(z,w) (L2)ik S
−1(z,w) =

(
w (v + λ enn −D)w−1

)
ik
− λ

(w−1z)n1
zi1
(
w−1

)
nk

.(6.11b)

The matrices u =
∑

k ukekk and v =
∑

k vkekk are diagonal. If λ = u1 − vn, then
the first terms in the transformed L-operators (6.11) change to L1(vn, u2, . . . , un) and
L2(v1, . . . , vn−1, u1), respectively. It remains to multiply the operators (6.11) and repre-
sent the resulting expression in the form L1(vn, u2, . . . , un)L2(v1, . . . , vn−1, u1) with the
help of the formulas∑

i

(
w−1

)
ni

L2(v1, . . . , vn−1, u1)ik = u1 ·
(
w−1

)
nk

,

∑
k

L1(vn, u2, . . . , un)ik zk1 = vn · zi1,

which can easily be obtained from (6.2) by recalling that the matrix D (see (5.26)) is
upper triangular.
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As an example, we present the explicit form of the operators Sk in the case of the
groups SL(2,C) and SL(3,C). For SL(2,C), there are only three operators, and they are
fairly simple:

(6.12) S1 = [i∂w21
]v2−v1 ; S2 = [z21 − w21]

u1−v2 ; S3 = [i∂z21 ]
u2−u1 .

For the group SL(3,C), we have five operators, and they are more complicated:

(6.13)

S1 = [i (∂w21
+ w32∂w31

)]
v2−v1 ; S2 = [i∂w32

]v3−v2 ;

S3 = [z31 − w31 − w32 (z21 − w21)]
u1−v3 ;

S4 = [i (∂z21 + z32∂z31)]
u2−u1 ; S5 = [i∂z32 ]

u3−u2 .

If the rank of the algebra grows, the formulas become more and more cumbersome.
We constructed the complete set Sk(u) of generators of the permutation group S2n

of 2n parameters (v1, . . . , vn, u1, . . . , un). Now we check that they satisfy the required
relations.

Proposition 11. We have

Sk(sku)Sk(u) = �,(6.14a)

Si(sku)Sk(u) = Sk(siu)Si(u), |i− k| > 1,(6.14b)

Sk(sk+1sku)Sk+1(sku)Sk(u) = Sk+1(sksk+1u)Sk(sk+1u)Sk+1(u).(6.14c)

Proof. Only the relations involving the new generator Sn need a proof, because all oth-
ers are relations for intertwining operators, which we proved earlier. The first relation
SnSn = � reduces to the identity (w−1z)vn−u1

n1 · (w−1z)u1−vn
n1 = 1.

The second relation SnSk = SkSn, |n−k| > 1, reduces to one of the following identities,
depending on the value of k:

(w−1z)u1−vn
n1 · (Dw

k )
vk+1−vk = (Dw

k )
vk+1−vk · (w−1z)u1−vn

n1 for k = 1, . . . , n− 1,

(w−1z)u1−vn
n1 · (Dz

k)
uk+1−uk = (Dz

k)
uk+1−uk · (w−1z)u1−vn

n1 for k = n+ 1, . . . , 2n− 1,

which are implied by the following easily proved formulas:

Dz
k : (w−1z)n1 �→ 0; Dw

i : (w−1z)n1 �→ 0 for k > 1 and i < n− 1.

Equation (6.14c) is equivalent to the star-triangle relation. The operator Sn is involved
in the following relations of type (6.14c):

Sn(b) Sn+1(a+ b) Sn(a) = Sn+1(a) Sn(a+ b) Sn+1(b),(6.15a)

Sn(b) Sn−1(a+ b) Sn(a) = Sn−1(a) Sn(a+ b) Sn−1(b),(6.15b)

where the dependence on parameters is indicated explicitly, Sn+1(a) = [iDz
1]

a, Sn−1(a) =[
iDw

n−1

]a
, and Sn(a) is the operator of multiplication by the function (w−1z)an1 (sw−1

sz)sa
n1.

After the change (5.41) of variables, we transform the operator Sn+1(a) into the op-
erator Sn+1(a) = [i∂x]

a, where x = x21. The function (w−1z)n1 is linear in x:

(w−1z)n1 = Ax+B = A(x− x0), x0 = −A−1B,

where the functions A and B depend on the other variables, so that they can be regarded
as constants. As in the case of intertwining operators, we see that equation (6.15a) is
equivalent to the identity

[x− x0]
b [i∂]a+b [x− x0]

a = [i∂]a [x− x0]
a+b [i∂]b,

which is a concise operator restatement of the star-triangle relation. Equation (6.15b) is
proved similarly.

The operators Sk form a complete set of generators of the permutation group that
acts on the 2n parameters involved in the matrix product L1(u1, . . . , un)L2(v1, . . . , vn).
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An arbitrary element of the group in question can be represented as a word whose let-
ters are symbols Sk. Such a representation is not unique in the sense that one and the
same permutation can be represented in different ways. However, since the generators
satisfy (6.14), every two words that represent the same permutation can be transformed
one into the other by relations (6.14). In the next section, we consider a specific repre-

sentation of the operator qR in terms of the operators Rk(u). This representation turns
out to be convenient in the construction of the Baxter Q-operators and is a natural gen-

eralization of the representation of qR in terms of R1(u) and R2(u) in the case of the
group SL(2,C).

In the same way, we can consider a product of an arbitrary number of Lax matrices
and construct the generators of the group SnN , the permutation group on n · N pa-
rameters for the product of N L-operators satisfying relations (6.14). As an example,
we consider the product L1(u1, . . . , un)L2(v1, . . . , vn)L3(w1, . . . , wn) of three L-operators
because, in this case, the Yang–Baxter equation (3.1) arises naturally. We combine all
parameters in one set in the following order: (w1, . . . , wn, v1, . . . , vn, u1, . . . , un). Then,
3n−1 elementary permutations acting on (w1, . . . , wn, v1, . . . , vn, u1, . . . , un) give a com-
plete set of generators. Among them, again, the 3n− 3 permutations that act separately
on w1, . . . , wn, v1, . . . , vn, and u1, . . . , un can be constructed from intertwining operators,

(

S1,...,Sn−1︷ ︸︸ ︷
w1, . . . , wn,

Sn+1,...,S2n−1︷ ︸︸ ︷
v1, . . . , vn ,

S2n+1,...,S3n−1︷ ︸︸ ︷
u1, . . . , un ),

Uk =

⎧⎪⎨
⎪⎩
�⊗ �⊗ Sk, k = 1, . . . , n− 1,

�⊗ Sk−n ⊗ �, k = n+ 1, . . . , 2n− 1,

Sk−2n ⊗ �⊗ �, k = 2n+ 1, . . . , 3n− 1.

The remaining operators Sn and S2n, which interchange wn with v1 and vn with u1,
respectively,

(w1, . . . ,

Sn︷ ︸︸ ︷
wn, v1, . . . , vn, . . . ,

S2n︷ ︸︸ ︷
vn, u1, . . . , un),

are constructed like (6.6) and (6.7). The generators Sk allow us to construct all elements
of the given permutation group on 3n parameters and, in particular, the two elements
that perform the following specific permutations:

(w1, . . . , wn, v1, . . . , vn, u1, . . . , un)
qR12(u−v)−−−−−−→ (w1, . . . , wn, u1, . . . , un, v1, . . . , vn),

(w1, . . . , wn, v1, . . . , vn, u1, . . . , un)
qR23(v−w)−−−−−−→ (v1, . . . , vn, w1, . . . , wn, u1, . . . , un).

It is easily seen that there are two representations of the operator performing the following
permutation:

(w1, . . . , wn, v1, . . . , vn, u1, . . . , un)

qR12(v−w)qR23(u−w)qR12(u−v)−−−−−−−−−−−−−−−−−−−→ (u1, . . . , un, v1, . . . , vn, w1, . . . , wn),

(w1, . . . , wn, v1, . . . , vn, u1, . . . , un)

qR23(u−v)qR12(u−w)qR23(v−w)−−−−−−−−−−−−−−−−−−−→ (u1, . . . , un, v1, . . . , vn, w1, . . . , wn).

The operators qR12
qR23

qR12 and qR12
qR23

qR12 are constructed from the generators Sk, and
one representation is transformed into the other with the help of (6.14), because both
operators represent one and the same element of the permutation group on 3n parameters.

As a consequence, we see that the operators qR12 and qR23 satisfy the Yang–Baxter relation

�(6.16) qR23(u− v)qR12(u− w)qR23(v − w) = qR12(v − w)qR23(u− w)qR12(u− v).
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6.2. The operators Rk. In the present subsection, we find a certain canonical repre-

sentation for the operator qR,

(v1, . . . , vn, u1, . . . , un)
qR(u−v)−−−−−→ (u1, . . . , un, v1, . . . , vn),

which turns out to be convenient in the construction of the Baxter Q-operator.

We represent a compound permutation performed by the operator qR as a product of
n permutations each of which interchanges only the parameters uk and vk in the product
of L-operators. Each of these permutations is performed by the operator Rk,

(u1, . . . , uk, . . . , vk, . . . , vn)
Rk−−→ (u1, . . . , vk, . . . , uk, . . . , vn),

and thus, the defining equation for the operator Rk has the form

Rk L1(u1, . . . , uk, . . . , un) L2(v1, . . . , vk, . . . , vn)

= L1(u1, . . . , vk, . . . , un) L2(v1, . . . , uk, . . . , vn) Rk.
(6.17)

If necessary, we explicitly indicate the space in which the operator Rk acts exactly in
the same way as in the case of the operator Rij , and move the index k upward: Rk

ij .

Thus, the operator qR12 can be written as the product of n operators Rk:

(6.18) qR12(u− v) = R1
12 R

2
12 · · ·Rn

12.

Consider the following explicit representation of the operator Rk in terms of the genera-
tors Sk:

(6.19) Rk = (Sn+k−1 · · ·Sn+1) (Sk · · · Sn−1) Sn (Sn−1 · · ·Sk) (Sn+1 · · · Sn+k−1)

(to simplify notation, we do not indicate the arguments of the operators Sk). For the
proof, it suffices to check that the sequence of elementary permutations in (6.19) leads
to the permutation of the parameters uk and vk in the product of two L-operators,
while the other parameters remain at their positions. At the first step, the operator
Sn+1 · · · Sn+k−1 performs the cyclic permutation of parameters

u1 u2 . . . uk−1 uk �→ uk u1 . . . uk−2 uk−1,

so that the parameter uk appears at the first position. At step 2, the operator Sn−1 · · ·Sk
performs the cyclic permutation

vk vk+1 . . . vn−1 vn �→ vk+1 . . . vn−1 vn vk

of the parameter set, so that the parameter vk appears at the last position. Now, the
parameters uk and vk are at the required positions, and the operator Sn interchanges
them. It remains to return them to their own positions, so that, finally, the parameters
uk and vk become interchanged. Schematically, the complete set of permutations looks
like this (we underline the set of parameters on which the permutation is performed):

(. . . vk . . . vn u1 . . . uk . . .)
Sn+1···Sn+k−1−−−−−−−−−→ (. . . vk . . . vn uk u1 . . . uk−1 . . .)

Sn−1···Sk−−−−−−→ (. . . vk+1 . . . vn vk uk u1 . . . uk−1 . . .)
Sn−→ (. . . vk+1 . . . vn uk vk u1 . . . uk−1 . . .)

Sk···Sn−1−−−−−−→ (. . . uk . . . vn vk u1 . . . uk−1 . . .)
Sn+k−1···Sn+1−−−−−−−−−→ (. . . uk . . . vn u1 . . . vk . . .).

We have presented explicit formulas in the two simplest cases. In the case of SL(2,C),
there are two operators R1 and R2 that are constructed from the three elementary build-
ing blocks S1, S2, and S3:

R1 (u1 − v1; v2 − v1) = S1S2S1 = [i∂w21
]u1−v2 [z21 − w21]

u1−v1 [i∂w21
]v2−v1 ,

R2 (u2 − v2;u2 − u1) = S3S2S3 = [i∂z21 ]
u1−v2 [z21 − w21]

u2−v2 [i∂z21 ]
u2−u1 .
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In the case of SL(3,C), there are three operators Rk constructed from the five operators
Si:

R1(u1 − v1; v3 − v1, v2 − v1) = S1S2S3S2S1 = [i (∂w21
+ w32∂w31

)]
u1−v2 [i∂w32

]u1−v3

× [z31 − w31 − w32 (z21 − w21)]
u1−v1 [i∂w32

]v3−v1 [i (∂w21
+ w32∂w31

)]
v2−v1 ,

R2(u2 − v2; v3 − v2;u2 − u1) = S2S4S3S4S2 = [i∂w32
]u2−v3 [i (∂z21 + z32∂z31)]

u1−v2

× [z31 − w31 − w32 (z21 − w21)]
u2−v2 [i (∂z21 + z32∂z31)]

u2−u1 [i∂w32
]v3−v2 ,

R3(u3 − v3;u3 − u1, u3 − u2) = S5S4S3S4S5 = [i∂z32 ]
u2−v3 [i (∂z21 + z32∂z31)]

u1−v3

× [z31 − w31 − w32 (z21 − w21)]
u3−v3 [i (∂z21 + z32∂z31)]

u3−u1 [i∂z32 ]
u3−u2 .

We have presented these expressions as an illustration. As the algebra rank grows, the
explicit formulas become more and more cumbersome.

To clearly show the dependence of the operator Rk on the parameters ui and vk, we
indicate the parameter combination on which each of the operators Sj depends:

(6.20)
Rk = (

uk−1−vk︷ ︸︸ ︷
Sn+k−1 · · ·

u1−vk︷ ︸︸ ︷
Sn+1 ) (

uk−vk+1︷︸︸︷
Sk · · ·

uk−vn︷ ︸︸ ︷
Sn−1 )

uk−vk︷︸︸︷
Sn

×(

vn−vk︷ ︸︸ ︷
Sn−1 · · ·

vk+1−vk︷︸︸︷
Sk ) (

uk−u1︷ ︸︸ ︷
Sn+1 · · ·

uk−uk−1︷ ︸︸ ︷
Sn+k−1 ).

It is convenient to regard the difference uk − vk as the spectral parameter on which the
operator Rk = Rk(uk − vk) depends. Thus, the above formula can be written as follows
(λ = uk − vk):

(6.21)
Rk(λ) = (

λ−uk,k−1︷ ︸︸ ︷
Sn+k−1 · · ·

λ−uk,1︷ ︸︸ ︷
Sn+1 ) (

λ−vk+1,k︷︸︸︷
Sk · · ·

λ−vn,k︷ ︸︸ ︷
Sn−1 )

λ︷︸︸︷
Sn

×(

vn,k︷ ︸︸ ︷
Sn−1 · · ·

vk+1,k︷︸︸︷
Sk ) (

uk,1︷ ︸︸ ︷
Sn+1 · · ·

uk,k−1︷ ︸︸ ︷
Sn+k−1),

where ui,k = ui − uk and vi,k = vi − vk.

• Rk(uk − vk) as intertwining operator.

The operator Rk(uk − vk) interchanges the parameters uk and vk in the product of
Lax matrices; i.e., the following transformation of parameters is performed in the initial
Lax matrices: uk → vk = uk − (uk − vk) and vk → uk = vk + (uk − vk). At first sight,
this transformation corresponds to the transformations σk → σk + (uk − vk) and ρk →
ρk − (uk − vk) of the representation parameters, However, the sum of all representation
parameters must be fixed. Therefore, the proper parameter transformation must be
accompanied by a common translation so that the sum remain fixed (λ = uk − vk):

(6.22)
σk → σ′

k = σk + λ− λ

n
, σi → σ′

i = σi −
λ

n
,

ρk → ρ′k = ρk − λ+
λ

n
, ρi → ρ′i = ρi +

λ

n
, i �= k.

Thus, we obtain the following intertwining relations for the operators Rk(λ):

(6.23) Rk(λ) T
σ ⊗ Tρ = Tσ′ ⊗ Tρ′

Rk(λ),

where the representation parameters on the right-hand side are determined by formu-
las (6.22), or equivalently,

(6.24)
σ′
k−1,k = σk−1,k − λ, σ′

k,k+1 = σk,k+1 + λ, σ′
i,i+1 = σi,i+1, i �= k,

ρ′k−1,k = ρk−1,k + λ, ρ′k,k+1 = ρk,k+1 − λ, ρ′i,i+1 = ρi,i+1, i �= k.



564 S. E. DERKACHEV AND A. N. MANASHOV

If uk = vk, then the operator Rk performs no permutation. Therefore, it is natural
to expect that if λ = uk − vk = 0, then the operator Rk is the identity, Rk(0) = �.
From (6.21), it can easily be seen that this is actually the case. All parameters indicated
in formula (6.21) are exponents. For the operator Sn, this is the power to which the
function γ(z,w) is raised, and, for the other operators Sk, this is the power to which
the right translation generator is raised. If an exponent is zero, then the corresponding
operator is the identity, and for the inverse operator the index differs in sign. Therefore,
if λ = 0, then the operator Sn is the identity, and the operators to the left and to the
right of Sn are inverse to each other.

Proposition 12. We list the properties of the operator Rk(λ) concerning the dependence
on the parameters and the variables z and w.

• The operator Rk(λ) depends only on the parameters u1, . . . , uk and vk, . . . , vn:

(6.25) Rk(λ) = Rk(λ; vn − vk, . . . , vk+1 − vk;uk − u1, . . . , uk − uk−1).

• The operator Rk(λ) commutes with the operators Si for i ≤ k−2 and i ≥ n+k+1:

(6.26) RkSi = SiRk, i = 1, 2, . . . , k − 2, n+ k + 1, n+ k + 2, . . . , 2n− 1.

• The operator Rk(λ) commutes with the variables of the matrix w located in the
columns with indices 1, 2, . . . , k− 1 and with the variables of the matrix z located
in the columns with indices k, k + 1, . . . , n− 1,

(6.27) Rkwij = wijRk, j = 1, 2, . . . , k − 1; Rkzij = zijRk, j = k, k + 1, . . . , n− 1.

All these properties of the operator Rk(λ) follow directly from formula (6.21) and the
explicit expressions for the generators Dj (see (5.23)) from which the operators Si are
constructed.

Dropping the explicit indication to the parameters and spaces in which the operators

act, we can represent the factorization formula (6.18) for an qR-operator in the following
form:

(6.28) qR12(u− v) = R1
12(u1 − v1)R

2
12(u2 − v2) · · ·Rn

12(un − vn) .

The concise notation Rk(λ) assumes that the parameters on which the operator Rk(λ)
depends are uniquely determined by the product of Lax matrices on which the operator
acts. To avoid ambiguity, we explain this by restoring all parameters in the last formula:

(6.29)

qR(u− v) = R1(u1 − v1;u2 − v1, . . . , un − v1)

× R2(u2 − v2;u3 − v2, . . . , un − v2;u2 − u1)

× R3(u3 − v3;u4 − v3, . . . , un − v3;u3 − u1, u3 − u2)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

× Rn(un − vn;un − u1, . . . , un − un−1).

The operator Rn performs the permutation un � vn. Therefore, the next operator Rn−1

acts on the product of the Lax matrices with un and vn interchanged, and we must
change the parameters in the expression for this operator accordingly, i.e., un � vn. The
operator Rn−1 performs the permutation un−1 � vn−1. Therefore, the next operator
Rn−2 acts on the product of the Lax matrices with un−1, un and vn−1, vn interchanged,
etc. The operator Rk(λk)(λk = uk − vk) depends on the parameters u1, . . . , uk and
vk, . . . , vn, but, when its turn comes, the parameters vk+1, . . . , vn in the product of Lax
matrices become uk+1, . . . , un, and therefore, in Rk(λk) only the dependence on vk re-
mains. Thus, for each operator Rk in (6.28), the dependence on the v-parameters reduces
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to a dependence on vk, and it is convenient to merge it into the spectral parameter λk:
(6.30)

qR(u− v) = R1(λ1;λ1 + u21, . . . , λ1 + un1)R2(λ2;λ2 + u32, . . . , λ2 + un2;u21)

× R3(λ3;λ3 + u43, . . . , λ3 + un3;u31, u32) · · ·Rn(λn;un1, . . . , un,n−1).

Proposition 13. The operators Rj satisfy the following relations :

Rk
12(uk − vk) R

j
23(vj − wj) = Rj

23(vj − wj)R
k
12(uk − vk), j �= k,(6.31)

Rk
12(vk − wk) R

k
23(uk − wk) R

k
12(uk − vk)

= Rk
23(uk − vk) R

k
12(uk − wk) R

k
23(vk − wk),

(6.32)

Rk
12(uk − vk) R

i
12(ui − vi) = Ri

12(ui − vi) R
k
12(uk − vk).(6.33)

To prove the first two relations, it suffices to check that the operators on both sides
perform the following equal permutations of parameters in the product

(6.34) L1(u1, . . . , un)L2(v1, . . . , vn)L3(w1, . . . , wn)

of Lax matrices:

(. . . wk . . . wj . . . vk . . . vj . . . uk . . . uj . . .)

Rk
12 Rj

23=Rj
23 Rk

12−−−−−−−−−−−→ (. . . wk . . . vj . . . uk . . . wj . . . vk . . . uj . . .),

(. . . wk . . . vk . . . uk . . .)
Rk

12 Rk
23 Rk

12=Rk
23 Rk

12 Rk
23−−−−−−−−−−−−−−−−→ (. . . uk . . . vk . . . wk . . .).

The latter relation means that if we interchange two “disjoint” pairs of parameters in the
product L1(u1, . . . , un) L2(v1, . . . , vn), then the result does not depend on which pair of
parameters is interchanged first,

(. . . vk . . . vi . . . uk . . . ui . . .)
Rk

12R
i
12=Ri

12R
k
12−−−−−−−−−−→ (. . . uk . . . ui . . . vk . . . vi . . .).

Thus, the operators Rk(uk−vk) in the expression (6.28) for the R-matrix can be arranged
in an arbitrary order.

In the preceding section it was mentioned that the Yang–Baxter relation (3.7) for

the operator qR is a consequence of formulas (6.14) for the operators Sj , the elementary

building blocks from which the operator qR is constructed. In the present section, we use
more complicated building blocks, the compound operators Rk, built from the operators

Sj as elementary blocks, to construct the operator qR. For the operators Rk, relations
(6.31)–(6.33) play the same role as formulas (6.14) do for the operators Sj . We prove
that relations (6.31)–(6.33) ensure the Yang–Baxter relations

(6.35) qR23(u− v)qR12(u− w)qR23(v − w) = qR12(v − w)qR23(u− w)qR12(u− v)

for the operator qR,

(6.36) qR(u− v) = R1(u1 − v1)R2(u2 − v2) · · ·Rn(un − vn) .

We substitute the decomposition (6.36) for the operator qRik in (6.35). Using (6.31) and
(6.33), we permute the operators Ri so as to arrange them in the following order: first,
the operators R1

ik, next, the operators R2
ik, etc. After that, (6.35) takes the form

R1
23(u1 − v1)R

1
12(u1 − w1)R

1
23(v1 − w1) · · ·Rn

23(un − vn)R
n
12(un − wn)R

n
23(vn − wn)

= R1
12(v1 − w1)R

1
23(u1 − w1)R

1
12(u1 − v1) · · ·Rn

12(vn − wn)R
n
23(un − wn)R

n
12(un − vn).

It remains to use (6.32) to verify that the two sides in (6.32) are equal.
We note that the construction of the general SL(n,C)-invariant solution of the Yang–

Baxter equation is considerably more complicated in comparison with the case of the
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group SL(2,C), though the main principle remains the same. The basic building blocks
are intertwining operators, and the “assembling rules” are determined by a permutation
group. In the first part, the exposition was sufficiently detailed. Therefore, in the second
part, we consider only the properties of the operators Rk that are used in the sequel for
constructing the transfer matrices and Q-operators.

§7. Verma modules and finite-dimensional representations of SL(n,C)

The operators Sk, which are elementary building blocks, are well defined on the func-
tion space on which the principal series representation of the group SL(n,C) is realized.
For other types of irreducible representations, the situation is more complicated.

In the case where the parameters σk,k+1 and sσk,k+1 are positive integers, the rep-
resentation space of the principal nonunitary series of the group SL(n,C) has a finite-
dimensional invariant subspace of polynomials that are solutions of system (5.14). If
we restrict ourselves to representations of the Lie algebra sl(n,C), then, at a point in
general position, any representation in the space C[z,sz] of polynomials in zik and szik is
irreducible. At a singular point, we obtain a finite-dimensional representation of the Lie
algebra, which extends to a finite-dimensional representation of the Lie group. Thus, the
Verma modules, which are infinite-dimensional representations of the Lie algebra sl(n,C)
in the space of polynomials, occupy an intermediate level between the principal series
representations and finite-dimensional representations of the group SL(n,C).

In this case, the operators Sk need additional regularization. Therefore, it is convenient
to combine them into bigger building blocks, the operators Rk, which are already well
defined on the space of polynomials. In the case of the group SL(2,C), we presented
various formulas to describe the action of the operators Rk on the space of polynomials.
Formula (4.8) describing the action of an operator on the generating function of the basis
monomials admits a natural generalization to the case of the group SL(n,C).

7.1. Verma modules. To fix the notation, we give the definition of a Verma module
for the Lie algebra sl(n). The Lie algebra sl(n) consists of (n × n)-matrices with zero
trace and contains n2 − 1 independent generators, which are conveniently constructed
from the matrices eik,

(7.1) (eik)nm = δinδkm, [eik, enm] = δkneim − δimenk.

The Cartan subalgebra consists of the diagonal matrices with zero trace. To each matrix
in the Cartan subalgebra, we assign a vector in the n-dimensional space,

h =

⎛
⎜⎜⎜⎜⎜⎝
h1 0 0 . . . 0
0 h2 0 . . . 0
0 0 h3 . . . 0
...

...
...

. . .
...

0 0 0 . . . hn

⎞
⎟⎟⎟⎟⎟⎠↔ h = (h1, h2, . . . , hn), h1 + h2 + · · ·+ hn = 0.

From (7.1), it is seen that the matrices eik (i < k) are eigenvectors of the adjoint action
of the Cartan algebra,

[h, eik] = (αik, h) · eik, (αik, h) = hi − hk,

and correspond to the positive root vectors αik = (. . . , 1, . . . ,−1, . . . ) with two nonzero
components. The negative roots −αik correspond to the matrices eik (i > k). The
vectors αk ≡ αk,k+1 form the set of simple roots,

α1 = (1,−1, 0, . . . , 0), α2 = (0, 1,−1, 0, . . . , 0), . . . , αn−1 = (0, . . . , 0, 1,−1).
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In the Chevalley basis,

ek ≡ ek,k+1, fk ≡ ek+1,k, hk ≡ ek,k − ek+1,k+1,

the commutation relations can be written in a concise form with the help of the Cartan
matrix

Aik = (αi, αk) = 2δik − δi,k+1 − δi+1,k,

[hi,hk] = 0, [hi, ek] = Aikek, [hi, fk] = −Aikek, [ei, fk] = δikhk.

The basis generators satisfy the Serre relations

[ad (ei)]
1−Aik ek = 0; [ad (fi)]

1−Aik fk = 0,

and the remaining generators are the commutators of the basis ones.
The Verma module Vλ1...λn−1

is a free sl(n)-module generated by the lowest weight
vector |0〉:

hk|0〉 = λk · |0〉, λk ∈ C; fk|0〉 = 0.

The parameters λk are called the Dynkin indices of the representation in question. The
Verma module Vλ1...λn−1

is irreducible in the case where the λk ∈ C are in general
position. The points for which at least one of the numbers λk is equal to 1 − nk with
nk ∈ N are exceptional. For such values of λk the Verma module has additional invariant
subspaces.

In the realization under consideration, the lowering generators of the Chevalley basis
of the Lie algebra sl(n,C) have the following form:

fk = Ek+1,k = −
k∑

m=1

zkm
∂

∂zk+1,m
.

A lowest weight vector must be annihilated by the generators fk: fk|0〉 = 0. The cor-
responding function Φ(z) ↔ |0〉 satisfying all these equations is constant, Φ(z) = 1.
To find the parameters λk, we must calculate the eigenvalues of the generators hk cor-
responding the eigenvector |0〉 ↔ Φ(z) = 1. In the realization in question, we have
hk = 1 − σk,k+1 + · · · , where the contributions omitted contain derivatives; therefore,
the Dynkin indices look like this:

hk|0〉 = (1− σk,k+1) · |0〉 → λk = 1− σk,k+1.

Applying the raising operators ek to a lowest weight vector, we obtain a Verma module.
At a point in general position, we have the space of polynomials C[z] = C[zik] (i < k) in
n(n−1)

2 variables. Since the holomorphic generators hk, ek, fk commute with the antiholo-

morphic generators shk,sek,sfk, we see that the holomorphic and antiholomorphic sectors
separate, Vλ1,sλ1,...,λn−1,sλn−1

= Vλ1,...,λn−1
⊗V

sλ1,...,sλn−1
. We assume that the parameters

λk and sλk are independent because, for polynomials, there is no need to impose the
integrality restriction to the difference σk,k+1 − sσk,k+1. Usually, the basis ωk dual to the
simple roots αi is introduced:

(αi, ωk) = δik, i, k = 1, . . . , n− 1.

The transition matrix for these bases is the Cartan matrix

αi =
∑
k

Aikωk; (αi, αk) = Aik, (ωi, ωk) = A−1
ik .

The Verma module is characterized by the weight vector λ = (λ1, λ2, . . . , λn−1) in the
basis ωk,

λ = (λ1, λ2, . . . , λn−1) = λ1ω1 + λ2ω2 + · · ·+ λn−1ωn−1.
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The action of the Weil group on the weight vectors is defined as follows:

w · λ ≡ w(λ− ρ) + ρ,

where ρ = ω1 +ω2 + · · ·+ωn−1 is a Weil vector and w(λ) is the usual action of the Weil
group by reflections,

sα(λ) = λ− (α,λ)α.

We obtain the following formula for the elements sk ≡ sαk
of the Weil group that corre-

spond to the reflections with respect to the simple roots αk,

sk · λ = λ− (αk,λ− ρ)αk = λ− (λk − 1)
∑
p

Akpωp, λi
sk−→ λi − (λk − 1)Aki.

Everything becomes more visual if we represent the vectors in the n-dimensional space
by using the embedding of the weight vectors into the n-dimensional space, as was done
at the beginning. In this case, the formulas become simpler:

αk = ek − ek+1, ωk = e1 + · · ·+ ek −
k

n
· (e1 + · · ·+ en) ,

λ = λ1ω1 + λ2ω2 + · · ·+ λn−1ωn−1 = (1 − c)e1 + (2 − c)e2 + · · ·+ (n − c)en,

k = λk + λk+1 + · · ·+ λn−1, c =
1

n
· (λ1 + 2λ2 + · · ·+ (n− 1)λn−1) .

Substituting λk = 1− σk + σk+1, we obtain k = n− k − σk + σn, c = σn, whence

λ = (n− 1− σ1, n− 2− σ2, . . . ,−σn).

In this notation, the action of the Weil group has the form

sk · λ = λ− (λk − 1) (ek − ek+1) = λ+ (σk − σk+1) (ek − ek+1)

and reduces to a simple permutation of parameters, σk � σk+1. We note that, most
frequently, to characterize a Verma module, instead of a weight vector the vector λ− ρ
is used, obtained by translation by the Weil vector. In the sequel, we shall characterize a
representation by the vector σ = (σ1, . . . , σn) as before, because, up to the sign and the
translation by a constant vector, σ coincides with the standard weight vector translated
by the Weil vector,

λ− ρ = −σ +
n− 1

2
(1, 1, . . . , 1) .

7.2. The action of the operator Rk on the generating function. In Subsection 4.1,
we considered different representations for the operators Rk acting in the space of poly-
nomials. Apparently, the most natural representation is (4.8). First, this representation
has a clear group meaning because it is a direct consequence of the intertwining rela-
tions (4.12). Second, our experience shows that formula (4.8) gives rise to simple proofs of
the required relations for the operators Rk. Finally, and most importantly, formula (4.8)
for the action of the operators Rk on the generating function of basis monomials has a
simple generalization to the case of the algebra sl(n).

In the present subsection, we obtain the corresponding representation for the operator
Rk: analyzing the restriction of the integral operator Rk obtained for the continuous
series to the space of polynomials, we find a generalization of formula (4.8).

First, we consider a known case, in which we represent the formula in a convenient
form and then give a proof that can be generalized easily. Substituting in (4.8) the
required parameters, a = u1 − v2 + 1 for both operators, b = v1 − v2 + 1 for R1, and
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b = u1 − u2 + 1 for R2, we obtain the following formulas for the action of the operators
on the generating function:

(7.2)

R1 : (1− x1z1)
u2−u1−1(1− x2z2)

v2−v1−1

�→ (1− x1z1)
u2−u1−1(1− x2z2)

v2−u1−1(1− x2z1)
u1−v1 ,

R2 : (1− x1z1)
u2−u1−1(1− x2z2)

v2−v1−1

�→ (1− x1z1)
v2−u1−1(1− x2z2)

v2−v1−1(1− x1z2)
u2−v2 .

In this formula, the operators R1 and R2 are the restrictions to the space of holomorphic
polynomials of the corresponding “big” operators acting in the principal series represen-
tation spaces. Calculating the derivative ∂n

x1
∂m
x2

of both sides of (7.2) at x1 = x2 = 0, we
arrive at formula (4.7) for the action of operators on an arbitrary monomial zn1 z

m
2 .

An analog of formulas (7.2) for the restrictions of “big” operators to the space of
polynomials depending on z1, z2 and sz1, sz2 has almost the same form. We only need to

replace the parentheses by brackets, (1−a)λ → [1−a]λ ≡ (1−a)λ(1−sa)
sλ. In the sequel,

we consider this more general case.
First, we clarify the meaning of the generating function. To characterize a representa-

tion, we need the difference of σ1 and σ2, and it is convenient to express this difference in
terms of the parameters u1 and u2 in the L-operator, σ12 = σ1 −σ2 = u2 −u1. We write
the action of the representation operator on a function in the following convenient form:

Tu1,u2
g Φ(z) = [d− bz]

u2−u1−1 · Φ
(
−c+ az

d− bz

)
, g =

(
a b
c d

)
,

so that

Tu1,u2
g1 : 1 �→ [1− x1z1]

u2−u1−1 , g1 =

(
1 x1

0 1

)
,

Tv1,v2
g2 : 1 �→ [1− x2z2]

v2−v1−1
, g2 =

(
1 x2

0 1

)
.

We see that the generating function arises as a result of the action of the group trans-
formation on the identity,

Tu1,u2
g1 ⊗ Tv1,v2

g2 : 1 �→ [1− x1z1]
u2−u1−1[1− x2z2]

v2−v1−1.

By direct calculation, we can verify that the analogs of formulas (7.2) for the restrictions
of “big” operators to the space of polynomials depending on z1, z2 and on sz1, sz2 can be
represented in the following concise form:

(7.3)
R1 : Tu1,u2

g1 ⊗ Tv1,v2
g2 · 1 �→ Tv1,u2(g1)⊗ Tu1,v2(g2) [1 + x12z1]

u1−v1 ,

R2 : Tu1,u2
g1 ⊗ Tv1,v2

g2 · 1 �→ Tu1,v2(g1)⊗ Tv1,u2(g2) [1 + x12z2]
u2−v2 .

We use (6.19) to present a proof of the formula for R1:

R1 = N−1 · [z12]v2−v1 [i∂2]
u1−v1 [z12]

u1−v2 = N−1 · [i∂2]u1−v2 [z12]
u1−v1 [i∂2]

v2−v1 .

We recall that the normalization N is chosen so as to ensure the condition R1 : 1 �→ 1.
To prove (7.3), we move the operators T in the product R1Tg1 ⊗ Tg2 so that they be
located to the left of R1. First, we use the property of the intertwining operator that
interchanges v1 and v2,

[i∂2]
v2−v1 Tu1,u2

g1 ⊗ Tv1,v2
g2 = Tu1,u2

g1 ⊗ Tv2,v1
g2 [i∂2]

v2−v1 .

At the next step, when the operators T are moved to the left, we make the change
u1 � v1 and also modify the function z12 → z12 − x12z1z2, obtaining

[z12]
u1−v1 Tu1,u2

g1 ⊗ Tv2,v1
g2 = Tv1,u2

g1 ⊗ Tv2,u1
g2 [z12 − x12z1z2]

u1−v1 .
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The latter formula can easily be verified by direct calculation. A more conceptual proof
is naturally stated in terms of matrices. We postpone it, because it is more convenient
to start with the general case.

Next, as before, we use a property of the intertwining operator that interchanges u1

and v2:
[i∂2]

u1−v2 Tv1,u2
g1 ⊗ Tv2,u1

g2 = Tv1,u2
g1 ⊗ Tu1,v2

g2 [i∂2]
u1−v2 .

Once the operators T have been moved to the left, it remains to apply the operator that
arises on the right to the identity,

N−1 · [i∂2]u1−v2 [z12 − x12z1z2]
u1−v1 [i∂2]

v2−v1 : 1 �→ [1 + x12z1]
u1−v1 .

Everything becomes simpler after the scale transformation z2 → z2 · (1 + x12z1)
−1:

N−1 · [i∂2]u1−v2 [z12 − x12z1z2]
u1−v1 [i∂2]

v2−v1 · 1
= [1 + x12z1]

u1−v1 ·N−1 · [i∂2]u1−v2 [z12]
u1−v1 [i∂2]

v2−v1 · 1.
The underlined expression is equal to the identity, because it is the result of the action
of R1 on the identity. It is important that, for the above calculation, we only need to
know the coefficient of z2 in the expression z12 − x12z1z2, because this is the coefficient
that determines the scale transformation.

Now, we proceed to generalization. To characterize the representation, we need the
differences σk,k+1 = σk − σk+1 = uk+1 − uk, and

Tu1,u2,...,un
g Φ(z) = [Δ1]

u2−u1−1[Δ2]
u3−u2−1 · · · [Δn−1]

un−un−1−1 · Φ(z′) .
The generating function is generalized in the following natural way:

Tu1,u2,...,un
g1 ⊗ Tv1,v2,...,vn

g2 Φ(z,w),

where we must take Φ(z,w) = 1; two upper triangular matrices with 1s on the diagonal
will play the role of g1 and g2.

Proposition 14. The operator Rk takes polynomials to polynomials, and the result of
the action of Rk on the generating function has the form

Rk : Tu1,...,uk,...,un
g1 ⊗ Tv1,...,vk,...,vn

g2 · 1

�→ Tu1,...,vk,...,un
g1 ⊗ Tv1,...,uk,...,vn

g2 ·
[
w−1g−1

2 g1z
]uk−vk

kk
.

(7.4)

In the proof of this formula, we can follow the proof given in the case of SL(2,C) step
by step. We use representation (6.19) for the operator Rk,

Rk = N−1 · (Sn+k−1 · · ·Sn+1) (Sk · · · Sn−1) Sn (Sn−1 · · ·Sk) (Sn+1 · · · Sn+k−1).

The normalization N is chosen so as to ensure that Rk : 1 �→ 1. We recall that, in this

formula, Sn =
[
w−1z

]uk−vk

n1
and the other operators are the intertwining operators that

provide the necessary permutations of the parameters.
Again, we move the operators T in the product R1Tg1 ⊗ Tg2 so that they will be

located to the left of R1. At the first step, the action of the intertwining operators
(Sn−1 · · ·Sk) (Sn+1 · · · Sn+k−1) yields the following permutation of the representation pa-
rameters:

u1 u2 . . . uk−1 uk uk+1 . . . un �−→ uk u1 . . . uk−2 uk−1 uk+1 . . . un,

u1 . . . uk−1 vk vk+1 . . . vn−1 vn �−→ u1 . . . uk−1 vk+1 . . . vn−1 vn vk.

At the next step, when the operators T are moved to the left, the representation pa-
rameters are changed, uk � vk, and, second, the function is changed,

[
w−1z

]
n1

→[
w−1g−1

2 g1z
]
n1
. This yields the equation[

w−1z
]uk−vk

n1
Tuk,...

g1 ⊗ T...,vk
g2 = Tvk,...

g1 ⊗ T...,uk
g2

[
w−1g−1

2 g1z
]uk−vk

n1
.
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Under the transformations z → g−1
1 z = z′ · h1 and w → g−1

2 w = w′ · h2, the function
on the right is transformed as follows:

[
w−1g−1

2 g1z
]uk−vk

n1
→
[
w′−1

g−1
2 g1z

′]uk−vk

n1

=
[
h2w

−1zh−1
1

]uk−vk

n1
= [h2]

uk−vk
nn

[
w−1z

]uk−vk

n1

[
h−1
1

]uk−vk

11
.

The latter equation follows from the fact that the matrix w−1 z is lower triangular and

the matrices h−1
1 and h2 are upper triangular. Thus, the required function

[
w−1z

]uk−vk

n1

on the left-hand side of the equation can be recovered, and the factors [h2]
uk−vk
nn and

[h1]
vk−uk

11 yield the above-mentioned changes of the representation parameters.
At the third step, the intertwining operators (Sn+k−1 · · · Sn+1) (Sk · · ·Sn−1) provide

the inverse permutation of the representation parameters. Thus, eventually, we obtain
the same parameters with which we started, but with uk and vk interchanged.

After the operator T has been moved to the left, it remains to find the action on the
identity of the operator that occurs on the right:

N−1 · (Sn+k−1 · · ·Sn+1) (Sk · · ·Sn−1)
[
w−1g−1

2 g1z
]uk−vk

n1

×(Sn−1 · · · Sk) (Sn+1 · · ·Sn+k−1),

We prove that this operator maps the identity to a simple function, namely,

1 �→
[
w−1g−1

2 g1z
]uk−vk

kk
.

We represent this operator in a more explicit form by indicating the dependence on the
parameters:

N−1 · (
uk−1−vk︷ ︸︸ ︷
Sn+k−1 · · ·

u1−vk︷ ︸︸ ︷
Sn+1 ) (

uk−vk+1︷︸︸︷
Sk · · ·

uk−vn︷ ︸︸ ︷
Sn−1 )Φ(z; w) (

vn−vk︷ ︸︸ ︷
Sn−1 · · ·

vk+1−vk︷︸︸︷
Sk ) (

uk−u1︷ ︸︸ ︷
Sn+1 · · ·

uk−uk−1︷ ︸︸ ︷
Sn+k−1 ),

Φ(z; w) =
[
w−1g−1

2 g1z
]uk−vk

n1
.

Using the formulas

Sk Φ(z; w) = [iDw
k ]

λ
Φ(z; w) = [i∂y]

λ e yDw
k Φ(z; w)

∣∣∣
y=0

= [i∂y]
λΦ
(
z; w

(
�+ y ek+1,k

))
e yDw

k

∣∣∣
y=0

,

Sn+k Φ(z; w) = [iDz
k]

λ Φ(z; w) = [i∂x]
λ e xDz

k Φ(z; w)
∣∣∣
x=0

= [i∂x]
λΦ
(
z
(
�+ x ek+1,k

)
; w
)
e xDz

k

∣∣∣
x=0

,

we reshape the expression to the required form step by step. After the first step, we
obtain

uk−vn︷ ︸︸ ︷
Sn−1 Φ(z; w)

vn−vk︷ ︸︸ ︷
Sn−1

= [i∂yn−1
]uk−vn Φ

(
z; w

(
�+ yn−1 en,n−1

))
e yn−1 Dw

n−1 [iDw
n−1]

vk−vn
∣∣∣
y=0

= [i∂yn−1
]uk−vn Φ

(
z; w

(
�+ yn−1 en,n−1

))
[i∂yn−1

]vk−vne yn−1 Dw
n−1

∣∣∣
y=0

.
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Acting similarly, after all necessary transformations we obtain the following representa-
tion for the operation in question:

N−1 · (
uk−1−vk︷ ︸︸ ︷
[i∂xk−1

] · · ·
u1−vk︷ ︸︸ ︷
[i∂x1

]) (

uk−vk+1︷ ︸︸ ︷
[i∂yk

] · · ·
uk−vn︷ ︸︸ ︷
[i∂yn−1

])

× Φ′(z; w) (

vn−vk︷ ︸︸ ︷
[i∂yn−1

] · · ·
vk+1−vk︷ ︸︸ ︷
[i∂yk

] ) (

uk−u1︷ ︸︸ ︷
[i∂x1

] · · ·
uk−uk−1︷ ︸︸ ︷
[i∂xk−1

])

× e yn−1 Dw
n−1 · · · e yk Dw

k e x1 Dz
1 · · · e xk−1 Dz

k−1

∣∣∣
x=y=0

,

where the function Φ′(z; w) differs from Φ(z; w) only in the following transformation of
the matrix arguments:

z → z
(
�+ x1 e2,1

)
· · ·
(
�+ xk−1 ek,k−1

)
;

w → w
(
�+ yn−1 en,n−1

)
· · ·
(
�+ yk ek+1,k

)
.

It remains to calculate how this operator acts on the identity. Here, we have two
considerable simplifications. First, the rightmost operator constructed from exponents
disappears, because it takes the identity to itself.

Second, as was mentioned above, when calculating the contribution of the operator
that acts on the variable yn−1, only the coefficient of yn−1 in Φ′(z; w) is important; next
we need the coefficient of yn−2, etc. As a result, we have the following reduction in the
defining matrix:(

�−yk ek+1,k

)
· · ·
(
�−yn−1 en,n−1

)
w−1g−1

2 g1z
(
�+x1 e2,1

)
· · ·
(
�+xk−1 ek,k−1

)
−→ (−)n−k+1yk · · · yn−1x1 · · ·xk−1 · ek+1,k · · · en,n−1 w

−1g−1
2 g1z e2,1 · · · ek,k−1.

After these simplifications, everything splits into the product of n rank one operators
considered above, whence(

ek+1,k · · · en,n−1 w
−1g−1

2 g1z e2,1 · · · ek,k−1

)uk−vk

n1
=
(
w−1g−1

2 g1z
)uk−vk

kk
.

Thus, we obtain the result stated above for the action of the operator Rk on the generating
function of the basis monomials.

The defining relations for the operators Rk and their properties, as listed in Subsec-
tion 6.2, remain valid also for the operators Rk restricted to the space of polynomials.
The proofs of the required formulas can be obtained by considering the restrictions of
the corresponding formulas for continuous series to the space of polynomials. Moreover,
formula (7.4) can be regarded as an independent definition of the operator Rk acting
on the space of polynomials. The defining relations for the operators Rk and all their
properties can be obtained directly from the definition (7.4) in the same way as we did
it in the case of an algebra of rank 1. We do not list the corresponding formulas.

Passage to finite-dimensional representations is performed as in the case of an algebra
of rank 1. The operators Rk do not map the finite-dimensional representation space into
itself, but, for the resulting R-matrix, the representation space is invariant. The explicit
formula for the entire R-matrix (an analog of (4.21)) turns out to be too cumbersome in
the general case of the algebra sl(n).

§8. Conclusion

Now, we can describe the relationship between the factorization of the solution of the
Yang–Baxter equation in the product of the operators Rk and the factorization of the
transfer-matrix in the product of Q-operators.
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The general picture looks like this. The main object is the R-matrix, a linear operator
that depends on the spectral parameter u and acts in the tensor product V1 ⊗ V2. The
operator R is a solution of the Yang–Baxter equation

R12(u)R13(u+ v)R23(v) = R23(v)R13(u+ v)R12(u).

All operators act in the general tensor product V1 ⊗ V2 ⊗ V3. The index ik shows that
the operator Rik acts nontrivially in the tensor product Vi ⊗ Vk. The spaces Vk are
representation spaces for the group SL(n,C) or the Lie algebra sl(n). A representation
Vσ is parametrized by a collection σ = (σ1, σ2, . . . , σn) of n numbers satisfying the

additional condition σ1 + σ2 + · · · + σn = n(n−1)
2 . The operator R12 = Rσρ acts in

the product Vσ ⊗Vρ. The Yang–Baxter equation implies the following simpler defining
relation for the operator R:

(8.1) R12(u− v)L1(u)L2(v) = L2(v)L1(u)R12(u− v).

In the defining relation, the first L-operator L1(u) acts in the tensor product Cn⊗Vσ

and does not depend on the parameters u = (u1, u2, . . . , un), where ui = u − σi, and
the second L-operator L2(v) acts in the tensor product Cn ⊗ Vρ and does not depend
on the parameters v = (v1, v2, . . . , vn), where vi = v − ρi. If we extract the permutation
operator P12 : V1 ⊗V2 → V2 ⊗V1 from R12, then the defining equation for the operator
qR = P · R will take the form

(8.2) qR · L1(u)L2(v) = L1(v)L2(u) · qR.

Thus, the operator qR permutes the entire set u of parameters of the first L-operator
with the entire set v of parameters of the second L-operator. Such a permutation
can be decomposed into a product of elementary permutations. Each elementary per-

mutation performed by the operator qRk interchanges only the parameters uk and vk,
fixing the remaining parameters in the vectors u and v. We introduce the notation
uk = (u1, . . . , uk−1, vk, uk+1, . . . , un) for a vector in which all components but the kth
coincide with the components of the vector u, and at the kth position uk is replaced by vk.

The vector vk is defined similarly. The operators qRk are solutions of the corresponding
defining equations,

(8.3) qRk · L1(u)L2(v) = L1(uk)L2(vk) · qRk.

The general R-matrix decomposes into a product of simpler operators Rk:

(8.4) Rσρ(u− v) = R1(u1 − v1) · PR2(u2 − v2) · PR3(u3 − v3) · · ·PRn(un − vn),

where, in the operators Rk(uk − vk) = PqRk(uk − vk), we explicitly indicate only the
dependence on the combinations uk − vk including the spectral parameter u − v, and
suppress the dependence on the parameters that do not contain u− v. If the parameters
coincide, uk = vk, there is no permutation in the defining equation of the operator
qRk(uk − vk). Therefore, qRk(0) = �. If all but the distinguished components uk and vk of
the vectors u and v coincide, then, in the expression for the operator Rσρ(u − v), only
the operator Rk(uk − vk) survives in the product. We fix the vector σ and put v = 0 for
simplicity. In the second representation, the parameters ρ can be chosen arbitrarily. For
ρi = σi − u, i �= k, and ρk = σk + (n − 1)u, we obtain ui = vi(v = 0) for i �= k. Thus,
there exist n points of degeneration,

ρk = (σ1 − u, σ2 − u, . . . , σk + u · (n− 1), . . . , σn − u) ,

at which the operator Rσρ transforms into the operator Rk,

Rσρk
(u) = Rk (u · (n− 1)) .
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The R-matrix R12(u) is used as an elementary building block in the construction of the
transfer matrix:

(8.5) Tρ(u) = trV0
R10(u) · · ·RN0(u),

where the trace is calculated with respect to the auxiliary space V0 = Vρ. The trans-
fer matrix acts in the tensor product V1 ⊗ V2 ⊗ · · · ⊗ VN of representations. We re-
strict our consideration to a homogeneous spin chain, where the representations Vk are
parametrized by one and the same vector σ, Vk = Vσ. Since the operator R12(u) is a
solution of the Yang–Baxter equation, the operators Tρ(u) commute with each other. It
turns out that the properties of the operator R(u) are inherited by the operator Tρ(u).

• Like the operator R(u), the operator Tρ(u) can be represented as a product of
simpler commuting Q-operators:

(8.6) Tρ(u) = Q1(u+ ρ1) · PQ2(u+ ρ2) · PQ3(u+ ρ3) · · · PQn(u+ ρn),

where P is the cyclic translation operator P,V1 ⊗ V2 ⊗ · · · ⊗ VN → V2 ⊗ V3 ⊗
· · · ⊗ VN ⊗ V1.

• Every operator Qk(u) is constructed from the operators Rk
i0(u) : Vi ⊗ V0 →

Vi ⊗ V0:

(8.7) Qk(u) = trRk
10(u) · Rk

20(u) · · ·Rk
N0(u),

where the lower indices indicate the spaces in which the operators Rk
i0 act.

• Moreover, in the same way as the operator Rσρ turns into the operator Rk at
specific points ρk, the transfer matrix turns into one of the Q-operators for a
specific choice of the parameters ρk in the auxiliary space,

(8.8) Tρk
(u) = Qk (nu+ σk) .

In an oncoming paper, we shall prove these statements and obtain equations satisfied
by the operators Qk.

At specific integral points where the parameters involved in ρ are chosen so that the
differences ρk,k+1 are positive integers, a finite-dimensional representation splits off from
the infinite-dimensional representation Vρ [49]. The transfer matrix tρ(u) for which the
auxiliary space is a finite-dimensional representation can be expressed in terms of the
transfer matrices Tρ(u):

(8.9) tρ(u) =
∑
P

(−)sign(P) · TPρ(u),

where Pρ = (ρk1
, ρk2

, . . . , ρkn
) is an arbitrary permutation of the numbers (ρ1, ρ2, . . . , ρn).

Summation is taken over all permutations, and sign(P) is the parity of P. Now, if we de-
compose Tρ(u) into a product of Q-operators, we obtain a representation of the transfer
matrix tρ(u) in the following form:

(8.10) P1−n · tρ(u) =

∣∣∣∣∣∣∣∣
Q1(u+ ρ1) Q2(u+ ρ1) · · · Qn(u+ ρ1)
Q1(u+ ρ2) Q2(u+ ρ2) · · · Qn(u+ ρ2)

· · · · · · · · · · · ·
Q1(u+ ρn) Q2(u+ ρn) · · · Qn(u+ ρn)

∣∣∣∣∣∣∣∣ .
This representation is a source of general relations among Q-operators and transfer ma-
trices with different finite-dimensional auxiliary spaces.
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