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SCHRODINGER OPERATOR ON THE AXIS
WITH POTENTIALS DEPENDING ON TWO PARAMETERS

R. R. GADYL/SHIN AND I. KH. KHUSNULLIN

Dedicated to Vasilit Mikhailovich Babich, a remarkable mathematician and personality

ABSTRACT. A Schrédinger operator on the axis is considered; its localized potential is
the sum of a small potential and certain potentials with contracting supports, which
can increase unboundedly when their supports are contracted. Sufficient conditions
are presented for the absence (or existence) of eigenvalues for such an operator. In
the case where eigenvalues exist, their asymptotic expansion is constructed.

INTRODUCTION

The study of one-dimensional Schrodinger operators with small potential has a long
history. In [I, Chapter III, §22], it was proved that, in the case of a small rectangular
potential well, the Schréodinger operator has a single eigenvalue, and the asymptotic
expansion of this eigenvalue with respect to a small parameter was constructed.

The operator

d2

dx?
where W (z) is an integrable real function that decays sufficiently rapidly at infinity, was
studied in [2], B 4 [5].

By the Birman—Schwinger method, it was proved that if

(0.1) +OW(z), 0<d<1,

(0.2) (W) = / W(x)dz >0,

then the operator (0] has no eigenvalues; if

(0.3) W) <0,

then the operator has a single eigenvalue A\s with the asymptotic expansions
W2

(0.4) s = —52% (14+0(5)) if (W)<o0

and

(0.5) A = —54%(/0; (/; W) dt)de>2 (1+0(5)

in the critical case where (W) = 0.
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Obviously, the operator

2

&
(06) —@4‘/14 hW(LL‘),

where 0 < p,h and pu~'h < 1, reduces to the operator (O.I]) by the substitution § =
u~th. Therefore, from ([04) and (0.5) we see that if inequality (0.2)) is fulfilled, then the
operator ([0.6) has no eigenvalues; if inequality (03] is fulfilled, then there exists a unique
eigenvalue ), ; with the asymptotic expansions

1)2 <W>2 1 :
(0.7) Aph = — (hu_ ) 4 (1+0Ohu)) if (W)<O0
and
1 ) T 2 2

(0.8) Auh = —(hu‘1)41(/ (/ W(t) dt) da:) (1+0(hu™h)
if (W) =0.

Also, it is obvious that, by the change of variable & = h~'x, the operator

d? 1 x

reduces to an operator of the form (0.I) for § = h2u~!. Therefore, for h?p~1 < 1,
formulas (04) and (03) show that if inequality (0:2) is fulfilled, then the operator (0.9)
has no eigenvalues. If inequality (03] is fulfilled, then there exists a unique eigenvalue
Au,n With the asymptotic expansions

(0.10) Auh = — (h;fl)2 @ (1+0OR*u~h) if (W) <0
and
0o T 2 2
(0.11) Aup = —h? (h,rl)“i(/oo (/oo W(t) dt) d:c) 1+ 0 uh)
if (W) =0.

From (O7) and (0I0) it follows that if (W) < 0, then the leading terms of the
asymptotic expansions for the eigenvalues of the operators ([0.8) and (09) coincide. In
the critical case where (W) = 0, from (0.8)) and (0I1]) it follows that the leading terms
of the asymptotic expansions for the eigenvalues of these operators have distinct orders
of smallness.

In the present paper, we study the eigenvalues of the operator

d2 n .
ot — —+M-I(ZV]-(”” $3)+hW(x)>, 0<h<l,
=1

~ da? h
under the assumption that there exists v > 0 such that
(0.12) A2 = o(hY).

Here, the z; are arbitrary distinct numbers, and Vi(x), ..., Vy(x), W(z) are complex-
valued functions of class C5°(R) at least two of which are nonzero. Clearly, even for real
functions, the operator H*" cannot be reduced to (0.I]) by a change of variables.

The operator Hy := —% in Ly(R) with domain WZ(R) is selfadjoint, its discrete
spectrum is empty, and the essential spectrum coincides with the nonnegative real axis.
Since the functions V; and W have compact support, the essential spectrum of the
operator H*" regarded as an operator in Lo(R) with domain WZ(R) coincides with the
nonnegative real axis (for the case of complex functions, see, e.g., [0]).
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§1. STATEMENT OF MAIN RESULTS

Denote
n

VW= Z (Vi) +(W).

In the present paper, we prove the following statements.

Theorem 1.1. Under condition [012), if Resey w > 0, then the operator HH" has no
eigenvalues converging to zero.

If Resey w < 0, then the operator HW" has a unique eigenvalue M" converging to
zero; this eigenvalue is simple and

%2
(1.1) N = — (u'h)® — (O h).

Formula (LI is a natural generalization of identities (07) and (0I0) to complex-
valued potentials.

In the critical case, for simplicity of the statements and calculations below, we only
deal with real-valued functions Vi (z), ..., V,(z), W(z).

Theorem 1.2. Let conditions [U12) and (W) = (V;) =0, j = 1,...,n, be fulfilled.
Then the operator H*" has a unique eigenvalue \" converging to zero. This eigenvalue
is simple and has the asymptotic expansion

(1.2) Al — —i (;flh)4 (/_Z (/; W(t) dt)de>2(1 + O(h+ p~'h)).

This theorem shows that, in the version sy 1 = 0 of the critical case in question, the
potential 4~ 'hW (z) is “principal”, and the leading term of the asymptotic expansion of
the eigenvalue (2 coincides with the leading term of the asymptotic expansion of the

eigenvalue (0.8)) for the operator (0.G)).
For clarity, the remaining versions of the critical case where sy 1» = 0 are considered
for two potentials.

Theorem 1.3. Assume condition ([Q12). Let

e (v )+ mio)

and let (VY+(W) =0, but (W) (V) # 0. Then the operator H*" has a unique eigenvalue
M converging to zero. This eigenvalue is simple and has the asymptotic expansion

13 PSS —i (u_lh)4 (/ (/: W (t) dt)2 dx + q<W>2)2

supp W

X (1+O(h+p~th)) if 0¢suppW,

’thh _

where g = dist{0, supp W}, p = maxzeguppw ||, and

(1.4) AP = —i (ulh)4(/ooo (/; W(t)dt)de—l—/Ooo (/; W(t)dt>2das)

x (14+O(h+p"th)) if 0€suppW.

Comparing (L3) and (L4) with (0.8) and ([0.I1)), we see that, in the case in question,
the contribution of the narrow potential 'V ( %) to the leading term of the asymptotic
expansion in question is as significant as that of the potential = *hW (z).
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Theorem 1.4. Under condition ([012), let
d? T—x T—x
h -1 1) 2
W=t (V) V() e
and suppose (V) # 0. Then the operator H*" has a unique eigenvalue N*" converging
to zero. This eigenvalue is simple and has the asymptotic expansion

(1.5) PRI —i (u'n)" (/: (/m V(t) dt)Qd:c)z(HO(thu—lh)).

— 00

Formula (L)) shows that, in this situation, the smallness order of the leading term of
the eigenvalue differs from the case of a single narrow potential (see ((LII))) and is equal
to that order in the case of a single small potential (see (0.8])).

§2. PRELIMINARY INFORMATION

In [7], the operator
2

dx?
was considered, where 0 < € < 1 is a small parameter and L. is an arbitrary localized
second order linear operator. Namely, there exists a bounded domain @) C R such that

(2.2) Lo : Wiie(R) = La(R; Q),

where

(2’1) Hg = +5£5

Ly(R; Q) := {u : u € Ly(R), suppu C Q}
and

(2.3) 1£cullLy@) < Crllullwz @),

where the constant C7 does not depend on €. In [6], it was proved that the operator
H. in Ly(R) with domain W (R) is closed and its essential spectrum coincides with the
nonnegative real semiaxis.

For small complex k, we define an operator A(k) : La(R; Q) — WQQ)IOC(R) as follows:

1 o0
e Fle=tlg(t) dt.

A(k)g == %

The definition of A(k) implies that if R(A) is the resolvent of the operator —% in Lo (R),
then A(k) = R(—k?) on functions in Ly(R; Q) for Rek > 0. We denote by I the identity
operator and by

A(k) : Ly(R;Q) — W2(Q) and T.(k) : La(R; Q) — La(R; Q)

the operators acting as follows:

(24) ARy = AK)g - 5 (),
(2.5) T.(k)g = L-A(k)g.

In [7], the following results were obtained.
Proposition 1. For small k, the equation
(2.6) 2k +eF.(k) =0,

where
Fe(k) = ((I +eTe (k)™ Legum[1]),
has a unique solution k..
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If Rek. <0, then the operator H. has no eigenvalues converging to zero.
If Reke > 0, then the operator H. has a unique eigenvalue A\. converging to zero, and

(2.7) e = —kZ.

The definition of the function F.(k) shows that, for every N > 2, we have
N-1 -
(2.8) Fo(k) = (L)) + ) (=17 (T (k)L (1)) + eV Fe v (R),
j=1
where F; n(k) is a function holomorphic in k and uniformly bounded with respect to .

3. REDUCTION OF THE OPERATOR H*" TO THE OPERATOR H.

Lemma 3.1. Suppose —0o < a < zo <b< oo and cy > 0. Then

zo+coh
2 2
[ s < Caluliiy
T

[)7C()h

for all functions u of class W(a,b), where the constant Co is independent of h.

Proof. Without loss of generality, we may assume that [a,b] C (0,1). We denote by
W3(0,1) the completion of C§°(0,1) with respect to the norm W} (0,1). In [8], it was
proved that for all functions v € W (0, 1) we have

zo+hco
(3.1) [ @) e < Calelo,

o—hco

where the constant C3 does not depend on h and v.

It is well known (see, e.g., [9]) that there exists a bounded linear extension operator
P : Wl(a,b) — W2(0,1) such that u = Pu for € (a,b) for every u € Wi(a,b).
Therefore, by [B1l), we have

xo+hco ) xo+hco ) ) ) )
[ @rde= [ Pu@)de < CahlIPullyg 0. < Call PRl
Xo—hco Xo—hco
= Cohllullfys 44y < Cohllullfyz o)
for every u € W3 (a,b). The lemma is proved. O

By V4, we denote the operator of multiplication by the function

i v (£ _h%) AW (2).
j=1

Lemma 3.2. Let Q be an arbitrary finite interval such that

(3.2) supp W U U {z;} CQ.

Jj=1

Then, for every u € W22 (R) and all sufficiently small h, we have the estimate

loc

where Cy is a constant independent of h.
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Proof. Let V}(Lj ) and W denote the operators of multiplication by the functions V; (%)
and W (x), respectively. Obviously,

(3.4) Vaullp, ) Z!IV;S”uIIL2<R> +h Wl g

Let ¢ > 0 be a number such that supp V;(t) C (—¢, ¢) for every j. Then, by Lemma [3.T]

@ 12 @j+he - x; 2
V= [ [V (P v g
35 ’ N
< max VOF [ (@) de < Ghluliy o
zj—he

It is obvious that
(3.6) IWull @y = Wl ) < Cw llull gy < Cw lullwzg) -
Relations ([4)—-([B1) lead to estimate (B3). O
Lemma 3.3. Suppose
(3.7) 0<h<l, h=o(u?),
and let Q satisfy condition [3.2),
(3.8) e(p, h) = /flh%, Loun) = hiévh.
Then
(3.9) 0<e(p,h) <1,

the operator H*" can be represented in the form &), and relations Z2) and 23) are
valid.

Proof. Inequality (33]) follows from (B1) and (38). By B.3]), we have
h & 1 & 1 a?

H = d B} +u V), = d BTG) +pu h h_Evh = _ﬁ +€(/J, h)£a(u,h)-
Consequently, the operator H*" can be represented in the form ZI)). From (B.8) and
B3), it follows that

_1
1etumullpam = [[A72Vhul L, gy < Csllullwz o)
In other words, inequality ([2.3)) is valid for the operator L., ). Now, obviously, the
definition of L., ) implies relation (Z.2). O

In the sequel, we assume that @ is an arbitrary finite interval satisfying (3.2]).

84. PROOF OF THEOREM [L]

Using (Z3), [28)), and Lemma B3] we get

N-1

(4.1) Feum (k) =h~2 ( (Wn[1]) + ; (=17 {(VhA(k)) (Val1])) )

+ (M_lh%)N]:s(u,h),N(k)‘

We prove that the following estimate uniform in k is valid for small k:

(4:2) (AW Vi) = 0w, j>1.
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The definition Z4) of A(k) shows that

A(k)g = % /jo (e M=l — 1) g(y) dy

for g € Ly(R; Q). Expanding the function e=*/*~¥| in a series in k, we obtain

- 1 e fi—1
(4.9 Awg =330 [ le- i s
i=1 ’ -
Consequently,
~ 1
(4.4) (VrA(k))Vi1] = SMVnk,
where
0 kz 1

Fy(z,h,k) =Y (-1)

i=1

fri(z, h) / (Z |z — x; — hy|'V;(y) + |x_y|lW(y)) dy.

fl 1(.’[ h)
(4.5)

From the definition of f ;, it follows that for sufficiently small & we have
(4.6) |fri(z, )] < CsM?, x€Q,

where M = 2R and R is a positive number such that the supports of the functions V;(z)
and W(z) and the points z; lie in (=R, R). Consequently, the series (.I) converges
uniformly for x € @ and small k£ and h, and

(47) |VhF1 (J?, h, k‘)‘ < Cﬁ.
Therefore, by [@4)) and @3,

<(VhA(k >= —hz kl : (Vnfri(@, h)).

Hence, by (&), we obtain

—hZ st

(ndm)val1))| <
< —hZ 'k' Vill]| | fri(z, b)) < hCs([Va[1]])-
Next,
([val1] /(JZV( )+hW( )‘d
<hZ/ Wldy+h [~ W) dy < Coh
The last two inequalities combine to yield
(4.8) ‘<(vhﬁ(k))vh[1}>) < C7h2.

We have proved {2 for j = 1.
For j = 2, we use the representation

~ 1 ~ 1
(VhA(k))QVh[l] = ithA(k)VhFi = Zh2VhF2’
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where

1
Fa(ar b W)= S (1) il ),

=1

Faalesne = [ (Sl = o) — W Vi)Fiay + ) + o =y W ) Fa 1)) .
j=1

—00 N

Taking (A7) into account and repeating the above estimates, we see that ([@2]) is true for
j=2.

The further proof of (£2]) proceeds by an easy induction.

Using (A1), B.8), @2), (0I12), and the fact that N is arbitrary, we get

(4.9) e(pty h)Feumy (k) = 0= (Val1]) + = 2h*G (k. h, ),

where G(k, h, p) is a function holomorphic in k and uniformly bounded in p and h.
By the definition of Vj,

V1)) = /_Z (ﬁ:vj (£ _h"”f) + hW(:z:)) dz

(4.10) N
V;(t)dt + h/ W(x)dx = hsev,w.

—0o0

Relations [@9) and (£I0) show that equation (Z6]) takes the form

h
k= 2 (sev.w + 1~ hG (K, hy 1)) -

Combining this with Proposition [Il, we obtain Theorem 11

§5. PROOF OF THEOREMS
First, we derive a general formula for the eigenfrequency in the critical case where
(5.1) v, w = (Vn[l]) = 0.
(By an eigenfrequency, we mean a solution of equation (Z8l), in the notation (3.8]).)

From [@1), (1), @2), BI), (0I2), and the fact that N is arbitrary, it follows that
(52) 6(:“’, h)‘Fe(u,h)(k) = —,LL_2 <(th(k)) (Vh[l])> + ,u’_3h3g(ka h, /1“);

where G(k, h, p) is a function holomorphic in k¥ and uniformly bounded in p and h.
First, we prove that

(63 (AE)Wil)) = -5 /_ i Vh( /_ - yll) dy) dz + h*kG (k, 1),

where Gy (k, h) is a function holomorphic in & and uniformly bounded in h. Using ({@3),
we immediately obtain the equation

64 (A0 =5 [ ([ el dy) de + 180,

where G, (k, h) is a function holomorphic in k& and uniformly bounded in h that is defined
by the equation

G =3 0 [ttt an) as

1!
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Similarly to (L), it can easily be proved that
(5.5) |G (k, h)| < Csh?.
Now, (£4) and (B3 lead to (B3).

We prove that, in the critical case (B.]) in question, the following identity is valid:

(5.6) /00 Vh(/z |z — y|Vh[1](y) dy) de = -2 /00 (/I Vi [1](%) dt)zdm.

Indeed, - B —co MJ—o0
/z V”(/Z |z = y[Va[ll(y) dy) da
: /‘Z g /-OO (=M i) ¢ /O:o i / (- =l dy) e,

We change the order of integration in the second integral on the right:

ool [[w-omiwar)ae= "l [* w-omiiwa)

—o e —oo —oo

The last two identities imply

o[ i) =2 [“u( [ @i ) a.
Furthermore, integration by parts yields

[ w-wviliway = [ [ iy

From the last two equations, we obtain
e [ (] emiiwa)a=2 [ v [ vwaae.

where
U(z) = / Vil1](8) dt.

Integrating the right-hand side of identity (5.1 by parts and taking into account the
fact that (V[1]) = 0, we obtain

(5.8) /: vh(/; /_: Va[1](t) dtdy)(x) do = —/_Z (/_Oo Val1](8) dt)2d9c.

The last two identities result in (5.6]).

By (£.2), G.3), and (.6), we have
(5.9) (e 1) Py () = = 07 /O; (/ ) dt)2dx

— 2 R2kGy(ky h) + P hPG (K, by ).
Using the definition of V), and the fact that

z (x—x;)h "
t—x; J
/_ Vj< hj)dt:h/_ V; (t) dt,

o0 oo

we represent (.9) in the form
(5.10) e(is ) Fegupy (k) = = 2h? (Gevw + kGu(k, h) — p~ ' hG(k, h, ) ,
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where
0o n (x—mj)h71 T 2
(511) ;fv’w Z:/ (Z/ ij(t)dt-i-/ W(t) dt) dz.
—oo N1/ -0 —o0

From (BI0), it follows that (Z8]) takes the form
2

2 (

sevaw + kGi(k,h) — o hG(k, by )

Hence,

h? _ _
(5.12) ke(p,,h) = 2—,11,2%V7W +O(u 3h3).

Proof of Theorem [I.2. In the case in question, we have
W)y=0, (V;)=0, j=1,...,n.

Obviously, that there exist positive numbers ¢; such that supp V;(x) C (—¢;, ¢;). There-
fore, for small h we have

/oo (/uzj)hl v dt)2dx _ /;“”j (/(Ixj)hl Vit) dt)2d:b = O(h),

j—hc; ')

0o (mfzj)h71 x
(5.13) / Vi(t) dt / W(t) dtdz = O(h),
— 00 — 00 P

0o (z—z;)h ™t (z—zj)h ™t
/ / v;-(t)dt/ Vi(t)dtdr =0, i#j.

— 00

By (II)—(EI3), it follows that
1 00 T 2
ke = §;f2h2</ (/ W (t) dt) dx) + O 2h? 4+ u=3h),

and it remains to refer to Proposition [l Theorem is proved. O
Proof of Theorem [IL3l In the case in question, we have

Vell] =V (%) +hW(z), suppV C (—cop,c0), suppW = [p1, pa],
and formula (B.I1) takes the form

S N R T

First, we consider the case where p, < 0. Then

/(/ : vias [ wo ) o

:/I:z(/:W(t) dt)zdx—(p2+hc0)(W>2+/COh (/thV(t)dt+<W>>2dx

—coh — 00

- /Suppw (/: W (t) dt)2dx +q(W)2 + O(h).

Using (5.11), (512), and the above identity, we get

1 @ 2
k. = —,ﬂh?(/ (/ W (t) dt) dz + q<W>2> +O(u2h* + = 3n?).
2 supp W p
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In turn, the latter identity and Proposition dlimply the claim of the theorem in the case
where py < 0.

The case of p; > 0 reduces to the above by the change of = by —=.

Now, we pass to the case where 0 € supp W. Since (V) = — (W), we have

/" /th—i—/Wdtdx
L 2 o oo
+/60h [ woa) o
:/_Oo</_OOW(t)dt> daz—l—/o (/;W(t)dt)QdHO(h).

Now, (EII) and (5I2) show that

kg_%u2h2(/_0®</_;W(t)dt)2da:+/Ooo(/:OW(t)dt)de)

+ O(Iu/72h3 4 M73h3).
Combining this with Proposition [Il, we see that the theorem is valid in the case where
0 € supp W. Theorem [[3lis proved completely. a

Proof of Theorem [[4l In the case under consideration, formula (E11]) takes the form

(x—z1)h ™" (z—w2)h ™" 2
(5.14) Stvw = / / V(t)dt—/ V(t) dt) dz.

Since
) (z—xq1)h ™t (z—z2)h ™t 2 To T 2
L v [ voa) = ([ voa) aeom,
we have
1 To T 2 )
k. = 5Lr?h?(/ (/ V(t)dt) dx) + O (u 2R + ph?)
T — 0o
by (514) and (5I12)). Applying Proposition [I, we complete the proof. a
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