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THE SPECTRUM ASYMPTOTICS FOR THE DIRICHLET PROBLEM
IN THE CASE OF THE BIHARMONIC OPERATOR
IN A DOMAIN WITH HIGHLY INDENTED BOUNDARY

V. A. KOZLOV AND S. A. NAZAROV

Dedicated to Vasilit Mikhailovich Babich

ABSTRACT. Asymptotic expansions are constructed for the eigenvalues of the Dirich-
let problem for the biharmonic operator in a domain with highly indented and rapidly
oscillating boundary (the Kirchhoff model of a thin plate). The asymptotic construc-
tions depend heavily on the quantity v that describes the depth O(e7) of irregularity
(e is the oscillation period). The resulting formulas relate the eigenvalues in domains
with close irregular boundaries and make it possible, in particular, to control the
order of perturbation and to find conditions ensuring the validity (or violation) of
the classical Hadamard formula.

§1. INTRODUCTION

1. Setting of problems. Let a domain  on the plane R? be bounded by a simple,
closed, and smooth (of class C*) contour ' = 9. By scaling, we make the length of
I" equal to 1. In a neighborhood V of I' we introduce a system of natural curvilinear
coordinates (n, s), where n is the distance to T', taken with the minus sign inside of Q,
and s is the arclength on I'. The rapidly oscillating boundary I'® of the perturbed domain
QF (see Figure 1) is defined by the formula

(1.1) I ={zcV:scl, n=¢"H(e 's,5)},

where e = 1/N is a small parameter, N € N is a large integer, 7 is a quantity measuring
the “irregularity” of the boundary (the greater is =y, the smaller is the perturbation
irregularity), and H is a profile function that is smooth relative to both variables, the
“slow” variable s and the “fast” variable n = £~ 's, and 1-periodic relative to . Note
that, somewhat loosely, in our notation we do not distinguish between a point s € I and
its coordinate. For the role of V it is convenient to take the p-neighborhood V, with an
appropriate o > 0.

Concerning the nonregular perturbation of the boundary (see Figure 2), we assume
that

(1.2) I eLip, A (Q0):=(Q\Q)U(Q\Q) C V..

In all other respects, the perturbation of €2 is arbitrary. To avoid numerous duplication
of formulas, we keep the notation 2 and €Q° also in §4. It should be emphasized that
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FIGURE 1. A domain with rapidly oscillating boundary. The initial
domain is tinted.

the calculations and arguments of §4 remain valid for multidimensional domains, but the
authors know of no physical model involving a fourth-order differential equation in R,
d > 3, so that we pay no attention to this possibility.

2. The problem in a domain with rapidly oscillating boundary. We return to
discussing the locally periodic boundary (II]). In the domain 2 we consider the spectral
proble

(1.3) A2uf(x) = Nuf(z), =€ QF,

(1.4) u(x) =0, Opeu(z)=0, zel*".

Here A, is the Laplace operator in the Cartesian coordinates x = (x1,x2), A is the
spectral parameter, and 0, stands for the derivative along the outward normal to the
boundary I'* = 9€Q¢ of the perturbed domain . The variational setting of problem
([T3), Q) involves the integral identity [1]

(1.5) (Apu®, Agv®) e = X (us,0%)q, v° € H2(QF),

in which (, )g- is the natural scalar product in the Lebesgue space Ly(Q°), and H2(QF)
denotes the subspace of the Sobolev space H?(£2?) formed by the functions satisfying the
boundary conditions (4]). The second and first basic inequalities (see [1I, Chapter 2])
imply the relation

(1.6) lu®s H2(Q)]] < e Agu®s Lo(Q°) ]|, w® € H? (),

and the constant ¢ can be taken to serve all € € (0,¢¢] (the function u® can be extended
by zero to a larger fixed domain). The left-hand side of (LA is a scalar product in the
Hilbert space H?(2F), and thus, by [2, Theorems 10.1.5 and 10.2.2], the spectrum of
problem (A is discrete, and the eigenvalues form an unbounded monotone sequence
(1.7) 0<A <A< <A <o = o,

in which they are counted with regard to multiplicity, and the corresponding eigenfunc-

tions uf, us, ..., up,... € H? (©2¢) can be taken to obey the orthogonality and normaliza-
tion conditions
(1.8) (up,ug)os = 0pq, Pq €N,

Here §, 4 is the Kronecker symbol. The boundary-value problem ([I3), (I4) is known
as the Kirchhoff model of the bending oscillations of a thin plate with a clamped edge

n fact, we deal with a family of problems parametrized by the quantity e = 1/N, but it is convenient
to assume the parameter to be small but fixed and name the accompanying objects in the singular.
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FIGURE 2. A domain with irregularly perturbed boundary.

(see [3, §30] and [, Chapter 4]), and equation (L3) is named after Sophie Germain
Besides the flat roofs of modern arenas and other sizable buildings, this problem de-
scribes deformations of the ice covers of water bodies with a highly indented coastline,
for example, of Norwegian fiords, which do not freeze up at the present time, but can
lose this advantageous property due to changes in the Gulf Stream parameters, as some
unfavorable predictions of geophysicists and meteorologists say.

In the homogenization theory, as applied to the boundary-value problem in the domain
Q¢ bounded by the contour (IIJ), a main goal is to characterize the behavior of the
eigenvalues A7 as ¢ — 40 in dependence of the exponent ~ in (L) (Theorem [3.1]) and to
describe the “smooth picture” of the rapidly oscillating boundary I'® (see Subsection 3
in §5).

If the boundary perturbation is periodic, then the following simple claim about con-
vergence provides the “limiting” problem

(1.9) AZu(z) = du(x), z€Q,
(1.10) u(z) = Ophu(z) =0, =z €T,
or, more precisely, its variational formulation

(1.11) (Apu, Apv)g = Mu,v)g, ve H* ().

Lemma 1.1. The limit /\2 = lim Ay as € — +0 along, possibly, some infinitesimally
small sequence, belongs to the collection

(1.12) O<A <A< <A< 400

of eigenvalues of problem ([LIIl). The corresponding eigenfunctions, extended by zero
outside of ¥, converge in Ly(R?) to some eigenfunction ug € H?(Q) of problem (L3,
and |[ud; Ly(Q)]| = 1.

On its own, the limiting problem (L9), (II0) carries no information on the degree of
irregularity of I'®; therefore, a key role is played by the correction term in the eigenvalue’s
asymptotic expansion. If the boundary is perturbed regularly (the profile H is indepen-
dent of the fast variable; see Subsection 1 in §2 and Figure 3), for the simple eigenvalue

2In 1815, for the deduction of the equation for eigenoscillations of plates, mademoiselle Sophie Ger-
main was awarded a prize of French Academy. Afterwords, S. Poisson found a mistake in her calculations
and published corrections in 1829. A complete theory of plate bending, based on an empiric asymptotic
analysis, was created by Kirchhoff in 1850-1859.
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F1GURE 3. A domain with a regularly perturbed boundary.

Ap the asymptotic formula, whose proper name should be the Hadamard formula [5],
takes the form

(1.13) A=A+ eﬂ/ H(s)|02up (0, 5)|* ds + X
I

Note that when using curvilinear coordinates, we write u,(n,s) as before. We have
02u,(0,8) = Ayu,(0,s) by the boundary conditions on I', because

(1.14) A, = J(n,s) (0T (n,8)0, + 0sJ(n,8) " 10s),

where J(n,s) = 1+ nk(s) is the Jacobian, and x(s) is the curvature of I" at the point
s. Finally, the remainder term /N\; in (LI3)) is an infinitesimally small quantity of order
of 7,

If v > 1, i.e., the boundary perturbation remains slanting, then the Hadamard formula
([LI3) keeps its form, but the factor H(s) in the integrand should be replaced with the
mean value

(1.15) P_I(s)—/o H(n,s)dn,

and the estimate for the remainder term needs modification.

In the case of v < 1, where the boundary becomes highly indented, the structure of the
asymptotic behavior changes substantially: the phenomenon of a boundary layer arises,
and the weight factor in the integral in (I.I3]) acquires a radically different meaning;
namely, it can be expressed in terms of some coefficients in asymptotic expansions at
infinity of certain special solutions of auxiliary boundary-value problems in a half-strip
with curvilinear edge or in a strip with a semi-infinite cut. In this case, the size O(e7)
of the perturbation, proportional to the depth of the hollows and (or) the height of the
ridges, always remains unchanged, with one exception: if v < 1 and
(1.16) Hy(s) = min H(n,s) =0,

n€lo,1)
then the correction term is of order of ¢, rather than 7, as the Hadamard formula
predicts.

3. Summary of results on nonregular perturbation of the boundary. Consider
the spectral problems (LII)) and (LX) in the domains 2 and Q° satisfying (L2]). Let A,
be an eigenvalue of (LII)) of multiplicity s, i.e., in (II2) we have

(117) >‘;D*1 < >‘p == >‘p+%p*1 < )\er%p.
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The corresponding eigenspace X,, is spanned by the eigenfunctions uy, ..., Upts,—1. It is
known (see, e.g., [0} [7], and compare to Lemma [[T]) that for small € > 0 on the interval

1 1

(1.18) (5()‘pr + M), 50‘;0 + >‘p+%p))
there are precisely the eigenvalues A, ..., A7 .. _; of problem (L.35).

In what follows we shall see that these eigenvalues satisfy

-1 _ y—1 146 _

(1.19) (A=A, +9.+0(E ™), q=p,...,p+—1,
where 4 is a positive quantity depending on 2, and 9, ..., J; +5,—1 are eigenvalues of
the algebraic problem (posed on a finite-dimensional subspace)

)‘;1 ((Ax\:[}fw Am\l}fp)QE - (Ax(bfoy A:L’(pr)ﬂf - (Az% Aqu)ﬂ\ﬂs)
= ﬁ(Aa;@v Aaﬂ#)m w c %pa

for ¢ € X,,. Here, @, is the solution of the boundary-value problem (without spectral
parameter) in Q°, formulated as the integral identity

(1.21) (A05, Agv)gs =0, v e HA(QF),

(1.20)

and also @, + ¢ € H? (©2¢). The function V¢ € H? (©¢) obeys another integral identity
(122) (A5, Agv)as = (Aup, Agv)as — Ap(@,v)0s, v € HA(F).

Note that if u, € H*(Q) (e.g., T is smooth), then the right-hand side of (22 is equal
to the surface integral (A,¢, 0nv)r — (0, Azp, v)r.

Now we state yet another result obtained in §4. Suppose that the boundary I' of the
domain  is a surface of Holder class C1®, o € (0,1). On T', we introduce the function
h® equal to the distance to I'® along the normal 7 at the point s. In Subsection 7 of 64
we shall show that under the restriction

(1.23) / |V he(s)|?ds = o(1), & — +0,
r
we have the formula
(1.24) M) =N 40+ 0(e), a=p,.p+g—1,
where 0, ...,0,1,,1 are eigenvalues of the following problem algebraic on the subspace
Xp:
(1.25) A (WA, D) = 0(App, Agth)a, ¥ € Xy

(cf. problem (T20)).

Relation ([[24]) can be understood as a generalization of the Hadamard formula; in
particular, for a simple eigenvalue, i.e., for s, = 1, it is not hard to reshape (L24) to
(CI3) with v = 1. Tt should be emphasized that now we do not deal with any periodicity
of the boundary perturbation whatever.

In Subsection 8 of §4, for a 2-dimensional domain ¢ C Q with corner points on the
boundary, we show that if one of the angles exceeds 7, so that Q cannot be convex,
then the Hadamard formula fails. However, relation (I.24)) remains valid provided that
g5 - - Upts,—1 are found from the spectral problem

(126) )‘;1(Am907 A:L"(/})Q\QE = Q(Amgp7 A:L’d])ﬂu ¢ € :{;m

rather than from ([Z25). Note that on the left in (I.26]) we have a volume integral, while
in (285) we have a surface one; if ' is smooth, then these integrals coincide up to O(e).
From this viewpoint, the method of writing the Hadamard formula via volume integrals,
as suggested in [7], appears more unified and universal.
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4. Plan of the paper and a brief review of publications. In the next section we
are focused on the formal asymptotic analysis of the spectral problem ([[3)), (I4) in a
domain with a rapidly oscillating boundary ([I]) (see Figure 1). We apply the methods
of composite and matching asymptotic expansions (see, e.g., [9] and [10], respectively).
The formulas obtained are justified in §3.

There are numerous publications devoted to the study of various boundary-value prob-
lems in domains with locally periodic boundaries (see, e.g., [II}, §7.5] and [12]-[15] for
scalar equations, [I6]—[I8] for the Stokes system, and [I9]—[2I] for the elasticity theory
system); however, the results pertain largely to the case of v = 1, where the period, the
depth of the hollows, and the height of the ridges are of one and the same order. The
papers that address the case of v = 0 (we do not consider this case in the present paper;
cf. Remark 5.1) deal with the Neumann boundary conditions, for which the structure of
the spectrum is very specific.

Usually, the “support” boundary I' is assumed to be smooth, and there are only
several publications [26]—[30] where the impact of the boundary peculiarities was taken
into account, namely, of the presence of corner points on I', which results in the arising
of a 2-dimensional boundary layer.

In a more general situation where the initial and perturbed boundaries are
Lipschitzian, some formulas that enable one to compare the eigenvalues of the Dirichlet
problems for the Laplace operators in two domains were obtained in [7] on the basis of
a general abstract method; see [7, 8] (for other approaches to studying the spectra of
these two scalar problems, see the books [34], 33] and the references therein). In §4, the
approach of [7] is applied to the investigation of the Dirichlet problem for the biharmonic
operator. As could be expected in the setting of arbitrary perturbations, the final for-
mulas (LI9) and [C20) turn out to be not so explicit, requiring a further elaboration in
concrete situations, but in Subsections 7 and 8 of §4 and in Subsection 1 of §5 we show
that under some higher smoothness assumptions this formula leads to the same results
as in §3.

In §5 we discuss possible generalizations of our asymptotic procedures.

The general results of [7] allow us to simplify the justification of the asymptotic
procedure, because formulas (LI9) and (L20) deal with solutions ®, and W¢, of the
boundary-value problems ([21]) and (L22) that are free of the spectral parameter, i.e.,
admit simpler asymptotic analysis. In general, justification of the asymptotic methods
for fourth-order equations in domains with rapidly oscillating boundary, as presented in
63, is more intricate compared to the case of an equation or a system of order two. The
reason is that, in construction of the global asymptotic approximation (Subsection 3 of
§3), the first boundary condition ([4]) is often fulfilled automatically, but the second
boundary condition gives rise to a discrepancy that must be compensated.

The asymptotic formulas obtained turn out to be useful also in the theory of opti-
mization of shapes (see [33]-[36] and elsewhere). We note that the absolute majority of
issues, studied fully in the case of the Dirichlet problem for the Laplace operator, remain
open for problem (L3), ([TA) (see [37]-[39]).

Also, it should be noted that the biharmonic equation with simple support boundary
conditions (see [40, B]) in a domain with a singularly perturbed boundary gives rise to
“unexpected” asymptotic formulas known as the paradoxes of the theory of plates (see,
e.g., [411-[43]).

In the paper, we separate two approaches to finding the asymptotic expansions of
eigenvalues. Therefore, the reader interested in results traditional in homogenization
theory can skip §4 and Subsection 1 of §5 (precisely in order to ensure this possibility,
in Subsection 2 of §3 we present the proof of the simple Lemma [Tl which follows from
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the general results; see Subsection 3 of §1). On the other hand, the description of the
function theory approach is concentrated in §4, and in Subsection 1 of §5 we discuss its
relationship with the asymptotic approach.

Throughout, the letter ¢ denotes a factor in majorants independent of the parameter
e € (0,&0]; this ¢ can vary from line to line even in one formula. The upper bound & is
also not fixed, remaining always positive.

§2. FORMAL ASYMPTOTIC ANALYSIS IN THE CASE OF A
PERIODIC BOUNDARY PERTURBATION

1. Asymptotic analysis in the case of a slanting boundary perturbation.
First, we suppose that the profile function H in formula (L) does not depend on the
fast variable ) = e~'s. Taking an eigenvalue \, of the limiting problem (L3), (II0), we
denote by ¢, its multiplicity; then (LI7) is valid. We assume the following asymptotic
Ansatz for the solutions of the perturbed problem (L3, (I4):

(2.1) Mg =M+ + A,

(2.2) ug () = ug (@) + eMup (@) + U5 (x);

hereq =p,...,p+s,—1, and ug is a linear combination of eigenfunctions uy, ..., up s, 1

of problem (L9)), (II0) that correspond to the eigenvalue A,. In other words,

p+aep—1 ptaep—1
(2.3) ug = Z al U, Z lad | =1,
m=p m=p

and, if necessary (i.e., if Q°\ Q # @), the u,, are assumed to be smoothly extended
outside Q. Of course, as in (LJ), the eigenfunctions are subject to the orthogonality and
normalization conditions

(24) (’Lbj7Uk)Q = 5j,k7 7 ke N.
We write the leading asymptotic term ug in curvilinear coordinates and apply the

Taylor formula; using the boundary conditions (LI0l), we get

ug(n, s) = %nQ(ﬁug(O, s) + O(n?).
Thus, the discrepancy of the function ug in the first identity in (4],
(2.5) u(7H (e 's,8),8) =0, seT,

is O(27), so that the order of it is higher than that of the correction terms in (1)) and

).

Now we calculate discrepancies in the second boundary condition
(2.6) Oneuf(e7H (e 's,8),8) =0, seT;

recall that 9,- denotes the derivative along the outward normal to the oscillating bound-
ary I'*. In the neighborhood V), the gradient operator can be written as

Vi = em)yon + J(n, s)_le(s)ﬁs,

where e(,,) and e(,) are the unit vectors of the axes n and s, and J(n,s) is the Jacobian
(see (LI4)). Consequently, the normal and the derivative along it take the form

(2.7) nf(s) = (1+ N°(5)%) "2 (e(n) — N¥(s)e(s)),
(2.8) One = (14 N°(s)2)712(8,, — N°(s)J%(5)"10y),
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and
(2.9) Jo(s) =1+ H(c s, 5)(s),
(2.10) NE(s) = €7J%(3) (0 H (1, 8) + e 0, H (1, )|, __s.-

If H is independent of the fast variable, then J¢(s) = 1 + O(g”) and N¢(s) = O(e?),
so that the derivatives 0, and 9,, differ little. As a result, to compensate the leading
term of the discrepancy in relation (2.6]), we can take a function w; satisfying

(2.11) ug(0,8) =0,  Oun(0,s) = —H(s)02ud(0,s), seTL.

Now we plug ([ZI)) and (2.2]) into the differential equation (L3)); collecting the factors
of €7, we get

(2.12) AZul(x) — Apup(x) = Mug(x), =€ Q.

Since A, is an eigenvalue of problem (L9), (II0) with multiplicity, the resulting bounda-
ry-value problem (212), (2.I1)) has a solution if and only if the following ¢, solvability
conditions are fulfilled:

(2.13) /\fz(ug, uj)g = (Aiug — /\pug,uj)g = (Onuy, Aguy)r

. :_(HafzzugﬂAmuj)Fa j:pa"'7p+%p_1'

Formula (2.4) with the Jacobian J(n,s) = 1+ nk(s), which is equal to 1 on I', and
the boundary conditions (II0) show that Azu;(0,s) = 02u;(0,s). Therefore, by (LI4),

relations [2I3) can be rewritten as the system

(2.14) TPa? = X,af

of », algebraic equations, where a? = (af, ... ,a‘j(p) is the column of coefficients occurring
in (23)), and T? is the symmetric (5, X s,)-matrix with the elements

(2.15) T, = —/ h(s)02u;(0, )02uk(0,s)ds, j,k=p,...,p+ s — 1,
r

and in the case under consideration we have h(s) = H(s). The eigenvalues of the matrix
T? will be enumerated in the nondecreasing order, i.e.,
(2.16) Ap << N s

and the eigenvectors will satisfy the conditions of normalization (the second formula in
23)) and orthogonality

ptaep—1
Z ajaj’ =0, q#m.
j=p
The eigenvalues \j,, ..., )‘;)+%p—1 of TP and the eigenvectors a?,...,aP"*»~! of unit

length corresponding to them complete the expansions ([2.I) and (22), but the solu-
tion uy of problem ([2.I2), [ZII) still has freedom, namely, the linear combination of
Upy - -,y up+%p_1.

We return to the case of a rapidly oscillating boundary ()); i.e., we recover the
dependence of the profile function H on the first argument. The quantity (ZI0) is
O(e771), so that the conclusion is that it is small and the subsequent calculations remain
valid in the case where v > 1, which corresponds, as before, to a slanting perturbation
of the boundary. It is not hard to check the following estimate, which is widely used in
homogenization theory:

(2.17)

/(H(a_ls,s)—}_l(s))Y(s)ds ScaHY;C’l(F)H max |H(n,s)|,
r sel’,nelo,1)
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FIGURE 4. The half-strip IT with curvilinear edge w.

where H is the averaged profile function (ILIH). Therefore, the final formulas (214 and
[2I3) require no change, but the role of the weight factor is played by the averaged
profile function (LIH), i.e.,

(2.18) h(s) = H(s).

2. The boundary layer and asymptotic expansions for v = 1. There are many
publications devoted to the study of solutions of boundary-value problems in domains
with rapidly oscillating boundaries such that the oscillation period and the erosion depth
have the same order of smallness (see, e.g., [1Il [12, [15]). The resulting asymptotic
formulas are characterized, first of all, by the boundary layer phenomenon described in
terms of the dilated coordinates

(2.19) £=(4,&), &G=c'n &L=¢'s

This boundary layer is constructed from 1-periodic (in £2) solutions of boundary-value
problems in a half-strip II(s) with curvilinear edge w(s) (see Figure 4). In accordance

with (I)) and (ZT19), we have
(220) H(S) = {5 : 52 € (Oa 1)751 < H(§233)}a w(s) = {5 : 52 € (Oa 1)751 = H(fg,S)}.
The problem for the boundary layer type terms looks like this:

(2.21) AZw(&s) =0, € ell(s),
(2.22) w(&;s) =go(&8), Ow(&s) =aq1(&s), €€ w(s),
(2.23) w(1,0;8) = w(&y,1;8), Gw(&1,058) = ow(&1,1;s), &1 < H(O,s).

Here 0; = 0/0¢;, j = 1,2. The origin of the boundary conditions ([222) is clear: in
their right-hand sides we have the discrepancies left by the asymptotic term (23) of
regular type. The biharmonic equation (Z21]) arises as a result of the coordinate changes
z +— (n,s) — £ and formula (LI4]) for the Laplace operator in curvilinear coordinates.
Finally, the periodicity conditions (Z23]) on the lateral sides of the half-strip (the dash-
dot lines in Figure 4) are determined by the construction itself of the boundary layer
that occurs in the modified (compared to (2.2)) representation of the eigenfunction

(2.24) ug(z) = ug(x) + X(:E)Equ(E_lTL, e ls; s)+ Eu;(x) + ﬁz(x)

Here x is a smooth cutoff function supported on the neighborhood V and equal to 1 near
I'. The data of problem ([2Z2I)-(223) depend on the parameter s € I', but we shall not
indicate this in what follows if there is no danger of confusion.

The next claim is a specialization of the general results obtained in [44] §4] on the
basis of the theory of elliptic boundary-value problems in domains with cylindrical exits
to infinity (see the key papers [45] [46] [47, 48], and also, e.g., the books [49, [50]).

Proposition 2.1. 1) Any solution of the homogeneous (go = g1 = 0) problem 221
223) with at most polynomial growth at infinity is a linear combination of two solutions
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determined by the asymptotic expansions

- Wo(€: ) = 36 — Paols)6 — Poa(s) + Olexp(661),
Wi(€:5) = £€ — Piols)6n — Pia(s) + Olexp(661),

where the Py (s) and § > 0 are some numbers. The quantities W;(&; s) and Py (s) depend
smoothly on s € T'.

2) Problem [Z2I)-223) with smooth periodic right-hand sides go and g1 admits a
solution w decaying exponentially as & — —oo if and only if the following two solvability
conditions are satisfied:

[, w@oaan@ac- [ a@aan@dsc=o. i=o1
Such a solution w is unique and inherits smoothness relative to s from the right-hand
sides go and g; .

In the sequel, our asymptotic constructions will involve only the solution Wy, and
the coeflicient Py, denoted simply by P, arises in a formula of the type (LI3]) for
eigenvalues. The periodicity conditions ([223) and the smoothness of the data show that
the representations ([2.25]) admit termwise differentiation, with preservation of the rate
of decay of the remainder term.

Proposition 2.2. If H(n,s) = H(s) is constant, then P(s) := Pyo(s) = H(s). If the
profile function nw— H(n,s) is nonconstant, then we have the inequalities

(2.26) Hy(s) == ng%('l)fll)H(n,s) < P(s) < /0 H(n, s) dn.

Proof. 1f H(n) = H, then Wy(&) = (& — H)?, so that the first claim is obvious.
Let the function H be nonconstant; we put 171\/0(5 ) = Wo(&) — 1£7 and apply the Green
formula in the truncated half-strip IIp = {£ € IT : —R < & }:

1

5 | (G0.8W(©) - 0,EAMW(©) dse

_ / (Wo(€)0, AWo(€) — 0, Wo() Ao (€)) dse
(2.27) o
_ / (Wo(€)21 8¢ Wo(&) — W (€) AcTo ()

dés.

+ AgWO(f)alﬁ\/O(g) — 81A§WO(£)WO(€)) E1=—R

Letting R — o0, we replace Wy (§) and Wo(f) by the polynomial terms in the corre-
sponding asymptotics (the other terms vanish in the limit). This shows that expression
[@27)) is equal to —P. On the other hand, the first integral in (Z27]) can be written as

. _i /w 0, €2 €2 dse — /w (Wo(&)2 Ao (€) — 0, Wo(§) AcTWo(&)) dé
. 1
:_/ H(§2)d§2+/ ]Aﬁo(ﬁ)lz dg.
0 II



THE SPECTRUM ASYMPTOTICS 951

This justifies the right inequality in (Z20]), because the last-written integral is positive.
To check the left inequality in (226]), we use the function

Wo(é1) — 5(& — Ho)?, & < Ho,
Wo(&1), &1 > Ho;

here Hy is the quantity occurring in (ILI6) and (Z26). The function W is still periodic
and continuous. Also, it satisfies the homogeneous conditions ([Z22]) on w and equation
(ZZI) in the union of the truncated half-strip Iy = (o0, Hy) x (0,1) and the set 1% =
11\ Iy, but the second derivative of WO’ with respect to & has a jump at & = Hy (the
other derivatives are continuous). We have

(2.29) W (€) = {

1 1
| oot gde =3 + [ (WhtHo £0.6)0 808 (Ho 0.6
0 + 0

(2:30) — VW (Ho £ 0,6) AcWS (Ho £ 0,62) ) de

A ¢
=~ [ |aawp@ de- [ [acmiof ae
I, e
On the other hand, as in (Z21), we find that the first integral in (230) is equal to

1

> i/ (WO(HOa§2)61A£W0‘(HO +0,62) — L Wo(Ho, §2) AW (Ho +0,&5)
+ 0

+ AWy (Ho, &)W (Ho £ 0, &9) — 01 AWy (Ho, &)W (Ho + 0752)) dgo

1
= [ (m@maawtio - ama( s ©
+ AW ()W (&) — 1AW (OWL(E)) de
1
_/0 Ag(%f%_Pfl—P01)51(—P§1—P01+H0§1— %Hg)d& = Hy— P.
This makes the left inequality in (Z28]) obvious. O

Observe that, by Proposition 2.I] the expression

we(€: ) = 03u3(0,5) (WolE:5) — 5€ + Ps)éa + Por(s)

decays exponentially as & — —oo, and, therefore, can serve as a boundary layer. We
show that this w,(§; s) compensates for the discrepancies in the boundary condition (2.6)
left by the sum u)(x) + cul,(x) of the regular type terms in the Ansatz ([Z24) (recall that
the discrepancy of these terms in the Dirichlet conditions (21 is known to be small). By
formulas (Z19) and (Z8)-(@2I2), the derivative d,- along the normal to I' differs little
from the derivative

8_1(9,, = 6_1(1 + |(92H(§2, 8)|2)1/2(81 — 82H(§2, 8)82)

along the normal to the edge w(s) of the half-strip II(s) (see the definition (Z200))).
Consequently, after freezing the slow variable s, the leading part of the discrepancy of
the sum u 4 cu;, in relation ([Z6) takes the form

e719, (5n°0%u(0,s) + endpuy (0, s)) = €0, (36107ud(0, s) + &19,ul(0, 5)) -

3The factor e~ corresponds to dilation of the coordinates n and s.
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The identity
e710, (Pwe(&:5)) = €0, (—2602u0(0, s) + £192u0(0, 5))

coming from formula (225]) with the solution Wy of the homogeneous problem (2.21])—
([2:23), shows that it remains to subordinate the correction term w; to the boundary
conditions

(2.31) up(0,8) =0,  dpul(0,s) = —P(s)d2ug(0,s), sel.

The solvability of problem (2Z12)), (231 is ensured by the s, relations (2.13)), in which
the weight factor H is replaced with the factor P(s) = Py(s) (see (Z28])). As a result,
the ingredients a? = (af,...,a% ) and A} of the asymptotic formulas (2.24), (2.3), and

@I can be determined from system (ZI4) with the matrix T9 whose entries are given
by formulas ([2.I5]) and

(2.32) h(s) = —P(s).
This completes the formal asymptotic analysis in the case where v = 1.

Remark 2.1. We have used the method of compound expansions (see, e.g., [9]); an al-
ternative is the method of matching expansions, which deals with two expansions, the
outer expansion

(2.33) us(x) ~ u(x) + eul(z),

valid far from the perturbed boundary I'®, and the inner expansion
(2.34) ug(z) ~ e"wg(z) = em,%ug(o, $)Wo(§; ),

valid in the vicinity of I'°. The boundary conditions (231]) arise when we match these
expansions. In the next subsection it will be convenient to employ precisely the method
of matching expansions.

Remark 2.2. If Q° C Q (or Q° D Q), ie., H(s,n) <0 (or H(s,n) > 0), then, clearly, A5 >
Aj (or A5 < A;). This observation is in agreement with the asymptotic formula (2.I): the
matrix TP is positive (or negative) and its eigenvalues X},,..., A}, . _; are nonnegative
(or nonpositive). For a slanting (v > 1) perturbation of the boundary the claim is
obvious, and for v = 1 it is ensured by inequalities [2.28]). If H(s) = fol H(n,s)dn >0
(this does not require that the profile function be positive), then the fact that the matrix
TP is nonsingular means that \j <0, so that A\j < Ay, ¢ =p,...,p+ 35, — 1, even if the
inclusion Q¢ C € fails, but only for sufficiently small € > 0.

3. The boundary layer and asymptotic expansions for v < 1. Assume that, for
all s € T, the function [0,1) 3 n — H(n, s) attains its global minimum Hy(s) at a unique
point 1g(s), and this is a strict minimum, i.e.,

(2.35) H(n,s) = A(s)(n—1n0(s)* + O(ln — mo(s)’),  A(s) >0

(cf. formula (LI6); see also Remarks [2.3] and below). We freeze the variable s = s
and introduce the dilated coordinates

(2.36) €= (6,8) = (e 'n— " Hy(sg),e 's).

They differ from the previous coordinates ([2I9) by an additional shift along the first
axis. Then the arc n = eYH(e7 s, s9) takes the form

(2.37) & =& " (H(s0,&2) — Ho(s0))-
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S
P ——

F1GURE 5. Transformation of a strip with strongly curvilinear edge into
a strip with a semi-infinite cut.

Since v — 1 < 0 and H (&, sg) > Ho(sp) whenever & # n9(sg), a formal passage to the
limit as € — 40 transforms the two branches of the arc (Z37) (see Figure 5) into the two
shores of the semi-infinite cut T4 (s¢),

(2.38) T(So) = {f : §2 = 770(80),51 Z 0}
As a result, for the description of the boundary layer we obtain the domain ¥(sg) =
3o\ Y(so), i.e., the strip Xo = R x (0,1) with the cut [238]).

As in Subsection 2 of §2, we are interested in the &s-periodic (with period 1) functions
W, that satisfy the biharmonic equation in ¥(sg), vanish together with the derivatives
on the shores of the cut, and admit expansions (228 as & — —oo. In other words, we
seek special solutions of the homogeneous problem

Agw(f) =0, §€X, w(&) = 82w(§) =0, E €Ty,
w(fl, 0) = w(ﬁl, 1), 32w(£1, O) = 32w(§1, 1), 61 e R.

The existence of the required solutions is also ensured by the results of [44] (see com-
ments on Proposition [ZT]). Due to the Dirichlet conditions, the functions W; decay
exponentially as £, — +o00; i.e., for some positive § we have

(2.40) Wi(&;s) = O(exp(—01&1)), & — +o0, ©=0,1.

(2.39)

The location of the cut is irrelevant, i.e., the quantities W; (&1, &2 — no(s); s) (and, with
them, the coefficients P;;(s)) do not depend on s, by periodicity. Repeating with minor
changes the final part of the proof of Proposition (starting with formula (2:29]), where
we temporarily put Hy = 0), we see that

(2.41) P =Py = 521200(31”/0(51,52) —&) > 0.

In §3 we shall need the following expansion of the solution W;(£) near the vertex of
the cut:
_ 3/2 ¢ 3¢ 2
(2.42) Wi (&) = Kip 3cos§ +cos — +0(p?), p—+0
(see [51), [46]); here p = |£] and ¢ € (—m, ) are the polar coordinates, and K; is some
number (the intensity coefficient). Relation ([2:42) admits termwise differentiation if we
agree that V,O(p") = O(p~1).
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FIGURE 6. A strip with several semi-infinite cuts.

Now we proceed to the matching of the outer expansion (Z.33]) and the inner expansion;
as the latter, we take

(2.43)
ewi(x) = 9hug(0, 5)Wo(e™ (”—WHO( )e” 15—770( )
=e20,u(0,s) (3¢ *(n — e *Ho(s))> — Pe ™' (n — e"Hy(s)) = Po1 +-..)
=02 0(0 s) (3n* —"nHo(s) +...).

Here the dots mean the lower asymptotic terms, which are irrelevant to the formal as-
ymptotic analysis in question. The same leading terms appear also in the outer expansion

ug(x) + el () = in*05ug (0, s) + €7ndpuy (0, 5) + O(n*(n +£7)),

provided that the correction uj, satisfies the boundary conditions ([2.IT]) with the replace-
ment H(s) — Hy(s).

All subsequent arguments that lead to system (ZI4]) and the matrix T? with the
entries (2.15]), where

(2.44) h(s) = Hoy(s),

need no modification. Note that the resulting formula for the eigenvalues becomes mean-
ingful only if the function Hj is not equal to 0 identically on I'.

4. The case where v < 1, Hy # 0. Assume identity (LI6). Then relation (243)) takes
the form

e’w(x) = 0pud(0,s) (3n° — Pen+---),

and the procedure of matching with the outer expansion ([233]) leads to the boundary
conditions (231]) with the constant factor (2.41]), and also allows us to repeat what was
said after formula (2:47]), applying the arguments to the case under consideration.

Remark 2.3. If the profile function [0,1) > n — H(s,n) attains its minimal value at
several points 79(s),...,nn(s), and the number N stays constant for all s € T', then
our asymptotic construction needs no essential modification: in this case the role of the
domain X(s) is played by a strip with several half-infinite cuts whose ends have one and
the same abscissa (see Figure 6, where N = 3). Difficulties arise if at least two points
merge. The authors do not know the structure of the asymptotics in question in the
latter case.
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§3. JUSTIFICATION OF ASYMPTOTIC FORMULAS
FOR PERIODIC PERTURBATION OF THE BOUNDARY

1. Abstract formulation of the problem. We denote by H® the Hilbert space
H?(QF) with the scalar product

(3.1) (u®,v%)e = (Apu®, Apv®)ge.
On that space, we introduce the operator K¢ by the formula
(3.2) (Ku®,v%). = (u°,0%)qe, u,v° € H".

This operator is continuous and symmetric; hence, it is selfadjoint. Also, it is positive
and compact. The variational problem (LH) is equivalent to the abstract equation

(3.3) K*u® = pfu® in H°
with the new spectral parameter
(3.4) ps=1/N°.

By [2, Theorems 10.1.5 and 10.2.2], the spectrum of K¢ consists of the essential spectrum
{p = 0} and the discrete spectrum forming a positive infinitesimally small sequence of
eigenvalues

(3.5) pi > py > > ps > — 0.

Now, as eigenvectors we take Uy = (/\Z)*l/ ng; they obey the natural orthogonality and
normalization condition

(3.6) (Up,Ug)e = 0pgs prg €N

The next statement is known as the lemma about “near eigenvalues and eigenvectors”
(see [62], and also [2, Chapter 6]).

Lemma 3.1. Suppose U¢ € He, |U; HE|| =1, M® >0, and
(3.7) 6° = || KU — MU He || < ME.

Then the segment [M* — 6%, M® + 0%] contains at least one eigenvalue of the operator
Ke=. Moreover, for any A€ (65, MF), there exist coefficients A5 such that

2 G 5 Pe4Xc—1
2
(3.8) Hu - Y AunE <2z, Y M5P=
j=P* j=Pe
where it is assumed that e, ..., Wpe x-_y form the complete list of the elements in

BA) that fall into the segment [M*— A%, M+ A®].

2. Plan of the proof and statement of the theorem on asymptotic formulas.
In the next subsection we shall choose approximate “eigenvalues”

(3.9) Mo =N +e°X) qg=p,...,p+ -1,
and the corresponding approximate “eigenfunctions”
Uy, .. ,Z/{;+%p71
of the operator K°. Then we shall show that the resulting quantities [B.7) satisfy
(3.10) 0g < cpe™.
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The exponents in ([39) and (BI0) are determined as follows :

2v—1/2 ify <1,

v oify >1, .
3/2 if vy =1,
(3.11) Yo=<{7 ify<l, Ho#0, 7=
1 2 ify <1, Hy#0,
1 ify <1, Hy=0, (1+7)/2 iy 0 F

1+~/2 ify<1, Hy=0.

Next, from estimate ([BI0) and Lemma 1] we shall deduce that for each p (see (ILIT))

in the sequence ([B.5) we can find s, distinct elements uj(p), . ,uj(p trep—1) such that
(3.12) W) — Mgl S ™ = [N = Ap — 0N S Cpe™

for € € (0,¢p]; here e, > 0 and ¢ = p,...,p + 3, — 1. The implication [BI2) is ensured
by the following simple observation:

1 1 la — b| < cabe cb?
(3.13) ‘———‘gce = i = Ja—bl<
a b a < (1—cbe)~tb

Thus, it remains to check that in (BI2]) we have j(q) = ¢. This is done with the help
of Lemma [Tl which we are now going to prove. First, we note that, by the minimax
principle (see [2, Theorem 10.2.2]), we have \] < A/, ¢ € N, where the \/ are the
eigenvalues of problem (LII)) in a fixed domain QY included in Qf for any £ € (0,];
here g > 0. Thus, )\Z(m) — )\2 as m — +o0, along a certain infinitesimally small
sequence {€(,) }. Extending the eigenfunctions ug to a domain Q2 containing Q¢ for any
e € (0,£%], we see that the norms [lu; H?(Q2*)|| are bounded, because of inequality (LG),
the normalization conditions (L8], and the formula ||Agug; Lo (Q°)(|? = Ag[lug; LoQF) |12,
implied by (L3). As a result, rarefying the sequence {(,,} if necessary, we see that

ug™ — u) weakly in H?(9%) and strongly in Ly (%),

and that [|ud; L2(Q4)] = 1. Since the supports of ug™ contract to the set Q, we have
ud € H?(Q).

Finally, we fix some smooth function v with compact support in Q. By (1), this
function lies in H?2 (Q°) for sufficiently small e. Plugging v into (LI and passing to the
limit, we see that the limits )\2 and ug satisfy (LII). Now, Lemma [Tl became obvious,
because ug #0.

We turn to the identities j(¢) = g¢; it suffices to show that j(p+ s, — 1) = p+ 3, — 1.
The latter number will be denoted by P. The relation j(P) < P is impossible because
for each eigenvalue A\, with k& € {1,..., P} we have an eigenvalue A5k of problem @@
and j(k) # j(m) whenever k # m. If j(m) > m, then there is an eigenfunction Up (o
that corresponds to an eigenvalue A%y < Ap+cpe?? and is orthogonal in L4 (£27) to each
of the eigenfunctions “?(1)7 e ,UE(P). Repeating the proof of Lemma [Tl and observing
that the orthogonality conditions survive after the limit passage as &(,,) — 0, we see the
following: the dimension of the subspace corresponding to the eigenvalues of the limiting
problem ([IIT) that lie on the segment [0, Ap] is strictly greater than P, a contradiction.

Now we state a result to be proved in what follows.

Theorem 3.1. 1) Let A, be an eigenvalue of multiplicity sz, for the limiting problem
1), CI) (or (LII) in the variational setting), and let Uy, ..., Up ., 1 be the corre-

sponding eigenfunctions subject to the orthogonality and normalization conditions ([2.4)).
There exist positive numbers €, and c,, C, such that, for e € (0,¢,], the eigenvalues
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A5 Aot 1 of the singularly perturbed problem (L3), (L) (or (L) in the varia-

) iptaep
tional setting) satisfy the inequalities

Ao =X =N <™, q=p,....p+ -1,
where o and 1 are the exponents B.II), A, ..., N, 1 are the eigenvalues [2.I0) of

) ity
the matriz T of size 2, X 3¢, with the entries defined by formula [210) with

_ [H(s) if v>1,
. )= {P(S) if v=1,
and for v < 1,
(3.15) T(s) = Ho(s) if Hy#0 on T,
. P if Hy=0 on T.

Here H is the mean value (LI5), Hy is the minimal value (see (LIB)) of the profile
function H that describes the rapidly oscillating boundary (Il), and P(s) and P are
the coefficients in the expansions [2Z28) of the special solutions Wy of the homogeneous
problem R2I)-@23) in the half-strip 220) with a curvilinear edge and of problem

@39) in the unit strip Yo with the cut ([237)).

2) There are coefficient columns b, = (bé’p“..,bz,ﬁ%fl) forming an orthogonal
(s6p X 32p)-matriz such that for the eigenfunctions ug,...,u;,,, 1 of problem (LI), or-

thonormalized as in (L), we have the asymptotic formulas

The eigenfunctions up, ..., Upi s, -1 of problem ([LII)) obey the orthogonality and nor-
malization conditions [24) and are extended by zero outside the limiting domain 2.

ptp—1

ug — Z bg,juj;Hz(QE) < Cpev/2,
Jj=p

3. Global asymptotic approximation. Suppose 7 < 1 (the case where v > 1 is
much simpler and will be considered in passing in Subsection 6 of §3). We operate
with the eigenvectors a?, ..., aP™*%~1 of the matrix T? to form s, global asymptotic
approximations to the eigenfunctions of problem (I3)), (L4):

U3 () = Xe (@) (ug(2) + €™0ug () + x(2)*05 g (0, ) Wo(§; 5)

(3.16) — Xo(2)x(x) (3n202ud(0, 8) + £7°ndyul (0, 5)) + W ().

This formula needs an explanation. By u) we mean the linear combination (Z3), and
uy, is the solution of the differential equation of (ZI2)) with the boundary conditions
ZII) or 31 in which the weight factor of d2uJ(0,s) is chosen in accordance with
the asymptotic constructions of Subsections 4 and 5 of §2 (see (BI4) and (BIH)), and
solvability is ensured by conditions of the form (2I3). The cutoff functions X, and x are

defined by the formulas

_ —
(3.17) (@) = Xo(n), xev; Xo(z) = 1 — xo(e™"n), :EGV;
0, x €N\, 1, x €N\,

where xo € C(R), xo(n) = 1if |n| < d/2, xo(n) = 0 if |n| > d, and 0 < x < 1; the
parameter d is chosen so that the functions (BI7) are smooth and X. = 0 on I'*. The
boundary layer involves the special solution Wy of the homogeneous problem (221])—
223) for v = 1 and of problem ([239) for v < 1. The dilated coordinates £ are given
by ZI39) for o0 = 1 and by Z36) for v < 1, Ho # 0. Finally, W; is an additional

term ensuring that U; € I;TQ(Q), i.e., compensating for the small discrepancy in the
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boundary condition (2] for the third summand (see explanations below), and subject
to the estimate

2v—=3/2 if yv>1,

. 3/2 if =1

(3.18) W H(F) | < e, =14 ify=1,
(7+1)/2 lf’}/<1, H0$07
1 if v<1, Hy=0.

It should be noted that we employ an asymptotic construction with “overlapping”
cutoff functions (BI7) (see [63] and also [9, Chapter 2]): in the third summand on the
right in [BI6]) we collected all terms that have undergone the matching procedure (cf.
Remark [ZT]). These terms occur in the first and the second summand, but duplication
is eliminated by the subtrahend. When commuting the Laplace operator with cutoff
functions (we need this for estimating the remainder terms), we shall append this sub-
trahend to one or the other summand, in order that the differences decay in the zone
under consideration. We illustrate the corresponding calculations.

The definition [BI7) of our cutoff functions (more precisely, the location of their
supports) shows that

(3.19) X[Az, Xe] = [Ag, X, Xe[Ag, x| = [Aas X;

here [Ay, x]Jv =2V, v- Vux +vA,x. Now, we write the right-hand side of (10]) without
the last term Wy as the algebraic sum

XS5 + XS] — XX Sy,

and perform commutation accompanied with a rearrangement of terms as indicated
above. As a result, we get

Ay (XeSy + xS; — XexSy,) = XeApS5 4+ XA S + xALS; — AxS;,
+[Ag, X(S5 = 55) + [Aa, XJ(ST = S5)-
Since |VEX.(2)| < cxe %70 and the coefficients of the differential operator [A,, X.] vanish
for |n| > ce™, we see that
|[Az, X (S5(2) — S, (@)
(3.21) = (A, XE](ug(x) - %nQ(‘?fLug(O, 8) + €7 (ug () — ndnuy (0, s))|

<c(e(n? + e n|) + 720 (Inf]? +0n?)) < ce™.

(3.20)

Consider the last term in (320). First, let 79 = 1, i.e., either v = 1, or v < 1, but
Hp = 0. Then (Z23]) and the second boundary condition in (2331 imply that

(3.22) SE(x) — S5, (x) = £202uf(0, 5) (Wo(e " n,e 7 s;5) — Pou(s)) |
and the quantity
(3.23) Wo(&:s) = Wo(&:s) — 367 + P(s)é1 + Pou(s)

decays exponentially as & — —oo; here the free term Pp;(s) in the first expansion in
229) is a smooth function of s € T'. Thus, expression [B:22) is written as the sum of
two terms: a smooth function multiplied by €2 and a quantity that is exponentially small
on the set supp |V x|, i.e., on the support of the coefficients of the commutator [A,, x],
where ¢ = e7!n < cxefl, ¢y > 0. Therefore,

1Az, X](S55 — an);L2(QE)H2 < ce?ogn,

(3.24) ,
1Az, X] (S5 = S5,); La(Q°)||” < c(e® + exp(—dye ™)), 6y > 0.
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In the first line in (B24), one of the factors 7 arose because of integration over the
boundary strip of width O(£7°) on which the support of the function on the left in (321])
is located. For similar reasons,

(3.25) [XALSE — XoxA, S5, Lo(€F)]° < e

Indeed, the factor 2 of the second term on the right in (B.I6) suppresses the large factors
72 and e~! coming from differentiation (at most two-fold) with respect to the fast
variables (219, and the expression on the left in (325]) without the smooth subtrahend
Po1(s), for which the required estimate is obvious, decays exponentially as £; = e~ tn —

—o00. This means that, in essence, in ([B:28) it remains to consider the integral

Ct €
C// exp(20e~n) dn ds,
' J—c_

which is O(e") (recall that 7o = 1). Finally, supp(X:A,S§) C © and

2

(3.26) HXEAg;Sg — Amug; LQ(Q)H < g0,
Formulas (324)-(B326) and BI8]) show that

(3.27) (A, U5, AU s — (Agud, Ayuf)g| < ee/2.

In particular, using (24) and (TT), we obtain

(3.28) 1—ce™/? < UG HE[| = Ay <1+ e/,

If v < 1,i.e., v <1, but Hy # 0, then the calculations remain largely the same. The
only point that is worth attention is a modification of the last factor in formulas similar

to B22) and B23):
S5 (x) = S;,(x) 628,2#2(0, )W tn — e tHy(s),e 's;5),
W3 (&5 s) = Wo(&s) — e 2hn? — e M Hy(s)n
Wo(&; ) — 361 — 362772 Ho(s)* Wi (€, 5)

— P(S)fl — P01(8) — %62’7_2]{0(8)2.

We have used the definition ([Z236]) of the fast variable &;. The linear growth of W (¢, s)
does not impede the deduction of estimates, though it enlarges the majorant, which,
however, is irrelevant because v < 1. Indeed, for two-fold differentiation the estimate
survives because of the presence of €2 and the exponential decay of V[N/O, while for one-fold
differentiation or for differentiation only in the slow variable s, a similar role is played by

the remaining factors € or €2, respectively. The norm in ([B.25) can be treated similarly.
Thus, formulas (3:27) and [B28)) are valid also for vo = v < 1.

4. Discrepancy estimate for v = 1. First, we find the correction term Wy in ([3.16).
Due to the cutoff function X., the first and third terms on the right in (I8 satisfy
the boundary conditions (L4)). Since WY is a solution of the homogeneous problem
EZ21)-@23), WO also satisfies the first boundary condition, so that we should put

(3.29) W, (r) =0, sel*.

On the other hand, the derivative along the normal to the boundary (L),
One (8Zu2(0, s)Wole tn, e s, 5))

9 _

96

0

NE(S)JE(S)—1(5—+1)) (92ug(0, 5)Wo (&, 9)) L

_ era2y—1/21
= (1+N*(s)7) 5( 0s  0&

)
=e~1(n,s)
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FI1GURE 7. Periodic boundary layer and a cell of the covering.

found by formulas [27) and ([2.38), differs from the derivative along the normal to the
edge w(s) of the half-strip II(s) (see (220)) for s fixed:

S+ o) (e - G ) e ) (GRuS(0. 5ol )|

c\d& 06 0 g=c1(n.s)
Formulas (29) and (ZI0) show that the difference is O(¢°). As a result, taking the factor
2 into account, we obtain
(3.30) On Wi () = *Pyi(e,e's,s), w=s€el.

Here P; is a smooth function of the variables e € [0,1], n = e s € [0,1], and s € T,
periodic relative to 7.
The set

o — {x €0 :n>e(l+min{Ho(n s)|nel0,1],s¢€ F})}
(it is shadowed in Figure 7; cf. Figure 1) can be covered by the cells
0; ={r €0 :s€(ej—¢/2,ej+3/2)}, j=1,....N

(one of these cells is deeply shadowed in Figure 7). We recall that ¢ = 1/N. Each
of the cells “differs little” from the other cells (one is taken to another by a smooth
diffeomorphism). We choose an appropriate partition of unity {($ }é\le on the contour I,
with elements (5 € C2°(ej —e/4,e5 + 5¢/4). We construct functions Wy, € C2°(05 UV5)
such that

(3.31) Wi =0, 0,:W5; =*¢Py on 95 =005 NT°
and put

N ~
(3.32) Wi =YW,

j=1

where CAJE € C(ej —€/2,ej + 3¢/2) and CA;C; = (5. This finishes the construction of the
required function; it remains to estimate its Sobolev norms. The consideration of the
data ([3.3])) is done conveniently in terms of coordinates that are e ~! times dilated relative
to the mass center of §5. This operation of dilation will be denoted by the symbol b. The
norm of the function £*(¢5P1), in the Sobolev-Slobodetskil space H'/2 is O(¢®) (the
additional factor € is due to the coordinate dilation). Therefore, the H?-norm of the
function (VV(‘;-)b does not exceed ce3, and ¢ can be taken to be one and the same for all
cells because the cells differ little from one another (see above). Upon returning to the
initial coordinates, the square of the H2?-norm acquires the factor 2(¢72)? = £~2; hence,
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after summing as in ([3:32) and recalling that N = 1/e, we obtain the majorant ce5-2-1
for the sum in question, together with the desired estimate ([BI8) with the exponent
~v2 = 3/2 for the norm itself of the function [B32).

We turn to handling the quantity ([B.7) that occurs in Lemma [B] concerning near
eigenvalues and eigenvectors; as an approximate eigenvalue Mg in that lemma, we take
the expression ([33)), and the role of an approximate eigenfunction will be played by

—1
U = U5 B U,

a
where U is the asymptotic construction (B.I7). By the definitions (B.1) and (3.2)), we
have

6 = KUy — MUG; HF ||

(3.33) = |[UZ; H || 7' MG sup |(Ap 4+ €M) (U5, VE)ge — (AU, AVE)qe
< esup [(AZUS — (A, +7°A,) UL, VE)q:|.

Here the supremum is taken over all V¢ € H® such that |[V¢; H¢|| = 1, and in the last

line in (B.33) we used the fact that, by (B3) and B.28), the quantity |[US; He||~*M¢ is

uniformly bounded for ¢ € (0,¢,] with ¢, > 0. Observe that, by the inequalities (6

and ([@I2]), we have
(3.34) lp=2VE5 La(QF) | + o2 ' Va V3 Lo (Q) || + [[VEVE; Lo(Q7)]| <

Estimate (B.I8) shows that the correction term W can be excluded from further consid-
eration, because

(3.35) [(Ap + X)WV, VE)ar — (AaWg, AxVE)oe| < c2™.
We perform transformations similar to (3.20):
AZ(XoS5 + XS7 = XoxS5,) — (Ap + €N (XS5 + xSF — XexST,)
= X(AZS5 — (A +7X))S5) + [AZ, X (S5 - S7,)
+X(ALS] — XATSL) — (Ap + €X)X(S] — XeST) + (AL XI(SF — 57,)
= AX5 + 35, + X, — x2% + 25

(3.36)

Here, we encounter commutators of the biharmonic operator with the cutoff functions
B.I17), but formulas similar to (3.I9) remain valid. The commutator [A2,x] is a third-
order differential operator with smooth coefficients, the supports of which are O(d)-
distant from the boundary I'°. The coefficients of the derivatives of order p = 0,1,2,3
in the commutator [AZ; X.] are O(¢=**P?), and their supports are located in the de-
neighborhood of I'. We shall use these properties in the further calculations.

Recalling equations (L9) and (ZI2)), we see that

€ _ 2,0 0 Yo 2,1 r 0 2v0y/,,0 _ _ 27 y/,,0
35 = (AZug — Apuy) + €7 (AZug — Apug — Ajuy) — 70 Nug = —e N uy,
ie.,

(3.37) (X5, VE)qe| < e

We repeat the transformations (321 with obvious modifications and use the weight
inequality (3.34) and what was said above about the commutator [A2, X.] to show that
(3.38)

(=5

om?’

VE)QE

0 1/2
< ¢f|p? Ve La(9)|| (/d (Inl +&)*(In[>~P + e|n|®~P)+)? dn) < e/
€

here (t)4+ = (|t| +t)/2 is the positive part of ¢ € R.
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Now we consider the terms that arose in (330) because of the internal expansion
[@34)). We begin with the simpler, the last, term. Since the difference [3:22)) is bounded
with respect to & and involves the factor 2, we have

(3.39) |(XE5, VE)ae | < ce?||VE; La(Q°)]| < 2.
Formula (LI4)) for the Laplacian allows us to rewrite the biharmonic operator in the
curvilinear coordinates: A2 = L(n, s, d,, ds). Also, note that

oWy 1 0W,
s 58—52(5’8))‘

(3.40) DsWo(e tn, e s, s) = ( (&, 8)+

f=c1(n.s)

Thus, we can write
L(n,s,0p,0s)Wo(e 'n,e s, s)
= (e " AWo(&,8) + Le(n, 5, V() V)W E, 9)) |

(n,s)’

where L. is a fourth-order operator for which the coefficients of the derivatives V‘g are
O(e7%n|), and those of the derivatives V{n’S)V’g are O(e7%); here j = 0,...,4, k =
0,...,3,and j + k < 4.

We agree to use the slow and fast variables simultaneously, which is customary in
homogenization theory (cf. relations (B.40)). Also, we assume that in the expression
S¢. the coordinate n is replaced with the dilated coordinate &; = e 'n, i.e., SE, (z) =
e?0%uf(0,5)(5&7 + P(s)&1). Then for both terms we obtain AZSS = 0 and AZS;, = 0.
In the difference S°(x) — S, (), the quadratic terms O(£?), as well as the linear terms
O(|&1]), mutually cancel, and the constant term Py (s) (cf. ([B:22])) gives rise to a smooth
function  — e2x(x)A20,u9(0, ) Po1(s), for which the required estimate is obvious due
to the factor 2. As a result, since the remainder term (3.23) decays exponentially (see
Proposition [ZT]), we conclude that

|(XZ5, Vo )z | < ce®|p2VE; Lo(€Y))]|

4 ce 1/2
X (1 + Z 5_%/ (|n] + &)*n?% exp (25E) dn) < 3/,
k=0 —d ¢

It remains to consider the summand X5, with the commutator [A2Z x]. Much as in the
proof of the second relation in ([B.24]), we arrive at the following result:

(3.42) [(25,V)ae | < e,
Now, combining formula (833) with estimates (333]), B37)-EB39) and B4T), (342)

for the terms in (B36), we see that 67 < ce%2. Thus, the first part of Lemma B3] ensures
the existence of an eigenvalue in the sequence ([B.1]) for which

(3.43) K gy — hp +EXL) 71 < %/

(3.41)

Suppose the eigenvalue A, is simple, i.e., 55, = 1, or all the eigenvalues of the matrix
T? are simple, i.e., all inequalities in (Z10]) are strict, and hence, the segments on which,
. . - . . o
in accordance with ([343]), the numbers B ()5 - B (e —1) lie, are disjoint. Then we
have s, eigenvalues of the operator K¢ that satisfy ([BI12), so that the arguments of
Subsection 2 in §3 lead to the required theorem on asymptotic formulas. However, in the

case of a multiple eigenvalue,
!/ I I !
-1 < >\l — et = >\Z+QL*1 < )\l“rQl

(cf. formula (ICIT)), we also need to verify that there exist g; > 1 distinct eigenvalues of
K¢ that satisfy 343) forg=1,...,l+ o — 1.
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Let puge,..., 7 n-_; be all the eigenvalues of the operator K< on the segment
(3.44) 17 (B) = [(/\p +eX) T = B (A +eN) T+ ﬁcp€3/2] 5

where 3 is a (generally speaking, large) number to be chosen later, and ¢ is so small that
the segment (3.44) does not intersect any other such segment I7 () with ¢ # 1,...,1 +

o, — 1. In Lemma B} put Af= acp53/2. Then there exist coefficient columns A‘Em) =

(Ag1s-- s Asiyr, 1) of unit height (see the second formula in (3.8)) such that
Lo4T°—1 5 5
(3.45) 'u;;;— > AL USHY| < 2 < 3
i=L* m

For m # n, with the help of [327) and (LII]) we get
U Us) | = U5 HE || UG HE || H(UG,, US| < e/,
On the other hand, by the orthogonality and normalization conditions ([B.6]), we have

LE+T¢—1 LE+T¢—1 LE+T*—1
€ € _ € € € €
Y ALAL| = < > ALUL Y Aw-Uj>
j=Le j=Le j=Le¢

= [(Z5, Z0) | = (5, — Uns 25) + U, 35 — Us) + Un, U |
<2871 42871 4 ce™0/2,

Here 3¢, is the sum under the norm sign in ([B:45]). Recalling the second formula in (3:8)),
we see that, for large # and sufficiently small €, the columns A7, o-1€ RT" are “almost
orthonormalized”, which is possible only if o; < T*=.

This establishes the required claim; hence, Theorem [3.1] is proved in the case where
v=1.

Remark 3.1. The resulting estimate for qu turns out to be asymptotically sharp: the rule
of “the first discarded term” works. Namely, in the Ansatz ([2:24]), and then also in the
construction ([B.I6), the term y(z)ew” (¢!, e71s, s) of the boundary layer type was not
taken into account, and the norm of this term in the space H?(QF) is precisely O(g%/2).

5. Discrepancy estimate for v < 1. In essence, the only difficulty is to estimate
the correction term W¢ in ([BI6]), at least because now the boundary condition (B29)
becomes nonhomogeneous, and the right-hand sides of ([3.29) and ([3.30) are calculated
in accordance with the expansions (Z42)) near the vertex of the check ([2.38]).

Remark 3.2. Due to the assumption (235), the leading terms of equation ([237)) of
the boundary take the form & = €771 A(sg)(&2 — no(s0))?. Therefore, passage to the
“superfast” variables

(3.46) £=(&1,6) = (716,77 (& — mo(s0))

transforms the domain 2 inside a small neighborhood of the point (sq,e”H (s0,70(s0)))
to the exterior of the parabola &, = A(so)(g}) 2. As a result, the phenomenon of a “deep”
boundary layer arises, described in [54] for a second-order elliptic equation. We shall not
need such a boundary layer for justifying the leading terms of the asymptotic expansion.
In the case of a nonstrict minimum, if we replace (2:38) by the condition

H(n,50) = A(s0)(n = 10(50))*™ + O(In = m0(50))[*" ),
A(s) >0, meN, m>1,

then 7~ appears in place of the dilatation coefficient £(¥=1)/(2m=1),
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Let s € (e(j — 1),ej) for some 5 = 1,...,N. Since the profile function is smooth
in both arguments, the points (¥ Ho(no(s), s), s) ran over an arc of length O(e!*7) (cf.
(I8)). We introduce a cutoff function x% .., with support in the 2ce'*7-neighborhood
of that arc and equal to 1 in the ce'*7-neighborhood. It is not hard to ensure the relation
IVEXS1 s ()| > coe™ 1), hence, by ([242), we have

||Xgl+w€28nu2WO; HQ(QE) H2

(3.47) e
< 664/ (5*4(””)(67 +e7 )3 et + 6*1r)*1)rdr < e,
0

In other words, near the points of minimum of the profile function, for the role of the
correction Wy we can take the sum We ., of the functions occurring under the norm

sign on the left in B47). We have N = 1/ such functions, whence
W mims H2(Q)[)? < e(Ne*T)1/? = ce1H1)/2,

,min?

Relations ([Z42]) and (Z40) yield the following estimates in the strip R x (0, 1):
(Wo(&)] < ep®?|p™ 6af* exp(—6161) = cp™ /2 |&|* exp(=61€1),
(348)  [VeWo(§)] < cp™'/*|&a] exp(~016),
IVEWo(£)] < cp™ /% exp(—61&1).

Note that the factor |[p~1&|? ~ (|¢| — 7)? has arisen because of the double zero of the
angular part 3sin(¢/2) + sin(3¢/2) at the points ¢ = £, i.e., on the shores of the cut
T ={¢: & =0,£ > 0}. The presence of an exponential factor on the right-hand sides of
([B:28) allows us to use the sum W; .. of the products £29,,u) Wy multiplied by 1—xY .,
for the role of We on the fragments {x € T'* : n > Hy(s) + ce' 7} (“offcuts of petals”).
Then

IWe tmasi H(Q°)[|? < cexp(—82¢77), 6 € (0,61).

,max?
As a result, we arrive at the required estimate [BI8]). In essence, the remaining part of
the proof repeats the arguments of the preceding subsection; the necessary but insignif-
icant modifications were already discussed in Subsection 3 of §4. Thus, we assume that
Theorem B1] 1), is proved for v < 1, Hy #Z 0.

6. The remaining two cases. In the case of a slanting (v > 1) perturbation of the
boundary, the term of the boundary layer type can be excluded from the construction of
the asymptotic approximation ([B.I6]); this formula becomes

US (2) = ud(x) + 7l (x) + Wi ().

The functions u) and w, are defined by formulas ([Z3) and 2I2), (211, and the bound-

ary condition for u; involves the mean value H(s) of the profile function. The small
correction term Wg must compensate for the smooth type discrepancies in the boundary
conditions (2Z.5) and (2.6). Recalling that u) and u; are extended smoothly outside of €2,
we arrive at the relation
ud(eVH(e " s,8),8) + eTul (€ H (e s, 5), )
(3.49) 2y (1 —1, \2492,,0 —1 / 3y
= 1 (SH( "5, 5)202u5(0,5) + H(e ™5, 8)u} (0,5)) + O(™).

If we act as in Subsection 4 of §3, and choose any function W: € H?(9°) that takes the
value opposite to ([B49) on the boundary I'®, then it will satisfy estimate ([B.I8]) with the
exponent v2 = 2y — 3/2 > 0. This estimate suffices for proving the auxiliary formulas

such as (B27) and [B28) with infinitesimally small majorants, but it is unsuitable for
proving Theorem Bl because the exponent v = 2y — 1/2 in the second formula in
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BII) turns out to be greater than the 2 obtained. Looking through what was said
in Subsection 4 of §3 once again, we find that relation [BI8]) was employed to deduce
inequality ([B.33)), and that this inequality (and only it) leads to an inadmissible enlarging
of the majorant for the quantity (333) in Lemma 311

This situation can be remedied by imitation of the boundary layer phenomenon as
follows. We compensate for the averages over the fast variable &, = £~ 's of the right-
hand sides in (3.49) and in a similar identity for d,,- (u)-+&7u,,) with the help of a function
depending on the slow variables, and the remainder will be compensated for with the
help of the solution of problem ([Z2I)—(Z23) in the half-strip II_ with the rectangular
edge w = {¢ : & = 0,& € (0,1)}. Since in this special case we have Wy(£) = £7/2 and
Wo(€) = &}/6, Proposition 211 2) shows that the resulting Ersatz of the boundary layer
decays exponentially, because the right-hand sides gy and g; have zero mean. Now, by
repeating the calculations that led in Subsection 4 of §3 to inequality ([3.:38)), we see that
0g < ce®’71/2 (cf. formula BII))).

Similar modifications are needed in the case where v < 1, Hy = 0, because relation
(BII) does not provide the required majorant in ([B35]). What is needed is the “deep”
boundary layer employing the superfast variables ([B.40) and described in Remark
With such a boundary layer in the construction of the correction term W, we get the
desired relation §; < celt/2,

In the last two cases, the resulting estimates turn out to be asymptotically sharp in
the sense of Remark Bl However, the estimate found in the case of v < 1, Hy # 0 (see
Subsection 5 of §3) fails to possess this property, again because the deep boundary layer
was not taken into account in the correction term We.

7. Some words about the asymptotic approximations of eigenfunctions. The
standard approach (see, e.g., [62, [0, [4]) allows us to use the second part of Lemma [31]
on “near eigenvalues and eigenvectors” for justifying the asymptotic formulas ([2:2)) and

224) for us, ..., u;,,, ;. Naturally, some loss of accuracy occurs: recall that a smooth
P

type correction term is not unique, being determined only up to a linear combination

of the “limiting eigenfunctions” wuy, ..., Ups,—1, which are unknown at that stage of

the asymptotic procedure. In Theorem [3.I] we presented a simpler result, in which the
boundary layer is neglected, so that the majorant is somewhat enlarged additionally.

§4. NONREGULAR PERTURBATION OF THE BOUNDARY

1. On the notation. In accordance with [7], the content of this section is closely re-
lated to the abstract setting ([B3]) of problem (3], dealing with the eigenvalues (B3]
of the operator K°. Therefore, all asymptotic expansions are formulated for the eigen-
values pg, = 1/A7. Of course, such formulas can easily be reshaped into asymptotic
representations of the eigenvalues A, themselves; see ([3.13) (cf. Subsection 1 of §5).

2. An abstract theorem. The proof of the results mentioned in Subsection 3 of §1
is based on an application of [7, Theorem 1], which makes it possible to compare the
eigenvalues of two compact operators acting in different Hilbert spaces. The first pair
space/operator that we need was already determined in Subsection 1 of §3: the space
H® = H%(QF) with the scalar product (3) and the operator K¢ given by [B2). Clear
modifications of the definitions provide the space H = H?, the scalar product (,) = (, )¢
and the operator K = K° with the same properties as K¢, i.e., K is compact, positive,
and selfadjoint; relations (3I]) and (32) take the form

(u,v) = (Agu, Agv)q, (Ku,v) = (u,v)q, u,ve H.
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The eigenvalues of K will be denoted by p1 > pg > -+ > py, > -+ — +0 (cf. (33)), and
the variational spectral problem (LII]) is equivalent to the abstract equation Ku = pu
in H, similar to (33)), and the eigenvalues A, and p, are related by (34).

In order to compare the eigenvalues p, and ug of the operators K and K*, we apply
Proposition 1 and Theorem 1 of the paper [8]. In the sequel, it is convenient to assume
that the functions of classes H and H® are extended by zero to the entire plane. We
shall need the operator & : H° —+ H® defined as follows: for ¢ € H? by ¢ = Gy € H®
we mean a unique solution of the problem

(¢, 0)e = (p,v)e, v EH".
For the conjugate operator &* : H® — H we have (p,&*v) = (p,v), ¢ € H. By
definition, ||&;H — H¢|| = ||6*; H® — H|| = 1. Moreover, SGw = w and &*w = w
whenever w € H N He. If w® € H® (or w € H) and the vector w® (or w) is orthogonal
to H N H¢, then the same orthogonality remains valid for Sw (or &*w®).

Compared to Subsection 1 of §1, now we characterize the mutual proximity of the
domains 2 and ¢ by a more complicated condition, which will be verified afterwards
starting with the previous requirements. Observe that if functions w € H and w® € H¢
are orthogonal to the subspace H N H®, then

(4.1) lw; L2()* < v V3w La(Q)IP,  [[w®; La(Q9)* < v[[V3w; L2 (292
with some constant v, which will be regarded as a small parameter in what follows.
Namely, the new condition looks like this:

(i) Q and Q° are bounded domains with nonempty intersection, and the quantity v
in (A1) is small.

We introduce the operator 6 = K°G — 6K : H — H® and denote by ¢ the best
constant in the inequality

(4.2) (B, 6)<| < clls H|| |Sy; HE|l, o, € X

Let 2),, be the orthogonal complement of the subspace 6%, in H*. Also, let 3, denote
the orthogonal projection onto 6%, in H¢, and let Q, =1 —*,,.

Lemma 4.1. Let )\, be an eigenvalue of problem ([(LII) of multiplicity s, (see (LIT)).
If the constant v in inequalities 1) is small, then the interval [[LA) contains exactly
», eigenvalues of problem (LI8), and the following asymptotic formula is valid:

(4.3) ()\Z)’1 = )\gl +t,+O0(w(s+v), q=p,....,p+ 2 —1,

where ty, ..., ty4,, -1 are the eigenvalues of the algebraic problem

(4.4) (B, B¢)e + (by, Bi)e = B, 6Y)e, ¢ € Xp,

for the unknown function ¢ € X,, and b, €Y, is the solution of the equation

(4.5) A, b, — Q,Kob, = Q,Bo.

Proof. Essentially, the proof is the same as that of formula (53) in [7]. O

We show that any ¢ € X, satisfies the inequality
(4.6) 1B; H>(Q°)|| < v H* ().
Recalling the definitions of K and K¢, we see that
(Bo,w)e = (Ep,w)a: — (p, 6" w)q
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for any test function w € ﬁz(QE). Let ¢ = ¢o + ¢1 and w = wo + w1, where g, wo €
H?(Q N QF), and the components 1 € H%(Q) and w; € H?(QF) are orthogonal to the
subspace H2(2N QF). Then

(4.7) (B, w)e = (o, w1)as — (¢1,wo)a + (Sp1,w)a: — (¢, & wi)q.
Applying inequalities (1)) to w1, Sy and 1, G*w;, we obtain
(B, w)e| < ' ?|l@; H|| w; HE;

this implies the required estimate (4.6]).
Now we compute the scalar product (B, &), occurring in ([@4). For ¢, ¢ € X, we
write

(4.8) CSp=p+o,, GY=1+oy,

where @, is the solution of problem (L2I)). The function ®f is introduced similarly. We
have

(B, GY)e = (p+ 5,9 + P5)as — A, o+ O, ¢+ DF)..
The definitions of ®¢, and ®f, imply that

(4.9) (D5, 0 + B5)e = (p+ 05, 05). = 0.
Thus,
(4.10) (B, 6Y). = (94 5, ¢+ D) + A, ((B5, 05)e — (@, ¥)e) -

With the help of the relations
(Azp, Az)anas — (Azp, Axth)o\o-

= )‘p(307¢)9ﬂ95 - )‘p(%w)ﬂ\ﬂf + 2/ (Azo(2)0n () — OnAzp(z)h()) ds,

TCoe

and

Mles Do) = (0, By)e — / (On Do (@) V() — Apiple) () dss,

FOE
where Tge = (2N Q°), we show that

(0, @%)e = Ap(0, @5 )0 — 2 ((Asp, Asth)onos
— (Azp, Ast)ares — Ap(9,¥)anas + Ap(@, ) aras)-

Together with a similar formula for (®,,1))., this relation reshapes identity (£I0) as
follows:

(B, 6Y)e = (p,9)as + (D5, P50 + A, ((B5, 5)e — (@, ¥):)
+ 2, (0, @5 + (D5, ¥)e + (Ao, Apt)angs
— (Azp, Astp)ares — Ap(9,¥)ana: + Ap(@, ) arae)-
Applying (£9), finally we deduce that

(AsBp, A GP)a: = (0, Y)avas + (D5, BF)a-

(4.11) ¢ e
- >‘p ! ((Amq)apﬂ Amfbw)ga + (Az@, Azw)Q\QE) .
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4. Consequences of the requirements of Subsection 1 in §1, and estimation
of the factor v. Assume the restrictions (L2). We introduce the domains Q5 = {z :
dist(z,Q) < €} and Q¢ = {z € Q : dist(x,I') > €}. By the restrictions mentioned,
Q° C QF and Q° C QNQ°. Putting p(z) = dist(z, 00%), we write the Hardy inequality

(4.12) /Q p~ Ho(x)|? de < cl/

Q
valid for functions of class CS°(22°) with constants ¢; and ¢y independent of €. For a
subdomain = C Q3¢ we introduce the weighted norm

szl = ( [ privzeepas)”

The next statement can be proved, essentially, like Lemma 1 in [7].

2|V o0(@) dr < o3 / V20() ? d,
is is Qis

Lemma 4.2. For any w € Hl(Qi), we have

(4.13) / lw(z)|? de < ce? / \Vw(2)|? da
03\ Qs \0
and
(4.14) / lw(z) | dr < cs/ |Vow(z)|? de.
Qe o3\

Here c is a constant depending on €.

Corollary 4.1. 1) Let w € H (or w € H*) be orthogonal to H N H® with respect to the
scalar product (,) (or {,)c). Then

[ @l de < eset*? [ ) AVEw (o) da

( or /ss lw(z)|* de < CBEHB/SEp(;v)_B|Viw(;v)|2dx).

2) The factor v in inequality 1)) does not exceed ce.

(4.15)

Proof. Applying estimate (£I3]) to the gradient V,w, we get

(4.16) / \wa(x)|2 dx < c52/ \Viw(x)\z dx.
Q3\Q2 Qs\Q=
Similarly, inequality (£I4]) shows that
(4.17) / \Vmw(x)\de < Ce/ \Viw(x)\de.
Qs Qs\Q°

Using Theorem D(p) in [55], we find

/ |V w(z)|? de < C'/ (|Vow((2)]? + Jw(x)|?) dz.
Q.

a0

Now relations (£10) and (@IT)) lead to the estimate

I,

which ensures inequality ([#.I3), because 0 < ¢ < p(z)/e < C for x € Q7 \ Q2.
The second claim of the lemma follows from the first for 5 = 0. ]

Vaw(@) do < Ce /Q o [P,
\ar
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Lemma 4.3. Suppose p € X, and ||p; H*|| = 1.
1) We have

(4.18) / \VEp(z) |2 de < > k=0,1,2, / V20 (2)|? ds, < c.
Q\n2 r
2) The function @, determined by ¢ in accordance with (LZI) satisfies the estimate
(4.19) / IVE®S () do < ce® %, k=12

Proof. 1) We represent ¢ as the sum ¢1 + ¢o, where ¢; € H(B%) is the solution of the
problem

A2¢1(x) = M\pp(2), €BY,  ¢1(x) = Opyd1(z) =0, z € IBY.

Here d > 2 is the dimension, B% is a ball with large radius R (it includes Q¢), and
H' is the Sobolev class. The second summand ¢ is the solution of the boundary-value
problem

A2po(2) =0, 2 €Q, ¢o(x) =—¢1(2), Onga(z)=—0n¢1(z), T€T.

Put Ty = {z € Q : dist(z,T') = £}. By the trace inequality, we have
/ (I01(@) + [Vatr (2)* + | Vig1(2)]*) dsz < c.
1)

Applying this estimate with £ = 0, and also Theorems D(p) and R(p) in [55] to ¢2, we
see that

/F (Vo) + [V26a(x) ) ds, < c.

This relation with £ = 0 ensures the second inequality in (ZIJ). On the other hand,
integration of the same relations over the parameter ¢ results in the first inequality in
#I]) for k =2, and for k = 0,1 the required inequality follows from ({I3)).

2) Let r(x) be a smooth function equal to 1 outside of Q° and to zero in Q. We
may assume that this function satisfies the conditions |Vr(z)| < ce™* for k = 0,1, 2.
We represent ®F, in the form V¢, —rp. Then WE, must solve the boundary-value problem

A2WE (2) = A2(x(2)p(x)), @€, Wo(x)= 0,05 (x) =0, wel*.
We have
(U5 05). = [ (p()Dtln) + 2V,2(a) - Vap(a)) A, W5 o) o
4 [ (e (B, () U5 0)) — 2Vat(e) - VW5 0) - Au(o) W5 (0)
~ [ (@20 +2V.2(0) - Vop(a) A, (o)

- / 5 (= App(0)r(@) U5 (x) + App(2)( 2Var(x) - Vo U5 (2) + Agr(x) U (x))) da.
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Consequently,
15 He|” < C(E*QII@; Ly(Q°\ QZ)|[IVZTE; La(Q°\ Q)|
+e [ Vaips La(Q\ QF) [ [[VZT; La(Q°\ Q)
+e7H[Vags La(Q\ QF) [ [V 05 La(Q°\ Q)
+e 2| Vaps La(Q\ QF) |25 La(Q°\ 92))|
+ Iy La(Q\ Q)25 L2(2°\ sz)\l)-
Using estimate ([L.13)) for the function V¢, we see that
1955 He|| < (e[l La(Q\ Q)|
+e7 [ Vaips L2(Q\ QF) | + V203 L2(2\ Q)]).
Combining this with (£I8]), we deduce the relation
1W5; HE || < ce,
which ensures [@I9) for & = 2. Also, Lemma shows that

€ 2 5 € 2 3
(4.20) / W5 (@)]" do < ce”, / |V U5, (2)]" do < ce
Qe\Q2e Q=\Q2e
and
(4.21) / WS (2)]? do < ce?, / Vo WS, () do < c2”.
92 Q2=

By Theorem D(p) in [55] applied to W¢, in the domain Q%¢, and by (21]), we obtain
VW, (2); Ly(Q%)|? dx < £
Together with (@20), this inequality implies {@I9) with k& = 1. O

The next statement is a consequence of [@I8)), @I9), and (II).
Corollary 4.2. We have

(4.22) (B, &P)e = =Xy ((B5, P5) + (App, Auth)arge) + O().

In a domain Z such that Q° C = C Qf, we consider the following boundary-value
problem for v € H2(2):
(4.23) (A, Agw)z = Y (fo, O%w)z, w e H*(E);
la|<2
here o = (aq,...,aq) is multi-index, 92 = 91 /9x" -+ 0254, and f, € La(Z). Also,
we introduce the regularized distance 7. to the boundary of Q2¢. This function satisfies

|VEr.(z)] < epp*™", k =0,1,2,..., and r.(x) > cp, where ¢ > 0 and p is the quantity
introduced before formula (Z12).

Lemma 4.4. There exists a number 5y € (0,1) such that for 8 € (—Po, fo) the solution
u € H*(Z) of problem [E23) satisfies the weighted estimate

(1.24) [P <e Y [ el @)

lo<2 =

where ¢ depends only on By and the domain =.
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Proof. We put w = r.%u and v = r.#/?u in the integral identity @23). We have

(As(re PP0), As(rPPo))z = Y (fa, 0% (r7P0))z

(4.25)
ol <2

The left-hand side is equal to the scalar product
2
B(ﬂ —'_2 ) |V1T5\2U
€

(sz — ﬁvmrs - Vv +
Te 4r
BALTe B B(B—2) o | BATe
- A - e " i 9 £ a6 b
o v, Agv + TEVT Vv + P |Vre|“v+ o ))E
and hence, to the sum
B? 2
(AmU, sz): + (sza w|vmrs| U)E
B2 2 1 Vre|?
- Z(VTE -Vu,Vr. - Vu)z + 8 (7‘5 Vre - Vo, oz U)E
1 Ar. B(B+2) B(B—2)
a2 L ] PP T2) 2, PP —2) 2
B (7”5 Vare - Vv, or. )E + ( 2 |Vare|*v, 2 |Vare] ’U)E
ATE 2 Amrs A’I“E
U)E_/B < 27, v 27, U)E'

+ B <7A€L2|Vm7“5|2’l}, or.
Using the Hardy inequalities ({12]), we obtain
(Ag(re=P720), Ay (r??0))= > (1 — ¢f2)(Agv, Agv)=
The same inequalities allow us to estimate the right-hand side of ([@.25]) as follows:

Y (fa ValtrPo))z < e Yy P20 fos La(E) | | Av; La(B)]
o] <2
O

o <2
The last two inequalities yield estimate (24 for small 3.

Applying Lemma [£4] to the operators &, &* and to the projection to the subspace

H, N Hy, we obtain several important formulas.
Corollary 4.3. There exists By € (0,1) such that for |8| < Bo the following statements

are valid.

1) If v € HE, then [|&"v; Qs < c[lv; 5.

2) Ifve H, then [|&v; 9|5 < cllv; Q5.

3) Let P be the projection from H?(QU Q.) onto H*(2N Q) orthogonal with respect

to the scalar product (). If v € H*(QUS.), then
1Pv; 2N el g < Clllv; 2U el -

Proof. Since (6*v,w) = (v,w) for w € H, Lemma ] ensures statement 1). The second

statement is also checked with the help of the definition of the operator &.
The operator P is given by the formulas u = Pv and
w e H2(QNQ9).

(Au, Aw)aonos = (Av, Aw)onas,

Therefore, statement 3 follows from Lemma (.41
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5. Proof of the asymptotic formula of Subsection 3 in §1. We check relation
(CI9). For this, we transform the scalar product (b,,B1). (see Subsection 3 in §4 for
the definitions). We write b, as the sum \,Q,By + 0, where 0, is defined by the
formula

(4.26) A0y — QK0 =g, g=AQ,K°Q,B.

This formula [@26]) is completely similar to equation (27) in [7], i.e., by estimate (33)
in the same paper, the solution of our equation satisfies ||0,; H2(Q9)|| < ¢llg; H2(99))].
Since the operators Q, and K¢ are bounded in the space H®, formula (£6]) with the
replacement v — ce (see Corollary ] 2)) shows that

(4.27) log; H ()] < e/ |lps H2 (7).
We rewrite ([{26]) as follows:
(4.28) Vg, w)e = Ap (K0, Qpw)e + Ap(g, w)e, w € HE.

The right-hand side can be reshaped to
(4.29) Ap(0p, Qpw)as + )‘?)(QPSB%QPU’)KF

We want to rewrite this expression as the scalar product (F,w)ge. For this, we fix

an orthonormal basis {f,}fzpa Uin GX, and expand the operator 3, introduced before
Lemma 1] with respect to this basis:

ep—1

(4.30) Ppv= Y (v, fi)eFie
=0

Thus,
sep—1

(Bpo,w)e = Ay D (v, Fi)e (i w)ae.
=0

As a result, expression ([@29) takes the form (F,w)q- if we put

sp—1

F =20, + A2Q,B0 = A2 > (0, + A,Bo, fi) i
=0

Using (f0) and {27, we obtain
175 Lo ()| < c(|og; HE|| + Bep; HE|l) < c'/?||p; H|-
Lemma 4] applied to problem (28] shows that for any 8 € (=S, Bo) we have

1/2
(431) ([ o) < ).
QE

Since € is a Lipschitz domain and ¢ € X, we can apply Theorem R(p) in [55] to show
that ¢ € HZ(Q) with some q > 2. Thus,

(4.32) [ P19 do < cls )P
Q
for some S > 0. Relation (A7) implies that

(B, w)e| < c(lls Hll lwis La(Qe)l| + [lpr; Lo ()| [lw; H]|
161 H [lwis HE[| + [loos H| [|6™w1; La(Qe)])).-
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Applying Corollary [4] 1) to the functions wy, ¢1 and G, SGwy, we obtain the estimate
(B, w)e| < Cre™ 2 (Jlwn; Qe 5 + llpr; Q-5
+ 16015 Q-5 + 16" w1; Q2 -5),

where C = ¢(||¢; H|| + ||w; H¢||). Now, formulas (£32), ({31 and Corollary 3] imply
the relations

(4.33) (05, BY).| < "2 H| | H|, (B, 8Y)| < cc T2 H| ||0; H|

for any ¢, ¢ € X,. In particular, it follows that, first, the quantity ¢ occurring in ([€2)
does not exceed ce(1t#)/2 and second, the asymptotic representation [@3) can be written
as

(4.34) X))t =X+ wy + O,

Here @, ..., @1, 1 are the eigenvalues of the following algebraic spectral problem for
Y€ Xp:

(4.35) (B, BY). + )\p<gp%@a BY)e = w<6907 6¢>57 Y e Xp.

Next, using the representation [.8) for S € X, and Lemma 3] 1), we obtain

16 — o HE||* = |95 HE||* < cell; H|*.

Relations ([@33) and @3H) imply that w, = O(c"+#)/2). Now, formula [@30) shows
that
ptp—1

(BB, Bo)e = > (Bp, Bpy)c(Sipg, Bi))-,

q=p

where Gy, = f, and ¢, € X,,. By (£33)), we have
(FpB, BY)e < c=' s H]| [l H]|.
The above observations allow us to write relations (£34)) in a shorter form:
A) =M+ 4+ 02,

here 74,. .., Tpys,—1 are the eigenvalues of the algebraic spectral problem
(4.36) (B, SY)e + Ap(Bp, BYh)e = T(0,1)e, ¢ € X,
6. Auxiliary calculations. To simplify the expression (B, B)., we write
(4.37) Kop=M\"6p— A\ 105

here W, € H® is the solution of problem (L22)). Clearly, the function V¢, is orthogonal
to H N HE.
By [@.38) and (£37), we get By = KO, — )\;I\I/‘;. Hence,
<SB§0’ %w>s = )\;2<\Ifa, \I]15p>6 + <K€<I)E<pv KE(I)Z;>6
(438) -1 EHE € eqsE 5
= (D, W) + (KW, @), ).

Lemma 4.5. We have
(4.39) V2055 La(Q\ Q)| < e, [ WE; Lo(9)]% < e,

x

where § is a positive number depending on 2.
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Proof. Since V%gp‘fp € Lq(Q) with some ¢ > 2, the first inequality is valid. We check the
second. For this, we put

(4.40) e = — T2,

where Y7, € H® is the solution of the problem (Y%, w). = A\, (¢, w)as, w € HE.
We represent T¢, as the sum T&' + T2, where TS € H?(Q) satisfies AZTE = Ao
in O3, and T has the form — YS! + O, with ©F € H2(Q¢) satisfying the equation

(4.41) A205(x) = A2(x(2) Y (2), @€ QF

(the function ¢ was already defined in the course of the proof of Lemma H3]).
Theorem R(p) in [55] shows that YS! € HZ(Q5 ) for some ¢ > 2, and that

(4.42) 175 He (@)1 < ellgs L2()]]-

We multiply equation ([@41]) by 05, integrate over {2° and use the homogeneous bound-
ary conditions, obtaining

/ss |Az@fo(:c)|2 dr = Am(;(x)Tfol(:c))Am@fp(x) dx.

Qe

Consequently,
18,05 La(@) | < e 2T Lo 02)
e VAT La(QF\ Q%)+ [ V25 Ly(0° )\ 92)))).
By @I3) and #Z2), we have [|A,0%; La(Q)[]> < ce'2/9|p; Ly (Q)]|?. The same for-
mulas yield the relation
IV2TE5 La(Q \ Q%) |2 + [ As (£75)); La(2°)]7 < '/ s Lo ().

Therefore,
IV2Y55 La(°\ QF)|* < ce' /75 La(Q)I*.
The above estimates imply the inequality
L [V o < 2 L @)
Now Lemma shows that
(1.43) e HITE; Lo(QF\ Q%)% + e[ Va X255 Lo(992)]% + e 72| T5,; La(09%) |12
' < e | L2917
By Theorem D(p) in [55] and the formulas obtained, we have
IV2T5; La(QF)|7 < ee®/9 o L2 Q).

So, taking (£43) into account, we arrive at the required estimate ([{39)). O

Relations ([439) and (4.8), [@38)) imply the identity
(Bip, Bip)e = A, (WG, W) + O("7);

combining this with (@36]), (£39), and [@22]), we establish the desired asymptotic ap-
proximation ([L20).
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7. On the validity of the Hadamard formula. Suppose that the boundary of 2 is
of class C1'*, a € (0,1); then ¢ falls into the Hélder space C%%(€2). In a neighborhood
of the boundary I', with every point x we associate a point s € I' nearest to x and a
number n such that = s 4+ n7 (s); here 7 (s) is the outward unit normal to I' 3 s.
The boundary I'® is given by the equation n = h®(s). Assume that |h°(s)| < e and that
|[Vshe(s)| is bounded uniformly in € € (0,¢0] and satisfies condition (I23]). Our nearest
goal is to check formula (L24]). Let the surface I'(¢) surrounding the domain Q(g) be
defined by the equation n =¢e. We write T¢, as the sum Tfal + Tff, where Tfpl solves the
problem

AiT;l(x) = Xpp(z), =€ Qe), T‘;l = 8anpl(x) =0, zeT(e).
The function TZQ satisfies the relations
e2 _ 15 e2 o € e2 _ el 15
A (2) =0, 2€Q°, T(x)= —T;(:c), OY (z) = 0,15 (), xel”.
Since T<' € C**(Q(e)) and T = 8,1 = 0 on I'(), we have
T (@)] < elh(s) — e, VY ()] < elh(s) — e,

(444) el 5 a e

VsV X5 ()| < clhf(s) —el®, z €T,
whence

75 (2)]? ds = O(eY), / VX5 () ds,. = O(e?),
(4.45) e e

2nrel (|2 _
/rs |V2XE ()] dse = O(1).
Recalling the requirement ([[23]), we see that the last inequality in (£44]) implies that
1 2 _
(4.46) . [V VTS (h(s), )| ds, = o(1).

It follows that V, T2 € HY2(I*)? and ||V, Y% H'/2(I¥)|| = o(e). Consequently,
HV%T?; Lo (Q9)]]? = o(e), whence <\I/f0, \Ilfp>5 ={p— Tfal,w — Tf;)s +o(e).

Consider the function ©F = ¢ — T! in QN Q°. Tt satisfies the equation AZ0% = 0
in 1N €F and the boundary conditions OF, = —Ti}, 0,0, = —8anpl on the boundary
Toe = 0(22N Q). Since the curve Ty, is defined by the relation n = min{h(z), 0}, with
the help of (23) we find that formulas (£40) and ([@40]) remain valid if we replace I"®
with FOE'

Since ¢ € C%%(), in the vicinity of I' we have
(447)  lp(@)| el [Vop(@)l S clnl,  [ViVap()| < cln|®,  [Vie(e) < e
Combining this with (45) and ([@46]), we see that
105; La(Toc )| = O(%), [ VaO5; La(Toe) || = O(e),

”vsvxTi;l; L2(FO€)H = 0(1)

Thus, V.05, € H'Y?(Ty.)? and INEISH HY2(To)4)? = o(e), ie., |[V2O5; Lo (QNQF) |2 =
o(e). Together with ([A0]), the last relation shows that

(4.49) (WE,U5). = (AL XS, AT )aaq + oe).

Now, we can apply Theorem R(p) in [55] to the function ©, and use (£.48)) to check that
Hvi@fo;LQ(POE)” = o(1), whence

(4.50) 18 TEY La(Toe) 2 = | Aups La(Toc) |2 + o(1).

(4.48)
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Since TE! € C**(Q(e)), we have
VETS (0, 5) = VETEH0,5)] < cln|”.
Using also ([{.50), we arrive at the identity

(4.51) (AT AT g g = / h(2)Auip(2)Auth(x) dsy + O+,
nOe

With the help of (A7) and (L23]), we can show that the function @, satisfies estimate
(@?EI) with ©F and Ty, in place of ®¢, and I'*. For @, we have ||V, ®%; H'/2(I'%)||? = o(¢),
whence

(4.52) (®E, D). = o(e).
Since ¢ € C%%(2), we obtain
(4.53) (Do, Dath)onr = / 1h(5) Awp(2) Ay ds, + ().

Now formulas (£52), @E53), (£49), (X)), and also (LT9)) and ([L20)), imply the required
relations ([24)) and ([T23]).

8. Plane domains with corner points. Suppose that the boundary I' of a domain
Q C R? has corner points Py, ..., Pg, but is smooth (of class C1° with some & € (0,1))
outside of these points. Let o, denote the opening of the angle with the vertex P,
measured inside of 2, oy < 27m. The results on solutions of the Dirichlet problem for
elliptic equations (see Chapter 7 in [56]) show that there exist quantities A, > 3/2 such
that

l(@)| + (@) Vap(@)] + r(2)*|Vie(a)]
+lz =yl (Ir(2)*Vie(r) = r(y)°Vie(y) < cRa,

where r =rirg -« -1y, ro(x) = |z — Py, and Ry = Hflzlr([;q.

Suppose Q¢ C . Then we have the asymptotic formula (LI9]), but now the functions
Ve and ¥ in (L20) are equal to zero, so that the exponents oy, ..., 0p4s,—1 in (LI9)
are the eigenvalues of the problem

(455) AT (—(A0Py, As®y)as — (Asp, Auth)onoe) = 0(Asp, Agth)a, 1 € X

Let IV = {s €' : |s — pg| > ce}. In the vicinity of I we use the local coordinates n,
s (see Subsection 1 in §1). The part of the curve I'; located “above” I' is given by the
equation n = h(s); we denote this part by I'.. Assume that |h*(s)| < e, |9:h°(s)| < ¢,
and

(4.56) / Ra(z)?r(x) ™% |0sh° (s)|? ds, = o(1).
e
Also, we assume that the remaining part of I' is located in the annuli B, (Py) \Bc,(Py),
where ¢; < ¢z, and that each of such parts is Lipschitz with a constant bounded uniformly
relative to e € (0, gg].
Since ¢ = O =0 on T’ = 99, estimate ([{L5H4]) yields

10sVaip(n, s)| < clnl’ Ra(a)r(z) 2%, |V3p(s,n)| < cRa(2)r(z) 2.

x

(4.54)

Consequently,
(4.57) |0sVzo(h®(s),s)] < ¢ (|n|6RA(x)r(x)_2_5 + RA(x)r(x)_z\ashS(s)D .
Moreover, by ([£54) we have

|o(h*(s), 8)| < ch(e, s)*Ra(x)r(x) ™2, |Vap(h®(s), )| < ch®(s)Ra(a)r(z) 2,
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whence
(4.58) /F, lo(h(s),s)]* ds, = O(e*), /F’ |Vop(he(s),s)|[> ds, = O(g?).
The assumption (£50) and estimate (L57) prove that
. 10:Vap(2)|? dsy = o(1), € — 0.
Also, from @54 it follows that

/ |Vip(z)|*ds, < ¢ max e*a=3,
FE\F/E q=1,...,Q

The second inequality in ([@E8) shows that V,p € HY/2(T¢) and ||V,p; H/2(I'9)|]? =
o(e). Consequently, [|[VZ®; Ly (Q°)||> = o(¢). Recalling system (EL5H]), we obtain relation
(L24) in which 6, ...,0,,, 1 are the eigenvalues of the algebraic problem (L26]). With
the help of the above estimates for ¢, direct calculations yield §; = O(e). If the opening
of one of the angles (e.g., a,) is greater than 7, then we can find an eigenfunction such
that the modulus |V2¢| of the second gradient is estimated from below by cr{l\_l, where
¢ > 0and X € (3/2,2). The Hadamard formula predicts the inequality 6; > c£2*~3;
therefore, the spectral problem ([[26]) is an appropriate substitute of problem ([[26]) in
the case of nonconvex piecewise smooth domains.

§5. DI1SCUSSION

1. Comparison of two approaches. The results of [7] also make it possible to con-
struct the asymptotic expansions of eigenvalues (this was already explained in Subsec-
tion 7 of §4). Now we trace how the formulas obtained by one of the methods can be
transformed into those obtained by the other method. We only consider the case where
v = 1 assuming for brevity that A, is a simple eigenvalue and H < 0, i.e., Q° C Q (see
formula (LI)). Then V¢ = 0, because the right-hand side in (L22]) vanishes. Problem
(L21)) takes the form

Ai@fo(x) =0, z€Q° @fo(x) = —p(x), 0ns<I>fa(:c) = —0Opep(x), x€T*.

The asymptotic approximation of its solution is constructed in a standard way (see, e.g.,
[11, 12]) and looks like this:

~

(5.1) <I>f0(;v) = e (z) + x(2)e20% (0, S)W()(E_l, et s)+ <I>f0(:10),

where &)fp is a small remainder term, WO is the exponentially decaying function (B.23)
found by the solution of the homogeneous problem Z2I)-(223)), and ¢’ is the solution
of the problem

A2 (2) =0, z€Q, ¢(x)=0, ¢ (x)=P(s)02p(0,5), s=ax€cT".
Now, putting ¢ = u,, in (I.20), we obtain the algebraic equation
_>‘;1 ((Aacq)ipv Amq)ip)ﬂs + (Axupa Aw“p)Q\QE) = ﬁp(Axup; Axup)ﬂf~

We find the asymptotic approximations of the terms in this formula. In the last scalar
product, integration can be extended to the domain Q with an error of O(e); hence, by
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(CII) and ([24), this scalar product is A, + O(e). In the second summand in parentheses
on the left, integration is over a narrow boundary strip:

0
(Azup, Azup)o\os = / / |ALup(2))?(1 + ns(s)) dnds
(52) I JeH(e 1s,s)

:_g/FH(s)wgup(o,s)Pds+O(ez)-

To compute the first scalar product, we use the asymptotic representation (5.1). Observe
that the smooth term e’ contributes O(£%/?) and can be neglected. The boundary layer
contribution is of order of e*c~%¢, where the first factor is the squared coefficient €2 of
the cutoff function x on the right-hand side of (5.1I), the second factor comes as a result
of two-fold differentiation with respect to the fast variables, and the third results from
integration over the variable n, because O(exp(—d|n|/e)) decays exponentially with the
rate VIN/O. The scalar product itself needs averaging, which can be done, as in (5.2)), with
the help of (ZIT). As a result, we obtain

(8007, 8,05 Jo =2 [ 108,090 [ [AcTa(6.s) P de s +O(2)
T II(s)
Thus,

320, = ¢ [ R 00P | - )+ [ ( )|Agv~vo<g,s>|2ds} ds + O(97%)

s
Formulas (2.27)) and (228)) show that the expression in braces coincides with the coeffi-
cient —P(s) = —Pyo(s) in the expansion (Z2H); i.e., in accordance with the calculations
in Subsection 2 of §2, we have \>0,, = —e\/. Substituting this in (LI9), we arrive at the
same formula as in §2:

11 Ay
XN C A_g +0(E™) = X=X\, +eN, +0(e ).

2. Other types of boundary perturbations. If v = 1, the above arguments and
calculations make it possible to study also other perturbations of the boundary. In
Figure 8, we depicted two locally periodic perturbations: small holes of diameter O(¢)
located at a distance of O(e) from the boundary and from one another, and a periodic
family of boundary cracks. In both cases, the boundary I'® cannot be described as in (1),
but all our arguments remain valid. Moreover, the domain on the right in Figure 8 fails
to be Lipschitzian, and the domain on the left has smooth boundary, but the Lipschitz
constant grows unboundedly as € — 0.

If v < 1, then the boundary layer is localized near the curve T'§ = {x € V : s € T,
n = eVHy(s)}, and the form of I'® outside the ce-neighborhood of the contour I'§ is to a
large extent irrelevant. Figure 9 illustrates two types of perturbation, and in the second
of them we have periodicity only in a small neighborhood of the contour I'j. In both
cases, the eigenvalues of problem ([3)), (I4) in the singularly perturbed domain have
the asymptotic properties described in Theorem 3.1 in the case where v < 1, Hy # 0.

Remark 5.1. What was said in the preceding paragraph also remains valid for v = 0;
this case is not touched upon in the present paper.

3. On the concept of a smooth image of singularly perturbed domains. In
the paper [12] it was observed that for various perturbations of spectral boundary-value
problems it is possible to find a regular perturbation

(5.3) INe)y={zeV :sel, n=¢"h(s)}), heC>{),
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FIGURE 8

of the boundary I" such that the spectral problem in the domain Q(¢) bounded by the
contour (B3] provides a two-term (higher accuracy) asymptotic expansion for eigenvalues
and eigenfunctions of singularly perturbed problems. Such an interpretation of the results
of the asymptotic analysis is possible for boundary-value problems with a small parameter
at higher derivatives (in equations and in boundary conditions) in thin domains (for
example, in the case of a strip Q x (—¢/2,¢/2) C R? with small thickness ¢) and in a
domain with a rapidly oscillating boundary (the case of ¥ =1 in the definition (II])).

The concept of the smooth image of singularly perturbed domains turned out to be
useful for the modeling of thin elastic plates (see [57, 68 [59]) and rough surfaces of
deformable bodies (see |20, 21])). The “wall-laws”, which were invented only after the
paper [12] (see [13] [14] and others), also fit in with this concept.

We explain how to use the asymptotic formulas obtained in §§2 and 3 to form the
smooth image of the rapidly oscillating boundary (ILI]) in the framework of the Kirchhoff
plates theory. Note that, in accordance with Subsection 1 of §2, the eigenvalue asymp-
totic approximation for problem (L3]), (T4) in the domain Q° bounded by a regularly
perturbed contour (5.3)) has the form (Z.1]), where the \{ are the eigenvalues of the matrix
T? with the entries (215).

If v > 1 and the periodic perturbation (1) of the boundary I' is slanting, then, by
Theorem B] the first two asymptotic terms for the eigenvalues of problem (3], (4]
in the domain 2° coincide with those in the case where the profile function has the form
[2I8) (see Subsection 1 of §2 and, in particular, formula ([B.I4)). In other words, the
shift h(s) of the boundary (5.3) is determined by the averaged function H (see (LIH)).

If v = 1, i.e., the sizes of the hollows and (or) bumps are comparable to the period,
then the role of the function h that determines an asymptotically equivalent regularly
perturbed boundary (5.3)) is played by the coefficient in the expansion ([2:25)) of the special
solution Wy of the homogeneous problem Z2I)-223)) (see formula (Z32))).

The same relation (232]) remains valid in the case where v € (0, 1) under the additional
condition Hy = 0 (see the restriction (LI6) and the definition (BIH)), but, first, in
identity (5.3) for the regularly perturbed boundary I'(g) we have the smaller factor e,
rather than &7 as in the Hadamard formula (see the discussion in Subsection 1 of §1), and,
second, the coefficient P in the expansion (Z25]) of the solution of problem ([2:39) in the
cut strip ([238) is independent of the variable s € I'. In the situation where Hy # 0 and
v < 1, the smooth image (B3]) of the rapidly oscillating and deeply indented boundary
(1) is given by formula ([2:44]), where Hy(s) is the minimal value of the profile function
[0,1] 2 n+— H(n,s) (see Theorem Bl and relation (BIH)).

Whenever Q C Q(e) (or Q(e) C Q), the eigenvalues of problem ([3), (L4) satisfy
Ap > Ap(e) (or Ap < Ap(e)). As was mentioned in Remark 2.2] the same relationship is
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FIGURE 9

preserved also for the eigenvalue A, with ¢ sufficiently small, i.e., if € € (0,¢,] with some
gp > 0.

Yet another important point deserves mention: the profile function for the regularly
perturbed boundary (5.3) does not depend on the number p of the eigenvalue 7. The
same function can be used for modeling other form functionals (cf. [35 [30]).
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