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A VARIATIONAL PROBLEM OF PHASE TRANSITIONS
FOR A TWO-PHASE ELASTIC MEDIUM
WITH ZERO COEFFICIENT OF SURFACE TENSION

V. G. OSMOLOVSKII

Dedicated to Vasilit Mikhailovich Babich

ABSTRACT. The variational problem on the equilibrium of a two-phase elastic
medium is given in an extended form and is compared with the standard setting.
The lower semicontinuity of the energy functional in the extended formulation is
studied, and an example is constructed where no equilibrium states exist for a spe-
cial class of residual strain tensors. In the case of isotropic media, a method is
described for finding equilibrium states in explicit form. The notion of temperatures
of phase transitions is introduced, their existence is proved, and their properties are
studied.

§1. INTRODUCTION

In determining strain densities for the energy of a homogeneous anisotropic elastic
medium, certain coefficients a;j;; such that

(1.1) Aijhl = Qjikt = Qkiij = Qijiks  Qijrilisée > VIEP, ik 0=1,...,m,

are fixed; here v > 0, £ € RT*™ where RT**™ is the space of symmetric (m x m)-
matrices, [£]? = &ij&j, and summation from 1 to m over repeating indices is implied
(physically, only the cases where m = 2 or m = 3 are of interest). With the help of these
coefficients, the strain energy density F'(M) is given by the relation

F(M) = aijri(ei; (M) — Gij) (e (M) = Cu),
1.2 M;; + M,
2
where R™*™ is the space of (m x m)-matrices.
Let © be a bounded domain with Lipschitz boundary. Then the strain energy of an
elastic medium that occupies this domain in the nondeformed state is determined by the
relation

¢eRM™™ Me R™X™,

(1.3) Iul = [ {F(Vu)+g-u}ds+ f-udS.

Q re)
Here the vector-valued function u(z) = (u'(x),...,u™(x)), z € £, is the displacement
field, g(z) = (¢*(x),...,g™(x)), = € Q, is the external volume force field, f(z) =
(fY@),..., f™(z)), € 09, is the external boundary force field, and (Vu);; = u;]
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In this case, e(Vu) is the strain tensor and ( is the residual strain tensor. We assume
that g € L2(Q, R™), f € L2(092, R™).

To describe the admissible displacement fields, we fix ug € W3 (Q, R™) and a measur-
able subset I'yg C 0€2. The role of the domain of the functional (1.3) will be played by
the set

(1.4) X ={uecW;(Q,R™) : (u—uo)lr, =0}

By an equilibrium state of an elastic medium we mean a solution of the variational
problem

1.5 Iu] = inf T u e X.

(1.5) [@] = inf I[u], ue
It is well known that if |T'g| > 0 (in what follows the modulus of a set denotes its Lebesgue
measure; in the case in question it is (m — 1)-dimensional), then problem (1.5) is uniquely
solvable by the definition of the equilibrium displacement field . If |T'y| = 0, a criterion
of its solvability is the condition

/g'vd:c—i—/ f-vdS=0 forall veR,
Q o0
R ={v(z) : v(z) = Bz +x9, B€ R™™, B*=—-B, zy € R"},

(1.6)

under which problem (1.5) is uniquely solvable up to a summand belonging to R.

Assume that we have two elastic media characterized by coefficients a;ftjkl and ten-
sors ¢(*. Denoting their energy densities by F*, we fix a measurable characteristic
function x(z), x € Q, and assume that the elastic medium with the strain energy density
F7* is placed at the points z for which x(z) = 1 and the medium with the density F~
is placed at the remaining points. Then for the resulting contact problem, the energy
functional takes the form

(1.7 LJful = /(XF+(Vu)+(1—X)F*(Vu)+g~u) de+ [ f-udS, weX.
Q a0
We emphasize that the function x in (1.7) is fixed, being a parameter of the problem.

In this case, by an equilibrium state we mean a solution of the variational problem

(1.8) LJu] = inf I, [u], ©eX

ueX
which is uniquely solvable if [Tg| # 0. A criterion of its solvability for |To| = 0 is
condition (1.6) under which it is uniquely solvable up to a summand belonging to the
set R.

There exist elastic media in which the crystal structure may change [I], depending
on the temperature and internal stresses. We assume that only two kinds of crystal
structure + or — may occur; let F* denote their strain energy densities. Such media are
said to be two-phase. The location of media with densities F* is not known a priori. To
decribe it, we fix the set

(1.9) Z' = {x € Loo(9) : x(2) = x*(x) almost everywhere in Q}

of all measurable characteristic functions and define the strain energy functional of a
two-phase elastic medium by the relation

(1.10) Io[u, x,t] = / (X(FF(Vu)+t)+ (1= X)F~ (Vu) +g-u)de+ [ f-udsS,
. Q

ueX, xe?,
where t is the temperature, which is assumed to be constant in the domain {2 and which
plays the role of a parameter of the problem.
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By an equilibrium state for the energy functional of a two-phase elastic medium for a

fixed value of the temperature ¢, we mean a solution of the variational problem

PN . ~ ~ /
(1.11) Tolug, Xe, t] = ueslgg(er' Dolu,x,t], u€X, Xt €Z.
The function u; determines an equilibrium displacement field, and the function X; speci-
fies the distribution of phases in an equilibrium state. An equilibrium state is said to be
one-phase if X; = 0 or Xy = 1, and two-phase otherwise.

The distinction of the functional (1.7) from (1.10) is not only in the occurrence of the
temperature ¢ (which is not fundamental for (1.7)), but also in the fact that the function
x in (1.10) is not a parameter but an argument of the energy functional.

The functional (1.10) is viewed as having the right to exist (see [I]), but it does not
give a complete description of the strain energy of a two-phase elastic medium, because
it ignores the surface energy of the boundary where the phases meet. It is customary to
assume that this energy is proportional to the area of that boundary. To give this area
in terms of the function y, we consider the expression

(1.12) /|Dx|5 sup /Xdivhdx.
Q heC}(Q,R™),|h|<1JQ

If the right-hand side of (1.12) is finite, then we say that x € BV(Q). In the case of
a smooth boundary separating the phases, the right-hand side of (1.12) coincides with
the area of this boundary. For arbitrary functions y, the quantity (1.12) is a natural
generalization of that area [2]. We set

(1.13) Z=7'NBV(Q)

and define a new two-phase elastic medium energy functional (this time, it takes into
account the surface energy of the boundary separating the phases) by the relation

(1.14) Iu, x,t, 0] = Io[u, X, t] +U/ |Dx|.
Q

Here, o > 0 is the so-called surface tension coefficient.
By an equilibrium state corresponding to the functional (1.14) for fixed ¢ and o, we
mean a solution of the variational problem

ueX,xe

(115) I[at,ovit,o‘at,a] = ll’lf ZI[uaX,tao—]a at,a S Xa it,d S Z
X

The involvement of surface energy improves the mathematical properties of the energy
functional. It turns out [3] that problem (1.15) is solvable for [T'y| > 0, and that property
(1.6) is a criterion of its solvability for [T'y| = 0. A different situation arises with problem
(1.11).

In the present paper, results describing the properties of problem (1.11) are given. In
the first part of the paper (§2), it is explained why problem (1.11) is “bad”. In particular,
an example where it has no solution is presented. In the second part of the paper (§3),
it is explained why this problem is “good”: for isotropic media, in a number of cases,
not only solvability is proved, but an explicit form of the solutions is also given. In the
third part (§4), the notion of temperatures ¢ of phase transitions is introduced, their
existence is proved, and it is explained why problem (1.11) is “good” for ¢ > t; and
t < t_ for arbitrary energy densities.

§2. A CRITERION FOR THE LOWER SEMICONTINUITY OF THE ENERGY FUNCTIONAL
Besides the sets (1.9) and (1.13), we define
(2.1) 7" ={x € Lo : 0 < x(x) < 1almost everywhere in Q}.
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For fixed t, we consider the following variational problem for the functional (1.10):

~ o~ _ . ~ ~ 1!
(2.2) Io[u, X¢, t] = ueXl,I;l(er” Iu, x,t], weX, xeZ'

The variational problem (2.2) admits the following physical interpretation: the sub-
stances of two phases may occur at each point of the domain x € €2, and the function
x(z) describes the part of each phase at this point.

We denote by p/(t) and p”(t) the right-hand sides of (1.11) and (2.2), respectively. It
turns out [4] that these numbers satisfy the relation

(2.3) W) = ().

The following lemma shows that the extension of the domain of the functional (1.10)
by replacing the set Z' with Z" is indeed useful.

Lemma 2.1. Suppose the variational problem (2.2) is solvable for some t. Then the
variational problem (1.11) is also solvable for this t.

Proof. Let w, X be a solution of (2.2). Since

Io[a,y,t]:/Q(F—(va)w.a)dw f-uds

(2.4) 19)
+ [ (v - F vy o)
Q
we have
(2.5) Llu,x,t] > Ihlu, X, t],

where @ = u and

~_J1 if @(x,t) <0,
0 if ®(x,t) >0,

z,t) = (FT(Vu(z)) — F~(Vu(z))) + t.

(2.6)

~

o
Since ¥ € Z’', from (2.2) and (2.5) we obtain p’'(t) = Iolu, x,t] > Iolu, X,t] > 1/ (¢).
Then, by (2.3), the pair @, ¥ is a solution of (1.11). O

Our aim in this section is to establish necessary and sufficient conditions for the
relation

Io[u, x, t] < liminf Io[un, Xn,t],  w,u, € Wa (4, R™), x,xn €Z", t € RY,
Uy, — U in W%(Q,Rm), Xn — X-

Recall that y, — Y means that

/Xn¢dx—>/x¢dac as n—oo forall ¢e Li(Q).
Q Q

Obviously, the set Z" is closed with respect to this convergence.

The condition (2.7) of lower semicontinuity serves as a basis for the proof of the
solvability of problem (2.2), and also of problem (1.11), in view of Lemma 2.1 (see,
e.g., B).

Obviously, relation (2.7) is equivalent to a similar relation for the functional

(2.8) Jlu, x] = /Q{XFJF(VU) + (1 =x)F~ (Vu)}dz, uecW;(Q,R™), xeZ".
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Theorem 2.1. The inequality

(2.9) Ju, x] < lmng[un,Xn], u, up € Wa (U, R™), X, xn € Z",
is valid for all u, x and any sequences uy, Xn Such that

(2.10) Up — u in Wy (QLR™), Xn — X

if and only if

(2.11) At =g G =C Gakl=1,...m

Proof. The sufficiency of conditions (2.11) is obvious because
FT(M)=F~"(M) forall M € R™*™

(this follows from (2.11)). To prove the “only if” part, we shall construct special se-
quences (2.10) so that inequality (2.9) will imply (2.11). In constructing such sequences,
we follow the approach of [5] and its adaptation to problems on phase transitions [6]. We
fix the unit cube

(2.12) K =(0,1)™ C R™.
Suppose we are given functions
(2.13) e C°(K,R™), v € Lo(K), 0<1t(r)<1 almost everywhere in K.

Denote by N the set of all vectors in R™ with integral coordinates. We represent the
space R™, up to a set of zero measure, as a union of cubes:

(2.14) R"= |J K., K. =K+z
ZjEN

Let 5 and ’(Z be periodic extensions of the functions ¢ and v from the cube K to the
space R™:
(2.15) bz + zj) = ¢(2), O(z+ zj) =(z) for z € K.
Let 20 € Q, and let a positive number [ be so small that
(2.16) Kl,2°)={z € R™: 2¥ <a; <1} C Q.
Using functions (2.15) and the cube (2.16), we define sequences 571 and Jn by the relations

l~(a:—m° 0

217 du(@) = —6(ZFn), dal@) = d(=5

l
Then the functions

n), n=12....

on(z) if 20
Mx):{m() £ oeK(L,a),

0 if ze€Q\K(l,z%),
(2.18) @) () if ze K(l,2°),
n\T) =
X 0 if ©eQ\ K1),
n=12,..., v €Q,

belong to the spaces C§°(Q2, R™) and Z”, respectively.
The role of u, in (2.10) will be played by the sequence

(2.19) U, = M(x —2°) + ¢, (), M e R™™,

and the y,, will be chosen as in (2.18).
Straightforward calculations show that

(2.20) Uy — u = M(z —2°) in the space Wy (Q, R™)
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and

by dy if xe K(l,2Y),

(2.21) Xn =7 X, X(z) = {0 if zeQ\K(l,a°).

By (2.18), conditions (2.9) for the resulting sequence (2.10) take the form
(2.22)

Tt o] = / F(M) da
Q\ K (1,z°)

+ /K(l O){Jn(x)FﬂM + V(@) + (1 = ¥n(2))F~ (M + Vo (z))} da.
s L
A series of transformations and changes of coordinates lead to the relation

/K(l 0){7Zn(a:)F+(M + V() + (1 — ¥ (2))F~ (M + Vo, (2))} do

=1 [ {wla) PO+ Vo(e) + (1 = v{a) P (M + Vo(w)} da.

Consequently,
(2.23)

lim inf J{wy,, Xn] :/ F~(M)dx
Q\K (1,z°)

n—oo

+m / {$(@)F~ (M + V() + (1 — $(x) F~ (M + Vo(z))} d.

Next, for the pair u, x as in (2.20), (2.21) we have

Jlu, x] :/{XF+(VU)+(1—X)F_(Vu)}dx—/ F~(M)dzx

Q\K (1,z°)

AL ra)rrans (1= [ o) anjae

Using (2.23) and (2.24), we write inequality (2.9) in the form

+M)/Kz/;(x)dx+F (1—/¢ d:r)

< /K{w(l‘)FWM +Vo(x) + (1 —¢(2)) F~ (M + V(x))} dr.

(2.24)

(2.25)

Since
FE(M 4 Vo(x) = F(M) + Fiy, ()6, (2) + 3 Fiy g, 6, (2105, (2),

inequality (2.25) is equivalent to the relation
0< B, (01) [ vk, o) do+ Fig, O1) [ (1= wla))ol, (o) do
K K
b 5Pl [ H@0L @00k @) do + 5 Fi g, [ (1= 0(2)6), (216, (2) de
K K

In this inequality we replace ¢ by e¢, € > 0, divide both sides of the inequality obtained
by the positive number €, and let € go to zero. We get

0 < Fyy, (M) /K (), (x) du + Fyy, (M) /K(l — ()¢, () dz
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Since the function ¢ is compactly supported, this inequality is equivalent to

0 < (Fiy, (M) = Fyg, ) [ (e, (@) do

Since this must be true for both ¢ and —¢, we obtain

(226) 0= (i, (M) = Fyg, O) | (e, (@) da
Therefore,
(2.27) (FJJvr[J (M) — FA}J(M))gb;,] (x)=0 forall ¢ € C°(K), M e R™ ™.

Indeed, otherwise for the role of ¢ we can choose the characteristic function of the set
of positivity or negativity of the left-hand side of (2.27), arriving at a contradiction
with (2.26).
For each pair of vectors £, A € R™, we take a function ¢(x) such that
@) = &y
at some point & € K. Then (2.27) implies that
(FAZ] (M)—F, (M)A =0 forall MeR™™, X\&eR™.

Consequently, F]JV}] (M) = Fy, (M), ie.,

(2.28) i (Mt — Gy) = a5 (Mg — G)-

From (2.28) with M}, = (;, it follows that a;rjkl(gth — (¢ )i = 0. Then, since (1.1) is
positive definite, we have (* = (~. Relation (2.28) with M = 0 shows that a;"jklcljl =

@;;11Gp- Then a;;‘k:lel = @, My Taking the matrix with zero entries (except for one
of them) for M, we get aj'jkl = Q- O

The absence of the weak lower semicontinuity of the energy functional in the case where
conditions (2.11) fail, which is established by Theorem 2.1, may lead to the unsolvability
of the variational problem (1.11). We give an example confirming this.

Example 2.1. An example where no equilibrium states exist will be constructed in
several steps.

Construction of the energy functional. Consider the functional (1.10) with 'y = 09,
ug=0,t=0,g=0, and f = 0. We describe the residual strain tensors that we need.
Let Ny = {x € R™: (*x = 0}. We assume that

(2.29) Ny=N_=N, dimN=m-—1.
We set
(2.30) leR™, |l|]=1, ILN.

By the symmetry of the matrices ¢, we have (*1 = a4l, oy € R'. The matrices ¢+
will be fixed by the condition

(2.31) Cti=1, ¢l=-l

Construction of a special family of displacement fields. Obviously, the functions
(2.32) ut(z) = (e —2F, =z, 2F € R™,

satisfy the equations

(2.33) e(Vut) = ¢*.
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Using the decomposition

(2.34) r=%+sl, TeN, seR

we write the functions u® in the form

(2.35) ut(x) = +sl — 2.

Fix a number § > 0. We choose the vectors z in such a way that

uw (x) =0 if z€{N+2§l}, u (z)=u"(z) if xe€{N+4l},
ut(z) =0 if z€ N.

Conditions (2.36) are fulfilled for 2 = 0, z; = —26l. For such z, the functions (2.35)
have the form

(2.36)

(2.37) ut(z) =sl, u (z) = (20 — s)l.
For the vectors x in (2.34), we consider the function
0 if s<0,
(2.38) us(2) = sl %f s €[0,4],
(20 — s)l if s € [6,24],
0 if s> 296.

We split the space R™ into the bands
Il = {x € R™ : the number s in (2.34) belongs to [2kd, 2(k + 1)d]},

(2.39) k=...,—2,-1,0,1,2,....

For each band Il;, we define the function uf(z) = us(x + 2kdl). Then the function

o0
(2.40) us(x) = Z uf (2)
k=—o00
satisfies
(2.41) Uy € Wy 10e(R™ R™), |s(x)| <C§ forall zeR™

Moreover, by (2.33),
e(Viis) = Xs¢t + (1= X5)¢,
(2.42) . 1 if xell}, I} ={x €Il : s €2k, 2(k + 1)d]},
Xo = {o if xell, I = {zell, : se ((2k+1)5,2(k +1)6)}.
Property (2.42) shows that
(2.43) Io[tis, %5, 0] = 0.

Calculation of the infimum of the energy functional. We prove that, in the case
under consideration,

2.44 inf I 0] =0.
( ) uE;ﬁI,lXEZ’ O[U7Xa ]

For all sufficiently small positive p, we consider a function ¢, such that

Since

(2.46) e(V(9,is)) = dpe(Vits) + e(Vo, ©15),  (Vé, ©1s)ij = dpu, U5,
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relations (2.42) and (2.45) yield
e(V(9yils)) = XsC™ + (1= Xs)¢™ if dist(z,09) > p,
le(V(opts))| < Cé if dist(z,9Q) < p.
)

Therefore,
ReF T (V(6,5)) + (1= R5)F~(V(6i)) = 0 i dist(,09) > p,
R F(V(6,0is)) + (1 — R5)F~ (Vi) < c(% + 1)2 if dist(z, 99Q) < p.
Thus,
Io[tus,, Xs,0] < C(é + 1>25.
P

Putting p = ¢ in this inequality and using the fact that @s¢, € X and the nonnegativity
of the functional Iy[u, x, 0], we see that (2.44) is valid.

Proof of the unsolvability of the variational problem (1.5) for the resulting energy func-
tional. If the functional Iyu, x, 0] has an equilibrium state @, ¥, then, by (2.44),

(2.47) e(Vi) =X¢CT+(1—=x)¢, ueWiQ,R™), ReZ.

Conversely, any solution @, X of problem (2.47) is an equilibrium state for the functional
Io[u, x,0]. We prove that for the tensors (* satisfying conditions (2.29) and (2.31),
problem (2.47) has no solution.

Transforming (2.47), we obtain

(2.48) Uy, + 1, = 2(X¢5 + (1= X)¢;)-

Let 7 be a unit vector of the subspace N. Multiplying the two sides of (2.48) by 7;7;,
7il;, and [;l; and summing over repeating indices, we arrive at the relations
ou-T) ola-7) Ou-1) o(u-1)

(249) o -0 T o 7% T

Fixing 7 € N, we denote by M the subspace of R™ orthogonal to this vector. It is
obvious that [ € M. We set

Q={rer :Qn{z+rr}}, zeM

=27 — 1.

Since 2, is an open set on a line, either it is empty or it is a union of an at most countable
collection of open disjoint intervals d;.

The function @ belongs to X = V(I)/'é(Q, R™). Consequently, for almost all x € M with

o
Q. # @, the restriction of the function 4 - 7 to the interval d; lies in the space W3(d;)
for each j, and the Sobolev derivative with respect to r € d; of this restriction coincides
with the restriction of the Sobolev derivative 0t - 7/97 to the interval d;.

From the above arguments and the first relation in (2.49), it follows that @ -7 = 0
on a set B, C Q of full measure. Then, for the same reasons, the second relation in
(2.49) shows that @ -1 =0 on a set E. C Q of full measure. Repeating these arguments
for the elements of a basis 7!,...,7™ ! of the space N, we conclude that % = 0 almost
everywhere in 2, but this contradicts the third equation in (2.49). ]

The construction of the above example is based on the techniques developed in [7, [§].
The fact that any solution of (1.11) solves (2.2) enables us to state the following necessary
minimum condition.
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Lemma 2.2. Let a pair @, X be a solution of problem (1.11). Then

/Q {(RF3, (V) + (1= R)Fyy, (VA))vh }da
(2.50) + f-vdS=0 forallve WQ(Q,R’”), v|r, =0,

[5}9)
(FT(Va) — F~(V4)) +t <0 for a.e. x € Q with Y(x) =1,

(FT(Va) — F~(V4)) +t >0 for ae. x € Q with X(z)=0.
Proof. Note that for all s € [0,1] and all x € Z”, if v is as in the lemma, then
i+sveX, (1-s)X+sxeZ'.
Since the pair @, X is a solution of problem (2.2), the function
¢(s) = Io[u+ sv, (1 — )X + sx,1]
attains its minimal value for s = 0. Consequently,
¢/(0) > 0.

Expanding this inequality, we obtain

/ (RFh, (Va) + (1 - D) Fyp, (YA, do + / fovds
Q o0
+ / (x - R((FH(Va) — F~(Va)) + ) dz > 0.
Q

Obviously, this is equivalent to (2.50).

§3. ISOTROPIC TWO-PHASE MEDIA

The absence of the lower semicontinuity of the energy functional (see Theorem 2.1)
may (see Example 2.1), or may not, lead to the unsolvability of the variational prob-
lem (1.11). Our aim in this section is to describe a method that enables us not only to
prove the existence of equilibrium states in some cases but also to derive explicit formulas

for the functions @ and X.
This method works in the case of isotropic media,

a
(3.1) ai—kl = %(5%5]'1 +0i10;%) + b+0;0k1, a+ >0, by >0, C?; =c40;j, cx € RY,

under the additional condition that the strain energy densities F'* (M) are close:

(3.2) ay =a_ =a.
Note that in the case of (3.1),

FE(M) = ax tr(e(M) — c1i)? 4 by tr2(e(M) — c4i),

(3.3) .. . . . m
where ¢ is the identity matrix in the space R™.

The main idea of the method is based on the following statement [9].
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For the energy functional Io[u, x,t] with densities (3.3), for all u € W}(Q, R™), all
X €Z', and all t € R, in the case of zero force fields g and f we have

_(1-
Iolu, x,t] = G(Q,t,v) —I—/ a+x—|—a4 ( X>|cur1u|2dx
Q

+ [ @+ o= 0)ud ud, bl do
Q

+ /Q((a+ +bi)x + (a- +b-)(1 = X))

+b -2 _(a_ +b_m)—2 2
X (divu _cxlar £bem) = X — e m - (1- X)) dx,
a+—|—b+ CL_+b_

(curlu);; = u;j - ufci,

A
Q7 'G(Q,t,v) =tQ — v\ + (mci(a“‘r +bom) — (cy(ag +byim) — 5)2)62

a++b+
c_(a_ +b_m)— 2)2
+(mc3(a,+b,m)—( ( iib_) 2) )1-@),

1 1
Q:—/de, V= — Uy, dS,
| €2 Jo 1€ Jaq

B S Sima - ) :
=\NQ,v) = Q T -0 -0 T i—g v
ay+by a_—+b_ ay+by a_~+b_
We consider the auxiliary functional
(3.5)
J[ua X5 ta V} = JO[U’a X t] + G(Q7t7 I/)v
_(1-
Jolu, x,t] = / apx +a( X)|cur1u|2dx
Q 4
+ [ (lar+bax+ (o +b)01-)
b 2 (a_+b_m) =2 2
X (divu— ¢+(ar +bym) 2y — c-(a_+b-m)-3 (1—X)> dzx.
ay + b+ a_ + b_

The functional (3.5) differs from the initial energy functional by the absence of the third
summand on the right-hand side in (3.4).

Let X¥ be a subset of functions in W3 (€, R™) with fixed v (see (3.4)). For fixed t and
v, we consider the variational problem

(36) J[at,vv it,m tv V] = .nf J[ua X ta V}, at,u € XV; it,v S Z/~

i
ueX? ,xeZ’
To study this problem, we shall use a solution @t,l, € [0,1] of the extremum problem

3.7 G(Qpp,t,v) = inf G(Q,t,v),
(3.7) (Qtw,t,v) ot (Q,t,v)

which exists necessarily by the continuity of the function G(.,t,v) on the interval [0, 1].

We fix numbers ¢ and v. Let @, be a solution of problem (3.7). Suppose X, € Z’
is a function satisfying

A 1 ~
3.8 L= — L dz,
(39 Qo= 7 [ Ko da
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and such that the system of equations

curlu =0,
A

2(1_X)a

cy(ag +bym) -3
a4 -+ b+

(3.9) c_(a_ +b_m) —

a_ +b_

divu = A= )\(@t,w v),
admits a solution u = u;, € XY (the necessary solvability condition for the second
equation of this system in the space X" is fulfilled by the choice of the number ).
Obviously, then the variational problem (3.6) is solvable and the set of its solutions
consists only of the pairs Uy, = U, Xt,0 = Xt,v-

To describe the set of all solutions of problem (3.7), we define functions ¢4 (v) by the
relations

a_+b_
tow) = —12a+ b=
L) == Pl e
2
+ 2vie(a + bm)] a- b + [ela+bm)]” [mc*(a + bm)],
(3.10) ay + b+ ay + b+
_ 2 ay +by
t_(v)=—v [a—l—b]cL T
at by e(a+ bm)]? s
+ 2v[c(a + bm)) b PR [mc®(a + bm)).

Here the square brackets denote the jump
Obviously,

(3.11) to(v) —t_(v)

([e(a+ bm)] — v]a + b])

of the quantity enclosed: [a] = ay — a_.

2(as +by) + (a +b.)
(ay +bi)(a- +0-)

> 0.

We split the plane of parameters {v, ¢} into the following zones:

Vo ={yteR :t>t,(v)>t_(v) and t >t (v) =t_(v)},

Ve={vteR :t<t (v)<ty(v) and t<t_(v) =t (v)},
(3.12) Ve={nteR i t=t,(v)=t_(v)},

Vo={nte R :te(t_(v),t.(v)) # @}

The set of all solutions @t,,, of problem (3.7) was described in [9]; generally speaking,
it is a multivalued function of the parameters {t,v} € R%.

The function @tw of parameters {t,v} € R? possesses the following properties:
(a) the function Q. is single-valued and continuous for {t,v} € R?\ V_;

(b) we have

0

(3.13) Qi =11

any number in the interval [0,1]

Zf {t7 V} € VZv
if {t, v} eV,
if {t,v} eV

(c) the function @tw is single-valued and infinitely differentiable on the set Vy; its first
derivatives on this set are given by the formulas

3@t,v _ _1( @t,u 1- @t,v)g (at + by )*(a- +b_)?
(3.14) ot 2\ap+by  a_+b_/ [cla+bm)—v(a+b)?’
0Quy _ ( Qu, 1- @t,y> (ay +by)(a_ +b_)
v ar +by  a_+b_/[cla+bm)—via+0b)]
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Now we turn to the variational problem (3.6). We fix a function
(3.15) p € Wi (Q,R™), Ap=v,
and use this function to specify the set X occurring in (3.6): we set
(3.16) XY CY={uecWi(QR™): u=v+Vp, v,laq =0}

Since for the functions u as above we have

/ undS:/ @dS:/Apd,T:K”V,
090 a0 On Q

these functions form a subset of the space W3 (€2, R™) with a fixed v (see (3.4)).
We replace the set of admissible displacement fields X in the variational problem (1.11)
by X¥. This yields the variational problem

(317) Io[at,llu X\t,uat] = IO[UW X>t]> at,u S XV> )/C\t,u S Z/-

inf
uweX? , x ez’

Note that, in terms of the function v, for the functions u as in (3.16), system (3.9) has
the form

curlv =0, dive=a(Q,v)(x — Q), vnloa =0,
(3.18) N [c(a +bm) —v(a+ D)
’ (a-+b)Q+ (ay +b1)(1-Q)

In (3.18), only the boundary conditions dictated by the definition of the set Y are pre-
sented. Additional boundary conditions arise when the set X* is given explicitly.

Since under condition (3.2), for the domains 2 with sufficiently smooth boundaries we
have

[ @extas(t= o)l — okl ) do =a [ (uh,ul, k) do
Q ‘ Q ’

0 0
- n;ng

Oz, Oy’

(3.19)
= / (uiéjnj — Qu,0;ut — uiujéjni) ds, 0; =
Q

it follows that, in some cases, for u € X¥ the right-hand side of (3.19) is fully determined
by the function p. In these cases, the variational problem (3.17) reduces to the variational
problem (3.6) for the functional (3.5). Appropriate examples and the construction of
solutions of system (3.18) for them were given in [9]. For some examples, the set X* has
structure (1.4), and in other examples it contains the slipping condition.

Thus, we obtain the following description of the set of all solutions of problem (3.17).

Theorem 3.1. Suppose that the right-hand side of (3.19) with functions in the set (3.16)
is uniquely determined by the function p, and that system (3.18) is solvable in the class
X¥. Then, for each pair of parameters t and v,

(a) in the set V>, there is a unique equilibrium state @ = Vp, X = 0;

(b) in the set V<, there is a unique equilibrium state u = Vp, X = 1,

(c) in the set V_, there are infinitely many distinct equilibrium states @, ¥; for each
of them we have t = Vp, and X is an arbitrary function belonging to 7,

(d) in the set Vg, generally speaking, the number of equilibrium states is more than
one, all equilibrium states are two-phase, and the volume part of each of the phases is
uniquely determined by the parameters t and v.
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§4. TEMPERATURES OF PHASE TRANSITIONS

The formula for the functional Ip[u, X, t] suggests that, plausibly, there exist two num-
bers t4 such that —oo < ¢_ <t < oo and
for t < t_, only equilibrium states 4 = 4+, ¥ = xT = 1 exist;
(4.1) for t > ty, only equilibrium states t =4, X = x~ = 0 exist;

for t_ <ty and t € (t_,t4) no one-phase equilibrium states exist,

where the 4T are the minimizers of the functionals
(4.2) I*u) = / (FE(Vu) + g - u) dx+/ f-udS, uweX,
Q o0

respectively.

The numbers ¢4 (if they exist) are called the upper and lower temperatures of phase
transitions. In (4.1), the existence of equilibrium states for ¢ < t_ and ¢ > ¢ is claimed,
but their existence for ¢t € (¢t_,t,) is not stated.

The following is a sufficient condition for the existence of the temperatures of phase
transitions; see [10].

Let g € Loo(Q, R™). Then the condition i+ € WL (Q,R™) is sufficient for the exis-
tence of the temperatures t4 for the sign + and the sign —, respectively.

If the temperatures ¢+ exist, then for ¢ = t1 the energy functional has (possibly,
not unique) equilibrium states a*, x*; see [I0]. Next from (2.50) we obtain necessary
conditions for the existence of the temperatures t..

If the temperature t4 ort_ exists, then the following inequalities are fulfilled for almost

all © € Q (respectively):
(FH(Vat(z)) — F~(Vat(z))) +t_ <0,
(4.3) o o
(FH(Va (z)) — F~ (V4 (2))) +t4 > 0.

Example 4.1. Inequalities (4.3) make it possible to construct examples of the energy
densities F*(M) and the force field g for which the temperatures 1 do not exist.
We fix an energy density F'* and a function 4" with the properties

at e WLQ, B™) nW2(Q,R™), FH(Su™) & L(Q).
We define a function g € Lo(§2, R™) by the relation

k _ 4+ ~+i
g _aijkluxj:cz'

Obviously, 4T is an equilibrium state of the functional I*[u] for Ty = 9Q and ug = 0.
We set
1
- _ 1+ - _
Qijkt = %5k Sij = Sij

In this case, the function
A~ 1 R
FHOu () ~ F~(Va* (@) = 5 F*(Va* (x)

is nonnegative and does not belong to the space Lo, (2), which implies that the tem-
perature t_ does not exist. An example of the nonexistence of the temperature ¢ is
constructed similarly.
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In the examples in §3, the temperatures of phase transitions exist and are given by
the explicit formulas (3.10). In these examples, 4+ = Vp. However, the function p only
satisfies conditions (3.15), so that the displacement fields may fail to belong to the space
WL (Q, R™). This observation shows that Theorem 4.1 is not sharp.

If the temperatures ¢4 exist, then the necessary condition for their existence implies
that the numbers

tr=— ess gf{w(va* (z)) — F~ (Vi (z))},

~

t_

- esgesgzlp{FWVﬁ* (x)) = F~(Va*(x))}

are finite and ¢, > t:L, t_ < t_. For the problems treated in §3,
FH(Vat) — F~(Vat) = m[ac?] — 2v[ac] + [b(v — me)?).

Therefore, for these problems we have i = tAJr. Consequently, generally speaking, the
numbers ¢, are not the temperatures of phase transitions, because, for these problems,
the relation ¢_ = ¢, is true only in exceptional cases (see (3.11)).

The examples in §3 show that the temperatures of phase transitions may coincide
and may be different. The following statement provides sufficient conditions for the
noncoincidence of the temperatures of phase transitions.

Theorem 4.2. Suppose the temperatures of phase transitions exist and vt = a~ = 4°.
Then:

1) If

FH(Va®) — F~(Va°) # const a.e. in Q,

then t_ <t4.

2) If
(4.4) FH(Va®) — F~(Va’) = const a.e. in Q,
but

F(Va®) # Fy(Va®) on aset E CQ of positive measure,

then t_ < t4.

3) If condition (4.4) is satisfied and
Fi(VE°) = Fy(VA°) ae. in Q,

thent_ =t,.
If the temperatures of phase transitions exist, 0t #Z 14—, and the inequality

F~ (Vi (z)) — FT(Va (x)) > F~(Va'(z)) — FH (Vi (2))
is fulfilled on a set of positive measure, then t_ < t,.

Proof. The proof of the first part of the theorem was given in [I0]. The second part is a
consequence of the necessary minimum condition (4.3). g
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