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THE SEMICLASSICAL LIMIT OF EIGENFUNCTIONS
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ABSTRACT. The semiclassical limit, as the Planck constant A tends to 0, of bound
states of a quantum particle in a one-dimensional potential well is considered. The
semiclassical asymptotic formulas for eigenfunctions are justified, and the Bohr-Som-
merfeld quantization condition is recovered.

§1. INTRODUCTION

1.1. We study the limit as i — 0 of eigenfunctions 1 (x) = ¢ (z; A, i) of the Schrédinger
equation

(1.1) —h (@) + v(@)(@) = M(2), (@) =o(@), e L(R),

for A close to some noncritical energy Ao (i.e., v'(z) # 0 for x such that v(z) = Ao).
We assume that the equation v(z) = A has exactly two solutions (the turning points)
x4 = x4 (A) and that v(z) < A for € (x_,x4). Thus, (x_,z4) is a potential well and
the energy X is separated from its bottom. We suppose that the eigenfunctions ¢ (z) are
real and normalized, that is,

/_O; V2(z) dz = 1.

It is a common wisdom that the limit of ¢ (z) = ¢(x; A\, i) as i — 0 is described by
the Green—Liouville approximation away from the turning points z1. In neighborhoods
of the turning points the asymptotic behavior of 1 (x) is more complicated and is given
in terms of an Airy function. Surprisingly, we have not found a precise formulation and
a proof of this result in the literature. Our goal is to fill in this gap. Here we follow
the method suggested by R. E. Langer and thoroughly exposed by F. W. J. Olver in his
book [7].

The detailed asymptotic behavior of ¥ (z) described in Theorems 25 and L4 allows one
to recover the classical Bohr—Sommerfeld quantization condition on A (see Theorem F.T]).
Actually, we prove somewhat more, establishing a one-to-one correspondence between the
eigenvalues of the Schrédinger operator Hy = —h%d?/dz? + v(x) from a neighborhood
of a noncritical energy and the points (n + 1/2)h , where n is an integer. This implies
the semiclassical Weyl formula for the distribution of eigenvalues of the operator Hy as
h — 0, with a strong estimate of the remainder. It turns out (see Corollary 2] that this
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1052 D. R. YAFAEV

remainder never exceeds 1. Also, in Theorem [5.2] we obtain the quantization condition
for discontinuous functions v(x). This formula generalizes that of Bohr and Sommerfeld
and is probably new.

We note that the Bohr—-Sommerfeld quantization condition is also well known in much
more difficult multidimensional problems. In this context we mention the book [I] by
Babich and Buldyrev (where the ray approximation was used), the book [3] by Fedoryuk
and Maslov (where the Maslov canonical operator was used), and also the papers [5]
by Helffer and Robert and [4] by Helffer, Martinez, and Robert (where the methods of
microlocal analysis were used).

However, in the one-dimensional problem it is more natural to lean upon methods of
ordinary differential equations. Such an approach was developed by Fedoryuk (see his
book [2]) for analytic potentials. In this case the study of turning points can be avoided,
so that the Airy function does not appear.

1.2. The asymptotic expansion of eigenfunctions yields (see Proposition ) that of the
observables

(1.2) / w(x)Y?(z; \, h) do
for fairly arbitrary functions w(x). For example, for w(z) we can take characteristic func-

tions of Borel subsets of R or choose w(z) = v(z). This gives the asymptotic expansion
of the kinetic energy

(1.3) K(\ h) = h? /Oo O (23 M h)2 de = Ka(\) + O(h?)

as i — 0 uniformly for X\ in a neighborhood of the point Ag. The leading term K¢ ())
(the index “cl” stands of course for the corresponding classical object) is given by the
expression

(1.4) Ka(\) = /M(A)(A —v(x))/? dx</m+(/\)()\ —v(x))"1? dx) _1.

z_ () z_(N)
Note that the integrals here are taken over the classically allowed region, and that K.(\)
coincides (see Subsection 4.3) with the averaged value of the kinetic energy of a particle
of energy \ in classical mechanics.

We emphasize that our derivation of the quantization condition and of asymptotic
formulas for the observables (L2 requires Airy functions, although they do not enter the
final answer. However, we do not know how to avoid Airy functions without additional
assumptions on v(x).

§2. SEMICLASSICAL SOLUTIONS OF THE SCHRODINGER EQUATION
2.1. Tt is convenient to rewrite equation (1)) as
(2.1) —up(@) + h2q(z)un(z) = 0,
where
q(z) = q(x;A) = v(z) = A
We need some regularity of the function v(x) and a weak condition on its behavior at
infinity.

Assumption 2.1. The function v is of class C?(R) and, for some py > 1, the function

(lo(@)~¢ (@) + a(2)2l¢" (=) ‘/ PIV2 dy

is bounded for sufficiently large |z|.

PO
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The latter condition is satisfied in all reasonable cases. For example, if v(z) — v > A,
it suffices to require that

V(@) + " (2)] = O(2[), po>1, 2] = 0.

It is also satisfied if v(x) behaves at infinity as |z|* or e®®l with a > 0; in these cases,
po = 2.

We consider the case of one potential well. To be more precise, we make the following
assumption.

Assumption 2.2. The equation v(x) = X has two solutions z; = z4(\) and z_ =
x_(A). We suppose that z_ < x4, v(z) < X for x € (z_,zy), v(x) > A for v & [x_, x4],
and

liminf v(z) > A

|z| =00
Moreover, the function v belongs to the class C® in some neighborhoods of the points
x4 and +0v'(z4) > 0.

Note that if Assumption is satisfied for some Ag, then it is also satisfied for all A
in some neighborhood of Ag.

Our goal in this section is to describe the asymptotic properties as h — 0 of solutions
ug () =uq(z; A\ h) and u_(z) = u_(x; A\, h) of equation ([21)) exponentially decaying as
r — 400 and x — —oo, respectively. These asymptotic properties will be given in terms
of an Airy function and are uniform with respect to z € [x1,00) or x € (—o0,x1], where
x1 is an arbitrary point of the interval (z_,x).

2.2. We recall the definition of the Airy functions and their properties required here
(see, e.g., [7] for the details). Consider the equation

(2.2) —w" (t) + tw(t) =0

and denote by Ai(t) its solution with the asymptotic formula

(2.3) Ai(t) =27 V2 YV exp(=2t3/2/3) (1 4+ O(t7%/2)), t — +o0.
Then

(2.4) Ai(t) = 7 V2|7 Y4 sin 20t/ /3 + 7w /4) + O(t|7T/Y), t— —o0.

Note that Ai(t) > 0 for all £ > 0.
The solution Bi(t) of equation ([22)) is determined by its asymptotic behavior as
t — —oo, which differs from (2) only by the phase shift:

(2.5) Bi(t) = —nY2|t|"Y4sin(2]t|*/2/3 — m/4) + O(|t]7/*), t — —oo.
For ¢ > 0, this function is positive and satisfies the estimate
(2.6) Bi(t) < C(1+t)" Y4 exp(2t3/2/3).

Here and below we denote by C and c¢ various positive constants whose precise values
are of no importance.

We also use the fact that all asymptotics [2.3]), [24), and (23] can be differentiated
in ¢. In particular, for the Wronskian we have

{Ai(t),Bi_(t)} := Ai’"(t)Bi(t) — Ai(t) Bi'(t) = -7 L.
It follows that

(2.7) Bi(s)Ai~(s) = Bi(t)Ai ') =7t /t Ai"3(r)dr, s>t>0.
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2.3. To formulate results, we need the following auxiliary functions &4 (x) = &4 (x; A):

x 2/3
E(n) = <g/ aly)'/? dy) , T2y,

T4

(2.8)
Ty 2/3
e =3 [Tlawlray) . e <osa

and

Here is a list of properties of these functions. The following result is practically the same
as Lemma 3.1 in [7, Chapter 11].

Lemma 2.3. Letxy € (v_,x,). Then &, € C3(x1,00), £ € C3(—o00, 1), and &4 (z) —
400 as x — +oo. The deriwatives

(2.9) £ () >0, Eh(as) = £/ (@)
and the functions 4 (x) satisfy the equation
(2.10) € (2)%€(2) = q(2).
This lemma implies that the function
(2.11) px (@) = (1€ (@) 7/?)" €k (@) 7%
is continuous. Moreover, using identity (2I0), we see that
(2.12)  —16px(z) = 56 (2) 7 + Ex(2) (da(2) ¢ (2) = 5a(2) °d'(2)?), = # s,
whence, in accordance with Assumption 2.1]
(2.13) [p+ (@) < Cléa (@) 7277, p=3min{po —1,1}/2 > 0.

2.4. We construct solutions uy(z) = ug(z; A, k) of equation ([2I) with semiclassical
asymptotic behavior as i — 0 or (and) z — Foo. We define these solutions by their
asymptotic formulas as © — +oo. Below all asymptotic relations are assumed to be
differentiable with respect to z. In this subsection, we only formulate results.

Proposition 2.4. Under Assumption 21, for every fixed h > 0, equation (21 has a
(unique) solution uy(x) such that

x
ug(x) =27 w20t Oq(z) " exp (ﬂFh‘l/ q(y)'/? dy)
Ty

(rofl [Larea 7))

where p; = min{py — 1,1} > 0 as z — +oo.
Uniform asymptotic formulas for uy (x) are given in the following assertion.

Theorem 2.5. Let Assumptions 211 and hold. If £x > 4z, then the solutions
ut () = ug(z; A\, h) admit the representations

(2.14) ug(z) = €4 (2)| 72 AL(RPeL (@) (L + ex (a3 h)),
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where the remainder satisfies the estimate
(215)  [ex(m A h)| < Ch(1+ |e<(@))",  p=3min{py —1,1}/2 > 0.

Let 1 € (z—,x4). On the interval [x1,24] (on the interval [x_,xz1]) the function uy
(the function u_) admits the representation

(2.16) ug(z) = €4 (2)| 72 AL (A 3¢x(2)) + OO (RF + o — wa]) 7).

Away from the points x4, we can replace the Airy function Ai(t) by its asymptotic
formulas 23) or 24). Indeed, by (29), we have
(217) |£i(x)| > C|I - xi|a c> 07

whence 7i~2/3¢, (z) — o0 if B %3(x—x,) = 400 and /3¢ (x) — +oo if
h=2/3(x — 2_) — Foo. This leads to the following result.

Corollary 2.6. Suppose that 6,h~2/3 > ¢ > 0 (in particular, 5, may be fized). Then the
functions ux () have the following asymptotic formulas :

(2.18) s () = 271720 O )~ exp (1 [ ) dy) (1+O(hlex ()| 12))

+
as b — 0, uniformly in x > x4 + 0y for uy(x) and in x < x_ — 0y, for u_(x). Let
z1 € (x_,x4). Then the functions us(z) have the following asymptotic formulas:

wa () = 72K g(a) |~ sin (i [ a2y + w/4)

+O(ﬁ7/6|3: — xi|77/4)

Tt

(2.19)

as b — 0, uniformly in x € [x1,x4 — g for uy(x) and uniformly in x € [x_ + 65, x1] for
u_(x).

On the other hand, using ([ZI7) and the estimate | Ai (t)| < C(1 + |t|)~'/*, we obtain
estimates, uniform in 7 , of the functions uy (z) in neighborhoods of the turning points.

Corollary 2.7. For sufficiently small |z — x4 |, we have the estimate
(2.20) lus(z)| < C(1+h 23z — xy])~1/4
with a constant C independent of h .

We note that all asymptotic relations (214), (214, (ZI8), and ZI9) can be differ-
entiated with respect to x. In particular, we have the asymptotic formulas

Wy () = 25/ q(2)] Y4 cos (i w7 a2y + w/4>

+0 (ﬁ1/6|:1: — Ty \77/4)

T4

(2.21)

as i — 0, uniformly in = € [z1, 24 — 0p] for uy (z) and uniformly in = € [x_ + 5, x4] for
u_(x). All these relations can also be differentiated with respect to A. For example, we

have
xT

+
Aug (23 M\, 1) JON = i2’171/2ﬁ’5/6|q(w;A)I’”‘l/ lq(y; N)| 72 dy

T4
X cos (i et / lay: MM dy + w/4> +O(R S|z — s |77/

as i — 0, uniformly in = € [z1, 24 — 0p] for uy (z) and uniformly in = € [x_ + 5, x4] for
u_(x).
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2.5. Now we calculate the norm of the function u () in the space L?(z1,+00), where
x1 € (x—,x4). Actually, we shall obtain a more general result.

Proposition 2.8. Let a function w(x) be differentiable on the interval (x—_,x4) except
at a finite number of points. Suppose that w(x) and w'(x) are locally bounded functions
and that, for some N,

N

(2.22) [w(z)] < Cq(x)

/ la(w)| /2 dy
0

if |z| is large. Then under Assumptions 211 and we have the asymptotic relation

(2.23) /ioo w(z)ul (z) de = 27 7ht/? /Ii w(z)(\ —v(z)) Y2 dz + O(R?/3).

1 1

Proof. We prove ([2.23)) for the sign “+”, omit this index and add A. Using the asymptotic
relations ([2.14), (210) and the estimate £'(x) > ¢ > 0, we see that

ry+1 o)
/ w(@)i(z) dz < C / ¢'(2) A2 (h=2/3¢(2)) do = C1 23,
Similarly, using identity (ZI0) and condition ([Z22]), we find
[ w@id@drsc [T e@en i@ A o) de = 0().

++1 I++l

Suppose that 6, — 0 as h — 0, but 6yh~2/> > ¢ > 0. The integral of u?(z) over
(x4 — O, z4) is estimated by Cdy, because, by (Z20), the functions up(z) are uniformly
bounded in a neighborhood of the point . On the interval (z1, 24+ — d5), we have

T4 —0p T4 —0p
/ w(zid (z) do = 73 / w(a)lg(a)| /2
(2.24) o o

Ty
X sin? (h_l/ lq(y)|'/? dy+7r/4> dz + O(h*35;71).

Indeed, the asymptotic formula (ZI9) shows that we need to check that the integrals

I+—5h I+—5h
h7/3/ |z —z|""/?dz and h4/3/ lq(x)| Y4z — 2y | T da

1 1

are O(h*/35,1). The first of them equals C’h7/35g5/2, which is O(h*/36; ") because
h= 0(5;’/ 2). To estimate the second integral, we observe additionally that
(2.25) lg(x)| > e(z4 —x), ¢>0.

Next, we replace sin(-) on the right-hand side of (Z24) by 1/2. Let us estimate the
error. Integrating by parts separately on every interval where w(z) is differentiable, we
see that

$+—5ﬁ Ty
[ el e (2 [ at ay ) as

z1
T4

= —27Yihw(zy — 6n)g(xy — 0r) " exp (Qiﬁl / la(y)|"? dy)

+—0n

T4 —0Op
vt [ @ @) - v @) ()

Z1

T4
X exp (2@'?1_1/ lq(y)|*/? dy) dz + O(h).
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Here the right-hand side is bounded by

T4 —0p

en(1tlates —anl 4 [ o) 2as).

1

which does not exceed Ché; ' by @25). Thus, from @24) it follows that

I+7(§h I+7(§h
/ w(z)ud(z) de = 27 wht/3 / w(z)(A —v(x) V2 de + O(K35,1).

1 1

Finally, making an error of order O(h!/ 35;/ 2), we can extend the integral on the right-
hand side to the entire interval (z,z,). Setting 65 = h?/® and collecting the results
obtained, we arrive at the asymptotic relation ([223]). O

Of course, ([Z22)) is a very mild restriction. It is satisfied for v(x) = w(x). It is also
fulfilled for all functions v(x) if w(z) is bounded by some power of |z| at infinity and is
even less restrictive if v(x) — 0o as |z| — oo. In particular, setting w(xz) = 1, we obtain
the following statement.

Corollary 2.9. We have

(2.26) /iOO ui(x) de — 9~ Lppl/3 /CEi (A— v(x))71/2 dr + O(h2/3).

Z1 Z1

§3. PROOF OF THEOREM

3.1. We shall prove Theorem for the sign “4” and omit this index. On the contrary,
we add the index h to emphasize the dependence on it of various objects. Let z; €
(x—,x4), © € (x1,00), and let the function £(x) be defined by formulas (Z8). By
Lemma 23] we have £(x) € (£1,00), where & = &(x1) and z can be viewed as a function
of € if € € (€1, 00).

We make the change of variables « — £ in equation ([2.]) and set

(3.1) un(w) = &' (@) 72 fu(h7?3¢(2)).

Then, using identity (2.I0]), we obtain

(3:2) — W (R23€) + 23 fr(h213€) = W3r(€) fu(h213€),
where

(3.3) r(&) = p(z(¢))

and p(z) is defined by formula (ZII). By [2I3), we have the estimate
(3.4) r(€)] < C(L+ )7, p=3min{po —1,1}/2 > 0.

Setting t = h=2/3¢ in [B2)), we get the following intermediary result.

Lemma 3.1. Let t = h=2/3¢(x), and let the functions ux(x) and fy(t) be related by
formula BI)). Then equation ZII) for x > x1 is equivalent to the equation

(3.5) —[1 () + tfn(t) = Ru(t) fu(t) for t> &R,
where

(3.6) Ri(t) = h*3r(h2/3¢).
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3.2. We reduce the differential equation (33]) to a Volterra integral equation. Set
(3.7 Kp(t,s) = —m(Ai(t)Bi(s) — Ai(s) Bi(t))Ru(s), s>t,

and consider the equation

(3.8) h@—M®+Am&@@h@@-

Differentiating it twice, we see that its solution also satisfies ([B.3). We shall study
equations (B8] or (B8] separately for ¢ > 0 and ¢ < 0.

Lemma 3.2. Fort > 0, equation B.3) has a solution fr(t) such that

(3.9) fu(t) = AL(t) (1 +n(1)),
where
(3.10) Inn(t)| < Ch(1+ K¥3t)™?,  p=3min{py —1,1}/2 > 0.

Proof. Making the multiplicative change of variables
(3.11) fu(t) = Ai(t)gn ()
and using 27, we rewrite equation (B8] as

(3.12) %mzl—/mmm@%@ma
where

Lu(t,s) = Ai(t) " Kn(t,s) Ai(s) = /S Ai"2(7)dr Ai®(s)Ru(s), s>t

t

Relation (Z3]) implies that
/ Ai (1) dr < Cexp(45°/2/3),
¢

so that, by (B4) and (3.4,
3.13 Li(t,s)| < CRY3s712(1 4 B2/35)~12=r <t <s.
(

This estimate allows us to solve equation (B:IZ2) by iterations. In particular, the solution
of (BI2)) satisfies the estimate

m(® -1 <C [ Lt 9] ds.
t
Now estimate ([BI0) on the remainder ny(t) = gr(t) — 1 follows again from BI13). O

Putting formulas (3] and (3] together, we obtain representation [ZI4]) with ep(z) =
nn(h=2/3¢(x)). Estimate (3I0) implies (ZI5). This leads to the assertion of Theorem A
for > x,. In particular, for a fixed h , we get Proposition 241

Next, we consider the case where ¢t < 0.

Lemma 3.3. Fort € [h=2/3¢1,0], the solution fr(t) of equation [B3) satisfies the esti-
mate

(3.14) [fn(t) = Ai ()] < CR(L+[t)~V/*
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Proof. We rewrite equation ([B.8)) as

(3.15) ) = 10 / Kn(t, 5) (s
with the new “free” term
(3.16) O@ = ai@) + 10w, 1P / Kn(t, 5) fn(s) ds

By @23) and (2.4), we have

Ai2(t) 4+ Ai(t)Bi(t) <CA+t)"Y2 t>0,
and relations ([24) and (23] show that
(3.17) |Ai(t)| +|Bi(t)| < CA+[t)~Y4, t<o.
Therefore, using [34), B:6), and B7), we find that

000 < C(1Ai0] [ A BIRA ds + B O] [ A6 () )

(3.18) < —1/434/3 oo —1/2 2/3 \—1/2—p
< Ci(L+t))" /" h s+ R s) ds
0

< Co(1+[t]) "/ *h.

Now we consider equation [BIH). Estimates (84) and (BI7) imply that its kernel
satisfies the bound

(3.19) |Kn(t,s)| < CRY3(1+ [t) Y41 + |s|) " V4 (R 3s), t<s<0,

where the function r(h?/3s) can be estimated by a constant. Thus, solving [BI5) again
by iterations, we obtain the estimate

0
50~ 701 1 [ |Kae 9]0+ [s) 4 ds
(3.20) :

0
< 02h4/3/ (1 + |S|)—3/4 ds < C3h4/3(1 + |t\)1/4.
t

If t € [i~2/3¢;,0], then, to get estimate (14, it suffices to combine (BI6) with estimates

BI8) and (B.20). O

In view of formula ([B1]), this lemma yields the result of Theorem 25 for = € [y, x4].
Differentiating the integral equation ([B.8) with respect to ¢, we obtain asymptotic
relations for f7(¢) and then for u}(x). This concludes the proof of Theorem

§4. SEMICLASSICAL ASYMPTOTIC EXPRESSIONS FOR EIGENFUNCTIONS

4.1. Let A = A(h) be an eigenvalue of the Schrédinger operator Hy, = —h?d?/dx® + v(x)
in a neighborhood of a noncritical point Ag. Then the solutions u. (x) are proportional:

(4.1) u_(xz; A h) = a(A R)ug(x; A\ R).

Choose an arbitrary interior point z of the interval (z_()),z()X)). To calculate the
Wronskian of uy (z) and u_(z), we use the asymptotic relations (2.19) and (Z21]). Setting

z4+ ()
(42 pee =% [ )y e ) )
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we find that
w(, h) = uq (z; X, h)ul(2; N, h) — u_(2; A, h)u!, (a3 A, h)
— nhi2/3 ( sin(h Loy (23 \) + 7/4) cos(h~to_ (23 \) + 7 /4)
(4.3)
+cos(h Y (23 \) + m/4) sin(h Lo (25 A + 71'/4)) +O(R?)
= 1th~ 23 sin(h"1®(\) + 7/2) + O(h'/?),
where ®(A) = oy (x5 A) + o_(x; A), so that
z1(N)
(4.4) o) = [ (e dy
z_ ()
Since w(A, k) = 0, we see that
sin(h ' ®(\) +7/2) = O(h),
whence
x4 (A)
(4.5) / = v(@)2 dz = 7(n + 1/2)h + O(12)
z_(X\)
for some integer n = n(\, k). This gives us the famous Bohr-Sommerfeld quantization
condition.
Now, suppose that a number of the form m(n + 1/2)% belongs to a neighborhood of

Ao- We check that there exists an eigenvalue A, (%) of the operator Hy satisfying the
estimate

(4.6) |® (A () — m(n+ 1/2)h| < Ch?.
Since uy € L%*(Ry), it suffices to show that w(\, k) = 0 for some X = ), (k) satisfy-
ing ([@6]). Using the equation A — v(z4(A)) = 0, we see that

(4.7) d'(\) =271 /”(i:)(x —o(y)) 2 dy > 0.

Hence, ® is a one-to-one mapping of a neighborhood of Ay onto a neighborhood of
1o = ®(Xo). Set = P(A\) and

(4.8) e(p, ) = 7 R Bw (@ (), h) — sin(h ™t 4 7/2).

By ([3), this function satisfies |e(u, ii)| < Ch with a constant C' independent of /i and p
in a neighborhood of ;. We need to show that the equation

sin(h™ '+ 7/2) + e(u, i) = 0
has a solution u, (%) obeying the estimate
\n(R) — m(n+1/2)h| < Ch2.

Setting s = A~y + 7/2, we see that this assertion is equivalent to the existence of a
solution s = s, (h) of the equation

(4.9) sins + e(h(s —/2),h) =0
obeying the estimate

(4.10) |sp(h) —m(n+1)| < Ch.

The last fact is obvious because e(ii(s — 7/2), k) = O(h).



THE SEMICLASSICAL LIMIT OF EIGENFUNCTIONS 1061

Next, we show that for every n there is only one eigenvalue of the operator Hj sat-
isfying (@6l). For that, we must check that equation (@3] cannot have two solutions
satisfying (@I0). Supposing the contrary, we find a point § = 5, (%) such that

0
(4.11) cos§ = —ha—;(h(g— 7/2), k)
and S, (h) = m(n 4+ 1) + O(h). Observe that relation (£3) can be differentiated in A,
which yields
dw(\, B) /AN = w®' (\)h~/3 cos(h1®(N\) + 7 /2) + O(h~2/3).

It follows that the function (X)) obeys de(u, h)/dp = O(1). Thus, the right-hand side
of equation (@I is O(h), while its left-hand side tends to (—1)"*1 as h — 0.
Finally, plugging the asymptotic formulas (Z19) and 221]) into {I]), we find that

sin(h™to_(x;\) +7/4) + O(h)

e = a(\, 1) (sin(A oy (z;0) +7/4) + O(R))
and
(4.13) cos(h~ o (23 0) + m/4) + O(h)

= —a(\,h)(cos(h i (23 A) + m/4) + O(h)).
Together, these two relations imply that |a(A, )| = 1 + O(k). Moreover, since
(55 0) + o (2:)) = w0+ 1/2)h+ O(F),
from [@I2) and @I3)) it follows that
(4.14) a(X k) = (—1)" + O(h).
Thus, we have obtained the following result.

Theorem 4.1. Let Assumptions 2.1] and hold true for a point \g. Suppose that an
eigenvalue A = \(h) of the operator Hy belongs to a neighborhood of Ag. Then, neces-
sarily, condition @A) is satisfied with some integer n = n(A, k). Conversely, for every
n such that w(n 4+ 1/2)k belongs to a neighborhood of ®(\g), there exists an eigenvalue
An(h) of the operator Hy satisfying estimate [@6) with a constant C not depending on
n and h . Such an eigenvalue A, (h) is unique. Moreover, the coefficient a(\, k) in (L1)
has the asymptotic formula [@I), where n is the same as in ([@3).

Corollary 4.2. Let an interval (a1, az2) belong to a neighborhood of a point Ao satisfying
Assumptions 211 and 2. Then the total number Ny of eigenvalues of the operator Hp
in this interval equals

(4.15) Np =7 H(®(ag) — ®(ar))h™ ' + e(h),
where |e(R)| < 1 for sufficiently small hi .

Proof. By Theorem 1] there is exactly one eigenvalue of the operator Hy in a neigh-
borhood of size Ch? of every point ®~(7(n + 1/2)h). These neighborhoods have empty
mutual intersections for sufficiently small 4 . Thus, Nj equals the number of points
m(n + 1/2)k lying in the interval (®(ay), ®(az)). Clearly, this number equals the right-
hand side of (I3]). O

Remark 4.3. Suppose that Assumptions [2.1] and hold true for all A € [ay, az]. Then
the remainders in the asymptotic formulas of this paper can be estimated uniformly in
A € a1, az]. Formula ([@I5) also remains true for such (ay, az).
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Note that ([@4) can be rewritten as

(4.16) d(N\) =271 // dp dz.
p?tv(z)<A

Indeed, integrating on the right-hand side first over p, we obtain the right-hand side of
). Tt follows that the asymptotic coefficient in (£I3]) is the volume of a part of the
phase space:

®(az) — ®(a1) = 2 'meas{(z,p) € R? : a; <p? +v(x) < as}.

Thus, relation ([@ID) is the semiclassical Weyl formula with a strong estimate of the
remainder.

4.2. Let ¢(x) = ¥(x; A, k) denote the eigenfunction of the operator Hy, corresponding to
its eigenvalue . We suppose that ¢ = ¢ € L?(Ry) and ||¢| = 1, which fixes ¢ up to
the sign. Clearly,

(4.17) Y(x) = cruyg(x), cx=ce(\h),
where, by ([@I4),

e+ (A R)| = le— (A, A)|(1 4 O(h)).
Therefore, Corollary 2.9 shows that

(4.18) lex (N h)| = 21/27T1/2h1/6(/
z_ ()

and an application of Theorem yields the following result.

Theorem 4.4. Under the assumptions of Theorem 1, let ¥(\, i) denote the real nor-
malized eigenfunction (defined up to a sign) of the operator Hpy corresponding to its
eigenvalue X = A(h). Let x1 be an arbitrary point in the interval (x_(A\),z4+(\)). Then,
for © € (x1,00), the asymptotic behavior of W(x;\,h) as h — 0 is given by formulas
EIT), EI) for the sign “47 and the asymptotic relations of Theorem 23] for the func-
tion uy (x; A\, h). Similarly, for x € (—oo,x1), the asymptotic behavior of ¥(x; A\, h) as
h — 0 is given by formulas [EI1), (II]) for the sign “—" and the asymptotic relations
of Theorem 21 for the function u_(x; A\, h). In neighborhoods of the turning points, the
estimate

(4.19) (s \ )| < C(RP + |z — oy |) =14

is valid with a constant C independent of h .

x4 (N) —1/2
(A —w(x))" /2 dx> + O(h/9),

Recalling formula ([2:23]), we see that this result can be supplemented by the following
statement.

Proposition 4.5. Let a function w satisfy the assumptions of Proposition 2.8 Then
under the assumptions of Theorem L4l we have

o x4 (N)
/ w(x)yY?(z; A\, h) de = / w(z)(\ —v(z)) V2 dx

—00 z_ ()

X (/:::)(A —v(z))"Y? dx) - + O(hY?).

In particular, this relation applies to the potential energy

V(NR) = /OO v(x)p?(x; N\, h) d

—0o0

(4.20)

and, due to the energy conservation K (\, i)+ V (A, i) = A, we also obtain the asymptotic
expansion of the kinetic energy.
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Corollary 4.6. Under the assumptions of Theorem [} the asymptotic relation (I3
holds true with the leading term K(\) given by (LA).

Since Kc(A) > 0, for small /i the kinetic energy satisfies K (A, %) > ¢ > 0, or equiv-
alently, for the potential energy we have V(A i) < A — ¢. This implies that the eigen-
functions v (z; A, h) are not too strongly localized in neighborhoods of the turning points
x4 (N\). Estimate (I9) allows us to refine this statement.

Proposition 4.7. Under the assumptions of Theorem [Tl let ||y(\, R)|| = 1. Then

x4 (N)+48
/ V2 (x; A, h) da < O5Y/2,
z4(A)—6

where the constant C' does not depend on h.
Remark 4.8. The asymptotic formulas (2.14) and ([@I8)) imply that
[ (zs(V): A ) = ax(NEV0(1+O(Y?)),
where
z4(N) —1/2
as) =222 ([T T uw) ) s ) AI0) 20
z_ ()
This contradicts the claim of Theorem 7.1 of [§] saying that the normalized eigenfunctions

are uniformly bounded in neighborhoods of turning points.

4.3. Recall that a classical particle (of mass m and energy A) moves periodically (see,
e.g., [6]) in a potential well bounded by the points z_ = z_(A) and 24 = x4 () such
that v(zx) = A. Let us check that the asymptotic coefficient K in (I3) coincides with
the averaged (over the period T'= T'())) value

T
Ko = T*l/ K(t)dt
0

of the classical kinetic energy
K(t) = ma'(t)%/2 = X — v(z(1)).
Since
dt = o' (t) "V dz = (m/2)Y*(\ — v(z)) "2 d,
the period is given by the formula

T:2/ ;l—:;dacz (2m)1/2/ (A = v(@)) "/ da,

and
=7! ’ —v(T =2(m/2)Y/?7! v —v(z)? dz.
Ko =T /Ou («(1))) dt = 2(m/2)"/>T / (A —v(2))/?d

Putting these two relations together, we obtain the same expression ([4]) for K,, as for
K. This proves the identity
Ka(A) = Kay(N).

Also, we note that

Ka(A) = (2dln®(A)/d\) ",

where the function ®(\) is defined by formulas (£4), or equivalently, (I6). For the
proof, it suffices to plug the representation (A7) for the function ®’(\) into formula

4.
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§5. DISCONTINUOUS POTENTIALS

5.1. Away from the turning points, the assumptions on v(x) can be relaxed somewhat.
Consider, for example, an interval (z_ + §,24 — 0), where § > 0. There, it suffices to
require that v € C' and that v’ be absolutely continuous, so that v” € L' (instead of
v € C?). In this case the function 7(£) defined by formulas (211 and (B.3)) only belongs
to L', so that the factor 7(%%/%s) on the right-hand side of ([BI9) cannot be neglected.
Therefore (cf. (320)), we have the estimate

0 0
/ |Kh(t,s)|(1+\s\)_1/4ds§0h4/3(1+\t|)_1/4/ Ir(B2/35)] ds
t t

0

<R3+ |t|)*1/4/ ir(s)| ds.
§(z—+9)
It follows that instead of (B.I4]) we have a slightly weaker estimate with 42/2 in place of &
on the right-hand side. All other estimates remain unchanged. Thus, Theorem is true
with slightly weaker estimates of the remainders in asymptotic formulas for uy (x; A, i)
inside the interval (z_ + §, 24 — d). Repeating the arguments of §4, we get the following
result.

Proposition 5.1. Under the assumptions above, all results of Theorem EIl (and of
Corollary B2) about eigenvalues of the operators Hy remain true with the remainders
O(h°/3) in @EX), O(K*/3) in @I4), and CH*® on the right-hand side of [&B). Theo-
rem HAl about the corresponding eigenfunctions remains true with the remainders

O(R/5]z — 24| ~/%) in @I), O(h~5 — oo |~7/) in @ZT), and O(hY/'S) in ([LIS).

5.2. Our goal in this subsection is to extend the results of §4 to functions v(x) with a
singular point zq inside a potential well.

We suppose that Assumption 2] is fulfilled everywhere except at a point xg and that
Assumption is fulfilled for some Ay such that x( is an interior point of the interval
(x—(Ao), x4+ (Ng)). Assume that v(z) has finite limits at g, but the left and the right limits
might be different. Finally, we require that v' € L?(xq, 2o £ 6) and v” € L*(zg,z0 £ )
for some 6 > 0.

Now we can construct solutions u4 (z) and u_(z) of equation (LI on the intervals
(z9,00) and (—o0,x0), respectively. As usual, we define the function r(£) by formulas
ZII) and B3). Since r € L (zg, x9+7), the limits ug (29 +0) and v/, (r¢+0) exist, and
we can use the formulas (ZT9) and (Z2Z1)) for these limits (with slightly weaker estimates
of the remainders — see Subsection 5.1). It follows that the Wronskian w(\, h) of uy
and u_ calculated at the point zg is given by the expression (cf. [@3)

wh?/?3 (P(xo, A)sin(h™ oy (w0; A) + m/4) cos(h™ o (wo; A) + 7/4)
+ (0, A) " cos(h™ oy (w03 A) + 7/4) sin(A™ o (w03 A) + 7T/4)) +0(1),
where
(5.1) (w0, \) = (A = v(@o — 0))/* (X = v(@o +0))
Let an eigenvalue A of the operator Hy be close to Ag. Since w(A, ) = 0, we see that
(a0, ) sin(A™ o (w03 A) + m/4) cos(h™ (w03 A) + m/4)
+ (o, )~ cos(h ™l (w03 ) + m/4) sin(h™ o (w03 A) + m/4) = O(h2/%).

Formula (52) yields a generalization of the Bohr-Sommerfeld quantization condition
(X)) and reduces to it if v(xg + 0) = v(zo — 0).

—1/4

(5.2)
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Let the coefficient a()\, k) be defined by ([@1]). To calculate |a(X, k)|, we use relations
(EI2) and ([EI3) once again. However, now the additional factors |¢(z¢ — 0)]~*/* and

lq(20—0)|*/* appear on the left-hand sides. Similarly, the additional factors |g(z¢40)| =1/
and |g(zo + 0)|'/* appear on the right-hand sides. This implies that
a*(\, h) = p*(wo, \) cos?(h™ro_(z0; \) + 7/4)
+p (20, A) sin® (W™ - (20; A) +1/4) + O(R*/)
5.3
) = (5 z0, NS (™ i ) + /1)
+ (0, A) cos® (B oy (203 A) + 7/4)) "+ O(h2/3).
As before, using formula (2:28) (where £ = x) and the normalization condition |¢] = 1,

we obtain explicit expressions for the absolute values of the constants c4 (A, k) in ([@I7):

(5.4)
x4 (N)
lex (A B)| = 21/%1/2;11/6(/ A — ()2 da
Zo
Zo

—1/2
+a*2(/\,h)/ ()\—v(x))l/QdJ;) + O(hY/18)

z_ ()

(5.5)
x4 (A)
le_ (X, B)| = 2125 —1/2~1/6 (a2()\, h) / (A —w(z) V2 de

Zo

To —1/2
+/ (A — v(z))~1/? dx) + O(hM18).
z_(N)

Thus, Theorems [£.] and [£.4] can be supplemented by the following result.

Theorem 5.2. Under the assumptions as above, let an eigenvalue A = A(h) of the
operator Hy, belong to a neighborhood of Ag. Then, necessarily, condition (5.2]) is satisfied
with the numbers oy (xo;\) and p(xo, A) defined by @2) and BII), respectively. All
assertions (for x1 = xo) of Theorem &4 about the corresponding normalized eigenfunction
P(x; A h) are true with the constants cy (A, k) whose absolute values are determined by

formulas (B3), (64), and (EH).

Remark 5.3. If the functions v’(z) and v”(x) are bounded in a neighborhood of the point
xo, then even in the case where v(zg + 0) # v(xg — 0) estimates of all remainders are the
same as in §4. Thus, we have O(h) in (52) and O(h'/%) in (B3)-(G5).

Remark 5.4. Under the above assumptions, let v(zo+0) = v(zo—0). Then all conclusions
of Proposition B Jlremain true although the function v’(z) is not required to be continuous
at zg. In particular, we see that the jumps of derivatives of the function v(x) at z( are
inessential.

5.3. We consider an explicit example:
(5.6) v(z) =ay +vgpx®t for x>0 and v(z)=a_ +v_|z|* for x <O,

where vy > 0 and ax > 0. Then all A > max{a4,a_} are noncritical, the equation
v(xz) = X has two solutions x4 > 0, x_ < 0, and (z_,x4) is a potential well. The point
xo = 0 might be singular, and p(0,\) = (A —a_)"4(\ —ay )14
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For the potentials (5.6), the integrals in (£4) and ([@I8) can be calculated in terms
of the beta function B. Observe that z, = (Av™1)Y/« if v(z) = va® for z > 0. For the
integrals over (0,z4), we have

(5.7) /M(A —vz®)Y2 dz = AV2(\0)Y " 1B(3/2,1/a)
0
and
(5.8) /m+ (A —vz®) V2 de = XTV2(\ o)V B(1/2,1/a).
0

The integrals over (z_,0) can be calculated quite similarly.
It follows that the quantization condition (5.2) is satisfied with

0 (0,)) = )\i/2+1/a+’l);1/a+0411]3(3/2, 1/al),
0 (0, \) = A2V ey Ve 13379 1 /),

where Ay = A\ — a+. In particular, if ay = a_ =: a, then the Bohr—Sommerfeld quanti-
zation condition reads

(A — @) /2H1 /ey O 0 TIB(3/2, 1 /ay)
+ (XA — )2 ey T 0T 1B(3/2,1/a) = wh(n + 1/2) + O(h2).
Plugging expressions (B.7)) and (B8] into (I4]), we also obtain
)\i/zﬂ/a*v;a*ajrlB(?)/Z 1/ay)+ A£/2+1/a’v:a’a:1B(3/2, 1/a_)
AR e e 0 TIB(1/2, T ey ) + A AT Oy 0T B (12,1 /a)
Observe that Theorems A1l and 4] can be applied to the potential (5.6 if ay = a—
and oy > 2. If ap = a_ but ax € [1,2), then we can use Remark B4} in this case
O(h?) in (E3) should be replaced by O(h%/3). If ay are arbitrary and ag > 1, then
the conditions of Theorem are satisfied. Moreover, by Remark [5.3]in the case where
o > 2, the estimates of the remainders can be improved. Finally, we note that if a;; < 1,

then v” & L'(—46,6), so that the semiclassical approximation does not work directly (even
for ay = a_) although all formulas above remain meaningful.

(5.9)

Ka(\) =

5.4. Now we briefly consider the problem on the half-axis. We suppose that equation
([T is satisfied for z > 0, 1 € L%(Ry ), and 4(0) = 0. AssumptionsZIland 22 should be
modified slightly. Namely, we assume that the equation v(z) = A has only one solution
x4+ = z4+(A) and v'(zy) > 0, so that (0,z) is a potential well. We suppose that the
limit of v(z) as x — 0 exists and that the functions v’(z) and v”(z) are bounded in a
neighborhood of # = 0. Then the results of Theorem about the solution uy (z) of
equation (1)) are true for all z > 0. In particular, from formula [ZTI9)) it follows that

Uy (0, B) = 7' /2RY S (X — v(0))~1/4
(5.10) z4(N)
X sin <h1 / A —v(z)Y? dx + n/4> + O(K7/5).

0
Since (x; A\, i) = cyuq(x; A, ), this yields the quantization condition

w4 (N)
/ (A —v(x))Y? dz = wh(n + 3/4) + O(h?),
0

where n = n(\, i) is an integer.
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Consider the boundary condition ¢’(0) = by)(0), b = b. By ([@21)), we have
wy (030, h) = —7/2h=3/5(\ — v(0))1/4

X cos <h1 /OMA)(A —v(x)Y? dx + w/4> + O(R'/9).

Comparing this with (5I0), we see that the value of u (0; A, k) is inessential, so that the
quantization condition looks like this:

It

(1]

/93+(>‘)()\ B ’U(«T))l/2 dr = Wh(n + 1/4) + O(h2)
0

does not depend on b.
The other results of §4 can also be extended naturally to the problem on the half-axis.
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