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HARDY INEQUALITIES FOR A MAGNETIC GRUSHIN OPERATOR

WITH AHARONOV–BOHM TYPE MAGNETIC FIELD

L. AERMARK AND A. LAPTEV

Dedicated to the memory of M. Sh. Birman whose enormous scientific achievements continue to guide
many generations of mathematicians. The strong school in Spectral Theory that he developed is

renowned all over the world. All his pupils and colleagues remember Professor Birman as a wonderful
person who was always ready to help. His warm and generous support certainly aided the second

author of this paper to survive as a mathematician.

Abstract. A version of the Aharonov–Bohm magnetic field for a Grushin sub-

elliptic operator is introduced; then its quadratic form is shown to satisfy an improved
Hardy inequality.

§1. Introduction and the main result

The classical Hardy inequality states that if d ≥ 3, then for any smooth function u
with compact support we have

(1)

∫
Rd

|∇u(x)|2 dx ≥
(d− 2

2

)2
∫
Rd

|u(x)|2
|x|2 dx.

By continuity, inequality (1) extends to any function belonging to the homogeneous
Sobolev space H1(Rd). It is well known that the constant (d− 2)2/4 in (1) is sharp but
not attained. The literature concerning various versions of Hardy’s inequalities and their
applications is extensive and we are not able to cover it in this short paper. We only
mention the classical paper of M. Sh. Birman [1], the article of E. B. Davies [4], and the
book of V. Maz′ya [11].

Among many applications of inequality (1) we would like to mention that, in combi-
nation with the Schwarz inequality, it implies(∫

Rd

|x|2|u(x)|2 dx
)(∫

Rd

|∇u(x)|2 dx
)
≥

(d− 2

2

)2 (∫
Rd

|u(x)|2 dx
)2

.

This estimate takes a particularly symmetric form if in the second integral on the left-
hand side we use the Parseval formula for the Fourier transform pu of the function u:

(2π)d
(∫

Rd

|x|2|u(x)|2 dx
)(∫

Rd

[ξ|2|pu(ξ)|2 dξ
)
≥

(d− 2

2

)2 (∫
Rd

|u(x)|2 dx
)2

.

This inequality expresses the Heisenberg uncertaintly principle, which states that a non-
trivial L2-function and its Fourier transform cannot be simultaneously very small near
the origin.

Hardy’s inequalities were also studied for some subelliptic operators (see, e.g., [6, 7, 2,
3, 5, 12, 9]), in particular, for the sub-Laplacian on the Heisenberg group H. This group
is the prime example in noncommutative harmonic analysis, and we refer to [13] for the
background material.
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Let us realize H as R3 with coordinates (x, y, t) and with the (noncommutative) mul-
tiplication (x, y, t) ◦ (x′, y′, t′) = (x+ x′, y + y′, t+ t′ − 2(xy′ − yx′)). The vector fields

X =
∂

∂x
+ 2y

∂

∂t
, Y =

∂

∂y
− 2x

∂

∂t

are left-invariant and the sub-Laplacian on H is given by

(2) H = −X2 − Y 2 = −
(

∂

∂x
+ 2y

∂

∂t

)2

−
(

∂

∂y
− 2x

∂

∂t

)2

.

The quadratic form h of the operator H is defined by

(3) h[u] =

∫
R3

(|Xu|2 + |Y u|2) dx dy dt.

Let z = (x, y), |z| =
√
x2 + y2; we consider the so-called Kaplan distance function from

(z, t) to the origin:

d(z, t) = (|z|4 + t2)1/4.

The function d is positive homogeneous in the following sense:

d(λz, λ2t) = λ d(z, t), λ > 0,

and it has a singularity at zero.
The Grushin operator

(4) G = −Δz − 4|z|2∂2
t

(see [8]) gives another example of a subelliptic operator. Its quadratic form g satisfies

(5) g[u] =

∫
R3

(|∇zu|2 + 4|z|2|∂tu|2) dz dt.

For the forms (3) and (5), the following sharp Hardy inequalities were obtained and
discussed in detail in [6] and [7]:

(6) h[u] =

∫
R3

(|Xu|2 + |Y u|2) dz dt ≥
∫
R3

|z|2
d4

|u|2 dz dt

and

(7) g[u] =

∫
R3

(|∇zu|2 + 4|z|2|∂tu|2) dz dt ≥
∫
R3

|z|2
d4

|u|2 dz dt.

Inequalities (6) and (7) are related to each other. Indeed, the operator H defined in (2)
can be rewritten in the form

(8) Hu = −Δzu− 4|z|2∂2
t − 4∂t Tu = Gu− 4∂t Tu,

where T = y ∂x − x ∂y. In particular, if u(z, t) = u(|z|, t), then Tu = 0, and inequalities
(6) and (7) coincide on this subclass of functions.

The classical Hardy inequality (1) becomes trivial in the two-dimensional case. In [10],
it was noticed that for some magnetic forms in dimension two the Hardy inequality is
fulfilled in its classical form. For example, if βA is the Aharonov–Bohm magnetic field

β A = β
( −y

x2 + y2
,

x

x2 + y2

)
, β ∈ R,

then ∫
R2

|(∇+ iβ A)u|2 dx dy ≥ min
k∈Z

|k − β|2
∫
R2

|u|2
x2 + y2

dx dy.
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Here the form on the left-hand side is considered on the function class H1(R2), obtained
by completion of the class C∞

0 (R2 \ 0) with respect to the metric defined by the form∫
R2

(|∇u|2 + |x|−2|u|2) dx.

The constant β can be interpreted naturally as the magnetic flux through a disk centered
at the origin.

In this paper we introduce a suitable notion of an Aharonov–Bohm type vector field
for the Grushin operator G defined in (4), and we obtain an analog of the Hardy inequal-
ity (7) for the corresponding magnetic form.

First, we define the “Grushin vector field” as

∇G = (∂x, ∂y, 2x∂t, 2y∂t).

Clearly,
G = −|∇G|2.

Now we introduce an Aharonov–Bohm type magnetic field:

A = (A1,A2,A3,A4) =
(
− ∂yd

d
,
∂xd

d
,−2y

∂td

d
, 2x

∂td

d

)
.

Then the magnetic Grushin operator with the magnetic field βA and with the “flux”
β ∈ R can be defined as

(9) GA = −(∇G + iβA)2.

Our main result is the following theorem.

Theorem 1. Assume that −1/2 ≤ β ≤ 1/2. Then, for the quadratic form of the
magnetic Grushin operator (9), we have the following Hardy inequality:

(10)

∫
R3

(|(∇G0
+ iβA)u|2 dz dt ≥ (1 + β2)

∫
R3

|z|2
d4

|u|2 dz dt.

Concluding the Introduction, we would like to make some remarks concerning open
questions related to subelliptic operators.

Remark 1. It would be interesting to prove a similar result for the Heisenberg quadratic
form. It is not clear for us what would be a suitable version of the Aharonov-Bohm
magnetic field for this case.

Remark 2. To the best of our knowledge, the notions of the Grushin and Heisenberg
Laplacians with constant magnetic fields has not been introduced up to now. It would
be interesting to define such operators and to study their spectrum, possibly identifying
the notion of the Landau-type levels.

Remark 3. For a multidimensional harmonic oscillator, we have the natural creation
and annihilation operators. It would be interesting to define the “harmonic oscillators”
with the Heisenberg and Grushin operators and, respectively, creation and annihilation
operators related to them.

§2. Simple proofs of Hardy’s inequalities

for Heisenberg and Grushin operators

For the sake of completeness, here we present simple proofs of inequalities (6) and (7).

Proposition 1. For any function u with h[u] < ∞, the following inequality holds true:

(11)

∫
R3

(|Xu|2 + |Y u|2) dz dt ≥
∫
R3

|z|2
d4

|u|2 dz dt.
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Proof. It suffices to prove (11) for u ∈ C∞
0 (R3 \ 0). Consider the following nonnegative

expression:

I =

∫
R3

∣∣∣(X + α
Xd

d

)
u
∣∣∣2 dz dt+

∫
R3

∣∣∣(Y + α
Y d

d

)
u
∣∣∣2 dz dt,

where α ∈ R.
Clearly,

d(z, t)−1X d(z, t) =
x|z|2 + yt

d4(z, t)
, d(z, t)−1Y d(z, t) =

y|z|2 − xt

d4(z, t)
.

Removing the parentheses and integrating by parts, we obtain

I =

∫
R3

(|Xu|2 + |Y u|2) dz dt− α

∫
R3

(
X

Xd

d
+ Y

Y d

d

)
|u|2 dz dt

+ α2

∫
R3

((Xd

d

)2

+
(Y d

d

)2)
|u|2 dz dt ≥ 0.

Simple computation gives

1

2

(
X

Xd

d
+ Y

Y d

d

)
=

(Xd

d

)2

+
(Y d

d

)2

=
|z|2
d4

,

and we complete the proof by taking α = 1. �

Proposition 2. For any function u such that g[u] < ∞, we have

(12)

∫
R3

(|∇zu|2 + 4|z|2|∂tu|2) dz dt ≥
∫
R3

|z|2
d4

|u(z, t)|2 dz dt.

Proof. Introducing the polar coordinates x = r cosϕ, y = r sinϕ, r = |z|, we obtain∫
R3

(|∇zu|2 + 4|z|2|∂tu|2) dz dt

=

∫ ∞

−∞

∫ 2π

0

∫ ∞

0

(|∂ru|2 + r−2|∂ϕu|2 + 4r2|∂tu|2) r dr dϕ dt

≥
∫ ∞

−∞

∫ 2π

0

∫ ∞

0

(|∂ru|2 + 4r2|∂tu|2) r dr dϕ dt.

So, the proof reduces to the inequality∫ ∞

−∞

∫ ∞

0

(|∂ru|2 + 4r2|∂tu|2) r dr dt ≥
∫ ∞

−∞

∫ ∞

0

r2

r4 + t2
|u|2 r dr dt.

Let d = d(r, t) = (r4 + t2)1/4. A simple computation gives∫ ∞

−∞

∫ ∞

0

(∣∣∣(∂r + α
∂rd

d

)
u|2 + 4r2

∣∣∣(∂t + α
∂td

d

)
u
∣∣∣2) r dr dt

=

∫ ∞

−∞

∫ ∞

0

(|∂ru|2 + 4r2|∂tu|2) r dr dt

−
∫ ∞

−∞

∫ ∞

0

(
6α

r2

d4
− 4α

r6 + r2t2

d8
− α2 r

6 + r2t2

d8

)
|u|2r dr dt

=

∫ ∞

−∞

∫ ∞

0

(|∂ru|2 + 4r2|∂tu|2)r dr dt−
∫ ∞

−∞

∫ ∞

0

(2α− α2)
r2

d4
|u|2r dr dt.

Now, we complete the proof by taking α = 1. �
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§3. Proof of Theorem 1

Proof. By using the polar coordinates x = r cosϕ, y = r sinϕ for the z-plane, we get

∂yd

d
=

r3 sinϕ

r4 + t2
,

∂xd

d
=

r3 cosϕ

r4 + t2
,

and

2y
∂td

d
=

yt

r4 + t2
, 2x

∂td

d
=

xt

r4 + t2
.

Therefore, ∫
R3

|(∇G0
+ iβA)u|2 dz dt = I1 + I2,

where

I1 =

∫ ∞

−∞

∫ 2π

0

∫ ∞

0

(∣∣∣( cosϕ∂r −
sinϕ

r
∂ϕ − iβ

r3 sinϕ

r4 + t2

)
u
∣∣∣2

+
∣∣∣( sinϕ∂r +

cosϕ

r
∂ϕ + iβ

r3 cosϕ

r4 + t2

)
u
∣∣∣2) r dr dϕ dt

and

I2 =

∫ ∞

−∞

∫ 2π

0

∫ ∞

0

(∣∣∣(2 cosϕ r ∂t − iβ sinϕ
rt

r4 + t2

)
u
∣∣∣2

+
∣∣∣(2 sinϕ r ∂t + iβ cosϕ

rt

r4 + t2

)
u
∣∣∣2) r dr dϕ dt.

Removing the parentheses, we find

I1 =

∫ ∞

−∞

∫ 2π

0

∫ ∞

0

(
|∂ru|2 +

1

r2

∣∣∣∂ϕu+ iβ
r4

r4 + t2
u
∣∣∣2) r dr dϕ dt.

We represent u by the Fourier series

u(r, ϕ, t) =

∞∑
k=−∞

uk(r, t) e
ikϕ/

√
2π.

Then, since −1/2 ≤ β ≤ 1/2, we have

1

r2

∫ 2π

0

∣∣∣∂ϕu+ iβ
r4

r4 + t2
u
∣∣∣2 dϕ =

2π

r2

∑
k

(
k + β

r4

r4 + t2

)2

|uk|2

≥ 2π

r2
min
k

(
k + β

r4

r4 + t2

)2 ∑
k

|uk|2

=
1

r2
min
k

(
k + β

r4

r4 + t2

)2
∫ 2π

0

|u|2 dϕ

= β2 r6

(r4 + t2)2

∫ 2π

0

|u|2 dϕ.

Computing I2, we arrive at the relation

I2 =

∫ ∞

−∞

∫ 2π

0

∫ ∞

0

4r2|∂tu|2 r dr dϕ dt+

∫ ∞

−∞

∫ 2π

0

∫ ∞

0

β2 r2t2

(r4 + t2)2
|u|2 r dr dϕ dt
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Putting I1 and I2 together, we conclude that∫
R3

|(∇G0
+ iβA)u|2 dz dt ≥

∫ ∞

−∞

∫ 2π

0

∫ ∞

0

(|∂ru|2 + 4r2|∂tu|2) r dr dϕ dt

+ β2

∫ ∞

−∞

∫ 2π

0

∫ ∞

0

r2

r4 + t2
|u|2 r dr dϕ dt.

Now we apply Proposition 2 to the first integral on the right-hand side, completing the
proof. �
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