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FUNCTIONS OF PERTURBED DISSIPATIVE OPERATORS

A. B. ALEKSANDROV AND V. V. PELLER

To the memory of M. Sh. Birman

ABSTRACT. We generalize our earlier results to the case of maximal dissipative oper-
ators. We obtain sharp conditions on a function analytic in the upper half-plane to be
operator Lipschitz. We also show that a Holder function of order a, 0 < a < 1, that
is analytic in the upper half-plane must be operator Holder of order . More general
results for arbitrary moduli of continuity will also be obtained. Then we generalize
these results to higher order operator differences. We obtain sharp conditions for the
existence of operator derivatives and express operator derivatives in terms of multiple
operator integrals with respect to semi-spectral measures. Finally, we obtain sharp
estimates in the case of perturbations of Schatten—von Neumann class S and obtain
analogs of all the results for commutators and quasicommutators. Note that the
proofs in the case of dissipative operators are considerably more complicated than
the proofs of the corresponding results for self-adjoint operators, unitary operators,
and contractions.

§1. INTRODUCTION

It is well known that a Lipschitz function on the real line is not necessarily operator
Lipschitz, i.e., the condition

[f(z) = f(y)| < const |z —y|, =,y €R,
does not imply that for self-adjoint operators A and B on Hilbert space,
1£(4) — £(B)|| < const || A — BJ.

The existence of such functions was proved in [F]. Then it was shown in [Ka] that the
function f(z) = |z| is not operator Lipschitz. Note that earlier it was shown in [Mc]
that it is not commutator Lipschitz. Later in [Pe2] necessary conditions were found for a
function f to be operator Lipschitz. Those necessary conditions also imply that Lipschitz
functions do not have to be operator Lipschitz. In particular, it was shown in [Pe2] that
an operator Lipschitz function must belong locally to the Besov space Bi(R) (see §2
for an introduction to Besov spaces). Note that in [Pe2] and [Ped] a stronger necessary
condition was also obtained.

It is also well known that the fact that f is continuously differentiable does not imply
that for bounded self-adjoint operators A and K the function

t f(A+ LK)

is differentiable. For this map to be differentiable, f must satisfy locally the same nec-
essary conditions [Pe2| [Ped].
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On the other hand, it was proved in [Pe2] and [Ped] that the condition that a function
belongs to the Besov space B ; (R) is sufficient for operator Lipschitzness (as well as for
operator differentiability).

It turned out, however, that the situation changes dramatically if we consider Holder
classes A (R) with 0 < a < 1. It was shown in [API] and [AP2] that Holder functions
are necessarily operator Hélder, i.e., the condition

(11) |f($)_f(y)| SCOHSt|£L’—y|a, ‘T>yER>
implies that for self-adjoint operators A and B on Hilbert space,

(1.2) 1£(A) = f(B)Il < const(1 — )| flla. A - Bl

Note a different proof with the factor (1 —a)~2 instead of (1—«)~! was obtained in [NF].

Analogous results were obtained in [AP2] (see also [AP1]) for the Zygmund class A1 (R)
and for the whole scale of Holder-Zygmund classes A, (R), 0 < o < o0; see §2] for the
definition.

We would like to mention here that in [API] [AP2], and [AP3] we also obtained similar
estimates in the case of functions in spaces A, and A, ,,, (see §2for the definition) as well
as sharp estimates in the case when the perturbation belongs to Schatten—von Neumann
classes S.

Note that in [Pe2l, [Pe3| [Pe7l [APT] [AP2], and [AP3] analogs of the above results for
unitary operators and contractions were also obtained.

In this paper we deal with functions of perturbed dissipative operators and we obtain
analogs of the above results for maximal dissipative operators. In particular, we improve
results of [Nab].

We would like to mention that the case of dissipative operators is considerably more
complicated. In particular, the problem is that even if we deal with bounded nonself-
adjoint dissipative operators, their resolvent self-adjoint dilations are necessarily un-
bounded. As in the case of contractions (see [Pe7, [AP1,[AP2], and [AP3]), our techniques
are based on double operator integrals and multiple operator integrals with respect to
semi-spectral measures. However, to obtain a representation of operator differences and
operator derivatives in terms of multiple operator integrals in the case of maximal dissi-
pative operators is much more difficult than in the case of contractions.

In §8] we obtain sharp conditions for functions analytic in the upper half-plane to be
operator Lipschitz and operator differentiable.

In g6l we consider the case of Hilbert—Schmidt perturbations and characterize so-called
Hilbert—Schmidt Lipschitz functions.

Section [0 is devoted to estimates for Holder functions and for functions of classes
Ay (R).

We obtain in §8 estimates for higher order operator differences for Holder-Zygmund
classes and for the spaces A, (R).

We study in §9] conditions, under which higher operator derivatives exist and express
higher operator derivatives in terms of multiple operator integrals.

In §T0 we obtain Schatten—von Neumann estimates in the case when the perturbation
belongs to Schatten—von Neumann classes. Such results can be generalized to more
general ideals of operators on Hilbert space.

Finally, in §I1] we obtain sharp estimates for quasicommutators f(L)R — Rf(M) for
maximal dissipative operators L and M and a bounded operator R in terms of LR— RM.

In §2lwe collect necessary information on Besov classes (and in particular, the Holder—
Zygmund classes), and spaces A, (R) and A, ., (R). In §3lwe give a brief introduction to
double and multiple operator integrals. An introduction to dissipative operators is given

in g4
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§2. FUNCTION SPACES

2.1. Besov classes. The purpose of this subsection is to give a brief introduction to
Besov spaces that play an important role in problems of perturbation theory.

Let 0 < p, ¢ < o0 and s > 0. The homogeneous Besov class ng(]R) of functions
(or distributions) on R can be defined in the following way. Let w be an infinitely

differentiable function on R such that
T

(2.1) w >0, suppwc[%ﬂ}, and w(:v)zl—w(§) for z€]l1,2].

We define the functions W,, and W# on R by
(FW) @) =w(55), (FWH () = (FWa)(=2), neZ,
where % is the Fourier transform:
(Zf)t) = /]Rf(x)e*i”‘”f dx, felL'.

With every tempered distribution f € #/(R) we associate a sequence {fp, }nez,

(2.2) Fu & F W+ [ WE.

Initially we define the (homogeneous) Besov class Bf,q(R) as the set of all f € ' (R)
such that

(2.3) {2 fullr bnez € £4(Z).

According to this definition, the space B;q(]R) contains all polynomials. Moreover, the
distribution f is determined by the sequence {f,}ncz uniquely up to a polynomial. It
is easy to see that the series ) - f, converges in #/(R). However, the series > _q fn
can diverge in general. It is easy to prove that the series ), _q fT(LT) converges uniformly
on R for each nonnegative integer r > s —1/pif ¢ > 1 and the series ) _, fff) converges
uniformly, whenever r > s — 1/p if ¢ < 1.

Now we can define the modified (homogeneous) Besov class B, (R). We say that a
distribution f belongs to B, (R) if {27 fullLr ez € €4(Z) and f) =3, £ in the
space ./(R), where r is the minimal nonnegative integer such that r > s — 1/p in the
case ¢ > 1 and r is the minimal nonnegative integer such that r > s — 1/p in the case
g < 1. Now the distribution f is determined uniquely by the sequence {f,}nez up to a
polynomial of degree less than r, and a polynomial ¢ belongs to B, (R) if and only if
degp < 7.

We are going to use the notation B (R) o B;,(R).

It is known that the Holder-Zygmund classes A, (R) def B (R), a > 0, can be de-
scribed as the classes of continuous functions f on R such that

‘(A;”f)(x)’ < const [t|*, t€R,
where the difference operator A; is defined by
(Acf)(@) = f(z+1t) - f(x), z€ER,

and m is the integer such that m—1 < a < m. We can introduce the following equivalent
seminorm on A, (R):

171 = $up 2 fullie. f € Aa(R).
ne

In this paper we deal mainly with the analytic Besov classes. Denote by .7 (R) the
set of all f € %/(R) such that supp Ff C [0,00). We define the analytic Besov class
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(B;q(IR))Jr as the intersection By (R) with 7 (R). Put (AJR))+ LA, (R) N L4 (R).
It should be noted that in the analytic case the formula [22) can be simplified as follows

In=1[FxW,
because f* Wf =0 for all f €.} (R) and n € Z.

The functions in the analytic Besov spaces admit a natural continuation to the upper
half-plane (CJr = { € C : Imz > 0}. This continuation is analytic in C;. Thus, we
can consider the analytic Besov classes as spaces of function analytic in C. It is known
that the class (Bg,(R)) . is (in general, up to polynomials) the space of all functions f
analytic in C; and such that

/ yq(m—s)—l (/ |f(m)(x+iy)|p dx) ? dy < 0o
0 R

for some m > s (with the natural modification in the case where p = 0o or ¢ = 00). In
particular, (AQ(R)) 4 is the space of all functions f analytic in C; and such that

sup ym*“’f(m)(:c + 1y)| < 00
y>0

where m € Z with m > «. To optimize the set of polynomials in (AQ(R))
assume that m — 1 < a.

We refer the reader to [Pecl [T], and [Pe5] for more detailed information on Besov
spaces.

To define a regularized de la Vallée Poussin type kernel V,,, we define the C*° function
v on R by

(2.4) v(iz)=1 for ze[-1,1] and wv(zx)=w(z|) if |z]>1,

4> We can

where w is a function described in ([ZI]). We define the de la Vallée Poussin type functions

Vi, n € Z, (associated with w) by
x
ar —
(2.5) FVa(@) = v (57)

where v is the function given by (2.4]).

2.2. Spaces A, and A, ,,,. Let w be a modulus of continuity, i.e., w is a nondecreasing
continuous function on [0, 00) such that w(0) = 0, w(z) > 0 for = > 0, and
wx+y) <w(@)+wly), zyéel0,o00).
We denote by A, (R) the space of functions f on R such that
[f(z) = f(w)l
1w < o e [
W Wl =)
Put (A,(R)), = A,(R)N.7L(R).
Consider now moduli of continuity of higher order. For a continuous function f on R,
we define the mth modulus of continuity wy,,, of f by

Wrm(x) = sup HAZ‘fHLOO = sup HAZ‘fHLOO, x> 0.
{h:0<h<a} {h:0<|h|<a}

It is well known that wy,,(22) < 2™wy ., (), see, e.g., [DVL].
Suppose now that w is a nondecreasing function on (0, 00) such that

(2.6) lin})w(x) =0 and w(2z)<2w(z) for z>0.
r—r
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Denote by A, m(R) the set of continuous functions f on R satisfying

def |AT fll Lo
= sup ——— < +o0.
||fHAw,m(R) t>18 o.)(t)

Put (Aym(R)), & Ay m(R)N.7L(R).

Note that the spaces A, (R) and (A, (R))
and (A%m(]R))Jr that correspond to m = 1.

It can be verified that a function f in A, ,,(R) belongs to the space (Aw,m(R))+ if
and only if it has a (unique) continuous extension to the closed upper half-plane clos C
that is analytic in the open upper half-plane C, with at most a polynomial growth rate

at infinity. We use the same notation f for its extension.
We need the following inequalities:

IIf = f * VollLe < const w(27n) 1A m@®), 7€ Z

. are special cases of the spaces Ay m(R)

and

[f % WhllLe < constw(27")[|flla,..r)> 7 EZ,
for all f € Ay, m(R), where w is a nondecreasing function on (0, 00) satisfying ([2:6), see,

for example, Theorem 2.6 and Corollary 2.7 in [AP2].

§3. MULTIPLE OPERATOR INTEGRALS

3.1. Double operator integrals. In this subsection we give a brief introduction into
the theory of double operator integrals developed by Birman and Solomyak in [BST] [BS2],
and [BS3]; see also their survey [BS5].

Let (2, E1) and (%, E2) be spaces with spectral measures E; and E2 on Hilbert
space. Let us first define double operator integrals

(3.1) /% L] B(z, ) dE: () Q dBs (y),

for bounded measurable functions ® and operators @ of Hilbert—Schmidt class S5. Con-
sider the set function F' defined on measurable rectangles by

F(A1 x A)Q = E1(A1)QE2(A2), Q€ Sy,

A1 and A, being measurable subsets of 2" and . Clearly, the values of F' are orthogonal
projections on the Hilbert space Ss.

It was shown in [BS4] that F' extends to a spectral measure on 2" x #. If ¢ is a
bounded measurable function on 2 x %, we define

/%/@(I)(I’y) dE(z) QdEs(y) = </%1X%<I>dF> Q.

H /% L ®(z,y) dEy () Q dEz<y>]

If the transformer

Clearly,

< @l IQlls.-
Sa

Qs /x A Dz, ) dE; (x) Q dEs(y)

maps the trace class S into itself, we say that ® is a Schur multiplier of S1 associated
with the spectral measures E1 and Fs. In this case the transformer

(3.2) Qs L] /x B(xy) dEs(y) Q dEy (x)



214 A. B. ALEKSANDROV AND V. V. PELLER

extends by duality to a bounded linear transformer on the space of bounded linear op-
erators and we say that the function ¥ on 25 x 27 defined by

\I](ya J)) = (I)(J?, y)

is a Schur multiplier of the space of bounded linear operators associated with Eo and Fy.
We denote the space of such Schur multipliers by 9M(FEs, E).

Birman and Solomyak established in [BS3| that if A is a self-adjoint operator (not
necessarily bounded), K is a bounded self-adjoint operator, and f is a continuously
differentiable function on R such that the divided difference ® f defined by

@ = I sy @0 @), nyer
belongs to M(Ea+x, Fa), then
(3.3) A+ E) = 1) = [[ (©1) @) dBas (@)K dEa)
RxR
and

/(A + K) = fF(A)] < const D fllan | K],
where || D f|lon is the norm of ®f in M(Eatk, Ea).

In the case when K belongs to the Hilbert—Schmidt class S5, formula ([3.3]) was estab-
lished in [BS3] for all Lipschitz functions f and it was shown that

1F(A+EK) = f(A)lls, < I fllLipllKT]s.,

where

11y L sp L= L0
oty 1T =Y
Note that if f is not differentiable, ® f is not defined on the diagonal of R x R, but
formula ([B.3)) still holds for operators K of Hilbert—Schmidt class if we define © f to be
zero on the diagonal.
It is easy to see that if a function ® on 2 x % belongs to the projective tensor product
L®(E)®L>®(FEsy) of L>®(F;) and L®(E,) (i.e., ® admits a representation

(3-4) ®(z,y) = > pal@)aly),
n>0
where ¢, € L*(E}), ¢, € L*(E,), and
(3:5) > el vl < o),
n>0

then ® € M(E,, Es), i.e., @ is a Schur multiplier of the space of bounded linear operators.
For such functions ® we have

[ | eenin@aeizm =3 ([ wan)o( [ wmae).

n>0

For ® in the projective tensor product L>(E;)RL>(Ey), its norm in L>®(E;)®L>®(Es)

is, by definition, the infimum of the left-hand side of (B.5]) over all representations (B.4]).
More generally, ® is a Schur multiplier if ® belongs to the integral projective tensor

product L= (E1)®;L>(Ey) of L=(E;) and L>(E,), i.e., ® admits a representation

B(z,y) = /Q (), ) dor(w),
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where (€, 0) is a o-finite measure space, ¢ is a measurable function on 2" x , ¢ is a
measurable function on Z x €, and

]Qch,wnhp%Enu¢m»uouLmu%>do@»<<oo

If ® € L=(E)®;L>®(Ey), then

//%x@/ (2, y) dBr(7) Q dEs(y)

= [([ etwwram)e( [ v.warw) o),

It turns out that all Schur multipliers of the space of bounded linear operators can be
obtained in this way (see [Pe2]).

In connection with the Birman—Solomyak formula, it is important to obtain sharp
estimates of divided differences in integral projective tensor products of L>° spaces. It
was shown in [Ped] that if f is a bounded function on R whose Fourier transform is
supported on [—o, o] (in other words, f is an entire function of exponential type at most
o that is bounded on R), then ® f € L®°®; L™ and

(3.7 HQfHLw@iLoo < const o || f| poo (m)-

Inequality ([3.7) led in [Ped] to the fact that functions in Bl ;(R) are operator Lipschitz.

It was observed in [Ped] that it follows from B3] and (B.7) that if f is an entire
function of exponential type at most o that is bounded on R, and A and B are self-
adjoint operators with bounded A — B, then

1F(A) = F(B)|| < const | fl[r=]A = B

Actually, it turns out that the last inequality holds with constant equal to 1. This was
established in [AP4].

(3.6)

3.2. Multiple operator integrals. Formula (3.0 suggests an approach to multiple
operator integrals that is based on integral projective tensor products. This approach
was given in [Pe6].

To simplify the notation, we consider here the case of triple operator integrals; the
case of arbitrary multiple operator integrals can be treated in the same way.

Let (2, E1), (#,Es), and (Z, E3) be spaces with spectral measures Fy, Eo, and
FE3. Suppose that the function ® belongs to the integral projective tensor product
L®(E)®; L= (Ey)@:L>®(E3), i.e., ® admits a representation

(3.8) éw%a=lywwwwwnamww»

where (2, 0) is a o-finite measure space, ¢ is a measurable function on 2" x Q, ¥ is a
measurable function on % x ), x is a measurable function on Z x , and

/QHSO('aW)||L<x>(E)||7/1('aw)||Loo(F)||X(‘M)HL°°(G) do(w) < oo.

Suppose now that 77 and T, are a bounded linear operators. For a function ® in
L®(E1)®; L™ (E2)®; L (E3) of the form [B.8), we put

(3.9) /% ly /Z O(z,y,2)dE1(x)T1 dE2(y) T2 dE3(z)

([ etwwrime) ([ o aem) ([ e i) dow),
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It was shown in [Pe6] (see also [ACDS] for a different proof) that the above definition
does not depend on the choice of a representation (3.8]).
It is easy to see that the following inequality holds

<@g, poog e - 1Tl - 1720l

H/EK /g/ /z O(x,y, z) dEy (2) T dEs(y) T2 d B3 ()

In particular, the triple operator integral on the left-hand side of ([8:9]) can be defined
if ® belongs to the projective tensor product L (E;)@L>®(Fy)®L>®(Es), i.e., ® admits
a representation

O(x,y,2) = Y pul@)val(y)xa(2),

n>1

where Pn € LOO(El)v '(/)n € LOO(E2)7 Xn € LOO(E3) and

Z H@nHLx(El)||7/1n\|Loc(E2)||XnHLoo(E3) < 0.
n>1

In a similar way one can define multiple operator integrals; see [Pef].

Recall that multiple operator integrals were considered earlier in [Pa] and [St]. How-
ever, in those papers the class of functions ® for which the left-hand side of (B3] was
defined is much narrower than in the definition given above.

Multiple operator integrals are used in [Pe6] in connection with the problem of evaluat-
ing higher order operator derivatives. To obtain formulae for higher operator derivatives,
one has to integrate divided differences of higher orders (see [Pe6]).

For a function f on R, the divided differences ®™ f of order m are defined inductively
as follows:
def

= f

if m > 1, then in the case when x1, o, ..., 2,1 are distinct points in R,

D0f

(@mf)(xl oz +1) d;f (Qm_lf)(xly e 7xm717‘fl;m) - (Qm_lf)(xla R ,$m71,$m+1)

T — Tm+1
(the definition does not depend on the order of the variables). Clearly,
Df =D'f.

If f € C™R), then D™ f extends by continuity to a function defined for all points

L1, L2y -y TmA1-
It can be shown that

m+1 k—1 m+1
@)@, wmpn) = Y fler) [[@r—2)™" [T (@e—=)"
k=1 j=1 j=k+1

It was established in [Pe6] that if f is an entire function of exponential type at most
o that is bounded on R, then

(3.10) H@meLw@i..@iLoo < const ™ || f1| oo (w)-

Note that recently in [JTT] Haagerup tensor products were used to define multiple
operator integrals.
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3.3. Multiple operator integrals with respect to semi-spectral measures. Let
A be a Hilbert space and let (£2°,B) be a measurable space. A map & from B to the
algebra AB(.7) of all bounded operators on J# is called a semi-spectral measure if
E(A)>Q, Ae®B,
E(@)=0Q and &(Z)=1,
and for a sequence {A;};>1 of disjoint sets in B,

9] N
@“’(U Aj> = lim &(A;) in the weak operator topology.
j=1

N—00 =
If J¢ is a Hilbert space such that # C ¢ and E : B — B(%) is a spectral measure
on (27,B), then it is easy to see that the map & : B — H(H) defined by

(3.11) E(A)=PyE(A)| A, AcB,

is a semi-spectral measure. Here P, stands for the orthogonal projection onto 7.
Naimark proved in [Nai] that all semi-spectral measures can be obtained in this way,

i.e., a semi-spectral measure is always a compression of a spectral measure. A spectral

measure F satisfying [BI1) is called a spectral dilation of the semi-spectral measure & .
A spectral dilation E of a semi-spectral measure & is called minimal if

H = closspan{E(A) : A € B}.

It was shown in [MM] that if £ is a minimal spectral dilation of a semi-spectral
measure &, then E' and & are mutually absolutely continuous and all minimal spectral
dilations of a semi-spectral measure are isomorphic in the natural sense.

If ¢ is a bounded complex-valued measurable function on 2" and & : B — B(H) is
a semi-spectral measure, then the integral

(3.12) / o(x) dé(x)
X
can be defined as

(3.13) | eorac@ = pe ([ swrmw) ] >,

where E is a spectral dilation of &. It is easy to see that the right-hand side of (3I3)
does not depend on the choice of a spectral dilation. The integral (BI12) can also be
computed as the limit of sums

> 0(@a)E(An),  Ta € Aa,

over all finite measurable partitions {Ay}, of 2.

If T is a contraction on a Hilbert space %, then by the Sz.-Nagy dilation theorem (see
[SNE]), T has a unitary dilation, i.e., there exist a Hilbert space # such that 2 C &
and a unitary operator U on % such that

(3.14) T" = PyU"| A, n>0,

where P,p is the orthogonal projection onto 7. Let Ey be the spectral measure of U.
Consider the operator set function & defined on the Borel subsets of the unit circle T by

£(A) = PwEy(A)|#, ACT,

Then & is a semi-spectral measure. It follows immediately from (BI4) that

(3.15) 1= [¢as = o [ amQ|#. nz0
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It is easy to see that & does not depend on the choice of a unitary dilation. & is called
the semi-spectral measure of T.
It follows easily from (BI5) that

F(T) = Py / 1) dEy ()|

for an arbitrary function f in the disk-algebra C4.

In [Pe3] and [Pe7] double operator integrals and multiple operator integrals with re-
spect to semi-spectral measures were introduced.

For semi-spectral measures &1 and &5, double operator integrals

// (P(Jil,l‘g) déal(xl)Q d(’)@Q(XQ)
PAR S 2

were defined in [Pe7] by analogy with the case of spectral measures in the case when
Q@ € S, and @ is a bounded measurable function and in the case when @ is a bounded
linear operator and ® belongs to the integral projective tensor product of the spaces
L>(&)) and L*°(&).

Similarly, multiple operator integrals with respect to semi-spectral measures were
defined in [Pe7] for functions that belong to the integral projective tensor product of the
corresponding L™ spaces.

§4. DISSIPATIVE OPERATORS

This section is a brief introduction into the theory of dissipative operators. We refer
the reader to [SNF] and [So] for more information.

Definition. Let J# be a Hilbert space. An operator L (not necessarily bounded) with
dense domain 2, in S is called dissipative if

Im(Lu,u) >0, u€ L.

A dissipative operator is called maximal dissipative if it has no proper dissipative exten-
sion.

Note that if L is a symmetric operator (i.e., (Lu,u) € R for every v € 9r,), then L
is dissipative. However, it can happen that L is maximal symmetric, but not maximal
dissipative.

The Cayley transform of a dissipative operator L is defined by

T (L —in(L +iD)7!
with domain 97 = (L +iI) 2y, and range RangeT = (L — iI) 2y, (the operator T is not
densely defined in general). T is a contraction, i.e., ||Tu| < ||u|, v € Z7, 1 is not an
eigenvalue of T', and Range(I — T) o {u—Tu : v e Pr}is dense.
Conversely, if T is a contraction defined on its domain Zr, 1 is not an eigenvalue of
T, and Range(I — T') is dense, then it is the Cayley transform of a dissipative operator
L and L is the inverse Cayley transform of T":

L=iI+T)I-T)"', 21 =TRange(I -T).

A dissipative operator is maximal if and only if the domain of its Cayley transform is
the whole Hilbert space.

Every dissipative operator has a maximal dissipative extension. Every maximal dissi-
pative operator is necessarily closed.

If L is a maximal dissipative operator, then —L* is also maximal dissipative.
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If L is a maximal dissipative operator, then its spectrum o(L) is contained in the
closed upper half-plane clos C; and

(4.1) (L — AT Im\ < 0.

_ 1
)7 < o
| Tm A
If L and M are maximal dissipative operators, we say that the operator L — M is
bounded if there exists a bounded operator K such that M = L 4+ K.
We will need the following elementary fact:

Lemma 4.1. Let L be a maximal dissipative operator and let M be a dissipative operator
such that L — M is a bounded operator. Then M is a mazximal dissipative operator.

Proof. Put Q = L — M and let » > ||Q||. Since L is a maximal dissipative operator, we

have by (1)
(4.2) (L +iseD)7H| < 5t

Note that (M +isxI) = (L +ixI)(I — (L +i»I)~1Q) and the operator I — (L +isxI)~1Q
is invertible because ||(L + ixI)71Q)| < 1. Hence, (M + isxI)~! is a bounded operator
defined on the whole space. Therefore the operator >~ 'M as well as the operator M is
maximal dissipative. O

Definition. A maximal dissipative operator L in a Hilbert space /7 is called nonself-
adjoint (or pure) if there are no nonzero (closed) subspace £ of 5 such that L induces
a self-adjoint operator in JZ .

As it is well known (see [SNE], Prop. 4.3 of Ch. IV) for every maximal dissipative
operator L in 57, there exists a unique decomposition S = @74 reducing L and such
that L|% is a self-adjoint operator and L’%ﬁ is a pure maximal dissipative operator.
(We say that a decomposition .2 = J¢) @ s¢ reduces an operator L in .77 if there exist
(unique) operators Lg in J% and Ly in A such that L = Lo ® L;.)

We use the notation
(4.3) Ao Ay and A A

We proceed now to the construction of functional calculus for dissipative operators.
Let L be a maximal dissipative operator and let T" be its Cayley transform. Consider its
minimal unitary dilation U, i.e., U is a unitary operator defined on a Hilbert space &
that contains # such that

T" = PyU"| A, n>0,

and = closspan{U™h : h € J}. Since 1 is not an eigenvalue of T', it follows that 1
is not an eigenvalue of U (see [SNF], Ch. II, §6).

The Sz.-Nagy—Foiag functional calculus allows us to define a functional calculus for T’
on the Banach algebra

def
Cay =

If g € Ca,1, we put

{g€ H*® : g is continuous on T\ {1} }.

9(T) = Preg(U)| .
This functional calculus is linear and multiplicative and

(DI < ligllzz=, g€ Can.

We can define now a functional calculus for our dissipative operator on the Banach
algebra
Caco = {f € H*(Cy) : f is continuous on IR}.
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Indeed, if f € C4, o0, we put
FL) = (fow)(T),

where w is the conformal map of D onto C defined by w(() o i(1+¢)(1-¢) 1t ¢eD.

The reader can find more detailed information in [SNE].

We proceed now to the definition of a resolvent self-adjoint dilation of a maximal
dissipative operator. If L is a maximal dissipative operator on a Hilbert space J#, we
say that a self-adjoint operator A in a Hilbert space £, # D 4, is called a resolvent
self-adjoint dilation of L if

(L=X)"'=Pyp(A- X', Im)<O.
The dilation is called minimal if
= closspan {(A—\)"'v : v e A, ImA <0}.
If f € Ca o0, then
J(L) = P f(A)|#, f€Cac.

A minimal resolvent self-adjoint dilation of a maximal dissipative operator always
exists (and is unique up to a natural isomorphism). Indeed, it suffices to take a minimal
unitary dilation of the Cayley transform of this operator and apply the inverse Cayley
transform to it.

Sometimes mathematicians use the term “self-adjoint dilation” rather than “resol-
vent self-adjoint dilation”. However, we believe that the term “self-adjoint dilation” is
misleading.

Let us define now the semi-spectral measure of a maximal dissipative operator L. Let
T be the Cayley transform of L and let &7 be the semi-spectral measure of T" on the unit
circle T. Then

(4.4) o(T) = / 9(Q)d6r(C), g€ Can.

We can define now the semi-spectral measure &7, of L by
EL(A) = &p(w(A)), A is a Borel subset of R.

It follows easily from (4] that

(4.5) (L) = / f(x)dén(x), | € Can.

We conclude this section with the following well-known lemma.

Lemma 4.2. Let &, be the semi-spectral measure of a maximal dissipative operator L
in a Hilbert space €. Then S, and 6, (defined by [@3)) are invariant subspaces of
&L, the restriction of &, to A, is an absolutely continuous (with respect to Lebesgue
measure) semi-spectral measure, while the restriction of &, to . is a spectral measure.

Proof. 1t suffices to prove the corresponding result for the Cayley transform 7" of L and
use the well-known fact that the minimal unitary dilation of the completely nonunitary
contraction T‘%’g is a unitary operator with absolutely continuous spectrum, see Th. 6.4
of Ch. IT in [SNF]. O
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§5. OPERATOR LIPSCHITZ FUNCTIONS AND OPERATOR DIFFERENTIABILITY

In this section we estimate the norm of f(L) — f(M) for an entire function f of
exponential type o bounded on C, and for maximal dissipative operators L and M in
terms of ||L — M||. We express f(L) — f(M) in terms of double operator integrals. This
allows us to prove that functions in (Béol(R)) . are operator Lipschitz and operator
differentiable and we express the operator derivative

d
Ef(L +t(M - L))

in terms of a double operator integral.

Theorem 5.1. Let f € (B,(R))
such that L — M s bounded. Then

(5.1 1w - son) = [[ TZI0 d6, @) - 31y ot
We first prove the following special case of Theorem BTt

N and let L and M be mazximal dissipative operators

Lemma 5.2. Let f be a bounded function on R whose Fourier transform has compact
support in (0,00), and let L and M be maximal dissipative operators such that L — M is
bounded. Then (BI)) holds.

To prove Lemma [5.2] we need more lemmata.

Lemma 5.3. Let a > 0, and let L and M be mazimal dissipative operators that satisfy
the hypotheses of Theorem 5.1l Then the function

t > exp(itL) exp (i(a — t)M)

is differentiable in the strong operator topology on the interval [0,a] and
d
(5.2) T exp(itL) exp (i(a — t)M) = iexp(itL)(L — M) exp (i(a — t)M).

Proof. Let us observe that for an arbitrary maximal dissipative operator L, the function
t — exp(itL), t > 0, is continuous in the strong operator topology. This follows easily
from the formula

exp(itL) = / e dé&y(s), t>0,
R

which is a special case of ([@H]). It follows that both sides of (5.2) are continuous in the
strong operator topology on [0, a.

Another observation is that if © is an operator-valued function on an interval that
is differentiable in the weak operator topology and both © and its derivative © are
continuous in the strong operator topology, then O is differentiable in the strong operator
topology. Indeed, it suffices to represent © as an indefinite integral of ©’.

Thus it suffices to prove that (B.2)) holds in the weak operator topology.

Let u € Dy = Y1, and v € D« = D+ We have

%(exp(itL) exp (i(a — t)M)u, U) = %(exp (i(a — t)M)u, exp(—itL*)v)

= —i(exp (i(a — t)M) Mu, exp(—itL*)v) + i(eXp (i(a — t)M)u, exp(—itL*)L*v)
= i(exp(itL)(L — M)exp (i(a — t)M)u, ’U).

Here we use the equality % exp(itL)u = iexp(itL)(Lu), v € Py, t > 0. For t = 0, we
consider the right derivative and the equality follows from the fact that the operator iL
is the generator of the semigroup ¢t — exp(itL), ¢t > 0. The general case reduces easily to
the case t = 0. (]



222 A. B. ALEKSANDROV AND V. V. PELLER

Corollary 5.4. Let a > 0. Then

exp(iaL) — exp(iaM) = i/oa exp(itL)(L — M) exp (i(a — ¢t)M) dt

= i/oa exp(itM)(L — M) exp (i(a — t)L) dt.

Corollary 5.5. Let a > 0. Then
|| exp(iaL) — exp(iaM)|| < al|L — M]||.

Lemma 5.6. Suppose that L and M satisfy the hypotheses of Theorem Bl Let [ be a
function in H'(C,) such that

/:o(l L IEN|(Z1)(E)] dé < oo,

1) - 101 = 5 [ [N meslen) (@ - 2 explidn dédn.

Proof. Let us first observe that if f satisfies the hypotheses of the lemma, then for an
arbitrary maximal dissipative operator L,

1

=5 [ () (@) expliaL) da.

Indeed, it is easy to reduce this formula to the corresponding formula for the function of
a resolvent self-adjoint dilation of L.
From Corollary [(£.4] we have

J(L)— f(M) = % Ow(ﬁf)(x)(exp(ixL) — exp(ixM)) dx
- QL Oo(yf)(x) /mexp(ifL)(L—M)exp (i(x — €)M) d¢ dz
T Jo 0

N ﬁ /Ooo /Ooo(ﬁ“ P& +n) exp(iL)(L — M) exp(inM)dédn. O

We need some results from [Pe6]. For a function f in H*(C,) and a > 0, we define
the function f,) by

(Z f)(€) = (Z )€+ a)x,00)(§)-

{+a

dCtﬁ (min{l,%}), £eR.

Lemma 5.7. Let 0 < a < co. Then ¢, € L*(R) and |¢a|r: < 3.

Put

Proof. Tt is easy to see that [l¢allrr = [¢1][z1 for every a > 0. Let us show that
o1l < 3. We have

mm{ |§|} B1(€) — (),
where

(@ (a-lehs +min {1 h) and va© 2 a-les.

Clearly, both 11 and o are continuous, even and convex on (0, 00). Moreover, ¢ and
1o vanish at co. By Pélya’s theorem (see [Po]), F'4; € L and ||.Z "1, = ;(0),
j =1, 2. Hence, ||pallzr < ¥1(0) +12(0) = 3. O
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Note that

(53) f(a) = G,a(f — Pa * f) = efaf - 6,a(§0a * f)
for every f € H*(C,), where

def
ea(r) Z % R, acR.

The formula (53) and Lemma 5.7 allow us to define f(,) in the case where f € H>(C).
The following result was obtained in [Pe6]. We give a proof here for completeness.

Lemma 5.8. Let f € H*(Cy). Then f,) € H*(C,) for every a > 0 and
(5-4) 1 fayllmee < 4[1f [z

Proof. Note that || fq)llze < 4| f[|z~ for every f € L>(R), where f(, is defined by
(B.3). It remains to verify that f,) € H*(C,) for every f € H>(C,). This is clear for
f € HY(C;) N H>*(C,). To complete the proof we observe that H(C.) N H>(C,) is
dense in H*°(C ) in the weak* topology o(L>°, L) and formula (5.3)) defines the mapping
[+ f(a) which acts continuously on L**(R) in the weak* topology o (L, L'). O

Note that it follows easily from the definition of f(4) that f,) = 0if f € H>(Cy) and
supp .Z f C (0,a). Hence, the same is true for all f € H>(C) with supp .Z# f C [0,al.

Proof of Lemma B2l Let supp & f C (0,0), where o € (0,00). It was proved in [Pef]
that

(5.5) ®N@ =i [ hgds+i [ fopem dn

Since f(4) = 0 for a > o, it follows from Lemma (.8 that (53) is a representation of D f

in the integral projective tensor product L®°®;L>®.
Thus

/ / (Df) (. ) dép () (L — M) déni(y)

=i [ expleL) (L - M) (M e+ [y (E)E— M) expl)
0 0
On the other hand, if f € H'(C,) and supp.Z f C (0,0), then by Lemma [5.6]

1) = 100 = o [ [T (F 00+ m) explie) @~ 30y explinpr) de

- i /Oo exp(i€L)(L — M) (/OOO %@nﬂl) exp(inM) dn) dg

/ (/ gyf §+n)e p(i§L) dé“) (L — M) exp(inM) dn

:i/o exp(i€L)(L — M)f@( d§+1/ fon (L)L — M) explinh) dn.

This proves the result under the extra assumption f € H'(C,).
In the general case, we approximate f with the functions fl€l
def sin? ex

fH(a) = f(@).

Clearly, the support of . fl] is contained in the 2&- neighborhood of the support of .% f.
Hence, fl€l € H'(C,) and supp.Z fl&l € (0,0) for sufficiently small € > 0.

Now we can apply (5.6) for fI€] in place of f and pass to the limit as ¢ — 0 in the
strong operator topology. O

(5.6)

g2g?
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Lemma 5.9. Let f be a bounded function on R whose Fourier transform is supported
on [0,0] and let L and M be maximal dissipative operators such that L — M is bounded.
Then

[F(L) = fF(M)]| < 8ol f]| oI L — M.

Proof. This follows from (&.6]) and (&4). O
Proof of Theorem Bl Let f,, = f * W, n € Z. Then
oo
Df= > Dfa

and the series converges uniformly. By Lemma [5.2]

£a(L) = 1,00 = [ [@£)(w.0) d60@)(L ~ M) ().
The result follows now from Lemma [5.91 O

Lemma 5.10. Let f € (Béol)Jr N H>(Cy). Then f is operator Lipschitz on the class
of mazimal dissipative operators.

Proof. Suppose that L and M are maximal dissipative operators such that L — M is
bounded. Let f,, = f * W,,, n € Z. By Lemma [5.9]

[fn(L) = fu(M)]| < const 2" full oo ry [ L — M.
It follows that

(1) 170~ £ < const (S 2 ull ) 12 M| < const 1y |- O
nez
Note that functions in (B,)  do not have to be bounded and we have not defined un-

bounded functions of maximal dissipative operators. However, for functions f in (Béol) N
and for maximal dissipative operators L and M with bounded L — M, we can define the

operator f(L) — f(M) by
(5.8) FL) = F(M) D7 (falL) = fu(M)).

nez
It follows from Lemma that the series on the right-hand side of (B.8]) converges
absolutely in the operator norm. It is also easy to verify that the right-hand side does
not depend on the choice of w in (ZI). This allows us to get rid of the condition
f € H*(C,) in the statement of Lemma [5.101

Theorem 5.11. Let f € (BL ;)
dissipative operators.

4 Then f is operator Lipschitz on the class of maximal

We proceed now to operator differentiability. Suppose that L and M are maximal
dissipative operators such that L — M is bounded. Consider the family of operators

(5.9) Li=L+t(M-1L), te][0,1].

It follows from Lemma H1] that L; is maximal dissipative for every ¢t € [0,1]. For a
function f of class C4 o (see §4), we consider the map

(5.10) t— f(L)

and study conditions of its differentiability.
We are going to show that the function (BI0) is differentiable in the operator norm
for f € (Bcl,ol) 4 We have a problem similar to the problem to prove that functions in
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(Bcl>o1)  are operator Lipschitz: we have not defined unbounded functions of maximal

dissipative operators. However, to differentiate the function (5.I0]), we consider the limit

of the operators

~(F(Lers) = F(L),

which are well defined; see (&.8).

Theorem 5.12. Let L, M and L; be as above and let f € (Béol)Jr. Then the function
(BI0) is differentiable in the norm and

sy -sw)| = [[ P2 asor - nyas)

where &; is the semi-spectral measure of Ly.

(5.11)

Proof. As in the proof of Theorem Bl we put f,, = f * W,,. It follows from Lemma [5.9]
that it suffices to prove (BI1]) for each function f, in place of f. Let g = f,. For
simplicity, we assume that ¢t = 0.

By Theorem IBII, we have to show that

HO// Y Y) 46, (x)(M — L) déoy // p— Y) a6(2)(M — L) déo(y)
in the norm. By (153)

2= s )0 - 1 st

—i / €L (M — L)gie)(L) dé +i / 9y (L) (M — D)™ d,
0 0

while
/ / w déy(x) (M — L) déo(y)

= i/ooo M (M — L)gee) (L) d€ +1 /Ooo 9y (L) (M — L)e"* dn.
Since .
| ectillagl - dé < <.
it suffices to show that
lim || exp(i€Ls) — exp(€L)[| = 0 and  lim [lgey) (Ls) = gepy (L)]| = 0, &> 0.

However, this is an immediate consequence of Corollary and Lemma (.9 O

§6. HILBERT-SCHMIDT PERTURBATIONS

In this section we obtain estimates for f(L) — f(M) in the case when L and M are
maximal dissipative operators whose difference belongs to the Hilbert—Schmidt class Ss.
We prove that all Lipschitz functions f that are analytic in the upper half-plane are
Hilbert—Schmidt Lipschitz, i.e.,

I£(L) = f(M)]||s, < const | L — M]|s,.
Put
AY {(z,y) €R? : 2=y}
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Lemma 6.1. Let L and M be maximal dissipative operators such that L — M € Ss.
Then

[ #@) 6@ - aydéun) =0

for every bounded Borel function ® vanishing outside A.

Proof. By Lemma B3 for every t € R, LY {t e R: &,({t}) # 0 and &y ({t}) # 0}.

EL({tHL = LeL({t}) =téL({t}) and  En({th)M = MéEy({t}) = tén ({t}).

Besides, the sets {t € R : &,({t}) # 0} and {t € R : &y({t}) # 0} are at most
countable. Hence,

J [, #@) d6s@)(L = ) déute) = 30006 - M) (1))

teR

=Yttt (E({then{t)) — s({thén({t)) = 0. 0
teR
Let Lip, denote the set of functions f analytic in C; and such that f/ € H*(C,).
Clearly, each function f in Lip, extends to a function continuous on closC,. .

Theorem 6.2. Let f € Lipy NH>(C,) and let L and M be mazximal dissipative opera-
tors such that L — M € S5. Then

o0 sw-son= [[ IOIW g @ anas)

and || f(L) = f(M)|s, <[ f'ler= L = M]s,-
Proof. In the case when f € (BL;(R)) . the result follows from Theorem E.I] and

Lemma We can take a nonnegative function ® € L'(R) such that Z® € C>(R),
def

supp.F® C [~1,1] and (F®)(0) = 1. Put Pe(x) = e 1®(ctx). It is easy to see
that ®. * f € (BL1(R)), and [[(®e * f)'[|m= < [[f|lg= for all € > 0. Moreover,
lim, o4 (®c * f)(x) = f(x) for all z € R. Hence,
(‘ba*f)(L)—(‘I)g*f)(M):// ((ba*f)(x)_(q)s*f)(y)
R2\A r—y
by Theorem .1l and Lemma for all € > 0. It remains to observe that Lemma 3.2 in
[Pe7] allows us to pass to the limit as € — 0+. O

dép(z)(L — M) dénm (y)

Corollary 6.3. Let f € Lipy NH>(C,) and let L and M be maximal dissipative oper-
ators such that L — M € S5. Then

) —
1w - 100 = [ HEZID g, @)z - )y dsat),

x
and || f(L) = f(M)[s, <[ f'[[a=|lL — M||s,.

Note that functions in Lip, do not have to be bounded and we have not defined
unbounded functions of maximal dissipative operators. However, for functions in Lip 4
and for maximal dissipative operators L and M with L — M € S5, we can define the
operator f(L) — f(M). We cannot just put

def
FIL) = F(M) )" (falL) = fu(M))
nez
as we did in the previous section. Indeed, even in the scalar case we cannot write

(6.2) f@) = fy) = (falz) = fa(y))

nez
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for arbitrary f € Lip4. Formula (62 can be modified in the following way.
It can be shown that for every f € Lip 4, there exists a number a and a sequence {V, }
in Z such that

o)

lim N; = —oco and f(2) — f(w) =az —aw +jli>Holo Z (fa(2) = fa(w))

j —00
J ’n:N]‘

for every z,w € clos C. This allows us to define f(L) — f(M) by the formula

J(D) = FOM) = oL = M) + Jim 3 (fa(L) = fa(M))
n:Nj

and the limit exists in Ss.
We do not prove this in this paper. Instead we give a different definition of f(L)— f(M)
that is based on the following lemma.

Lemma 6.4. There ezists a sequence {¢nn>1 in H>®(C4) such that
(i) limy, 00 n(2) =1 for every z € Cy,
(ii) |lenllg= =1 for every n,
(iii) (i+ 2)@n € H> for every n,

(iv) limy, o0 [|(i + 2) @], (2) [ = = 0.

Proof. Put

def 1 /" idt 1 o z+in n> 2
logn /4

on(2) z+it  logn AP

Here log denotes the principal branch of the logarithm. Statements (i) and (iii) are
obvious. We have ¢,,(0) =1 and

on) < o [ T S | T
logn /i |z+1it] ~ logn J; ¢t

for all z € C4. Hence, ||¢n||ge =1 for every n > 2.
It remains to verify (iv). We have

1
~ logn

1
~ logn

n—1

[+ 2) ¢l 2

for all z € C;.. O
Corollary 6.5. Let f € Lipy. Then @, f € H* for every n and
. / _ /
Jim (| Gonf) |z = 1L
Proof. We have

1(en )l < llenfllas + lonf lm < €pfllm + [1f e

Taking into account the fact that |f(z)| < const|i + z|, we deduce from (iv) that

limsup,, o [|(onf) [l < [|f'[|m=. The inequality iminf, oo [|(nf) [l = [ f|| e
follows from (i). O

Let f € Lip4 and let L and M be maximal dissipative operators such that L—M € Ss.
We can define now f(L) — f(M) as follows:

6.3) (L) = F(M)E lim ((gnf)(L) = (pnf)(M)) in the norm of S,.

n—oo
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Theorem 6.6. Let f € Lip4. Suppose that L and M are maximal dissipative operators
such that L — M € So. Then the limit in (63) exists,

1w - gon = [[ T 4,02 - anyasute)
and
(6.4) LAY = F(M) s, < 1F = IIL — M]]s,.

Proof. We have
FL) = f(M) = lim ((gnf)(L) = (2nf)(M))
RQ

n—00 T—y

_ / Lﬁ‘(y)d&@@— M) déni(y),
R2 -

T

the last equality being a consequence of Lemma 3.2 in [PeT].
This immediately implies inequality ([€.4). a
§7 HOLDER CLASSES AND GENERAL MODULI OF CONTINUITY

In this section we obtain estimates for || f(L)— f(M)|| for maximal dissipative operators
L and M whose difference is bounded and for functions f in the Holder class (A4 (R))
0 < a < 1. We show that in this case

IF(L) = f(M)]| < const || L — M|,

+7

i.e., such functions f are operator Hélder of order a. As before we have a problem how
to interpret f(L) — f(M) in the case when the function f is unbounded. We give the
following definition of f(L) — f(M):
def =

(7.1) FL) = FOM) =Y 0 (Fa(E) = Fa(M)),
where the functions f,, are defined by (22)). As in the case of self-adjoint operators (see
[AP2]), the series on the right converges absolutely and the definition does not depend
on the choice of the functions W,,.

Then we proceed to the problem of estimating the operator differences || f(L)— f(M)]]

for functions f in the space (AW(R)) 4 in the case of arbitrary moduli of continuity w.

Theorem 7.1. There is a constant ¢ > 0 such that for every o € (0,1), for arbitrary
fe (AQ(R))JF, and for arbitrary mazimal dissipative operators L and M with bounded
L — M, the following inequality holds:

I£(L) = FAD] < e(X =) [ fllagm I L = M,
where f(L) — f(M) is defined by () and the series on the right of (1) converges
absolutely.

Proof. Corollary [5.9] allows us to prove the inequality

[F(L) = F(M)|| < const || f]|a, ) I L = MI*

by using exactly the same arguments as in the proof of Theorem 4.1 in [AP2]. Te fact
that the constant in this inequality can be estimated in terms of ¢ (1 — a)~! follows
immediately from Theorem given below. a
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We proceed now to the case of arbitrary moduli of continuity. For a modulus of
continuity w , we define the function w, by

(7.2) wy(z) = J;/OO % dt, z>0.

Then w, is a modulus of continuity provided wy(z) < oo, z > 0. Clearly, if w,(z) < 0o
for some x > 0, then w,(z) < oo for all z > 0.

For maximal dissipative operators L and M with bounded difference and for a function
fin (Aw(R))+7 we consider the operator difference f(L) — f(M) and in the case of

unbounded f, we understand by f(L) — f(M) the operator
N

(7.3) f(L) = f(M) = > (falL) = fu(M)) + ((f = f * VN)(L) = (f = f * Viv)(M)),

n=—oo

where the functions V,, are defined by ([25)). As in the case of self-adjoint operators (see
[AP3]), the series on the right converges absolutely in the norm and the right-hand side
of ([T3) does not depend on the choice of the functions W,,.

Theorem 7.2. There exists a constant ¢ > 0 such that for every modulus of continuity
w with finite wy, every f € Ay(R) and for arbitrary maximal dissipative operators L and
M with bounded difference, the series on the right of (3] converges absolutely and the
following inequality holds:

IF(L) = FAD < el flla @ ws (12 = M),
where the the operator f(L) — f(M) is defined by (3.

Proof. By utilizing Corollary [5.9] we can prove Theorem in exactly the same way as
it is done in the proof of Theorem 7.1 of [AP2]. O

Corollary 7.3. Let w be a modulus of continuity such that
wy(x) < const w(z), x> 0.

Then for an arbitrary function f € (AW(R)) n and for arbitrary mazimal dissipative
operators L and M with bounded difference, the following inequality holds:

(7.4) 1£(L) = f(M)] < const || fla,,ryw (II1L — MI|).

§8. HIGHER ORDER OPERATOR DIFFERENCES

In this section we establish a formula for higher operator differences in terms of mul-
tiple operator integrals. Then we obtain estimates of higher operator differences for
functions of classes (AO[(R))Jr and (Aw7m(R))+.

Let L and M be maximal dissipative operators such that the operator L — M is
bounded and let m be a positive integer. Put

(8.1) K = %(M—L).

Then the operator L + jK is maximal dissipative for 0 < j < m. For a function
f € (BZ(R)) » we consider the following operator difference:

m

(8.2) (AR (D) S 1y (’;‘)f(LﬂK).

=0
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By the right-hand side of ([82]), we mean the following:

() ) (i(—l)m-f‘ (7) e +jK)>,

n€Z \j=0

where the functions f,, are defined by ([22). As before, the definition does not depend
on the choice of W,,.
The next theorem shows that this series converges absolutely in the norm.

Theorem 8.1. Let m be a positive integer and let f € (B£1(R))+- Suppose that L

and M are mazimal dissipative operators with bounded L — M and let K be the operator
defined by BI). Then the series (83]) converges absolutely in the norm and

(AZF)(L) = m! / . /(@mf)(xl, i) dE (@) K dEs(22)K . K A1 (Trsn),
where & is the semi-spectral measure of L + jK.
Theorem [B.1] implies the following result:

Theorem 8.2. Let m be a positive integer. There exists ¢ > 0 such that for arbitrary f,
L, and M satisfying the hypotheses of Theorem Bl the following inequality holds:

[ARN D] < cllf sz, @K™

Proof. The result follows immediately from Theorem B and from Theorem 5.5 of the
paper [Pe6]. O

To avoid complicated notation, we prove Theorem Bl in the case m = 2. The proof
can easily be adjusted for an arbitrary positive integer m.

Lemma 8.3. Let L be a maximal dissipative operator and let K be a bounded operator
such that L + 2K s a dissipative operator. Then

exp (iz(L + 2K)) — 2 exp(iz(L + K)) + exp(izL)

z 3
-2 | ( | explite ~ LK expG(€ ~ n)(L + KK explin(L + 2K)) dn) da
0o \Jo
for every x > 0.
Proof. By Corollary B4l for 2 > 0, we have

exp (iz(L + 2K)) — exp(izL) = 2i /OE exp (i(z — §)L) K exp (i§(L + 2K)) d¢
and
exp (iz(L + K)) — exp(ieL) = i /0 " exp (e — ©)L) K exp (i€(L + K)) de.
It also follows from Corollary 5.4 that for £ > 0,
exp (i€(L + 2K)) —exp (i{(L+ K)) = 1/05 exp (i(€ —n)(L + K))K exp (in(L + 2K)) dn.
These equalities imply the result. 0

Lemma 8.4. Let f be a function in H'(C,) such that

/ T+ ED(F 1)) de < .
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Then under the hypotheses of Lemma B3],
f(L+2K) =2f(L+ K)+ f(L)

— _% ///]R1 (Z )& +n+ ) exp(i€L)K exp (in(L + K)) K exp (is(L + 2K)) d¢ dn d-.

Proof. The result follows from Lemma in the same way as Lemma has been
deduced from Corollary 5.4l Indeed, we have

f(L+2K)-2f(L+ K)+ f(L)

1 (o]
=5 (Z f)(x) (eXp(ix(L +2K)) —2exp(iz(L + K)) + eXp(ixL)) dz.
T Jo
It remains to apply Lemma and to change variables. O

Now we are ready to prove Theorem BTl for m = 2.

Theorem 8.5. Let f € (Bgol(R))Jr, let L be a mazximal dissipative operator and let K
be a bounded operator such that L + 2K is dissipative. Then

F(L+2K) —2f(L+ K) + f(L) =2 / / / (D) (@, y, 2)dEL () KdEp s i () K Ay orc (2).

Proof. As in the proof of Theorem [51], it suffices to consider the case when f € L>°(R)
and the support of its Fourier transform % f is a compact subset of (0,00). Then we
have (see [Pef])

(©2f) (QC, Y, Z) = - // f(y].l’_%) (x)einyei;{z d?’] dx»
R+XR+

(8.4) - // €5 fles ) (y) €7 dE dse
Ry xRy
- // T fie o (2) dE dn.
]R+ XR+
The rest of the proof is the same as in the proof of Lemma O

We proceed now to estimation of higher order operator differences.

Theorem 8.6. Let o > 0 and let m be an integer such that o < m. There exists ¢ > 0
such that for arbitrary dissipative operators L and M with bounded L — M and for every
fe (AQ(R))+ the following inequality holds:

I(ARAN@D < ellflanmlIKI,
where K is defined by (81]).
Proof. Tt follows from Theorem Rl that

(8.5) | (A% fo) (L) < const 27| fr || oo 1K™,
where f, is defined by ([22).
The rest of the proof is the same as in the proof of Theorem 4.2 of [AP2]. g

The following theorem yields estimates of || (A% f)(L) H for functions f in (Aw,m(R)) +
where w is a nondecreasing function satisfying (26). With such a function w we associate
the auxiliary function wy ,, defined by

m [T w(t) = w(sz)
Wem(z) =2 /x proRs] dt = /1 s dx.
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For functions f in (Ay,m(R))_, we define the operator (A% f)(L) by

)
N

(8.6) (ARNL) = D (ARF) (L) + (AR = f Vi) (D).

n=-—oo

Theorem 8.7. Let m be a positive integer. Then there is a positive number ¢ such that
for an arbitrary nondecreasing function w on (0,00) satisfying (28] with finite wy m,, for
an arbitrary function f in (Aw,m(R)) . and arbitrary mazimal dissipative operators L
and M with bounded L — M, the series (88l converges absolutely in the norm and the
following inequality holds:

[(AZAL)]] < el fllan, @ wem (1K),
where K s defined by (&1).

Proof. If we apply inequality ([83]), we can proceed in the same way as in the proof of
Theorem 7.1 of [AP4]. O

Corollary 8.8. Suppose that in the hypotheses of Theorem B the function w satisfies
the condition

Wi,m(z) < constw(z), x> 0.
Then
AR L] < const | flla.. .z« (IK])).

89. HIGHER OPERATOR DERIVATIVES

In this section we show that under the assumption f € (Bo"gl(]R)) o the function
(9.1 t— f(L)

has mth derivative and we obtain a formula the mth derivative in terms of multiple
operator integrals.

Here L and M are maximal dissipative operators such that the operator L — M is
bounded and the family L, is defined by (&.9)).

To be more precise, we note that functions in (BZ;(R)) . do not have to be bounded

and in the case m > 1 under the assumption f € (ngl(R))+, the function (@.]) does
not have to be differentiable. However, we show that for each n € Z, the function

t— fn(Ly)
has derivatives in the norm up to order m and the series
dm
9.2 = (L
(9.2) gt (Lt)
ne”Z

converges absolutely in the norm and by the mth derivative of the function ([@.JI), we
understand the sum of the series ([@.2)).

Theorem 9.1. Let m be a positive integer and let f € ( ;nol(R))_;,_' Suppose that L and
M are mazimal dissipative operators such that L — M is bounded. Then the function
@) has mth derivative and

a
dtm

where & is the semi-spectral measure of L.

f(Lt)

ot [ [ @M ) A0 K A6 () K A ()
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Proof. Clearly, it suffices to prove the result for s = 0. It follows from (BI0) that

/ / D" @1, T, o Tg1) dE (1) K dE (22)K ... K dE (Tymt1)

neZ

<D 2" full e | K™ < comst || fll g, ) 1K™,
nez

where & is the semi-spectral measure of L. Hence, it is sufficient to prove that
dm

()| =m! / . ./(”Dmfn)(xl,ajg, ) dE (@) K dE (@)K . K A8 (mmsn).

To simplify the notation, we prove this identity for m = 2. In the general case the proof

is the same.
Put g = f,,. We need the following identities:

(// 01, (w) d@K déity) - [ [ (9£,) (@) dw) K ds >>
~ [[] @)@y 2 dsiK dsiw)K ds ()

and

%(/ (Df) (z,y) d&(x) K d&(y / (Dfn) (@, y) d& () K d& (y ))
- /// (D2 fn)(2,y, 2) d&,(2) K d& (y) K d&(2).

The proof of these identities is similar to the proof of Theorem
It follows that

1/d

It remains to observe that

tiy ([ [ (©25)@.v.2) déi(o)K d6i)K a6 )
- / / (D2£,)(z,y, =) dE(2)K dE () K d& (=)

d
_ LS
s=t de(

|.,) = [[] @2 i@ asw ase)
+ // (D fn) (z,y, 2) d&,(2) K d& (y) K d& ().

and
tiy [[ [ (©21.)(w.0.2) d6i(a) K de () K d (2
= // (D%f,) (2,9, 2) d€(2) K d& (y) K d& ().

This can be proved in the same way as in the proof of Theorem [F.12]if we apply (84). O

§10. ESTIMATES IN SCHATTEN—VON NEUMANN CLASSES

In this section we consider the case when f € (Aq(R)) s a>0,and L and M are
maximal dissipative operators such that L. — M belongs to the Schatten—von Neumann
class §),. We are going to obtain results that are similar to the results of [AP3] for
self-adjoint operators.
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We need the following fact:

Lemma 10.1. Let f € (BO”gl(R))+ and let p > m. Then there exists a positive number c
such that for arbitrary maximal dissipative operators L and M such that L— M belongs to
the Schatten—von Neumann class S, and for every function f in H>*(C,) whose Fourier
transform is supported on [0, 0], the following inequality holds:

lARN@g,,. < o™ 7l K],
where K is defined by (81]).
Proof. The result follows easily from Theorem B and BI0). |

Theorem 10.2. Let m be a nonnegative integer. Then there exists a positive number
¢ such that for every a satisfying m —1 < a < m, for every p > m, f € (AQ(R))_H
and for arbitrary mazimal dissipative operators L and M with L —M € S, the operator

(AT f)(L) belongs to S/ and

m c p " o
1QENDNs,,, < s (G22) T Wl 1K1,

To prove Theorem [[0.2] we should apply Lemma [[0.1] and then proceed in the same
way as it was done in §5 of [AP3]. Note that in [AP3] we did not show the dependence
on « and p of the constant on the right-hand side of the inequality in the statement of
the theorem. Nevertheless, the reasonings given in [AP3] lead to this estimate.

Note also that as in the case of self-adjoint operators (see [AP3]), we can obtain a
more general result for ideals of operators on Hilbert space with upper Boyd index less
than 1/m.

In the case p = m we can obtain a weaker conclusion that (A}’; f) (L) belongs to the
ideal Sm . Recall that the ideal S, o consists of operators T' on Hilbert space whose
singular values s;(7T") satisfy the condition:

5;(T) < const(1 4 )=/,

Theorem 10.3. Let m be a nonnegative integer. Then there exists a positive number
c such that for every a satisfying m —1 < o < m, for every f € (AQ(R))JF, and
for arbitrary mazimal dissipative operators L and M with L — M € S,,, the operator
(AR f)(L) belongs to Sm o and

QRN Dsy . < a1 Ir® K1,

Again, to prove Theorem [[0.3] we can use Lemma [I0.1] and then proceed along the
same line as it was done in §5 of [AP3|. Doing this, we should watch the dependence of
the constants on a.

Remark. Note that in the case m = 1 the assumptions of Theorem [I0.3] do not guarantee
that (A%f)(L) € Sim/a- Indeed, in §9 of [AP3] it was shown that the corresponding
fact for self-adjoint operators does not hold. The example given in [AP3] is based on
the Schatten—von Neumann criterion for Hankel operators; see [Pel] and [Pe5]. On the
other hand, if m is an integer greater than 1, we do not know whether the assumptions
of Theorem 0.3 imply that (A7 f)(L) € Sy /a-

The following result shows that if we impose a slightly stronger assumption on f, we
can obtain the conclusion that (Aﬁf) (L) € 8 /a-
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Theorem 10.4. Let a > 0 and let m be an integer such that m — 1 < o < m. Then

there exists a positive number ¢ such that for arbitrary mazimal dissipative operators L
and M with L —M € S, and for every f € (Bgol(R))+7 the operator (A7 f)(L) belongs
to S m o and

[ARND)s.  <elfl

We can improve Theorem [10.2] in the following way:

a
m/a Bgo1(]R)HK| S

Theorem 10.5. Let m be a nonnegative integer. Then there exists a positive number c
such that for every a satisfying m —1 < o < m, for every p > m, f € (AQ(R))JF, and
for arbitrary mazximal dissipative operators L and M with bounded L — M, the following
inequality holds:

S (s (1687 0 >\”‘“))ps(mia)p/a (pfm)p/ 18/ 3 (5"

j=0 7=0

As before, if we use Lemma [[0.I] we can prove Theorems [[0.4] and in the same
way as in the the proofs of the corresponding facts for self-adjoint operators given in §5
of [AP3]. In the proof of Theorem we should take care of the dependence of the
constants on a and p.

§11. COMMUTATORS AND QUASICOMMUTATORS

In this final section we estimate quasicommutators f(L)R — Rf(M) in terms of
LR — RM, where L and M are maximal dissipative operators and R is a bounded oper-
ator. In the special case R = I we arrive at the problem of estimating f(L) — f(M) in
terms of L — M ; this problem was discussed in previous sections. On the other hand, in
the case L = M we get the problem of estimating commutators f(L)R — Rf(L).

Let us explain what we mean by the boundedness of LR — RM for not necessarily
bounded normal operators L and M.

We say that the operator LR — RM is bounded if R(Py) C 21, and

|ILRu — RMul| < const ||u|]| for every wu € Pyy.

Then there exists a unique bounded operator K such that Ku = LRu — RMu for all
u € Pyy. In this case we write K = LR — RM. Thus LR — RM is bounded if and only if

|(Ru, L) — (Mu, R"v)| < const [[ul| - [|v]

for every u € P and v € Dr» (recall that —L* and —M™* are also maximal dissipative
operators, see ). It is easy to see that LR— RM is bounded if and only if M*R* — R*L*
is bounded, and (LR — RM)* = —(M*R* — R*L*). In particular, we write LR = RM
it R(Zy) C 21, and LRu = RMu for every u € Zy;. We say that ||[LR — RM|| = oo if
LR — RM is not a bounded operator.

Theorem 11.1. Let f be a function in H*(C,) such that supp .Z f C [0,0]. Suppose
that L and M are maximal dissipative operators and R is a bounded operator such that
the operator LR — RM is bounded. Then

wy  swr-rian = [[ IO as @R - many s

and

| f(L)R — Rf(M)|| < 80||LR — RM||.
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The proof of Theorem [1.1] is similar to the proof of the corresponding result for
F(L) = F(M), see 3

For unbounded functions f, we have not defined f(L) and f(M). However, we show
in this section that under certain natural assumptions on f, it is possible to define the

quasicommutator f(L)R — Rf(M) for unbounded f by the formula

(11.2) > (falL)R = Rfn(M)).

neZ

Theorem 11.2. Let f € (BO”gl(R))+. Suppose that L and M are mazimal dissipative
operators and R is a bounded operator such that the operator LR— RM 1is bounded. Then
the series (II.2) converges absolutely in the norm, formula (I1T]) holds and

| F(E)R = RE(M)| < const ||, || LR — RM].

Proof. The result follows immediately from Theorem [IT.T]and the definition of the Besov
space (Bgl(R))+. O

Theorem 11.3. Let 0 < o« < 1 and let f € (AQ(R))+. Suppose that L and M are
mazimal dissipative operator and R is a bounded operator such that the operator LR— RM
is bounded. Then the series (IL2]) converges absolutely in the norm and

[F(L)R = RF(M)|| < const || fl| .,z |ILR — RM||*|| R|I'=*.

We proceed now to the case of functions in the space (AuJ (R)) I where w is an arbitrary
modulus of continuity. For f € (A, (R))Jr, we define f(L)R— Rf(M) b

N

FIDR=RF(M) = > (fa(L)R = Rfn(M))

+((f = f*VN)(L)R = R(f — f = Viv)(M)).

Theorem 11.4. Let w be a modulus of continuity such that the function w, defined by
[C2) takes finite values. Suppose that L and M are mazimal dissipative operator and R
is a bounded operator such that the operator LR — RM is bounded. Then for arbitrary
fe (AW(R))+, the series in ([II3) converges absolutely in the norm and the following
inequality holds:

(11.3)

If(L)R — RF(M)|| < const || flla, IRl w- (M) .

12|

The proof is the same as the proof of Theorem
In §I0l we have obtained estimates for f(L) — f(M) when L — M belongs to the
Schatten—von Neumann class S, (this corresponds to the case m = 1 in §I0). We can

obtain analogs of all those results for quasicomutators. We state here an analog of
Theorem [10.2]

Theorem 11.5. Letp > 1, 0 < o < 1, and let f € (AQ(R))+. Suppose that L and
M are maximal dissipative operator and R is a bounded operator such that the operator
LR—RM € S,. Then f(L)R— Rf(M) € S,/ and

[F(L)R = RF(M)||g < const|flla, @l LR~ RM|S,IIR]"".

The proof of Theorem [I1.5] is almost the same as that of Theorem [[0.2] in the case
m = 1.
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