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ZETA-FUNCTIONS OF HARMONIC THETA-SERIES
AND PRIME NUMBERS

A. ANDRIANOV

ABSTRACT. The problem of finding Euler product expansions is treated for zeta-
functions of modular forms in one variable that are presented by harmonic theta-
series. On the basis of the author’s formulas obtained earlier for the action of the
Hecke operators on harmonic theta-functions, Euler product expansions are obtained
for eigenfunctions of Hecke operators. For the theta-series of quadratic forms pro-
portional to the sum of two squares, the eigenfunctions of Hecke operators are con-
structed and the associated Euler expansions are calculated.

§1. PRIME NUMBERS AND THETA-SERIES

Concerning rational prime numbers in various arithmetical sequences, it may be noted
that no essential progress has been achieved for more than century and a half, since the
famous Dirichlet theorem on prime numbers in arithmetic progressions (1837). Still
absolutely mystical is the question about prime numbers in quadratic sequences, i.e.,
about prime numbers of the form an? + bn + ¢, where a, b, ¢ are rational coprime
integers, and d = b? — 4ac is not a rational square. The situation has not been changing
despite considerable progress of the algebro-analytic theory of integral quadratic forms
after Dirichlet. Our purpose here is to draw the attention of number theorists to some
analytic aspects of the theory of quadratic forms possibly related to the problem.

In order to be more specific, we start with the celebrated problem on prime numbers
of the form 1+ n?2. Tt is well known that this problem is closely related to reduction over
prime modules of certain elliptic curves with complex multiplications by Gauss integers
a + +/—1b, say, of the curve

(1.1) y? = z(2® - 1).

Indeed, in accordance with a formula of D. S. Gorshkov (see [9, Chapter V, Question 8c]),
the decomposition of a prime number p of the form 4k 4 1 into a sum of two squares of
integers can be written with help of the Legendre symbol as

. 2 b1 2
1% x(x? - 1) 1 z(2? —b)
- (E05) < (EC)
where b is a quadratic nonresidue modulo p. It is easily seen that the first square in this

decomposition is odd, while the second is even. Hence, a prime p = 1 (mod 4) has the
form 1+ n? if and only if

(1.2) %Z;l) (@) = +1.
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It is well known (see, e.g., [10]) that the points of the projective closure of the affine
elliptic curve (1.1) rational over the field of p elements form a finite Abelian group of the

order
-1
p+1+2( i )

and so p has the form 1 + n? if and only if N, = p + 1 & 2. Unfortunately, for the time
being the details of the behavior of the numbers N,, for different primes p is an open
question, and there is no much hope to approach the problem from this side.

By the way, the criterion (1.2) can be reformulated quite elementarily in terms of
simple congruences modulo p for appropriate factorials: the well-known properties of the
Legendre symbol imply that

pf(ix(ﬁ_”);f(w(w?—l - Zw @ - == (L) (modp)

=0 p 4

=0
so that the criterion (1.2) is equivalent to the congruence

1 /et 1 ()
) <p31> :——Mzil (mod p),

4

which can be written in the form

(1.3) 4 Kp%l)!r =1 (mod p).

This looks nice, but seems to be out of use for the problem of primes in the sequence
1 + n?, like the Wilson theorem does not help to prove that there are infinitely many
primes.

Fortunately, our problem is closely related not only to reduction of elliptic curves
modulo prime numbers or to congruences for factorials, but also to such a powerful tool
for the study of quadratic forms as modular forms for subgroups of the modular group

= SLy(Z). Consider the function defined on the upper half-plane of the complex
variable

(1.4) H={z=z+iyeCly>0} (i=+-1)

by a harmonic theta-series of the quadratic form q = 8(x% + x3) (of the level | = 32)
(see §2):

)=4 > (n2+ ) miz 16((n1+§)7+(na+)?)

ny,no€Z

(1.5) .
— E m2e7'mz m +m2) § 27r1zn
mi, ma2€ZL, n=1
mi=mo=1 (mod 4)
where

(1.6) c(n) = > ma
my,mo€Z, m?-{-m%:?n,
mi1=mo=1 (mod 4)
are the Fourier coeflicients of F. Clearly, these coefficients satisfy the relations ¢(1) = 1,
and ¢(n) = 0 unless n = 1 (mod 4). In particular, ¢(p) = 0 if p is a prime number of
the form 4k + 3, but if p is a prime number of the form 4k 4+ 1 and (a1, a2) is one of the
integral solutions of the equation x? + 22 = p, then all integral solutions of the equation
are (£ay, az) or (£as, £ay); hence, all integral solutions of the equation y? + y2 = 2p
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are (£(a; —ag), £(a1 +asz)) or (£(a1+asz), +(a; —as)). Since, clearly, it can be assumed
that a1 =1 (mod 4) and as is even, from (1.6) it follows that

e(p) = (a1 + a2) + (a1 — az) = 2a4 ifaa =0 (mod 4),
pr= (—a1 + az) + (—a; —ag) = —2a7 ifay =2 (mod 4).

In any case, a prime number p of the form 4k + 1 has the form 1 4 n? if and only if
(1.7) c(p) = 2.

The series (1.5) converges absolutely on H and uniformly on compact subsets of H.
Consequently, this series determines a holomorphic function on H. It is known that the
function F' is a modular (cusp) form of weight 2 for the congruence subgroup

T(32) = {(‘;‘ ?) € SLy(Z)|v=0 (mod 32)}

of the modular group I' = SLo(Z) (see, e.g., [7] or [6, Theorem 20]).

The problem about prime numbers satisfying condition (1.7) looks largely like the
problem about prime numbers p with a given value x(p) of a Dirichlet character y, and
the latter is closely related to the question concerning prime numbers in arithmetic pro-
gressions. In the same way as the problem on the values of characters at prime numbers
cannot be approached in terms of an individual character but requires all characters of
a given module, the problem of separating the prime numbers p with given value of the
coefficient ¢(p) should perhaps be considered in a wider context of similar problems for
other harmonic theta-series. In this paper we start to move in this direction.

Note, by the way, that the problem about prime numbers of the form 14 n?2 is closely
related to the problem of twins in the ring O = Z[i] of Gauss integers, because if a prime
p has the form 1+ n?, then the numbers in — 1 and in+ 1 = (in — 1) + 2 are prime twins
in the ring O, although, obviously, this ring contains no rational prime twins. Possibly,
this hints that the classical problem of prime twins for the ring of rational integers has
also a quadratic nature.

Contents of the paper. In §2 we recall the basic definitions and facts about harmonic
theta-functions together with their zeta-functions. In §3 we consider the action of Hecke
operators on theta-functions. §4 is devoted to the action of (hereditary) Hecke operators
on theta-series and the deduction of the corresponding Euler products. In §5 we analyze
an example of harmonic theta-series and zeta-functions for multiples of the sum of two
squares.

Notation. As usual, we fix the letters N, Z, Q, R, and C for the set of positive rational
integers, the ring of rational integers, the field of rational numbers, the field of real
numbers, and the field of complex numbers, respectively.

A" denotes the set of all (m x n)-matrices with elements in A. If A is a ring with the
identity element, 1,, = 1 and 0,, = 0 denote the identity element and the zero element
of A", respectively. The transpose of a matrix M is always denoted by ‘M. For two

n?
matrices A and B of appropriate size we write

A[B] = 'BAB.

§2. ZETA-FUNCTIONS OF HARMONIC THETA-FUNCTIONS

In this section, we recall the definitions of the harmonic theta-functions and the cor-
responding zeta-functions.
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AX)= Y apTars = %tXQX = lQ[X] (X = (x1,...,2m))

2
1<a<pf<m

be a real positive definite quadratic form in m variables with the matrix

Q = Q(a) = (4ap) + "(gap)-
Since the form q is real and positive definite, there exists is a real matrix S such that
Q(q) = %SS. A homogeneous polynomial of degree g in z1, ..., Z,, of the form

P(X)=Py(X)=Py(SX),
where Py = Py(X) is a homogeneous polynomial of degree ¢ in x4, ..., z,, satisfying the
Laplace equation

0?Py(X)
Z (0z4)2 =0,
1<a<m @

is called a harmonic polynomial of degree g with respect to the form q. The definition can

easily be reformulated as follows: a homogeneous polynomial P of degree g in x1,...,Zn
is harmonic with respect to the form q with matrix Q) if it satisfies the differential equation

> @22y

aB 8. o  —
1<af<m 8%8@3

It can be verified that a polynomial of the form
(2.1) P(X) = ("2QX)’,
where 2 € C™ is an isotropic vector of the form q with the matriz @, i.e., a complex
m-vector satisfying
a(0) = 5900 =0,

is a harmonic polynomial of order g with respect to q, and each harmonic polynomial of
order g with respect to q is a finite sum of such polynomials.

For a real positive definite quadratic form q in m variables with matrix ) and a
harmonic polynomial P of order g with respect to q, the theta-function of q (of genus

one) with harmonic polynomial P and parameters (U, V), where U = Yuy,...,up), V =
Yv1,...,vm,) € C™, is defined by the series
(2.2) Op(2:Q, (UV) = Y P(N—V)er=QIN-VI+2UQN-UQV)

Nezm

where z = x + iy € H. This series converges absolutely for z in the upper half-plane and
converges uniformly in each half-plane {z € C | Imz > €} with € > 0.

In accordance with a specialization of the general inversion formula, see [2, Lemma 5.1],
the theta-function (2.2) satisfies the following inversion formula:

Z’m/2

Vdet Q

(2.3) Op(=1/z Q, (V,-U)) = (—2)2H0p (% Q7 QU,V)),

where
P*(X) = P(Q7'X)
is a harmonic polynomial of degree g with respect to the form q* and with matrix Q.

In order to define the zeta-function associated with the harmonic theta-function (2.2),
we use the Fuler integral

(o)
/ Yyl Wdy =T'(s)a™® (>0, Res > 0),
0
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where I'(s) is the gamma-function. For Res > & we obtain
> — . ﬂ_it
/O g2 (Op(iy: Q, (U V) = eV p(V,g) ) dy

)
— Z P(N _ V) e27ritUQN77ritUQV / ys+g/27167ﬂyQ[N7V]dy
NeZm, N£V 0

_ (27T)—(s+g/2)1"(8+g/2) e—m’tUQV Z 627ritUQN P(N - V)

_ s+qg/2°
NezZm, NAV q(N —V)s+a/

where
0 itV ¢&Z"orVeZ™ and g > 0,
p(V.g) = . # . B
P0) itV eZ™and g=0,

and q is the quadratic form (2.1). The function

+ P(N-V)
2.4 : ’ U, V) = 2ritUQN = \°Y — V)
(2.4) Cp(s; Q, (U,V)) NEZ;N;W e a(N — V)s+/2

is called the (Epstein) zeta-function of q with harmonic polynomial P and parameters
(U, V). The zeta function converges absolutely for Re s > m/2 and converges uniformly
in every half-plane Res > m/2 + ¢ with ¢ > 0. Thus, the zeta-function is an analytic
function for Res > m/2.

The study of analytic continuation and the functional equation for the zeta-function
is based on Riemann’s method of deducing the analytic properties of zeta-functions from
the integral representation and the theta-inversion formula (2.3). After standard consid-
erations, this leads to the following theorem (see, e.g., Siegel’s Tata lectures [8, Chapter I,

§5])-

Theorem 1. The zeta-function (p(s; Q, (U,V)) of a real positive definite quadratic form
q in ' m variables with a harmonic polynomial P of degree g and parameters (U, V') admits
an analytic extension to the whole s-plane, which is an entire function of s if either g > 0
or g = 0 and the vector QU is not integral. If g = 0 and QU is integral, then the zeta-
function is meromorphic in the entire s-plane with the only singularity at s = m/2 where
it has a simple pole with residue (27)™/?/\/det QT (m/2). In all cases Cp(s; Q, (U,V))

satisfies the functional equation

(2m) T (s + g/2) e ™V ¢p(s; Q, (U, V))

= /a0 (2m) 2 ((m + g) /2 — 8) ™ VY (pe (m/2 — 5, Q71 (—-QV,QU))

where P*(X) = P(Q71X).

§3. HECKE OPERATORS

Starting with this section, we assume that a positive definite quadratic form q in m
variables is integral, i.e., it has rational integral coefficients, in which case the matrix @ of
q is even, i.e., has integral coefficients and even coefficients on the principal diagonal. The
smallest number [ € N such that the matrix IQ ™! is even is called the level of the form q.
As a particular case of [2] Theorems 4.2-4.3], we obtain the following transformation
formulas for the theta-function (2.2) of an integral positive definite quadratic form of
level [: for each matrix

g_<‘;‘ ?)eFo(l)_{<: g)eSLg(Z)‘yzO (modl)},
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the theta-function satisfies the functional equation

B r(TF Q U)a) = palo) 9z + 5 F 0p( Q. (ULV)),

where pq(o) is an 8th root of unity, which is equal to 1 if I =1, but if [ > 1 and m is

even, then
tq(o) = g ((3 5)) = Xq(6),

with the character xq of the quadratic form q , i.e., a real Dirichlet character modulo /
satisfying the conditions

Xa(=1) = (=)™,

(—1)™/2 det Q
XqgWP) =\ —7———
an = (5
if p is an odd prime not dividing [, and

Xq(2) — 27777,/2 Z eﬂiQ[R]/Q
RezZm j22m

) (the Legendre symbol)

if I is odd.

In order to approach the natural question on Euler product factorization for zeta
functions, we recall the basic definitions and the simplest properties of the (regular)
Hecke-Shimura rings and Hecke operators for the groups I'g(l) that appeared above as
transformation groups of theta-functions. We follow the general pattern of the theory of
Hecke operators on modular forms (see, e.g., [I, Chapter 4], or [3, §2]) in the particular
case of the genus n equal to 1.

We denote by

Ho(l) = H(To(l), Xo(1))
the Hecke—Shimura ring of the semigroup
So(l) = {M = (”C‘ Z) € 72 ‘ det M > 0, ged(det M,1) =1, ¢=0 (mod 1)}

relative to the group I'g(I) (over C). The ring Ho(l) consists of all formal finite linear
combinations with complex coefficients of the symbols 7(M), which are in one-to-one
correspondence with the double cosets I'o(1)MTo(I) C Xo(l). It is convenient to write
each of the symbols 7(M), called also the double cosets, as the formal sum of the different
left cosets it contains (more precisely, of the corresponding symbols),

(3.2) T(M) = > To()M') (M € Eo(1)).
M’ €T ()\T'o(1)M To(1)

Then each element T' € H(l) can also be written as a formal finite linear combination
of different left cosets,

(3.3) T=> calo()Ms)  (ca €C).

These linear combinations can be characterized by the condition of invariance with re-
spect to right multiplication by all elements of I'g(1):

To=> calo(l)Mac) =T forall o € To(l).

In this notation, the product in Ho(l) can be defined by

TT =" ca(To(l)Ma) zﬁ:clﬁ(ro(l)Mé) = z;cac%(I‘o(l)MaMé).
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The ring Ho(l) is a commutative C-algebra generated over C by a countable set of
algebraically independent elements. As a set of algebraically independent generators we
can take, for example, the double cosets of the form

(3.4 )= ((5 3)). w=7((5 2)):

where p runs over all prime numbers not dividing [ (see, e.g., [I, Theorem 3.3.23]).

In order to define the Hecke operators on theta-functions, we introduce certain linear
spaces containing theta-functions. Let §,, denote the space of all complex-valued real-
analytic functions

F=F(z (UV)):HxC" xC™ = C,
where H is the upper half-plane of the complex variable z. For a fixed integral positive
definite quadratic form q in an even number m of variables with matrix () and a harmonic
polynomial P with respect to q, we define an action of the semigroup Yq(l) on the spaces
Sm by the Petersson operators

(35)  So(l)3 M : F =F(z (U, V)~ Fl{M = jo.p(M, )" F(M(z); (U, V)'M),

where

(3.6) i=Jjor ((“ Z) : z> = Xq(d)(cz + d) E79,

c

Xgq is character of the quadratic form q, ¢ is degree of P, and

M = (¢ 0) @ =20

cz+d
It is clear that the function cz + d does not vanish on ¥o(l) x H, so that the same is

true for each of the functions jo p(M, z). If the matrices M = (2%) and M; = (@ b )

C1 d1
belong to Yo(l) and M’ = (‘él/ Zl/) = M M,, then an easy and direct computation shows
that

(c-Mi(z) +d)(crz+d1)=cz+d (z € H),
and
Xa(d') = Xq(cb1 +dd1) = Xq(dd1) = xq(d)Xq(d1),
because ¢ = 0 (mod ). These formulas imply that the functions jg p(M, z) satisfy the
automorphic factors relations, i.e.,

jQJD(M, ]\41(2:>)']'Q7p(]\417 Z) = jQJD(MMl, Z) for all M, M, € Eo(l), z € H.
Therefore, the Petersson operators map the space §,, into itself and satisfy the rule
Flele1:F|jMM1 (FEgm, M, My EE()(Z))

This allows us to define the standard representation T' + [;T" of the Hecke-Shimura ring
Ho(l) = H(To(l), Xo(l)) on the subspace

(3.7) Fm(To()) = {F €Fm | Fljo =F forall oeTy()}

of all T'y(I)-invariant functions by Hecke operators: the Hecke operator |;T on the space
Sm(To(l)) corresponding to an element of the form (3.3) is defined by

(3.8) FiT =Y caFijMo  (F=F(z (UV)) € (o),

where the |;M, are the Petersson operators (3.5) corresponding to j = jg p(M, z). The
Hecke operators are independent of the choice of the representatives M, € T'g(l)M,
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and map the space §,,(I'o(1)) into itself. The definition of multiplication in the Hecke—
Shimura rings and relation (3.6) show that Hecke operators satisfy

‘jT|jT/ = |jTT/ for all T, T € Ho(l)

Hence, the map T +— |;7 is a linear representation of the ring Ho(l) on the space
Sm(To(l)). The Hecke operators (3.8) on the space §n,,(I'o(l)) are called regular Hecke
operators.

The functional equations (3.1) show that the theta-function (2.2) of an integral positive
definite quadratic form q of level [ in an even number m of variables with matrix ) and
a harmonic polynomial P of degree g relative to q, viewed as a function of z and U, V,
belongs to the space F.,, (To(1)). Thus, this space contains the images of the theta-function
under the Hecke operators corresponding to the generators (3.2) of the ring Ho(l). In
particular, this space contains the images of the theta-function under the action of the
operators [;7'(p) with primes p not dividing [, i.e., it contains the functions

Or(z Q, (UV)|iT(p) = > jo.p(M, 2)"'0p(M(2);Q, (U,V)'M).
MeTo(\Lo() (g ) To (D)

Since we can take

s Yro={(6 26 36 75 6 )

this image can be written in the form

Or(z: Q. WVIT0) = () Y 0r (L qwv ) D))

b=0

59) +0Op (pz; Q. (U,V) (g ?))

= (xa(P)p™*9) 7! Z_:@P (ZTJ:b; Q, (U+ bV,pV))

b=0
+0Op (pz; Q, (pU,V)).

The following particular case of [4, Theorem 6.3] shows that, in some cases, the images
of the theta-function under the Hecke operators corresponding to T'(p) with primes p
can be written as finite linear combinations with constant coefficients of similar theta-
functions.

Theorem 2. Let q be an integral positive definite quadratic form in an even number
m = 2k of variables, let | be the level of q, let xq be the character of q, and let P be a
harmonic polynomial of degree g relative to the form q. Then, for each rational prime
number p not dividing 1, the following explicit formulas are valid for the action of the
Hecke operator ;T (p) with automorphic factor j = jo p of the form (3.5) on the theta-
function (2.2) of genus 1 with the harmonic coefficient form P and arbitrary parameters
U, Vi if xq(p) =1, then

(310) Op(z @ WVNTE) = " S 0pip(s p QDL pD (UL V),
P peaq.py/am
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where

£(m) = 1 ifk=1,
IR a4y ik >,

A(Q,pn) = {D YA ‘ ,LFIQ[D] 1s even and det ,Lle[D] = det Q}
is the set of all automorphs of Q with multiplier u, A™ = GL,,(Z), and
(Plp~'D)(X) = P(p~'DX),
but if xo(p) = —1 and k =1, then
(3.11) Or (2 Q, (U, V);T(p) = 0.
The obvious relations
Opa(z; QA] AU, V) =0p(z; Q, (U, V)) foreach A€ A™ =GL,,(7Z),

where (P|A)(X) = P(AX), imply that the sum on the right in (3.10) does not depend
on a particular choice of the representatives D € A(Q, p)/A™.

Generally speaking, the set A(Q, 1) can be empty, but it is not empty when p = p is
a prime number satisfying xq(p) = 1. Clearly, A(Q, u)A™ = A(Q, 1), so that the group
A™ operates on each of the sets A(Q, ) by right multiplication. Since all automorphs
of A(Q, ) are integral matrices of fixed determinants =+ /2, it follows that each set of
right classes of automorphs A(Q, 1)/A™ modulo A™ is always finite.

Standard applications of Hecke operators to Euler factorization of zeta functions of
modular forms are based on consideration of common eigenfunctions of the operators.
Although Theorem 2 shows that some images of theta-functions under Hecke operators
are linear combinations of theta-functions, it gives no direct way to build eigenfunctions
from linear combinations of theta-functions. A possible approach can be found in the
replacement of the theta-functions with variable parameters U, V' by the corresponding
theta-series obtained by suitable numerical specializations of the parameters. A version
of such a specialization will be discussed in the next section.

§4. ACTION OF HEREDITARY HECKE OPERATORS ON THETA-SERIES,
AND EULER PRODUCTS

Here we consider the action of the regular Hecke-Shimura rings Ho(l) by Hecke op-
erators on theta-functions (2.3) with the specialized parameters (U, V), i.e., on the cor-
responding theta-series. The resulting hereditary Hecke operators, inherited from the
operators (3.8) acting on theta-functions with variable parameters, are in general dif-
ferent from the standard Hecke operators on theta-series viewed only as functions in z
ranging in the upper half-plane, because these theta-series may fail to be invariant with
respect to the group the form I'g(l). The Hecke operator inherited from an operator |;T°
will be denoted below by [T

In §2 we saw that the zeta functions of harmonic theta-functions have good analytic
properties. In order to consider another essential feature of arithmetical zeta functions,
the Euler product factorization, we follow the classical approach to this problem, initiated
by E. Hecke in [5] and based on consideration of eigenfunctions of Hecke operators acting
on modular forms. In order to apply Hecke theory, first we need to pass from theta-
functions, which are not modular forms, to suitable modular forms.

Starting with the theta-function (2.2) of an integral positive definite quadratic forms
q in an even number m = 2k of variables of level [ with an even matrix @@ and with
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harmonic polynomials P of degree g relative to q, we shall specialize the parameters of
the theta-function to be rational columns of the form

(41) U=0,V=1"'L with L € Z™ satisfying the congruence QL =0 (mod 1).
Then the theta-function turns into the theta-series

(4.2) Op(z QL) =Op(z Q, (0,17'L)) = Z P(N —17'L) mis QIN=171L]

Nezm
with the Fourier expansion
(4.3) 2 QIL) = ZTQP (n, L) et
n=0
where
(4.4) ro.p(n, L) = ) =9 P(M)
MEeZ™, M=L (mod )
Q[M]=2In

are the Fourier coefficients. Note that the theta-series (1.5) mentioned in §1 is propor-
tional to the series (4.2) with q = 8(z? +23), Q = (¥ %), { =32, L = (Z§), and
P((5;)) = @2
By formula (3.9) we obtain the following formulas for the action on the theta-series
(4.2) of the (hereditary) Hecke operators |;7T(p) with primes p not dividing the level /
of q:
©p(z QIL)[;T(p)
1 = (z +0b
= Op | Z—:;Q, ("L, I pL ) +0p (pz; Q, (0,171L
Xa(p)p*+9 bz:% "\p ( ) P ( )
p—1
_ ri ZEb -1 —1pt -2
_ k+g Z P(N —1 lpL)Ze i(ZRLQIN-1T pL]+20 7 B LQN -1 ?bpQ[L])
(45) Nezm b=0 + Z P(N i lflL) eﬂ'ipZQ[NflilL]
Nezm
_ p _ -1
 Xa(p)pFte 2 PN —1pLye
NeZm,q(N)=0 (mod p)
+ 3 P(N —171L)emrRIN-ITL
Nezm

QIN-1""pL]

Indeed the readily verified identity

2O OIN Z 17 L) + A WLON — 1-2bpQlL]

= gQ[N — 1 'pL] + gQ[N — 17 'pL] + 207 WILQN — 17 2bpQ[L]
— ZQIN — 17 pL) + 2QIN = ZQIN — 17 pL) + Zq(N)
p P p P

shows that

Ze

QIN—17pLI+20 B’ LQN 1" 2bpQI[L])

-l . ;
iz Q[N—1"'pL] ew — o BEQIN-IT L) p %fp | a(N),
2 0 ifpta(N).
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Writing the series (4.5) as a Fourier series, in the notation (4.4) we get the formula

. - 1 2mizn
(4.6)  ©p(z; QL)jT(p)—;<WTQ,P(np, pL) +rq.p (n/p, L)>e e,

where the second term in the parenthesis is present only if p divides n.
Now we consider a linear combination of the theta-series (4.2) written in the form
(4.3) with constant coefficients ®(L) depending on L modulo [, i.e., the function

F = @@)P(Z; Q) = Z CI)(L) @P(z§ Q|L)
Lez™/lz™,
QL=0 (mod )

(4.7) N
=3 3 ®(L)rg.p(n, L) | =7

n=0 \ Lez™/1z™,
QL=0 (modl)

with the Fourier coefficients

(4.8) rg.p(n, ®) = > (L) rg.p(n, L) = > 179®(M)P(M).
Lez™ /1™, MezZ™, Q[M]=2nl
QL=0 (mod ) QM=0 (mod h)

Using (4.6), we obtain

FliT(p) =0a,p(z Q[ T()= > ®L)Op(z QIL);T(p)
Lez™ /1™,
QL=0 (mod)

= Y S (ppmmrern el frarnn D)

Lez™/l7™, n=0
(49) QL=0 (mod )

1 2wizn

= i—itg Z Z ®(L)rg,p(np, pL)e™ 1

Xa(P)P 20 Lezizm,
QL=0 (modl)
2mizn

-i-ZTQ,p(n/p7 D)™ T .
n=0

2mizn

In order to reshape the first sum to a convenient form, now we assume that the coefficient
function @ satisfies a homogeneity condition of the form

(4.10) ®(al) = ¢p(a)®(L) foralla € Z with ged(a,l) =1,

with a function ¢ : Z/IZ — C. If ® is not identically zero, it is easily seen that the
function ¢ must satisfy the conditions

(4.11) p(1) =1, ¢(ab) = ¢(a)p(b) if a and b are prime to ;
in particular, the value ¢(a), where a is prime to I, must be a root of unity.

Returning to (4.9), we observe that if ® satisfies condition (4.10), then, since p does
not divide I, we can replace the sum over L by the sum over p’L with p’ satisfying
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p'p =1 (mod 1), obtaining

> ®(L)yrgp(np, pL)= > ®(p'L)rg.p(np, p'pL)
Lez™ 1z, Lezm 1z,
QL=0 (mod I) QL=0 (mod I)
=¢()) Y. @(L)rq.p(np, L) = d(p)rq.p(np, ®),
Lez™ lz™,

QL=0 (mod )

because the number ¢(p’) = ¢(p)~! = é(p) is complex conjugate to ¢(p). Substituting
the last expression in (4.9), finally we get the formula

Fl;T(p) = O, p(2; )I}T( )

(4.12) _ Z ( k — T, p(np, ®) +rq p(n/p, ‘1))) e 1

Suppose now that the function F = Og, p(z; Q) of the form (4.7) is an eigenfunc-
tion for the operator [{T'(p) with the eigenvalue Ap(p). Then, by (4.12), the Fourier
coefficients (4.8) of F' satisfy the relations

@13)  Ar () rg.p(n ) = — S plup. @) + 10 p(n/. ®).

provided that the function ® satisfies condition (4.10).
Relations (4.13) with numbers n # 0 differing by powers of a fixed prime p can be
viewed as recurrence relations; they can be used for summing formal power series of the

form
oo

Ry n(t) =Y rqr(@’n, ®)t°

6=0

Suppose that n is not divisible by p; then by (4.12) we have

Ar(D)Rp, n(t) = % ZTQ r(p 5+1 )t5 + ZTQ;P (pfsfln7 <I)) 49
6=0 =

% (Rp, (1) — r.p(n, ®)) + Ry (1),

whence

(t)=> ror(®n, ®)t°
6=0

= (1= p" 9 (0) D) AR (D) + D* " Fxa(0)d(D)?)  r.p(n, D).

These summation formulas will be used below for Euler product factorization of the zeta-
functions corresponding to the eigenfunctions of Hecke operators on spaces spanned by
theta-series (4.2).

We recall that the zeta-function (2.4) of the theta-series (4.2) is defined by the Dirichlet
series

-1 = r n
) Gsen- Y LWL D shrertn D)

NeZm, N£I-'L q(N —1-tL)™2

(4.14)
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where the rg, p(n, L) are the Fourier coefficients (4.4) of the theta-series. Hence, the
zeta-function of the linear combination (4.7) has the form

(4.16) (s, F)= > @(L)in(s; Q\L):Zw’
Lezm iz, = nsts

QL=0 (mod )

where the 7g, p(n, ®) are the Fourier coefficients (4.8) of F'. This zeta-function together
with the zeta-functions (4.15) converges absolutely for Res > k = m/2, and uniformly
in every half-plane Res > k + € with € > 0. Thus, ((s, F) is an analytic function for
Res > k.

Suppose that the function F' is an eigenfunction for the operator [;7'(p) with the
eigenvalue A\p(p), where p is a prime number not dividing . Then, using identity (4.14),
we can factor the function ((s, F') in the half-plane Re s > k as follows:

oo s+ 2 5
ey 3 Srerind)

5p)5+5
6=0 n>1,n#Z0 (mod p) (p TL) ?

(1_pkl+%xq<p>¢<p>AF(p> pklxq@)qs(p))l 5 e )

ps + pQS n8+%

nZ0 (mod p)

Assuming that F' is an eigenfunction for all operators \jT (p) with prime p not dividing !
and applying the last relation to each of the primes, we arrive at the following statement.

Theorem 3. Suppose that a linear combination F (like in (4.7)) of theta-series for an
integral positive definite quadratic form q of level l in an even number m = 2k of variables
with a harmonic polynomial P of degree g, where the coefficients ® satisfy condition
(4.10), is a common eigenfunction of the (hereditary) Hecke operators |{T(p) for all
prime numbers p not dividing | with eigenvalues Ap(p). Then the zeta function ((s, F)
of F admits factorization into an Fuler product convergent absolutely and uniformly in
every half-plane Re s > k + € with € > 0; this Euler product looks like this:
(4.17)
> ls+%’l”Q7p(n, (I))
((s, F)= 7; — 7
. (1 e OOV O
ps p25

g - I°t3rg p(n; @
P X (p)¢(p)) 3 Q,r(n; @)

nst

)

p€EP, ptl

n|l>°

where P is the set of all positive rational prime numbers, and the notation n|l> means
that n divides a power of I, i.e., each prime divisor of n divides [.

§5. EIGENFUNCTIONS FOR THETA-SERIES OF MULTIPLES
OF THE SUM OF TWO SQUARES

In accordance with Theorem 3, for applications of Hecke operators to Euler factor-
izations of the zeta-functions of theta-series one needs to build common eigenfunction of
the operators and find the corresponding eigenvalues. In the case of theta-series of one
variable, so far the only way to approach this problem is to use explicit formulas, like
formulas of Theorem 2, which express the images of the theta-series under the Hecke
operators in terms of similar theta-series. In this section we apply this approach to the
simplest case of harmonic theta-series of binary quadratic forms proportional to the sum
of two squares. The general case of positive definite integral binary forms is a question
for the future.
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Here we consider the action of (hereditary) Hecke operators on the harmonic theta-
series (4.2) of a quadratic form

q(X)=t(z}+23) (t=1,2,...) with the matrix Q = (Q(Jt QOt)

of level | = 1(Q) = 4t, where a column L € Z? satisfies QL = 0 (mod [), that is L = 0
(mod 2), so that L = —2T with T" € Z/2tZ, and where the harmonic polynomial P is
one of the binomials

PE(X) = (1, £0)X)? = (21 % iz2)? (X = (“”1» .

T2

The character xq of the form q is defined on the prime numbers by the conditions
Xq(P) =0if p |l and xq(p) = (—1)1)7_1 otherwise.

Each theta-series of this sort looks like this:
(5.1) Op(2; Q| —2T) = Y P(N + (2t)1T)em* QN+ 7T],

Nezm

In the notation and under the assumptions of Theorem 2, for the theta-series (5.1) and a
prime p not dividing the level [ = 4¢, in the case where x4(p) =1, ie.,if p=1 (mod 4),
we have the identity

(52)  Op(%Q-2T);T()= >,  Oppip(zp 'QD] | -2pD7'T),

DEeA(Q,p)/A?
and if xq(p) = —1, i.e.,, p=3 (mod 4), then

(5.3) Op(z; Q[ —21)[;T(p) = 0.

Thus, when looking for eigenfunctions, it suffices to consider only the case where p = 1
(mod 4). Note that in this case each right coset DA? € A(Q, p) contains a representative
D’ with positive determinant, and such a representative is unique up to a right factor
belonging to the modular group I' = SLy(Z). Then it follows easily that the mapping
DA? — D'T determines a bijection of the sets of the classes A(Q, p)/A? and AT(Q, p)/T,
where AT(Q, u) = {D € A(Q, p) | det D > 0} is the set of all proper automorphs of Q
with multiplier p. Thus, we can rewrite formula (5.2) in the form

Op(z QI -2T);T(p) = Y. Opp-ip(z p 'QID] | —2pD~'T)
DeA+(Q,p)/T

- Z Z P(p_lD(N+ (Qt)_lpD_lT)) eﬂ'izple[D][N+(2t)—1pD,1T].
N€z? DEAT(Q,p)/T

(5.4)

Since p does not divide [, it easily follows that for each D € A*(Q, p) the matrix
p~1Q[D] has the same divisor ¢ as the matrix @Q; hence, it is of the form tQ’, where
Q' is an even primitive matrix of determinant det Q' = det Q/t?> = 4, which, therefore,
has the form Q' ='W (29)U with U € T (the class number of the sum of two squares
is one). Thus, the representatives D of the classes A*(Q, p)/I’ can be chosen so that
p1Q[D] = Q and the sum over AT(Q, p)/T" can be replaced by the sum over the set
RT(Q, pQ)/E™, where

RY(Q, pQ) ={D € Z3 | det D > 0, Q[D] = pQ}
is the set of proper representations of pQ by @, and

E+_{U€F|Q[U}—Q}—{((l) (1)>’<_01 _01> (_01 (1))’<(1) _01>}
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is the group of the proper units of Q. Thus, we can rewrite (5.4) as follows:
©p(z; QI —2T)[;T(p)

(5.5) — Z Z P(p—lD(N + (2t)_1pD_1T)) ez Q[N+(2t)*1pD71T].
N€Z? DERH(Q,pQ)/E+

Since p =1 (mod 4), it is easily seen that the set RT(Q, pQ) can be taken in the form

(5:6) Qo ={ (% V) labez e —p]

and consists of 8 matrices, while a set of representatives R™(Q, pQ)/E™ can be taken,
e.g., in the form

R+(Q7PQ)/E+_{<_{IIJ Z),(Z _ab)la,beZ,a2+b2—p,0<a<b}
= {D1, D3}

(5.7)

and consists of 2 matrices. Now, consider the action of the operator |7'(p) on the linear
combination of theta-series (5.1) with a coefficient function ®, which we shall write in
the form

(5.8) O(T) =ty +ita) (T=(}L) €T eZ?/27? t, +ity, € O =Z[i]/2t O)

with, for example, P(X) = P*(X) = (z1+ix3)?, i.e., we consider the action of the above
operator on the theta-series

F= Z o(T)Op(z; QI —2T)
TEZ?/2t72
= Z Z (I)(T)P(N—|— (Zt)_lT)GQﬂ—iZQ[N+(2t)71T]
N€EZ2 TEZ? /2t72

= (2079 oty +ita) ((2tny + 1) +i(2tng + t)) e B (Gtmtt) +2inatt)®)

ni,n2€7Z,
t1,t2€Z/2tZ

=207 D p(ma + imy)(my + img)Te s (MiHmE),

m1,ma€Z

(5.9)

Using formulas (5.5), we obtain

(5.10)
it =( Y emert: Q- 2T)) ST (p)
TEeZ2 /2472
= > > > (T)P(p 'D(N + (2t) " 'pD~1T))e™= QIN+(20) " 'pD'T]
N€Z? DERT(Q, pQ)/E+ TEL? /272
=2 > ST @@ DT)P(p DN + (2t)71T))e™ = QNI T,

NEZ? DERH(Q, pQ)/E+ TEZ? /2t 72

where at the last step we have replaced T by p’ DT with an inverse p’ of p modulo 2t.
Using the notation (5.8) for D =Dy = (% %), Dy = (‘g _ab) in the set of representatives
(5.7), we have

o(p'DiT) = & (p’ (_“b 2) (Z)) -9 (p’ (fﬁzﬁbﬁz))

= o(p(aty + btz +i(—=bty + ata))) = p(p'(a + ib)(t; + it2))
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/ - ;[ a —b tl o ’ at1 — btg
vormsn = (o (i) (i) = (v (o)
= (p'(aty — bty +i(bt1 + ata))) = ¢(p'(a — ib)(t1 + itz)).
Now, suppose that the function ¢ is multiplicative, i.e.,
(5.11) e(af) = p(a)p(B) (o, B € 0/200),

in particular, ¢(1) = 1 if ¢ is not identically zero. Then the above formulas imply the
relations

and

O(p'DiT) = ¢(p(a +ib)(t1 + its)) = (p(a + b)) D(T)
and
O(p'DaT) = (p'(a — ib) (1 + ita)) = o (p'(a — ib))®(T).
On the other hand, for, e.g., the harmonic polynomial P = P*(X) = ((1, i) X)?, we have
Pp'DiX) = ((1,))p D1 X)? = (p~*(a —ib, b+ ia)X)’
= (p~H(a—ib)(1, 1)X)" = (p~'(a — b))’ P(X),
and similarly,
P(p~D2X) = (p~*(a+ b))’ P(X).

Hence, if the coefficient function (5.8) satisfies the multiplicativity condition (5.11), then
formula (5.10) for, say, P = PT can be rewritten as follows:

FI;T(p)
— Z Z (I)(p/DlT)P(plel(N_F(2t)71T))67rizQ[N+(2t)—1T]

NeZ2 TeZ? /2172
+ 3 > e DLT)P(pT Da(N + (2) 7)) = QN FEO T
(5.12) N€Z2 TEr? /2672
=Y Y (e@(a+ib)(p'(a—ib)? + @(p'(a—ib))(p~"(a+ib))?)
NemTent/a < ®(T)P(N + (2t)~1T))em= QN+ ']

/
- ‘/’g ) (pla+ib)(a—ib)? +p(a—ib)(atib)?) F = An(p)F,
i.e., the linear combination F' is an eigenfunction of the operator |J*T(p) with the eigen-
value

/

(5.13) Ar(p) = (p(a+ib)(a —ib)? + p(a —ib)(a + ib)?) .

~—

The above consideration allows us to apply Theorem 3 to the zeta-function

o0

O(T)P(N + (2t)7'T) 3 cr(n)
q(N + (2)71T)s*+3 = pot3

n=1

(5.14) ((s, F) = >
NezZ?, Ter? /272,
N+(2t) "' T#0

of the linear combination (5.9) in the case of harmonic polynomials P = P* because,
clearly, the coefficient function ® satisfies condition (4.10), where the function ¢ : Z/2tZ
is equal to the restriction to Z C Z[i] of the function . Then we see that the zeta-function
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(5.14) admits factorization in an Euler product absolutely and uniformly convergent in
every half-plane Res > 1 4 € with € > 0; this Euler product looks like this:

g -1
G15) s F)= ] (1_p2xq(p)w(p)AF(p)+xq(p)w(p)> 3 cr(n)

s 25 s+5 7
peP, plat b b nl(26)>

where Ap(p) is the eigenvalue (5.13) if p =1 (mod 4), and Ap(p) =0if p = —1 (mod 4).
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