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FINITE REPRESENTABILITY OF /,-SPACES
IN SYMMETRIC SPACES

S. V. ASTASHKIN

ABSTRACT. For a separable rearrangement invariant space X on the semiaxis, F(X)
is defined to be the set of all p € [1,00] such that £, is finitely representable in X
in such a way that the standard basis vectors of ¢, correspond to equimeasurable
mutually disjoint functions. In the paper, a characterization of the set F(X) is
obtained. As a consequence, a version of Krivine’s well-known theorem is proved
for rearrangement invariant spaces. Next, a description of the sets F(X) for certain
Lorentz spaces is found.

§1. INTRODUCTION

In 1974, Tsirel’son constructed an example of a Banach space containing no isomorphic
copies of £,, 1 < p < o0, and ¢y. Two years later, Krivine proved a theorem that showed
once again the fundamental difference between the properties of infinite-dimensional
subspaces of a Banach space and subspaces of finite (though large) dimension. To state
and discuss it, we introduce some notions.

Definition. Suppose X is a Banach space, 1 < p < oo, and {z;}$2; is a bounded
sequence in X. The space ¢, is said to be block finitely representable in {z;}32, if for
every n € N and € > 0 there exist 0 = pg < p; < -+ < p, and «; € C such that the

vectors uy = Efipk—l‘f’l a;z; (k=1,2,...,n) satisfy the inequality
n
(L) an)izilly < || D arun| < (A +e)ll(ar)iill
k=1 X

for arbitrary ai,as,...,a, € C. Here, as usual,

n 1/p
(@i = (D) it p< o0, and (@) = max agl.

Tl

Definition. Let X be a Banach space, and let 1 < p < co. The space £, is said to be

finitely representable in X if for every n € N and € > 0 there exist z1,22,...,2, € X
such that
n
(1.1) (4o an)izilly < || D armn| < (A +e)ll(ar)iill
k=1 X
for arbitrary a1, as,...,a, € C.

By the celebrated Dvoretzky theorem (see [2] or [3, Theorem 5.8]), £2 is finitely rep-
resentable in an arbitrary infinite-dimensional Banach space X. Clearly, if £, is block
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finitely representable in some sequence {z;}$2; C X, then ¢, is finitely representable in X.
Therefore, the following statement proved by Krivine in [4] is an important supplement
to the Dvoretzky theorem.

Theorem 1 (see [B, Theorem 11.3.9]). Let {z;}2, be an arbitrary normalized sequence
in a Banach space X such that the vectors z; do not form a relatively compact set. Then
¢, is block finitely representable in {z;}52, for some p, 1 < p < co.

Undoubtedly, this statement is a central result in the geometric theory of Banach
spaces. It has numerous applications (see, e.g., [5] and [3]). In this connection, it is
natural to look for a description of all p € [1, 00] such that ¢, is finitely representable in
a given Banach space. It has turned out that the (Rademacher) type and cotype of the
space play an important role here. Denote by 7, : [0,1] = R (n € N) the Rademacher
functions, i.e., r,(t) = sign(sin 2"7t). A Banach space X is said to have typep, 1 < p <2,
if there exists a constant K > 0 such that for every n € N and arbitrary z1,...,z, we

have
n n 1/p
S )| e < K(Z mv’)
k=1 k=1

A Banach space X is said to have cotype g > 2 if there is a constant K > 0 such that

for every n € N and arbitrary x1, ..., x, we have
n 1/q
(Z |$k|q) )k
k=1

If ¢ = oo, the left-hand side of the last inequality must be replaced by maxi<p<p ||k]|-
The space X is said to have trivial type (trivial cotype) if X only has type 1 (only has
infinite cotype). Detailed information about these notions can be found in [6] and [7].
We introduce the notation

px :=sup{p € [1,2] : X has type p}
and
gx = inf{q € [2,00] : X is of cotype g¢}.
It can easily be checked that if £, is finitely representable in a Banach space X, then

p € [px, qx]. Moreover, Maurey and Pisier proved the following refinement of Theorem 1
(see [§]).

Theorem 2 (Maurey—Pisier). For every infinite-dimensional Banach space X, the spaces
by and g, are finitely representable in X.

Suppose now that a Banach space X is endowed with a partial order making X a Ba-
nach lattice. If ¢, is finitely representable in X and, moreover, the images 1, 22,...,2,
in X of the basis vectors of £, can be chosen mutually disjoint, we say that ¢, is lattice
finitely representable in the Banach lattice X. In this case, the role of the type and
cotype is played by the upper and lower estimates for the lattice.

We recall that a Banach lattice X admits an upper p-estimate if there exists a constant
M such that for every n € N and arbitrary mutually disjoint vectors z1,...,z, € X we

have
S <M(Z||xk||p)1/p (b < )

k=1

and
n

2

k=

<M max ||.’L‘kH (p = ).
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A Banach lattice X is said to admit a lower g-estimate if there exists a constant M > 0
such that for every n € N and arbitrary mutually disjoint vectors x1,...,z, € X we have

n 1/q n
(Stnle) " < at] S| (< o0
k=1 k=1

and
n
< = .
st <u[$a] 0=
Let a
s$(X) :=sup{p>1: X admits an upper p-estimate}
and

o(X):=inf{g>1: X admits a lower g-estimate}.

If ¢, is lattice finitely representable in a Banach lattice X, then p € [s(X), o(X)]. Fur-
thermore, the following lattice version of the Maurey—Pisier and Krivine theorems was
proved in [9].

Theorem 3 (Schep). If X is an infinite-dimensional Banach lattice, then £y x) and
ls(x) are finitely representable in X.

In what follows, we shall consider a special class of Banach function lattices, specif-
ically, the symmetric (in other terminology, rearrangement invariant) spaces. See the
next section for the definition. If z(¢) is a measurable function on [0,a) (0 < o < 00),
we denote ng(7) := m({s € [0,a) : |z(s)| > 7}). Here and in the sequel m denotes the
Lebesgue measure.

Definition. Let X be a symmetric space on [0,00). We denote by F(X) the set of
p € [1,00] with the property that for every n € N and every & > 0 there exist z; € X
(k =1,2,...,n) such that suppz; Nsuppz; = & for (i # j), ng, (7) = ng, (1) (k =
1,2,...,n; 7 > 0), and for every a; € C we have

n
E ATk
k=1

(with a natural modification for p = 00).

(1.2) L+ (an)izlly < < (L+9)ll(ar)i=illp

X

If ax and Bx are the Boyd indices of a symmetric space X, it can easily be shown
that F(X) C [1/8x,1/ax]. Next, in the monograph [7] the following version of Krivine’s
theorem was stated without proof (see also the remark after Theorem 3.3 in [10]).

Theorem 4 (see [7, Theorem 2.b.6]). If X is an arbitrary symmetric space, then
max F(X) =1/ax and min F(X) =1/8x.

The last theorem and, in general, the structure of F(X) play an important role in
the study of geometric properties of symmetric spaces (see, e.g., [I1]) and also in the
study of normal solvability and invertibility of operators between function spaces, which,
in its turn, is important for the theory of functional-differential equations, the theory of
dynamical systems, etc. (see [I2] and references therein).

The following notion will be important in what follows.

Definition. Let A : X — X be a bounded linear operator, X being a Banach space
over C. A sequence {u,}>2; C X, ||lup|| =1 (n = 1,2,...) is called an approzimate
eigenvector corresponding to an approzimate eigenvalue A € C for A if || Au, — Auy,|| — 0.
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It can easily be shown (see [3, 12.1]) that every bounded linear operator has at least one
approximate eigenvalue. The main result of this paper is the following characterization
of the set F(X) for an arbitrary separable symmetric space on [0,00). Theorem M will
turn out to be an easy consequence of it.

Theorem 5. Let X be an arbitrary separable symmetric space on [0,00). Then p €

F(X) if and only if X := 2P s an approzimate eigenvalue for the dilation operator
Tx(t) == z(t/2).

The proof of this theorem is the main topic of §3 (in §2] we introduce the necessary
definitions and notation). As a consequence, we shall prove Theorem M (we remind the
reader that it was stated without proof in [7]). In the second part of the paper (§5),
we describe F(X) completely in the case where X is a Lorentz space. It will be shown
that, depending on the function that generates this space, either F(X) is the entire
interval [1/8x,1/ax] or F(X) is the union of two intervals. In the proof, the results of
[13] are used substantially; that paper contains a thorough description of the image of
Sx =8 —AI (S is the shift operator, I is the identity, and A € C) in a weighted £,-space.
This description is presented in detail in §4. Finally, §0] contains examples and remarks.

§2. DEFINITIONS AND NOTATION

A Banach space (X, || - ||x) of complex-valued and Lebesgue measurable functions on
the interval [0,) (0 < a < o0) is said to be symmetric (or rearrangement invariant)
if, whenever y € X and z*(¢t) < y*(t) (t € [0,)), we have z € X and ||z||, < |yl«-
Here and below, 2*(t) is the right continuous nondecreasing rearrangement of |z(s)|, i.e.,
*(t) =inf{r >0 : ny(r) <t} (t > 0).

A symmetric space (s.s. for short) X is said to be mazimal (or to have the Fatou
property) if the conditions {f,}52, C X, fn, — f a.e. on [0,«) and sup,, || fully < o©
imply f € X and ||f||, <liminf, ,o |[fn]lx- As in [7], in what follows we assume that
X is either separable or maximal.

For every s.s. X on [0,00) we have the following continuous embeddings:

LiNLe €CX CLi+ L.

We denote by X the closure of L1 N L, in X; this set is called the separable part of X.
If X £ L1 N Ly, then X is separable.

Let X be a symmetric space. The function ¢x(t) := ||xallx, where A C (0, 00),
A(A) = t, and x4 is the characteristic function of A, is called the fundamental function
of X. Another important characteristic of a symmetric space X is its Boyd indices. We
recall their definition in the case of a space on [0, 00). For any 7 > 0, the dilation operator
o,2(t) := x(t/7) is bounded in any s.s. X and ||o;|x—x < max(l,7) (7 > 0); see [14]
Theorem 2.4.4]. The numbers

In |jo, In ||lo,
ax = lim 4HHU xox and f[x := lim 4HHU x>
T—0 Int T—00 Int
are called the Boyd indices of X; we always have 0 < ax < fx < 1.
The dilation function of a positive function ¢(¢), t € (0, 00), is defined by the formula
p(st)

My(s) =sup ——, 0<s<o0.
>0

e(t)

Next, the numbers

In M
and dy = lim D2R5) v(5)
s—0+ Ins s—oo Ins
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are called the lower and the upper dilation indices of 1(t). If ¢ is quasiconcave, that is,
1(t) is monotone increasing and ¢(¢)/t is monotone decreasing for ¢ > 0, then 0 < 7, <
dy <1 (see [14} §2.1.2]).

Important examples of symmetric spaces are the L,-spaces (1 < p < oo) and their
generalization, the Orlicz spaces. Let @ be an Orlicz function on [0, 00), i.e., ® is a convex
continuous monotone increasing function on [0, 00) with ®(0) = 0 and ®(o0) = oco. The
Orlicz space Lg on the semiaxis consists of all measurable functions f on [0,00) for
which the norm || f[|z, = inf{p >0 : [;° ®(|f(t)|/p) dt < 1} is finite.

The Lorentz spaces, considered in the second part of the paper, constitute another
class of symmetric spaces. Let 1 < ¢ < oo, and let ¢ be a positive function on (0, c0)
satisfying the following conditions:

(a) the dilation indices of ¢ are nontrivial, i.e., 0 < vy <y < 1;

(b) the function (¢)?/t is monotone decreasing.

The Lorentz space A,(¢) consists of all functions x(¢t) measurable on (0, c0) and sat-
isfying . N
2.) el o= ([ awmr §) <o
This a separable s.s., and it can easily be checked that its Boyd indices coincide with
the corresponding dilation indices for v, i.e., aa, () = Vo, Ba,(p) = dy. Next, since the
dilation indices are nontrivial, the function v is equivalent to its least concave majorant
(see [14, Corolary 2.1.2]) and, consequently, we may assume that 1 is quasiconcave. See
the monographs [7, 14, [I5] for more details.

Finally, we present the definitions and notation to be used in the proof of Theorem
Let E be a space of complex sequences in which the standard unit vectors e, (n € N)
form a symmetric basis. Throughout, we denote by ¢y the set of all finitely supported
sequences, i.e., x = (x,)52; € co0 if x, = 0 for all sufficiently large n. For arbitrary
x = (xn), ¥y = (Yn) € co,0, we denote by x @ y their disjoint sum. This is an arbitrary
vector in ¢g o whose nonzero coordinates coincide with all nonzero coordinates of z and
y. For instance, if ng = max{n € N : x,, # 0}, then for the disjoint sum of = and y we

can take the vector:
no o0
TOy = Zmnen + Z Yn—noCn-
n=1

n=no+1

Since the basis {e,}52; is symmetric in F, the norm ||z & y||g does not depend on a
specific choice for x @ y.

We say that a vector x is replaceable (e-replaceable) by a vector y if for arbitrary w,
v € cp,p we have

[udzdv|e=udy®vle
(respectively,
llu@zovs—ludy®ols|<e).
All Banach spaces are assumed to be complex. We write f < g if ¢f < g < Cf for

some constants ¢ > 0 and C' > 0 that do not depend on the values of all (or some) of the
arguments of f and g.

§3. CHARACTERIZATION OF F(X) FOR S.S. ON THE SEMIAXIS

Proof of Theorem [ Observe that the operator T is bounded on X and 1 < ||T||x»x <
2 (see the preceding section).

First, let p € F(X). Then for every n € N there exists a collection {zy}7—, of
equimeasurable and mutually disjoint functions (i.e., supp «; Nsupp z; = @ for i # j and
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Ny, (T) = ng, (7) for 7> 0 and k =1,2,...,2") such that

1 2" 1/p 2" 1/p
(3.) 3(Xlal) < <o Sl
k=1 k=1

(we assume that p < oo; the case of p = oo is treated similarly). Consider the functions

9s

Yo ‘= T1, Ys = Z Z; (821723"'777’)'

i=25—141
They are also disjoint; moreover,
(3.2) Ny (1) =2, (1) (1>0), s=1,2,...,n

Since X is separable and symmetric, we always can ensure by approximation that
supp yo = supp 1 C [0, A] for some A > 0. Putting

20(t) = ygt), z(t) =2(2""t—A4) (s=1,2,...,n),

we have supp 2z, C [2°71A,2°A4] for s = 1,2,...,n (in particular, the z, are mutually
disjoint). Next, by B.2), n.. (1) = n,, (1) = 2°"In, (1) (r > 0). Therefore, since X is
symmetric, we obtain

(3.3)

sYs
X

n
E bszs|| =
s=1 X

for arbitrary by € C. From the definition of the functions y, and relation [B1l), we deduce
that

%2<s—1>/p < llysllx <2-26-D/7 and %nl/p <

Z o(1=8)/py, H < ont/p,
- X

By [B3), it follows that the functions Z,(t) := 2(1=%)/Pz (t) satisfy
1

n

1
(3.4) 3 <|IZsllx <2 and inl/p < ZZS . < 2nl/?,
s=1
Thus, putting
t)=n"PY"Z(t) (n=1,2,..),
s=1
we have
1
(3.5) —<Jollx <2 (n=1,2,...).

2
Moreover, since Z,(t/2) = 2'/PZ, 11 (t) (s = 1,2,...,n — 1) by the definition of Z,, we see
that for A\ = 21/ the operator Ty := T — AI (I is the identity) satisfies
Thvn(t) =n~ /P < > E(t/2) - A Z Zs(t)>
s=1 =1

—nl/p<21/pZzs+1 )+ Zn(t/2) — 21/1’225 )

=n /P (zn(t/s2) —2l/rz, (t)) .

Therefore, taking the first inequality in (4] into account, we obtain ||Thv,||x < 8n~1/?,
whence ||Thv,|lx — 0 as n — oo. Putting o, := v,/[|vn]|, by B8) we see that also
| T50,||x — 0. So, A = 2/P is an approximate eigenvalue for 7.
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Now, we prove the converse. We start with some notation. For n = 0,1,2,... and
k=1,2,..., we introduce the intervals A} = [27"(k — 1),27"k) and the functions
1 _
fi = ox(2 ) “xap, where ©x(27") = [xarlx.

Next, let X,, be the linear hull of the sequence {f;'}7°,, and let U denote the linear
mapping of cyo to X,, determined by the condition Ue;, = f}! (k = 1,2,...). Given a
symmetric space X, for n € N we introduce the norm |a||g, := ||[Ualx on c¢op. The
completion of cyg under this norm is a symmetric sequence space E,,, and {ex}72, is a
normalized symmetric basis in it.

‘We observe that

n 1 n n
Tfy = ox@ ) (XA;,C,I +XAgk) = fop—1+ [k

foralln=0,1,2,... and k = 1,2,.... Therefore, whenever a = Y aiey € coo, for every
b € cop and d € cop we have

b@a®add|g, =||Ub®Ua®Ua® Ud|x

(3.6) = U6 &Y ar(fiis + f3) © Udllx
=|Ub&»TUa® Ud|x,

because { f }72 , is a symmetric basic sequence in X. Let A be an approximate eigenvalue

of T, and let {g;}7°, C X, |lg]l =1 (I =1,2,...), be the corresponding approximate

eigenvector. Since X is separable, there is no loss of generality in assuming that g; € X,
for some n; < no < --- and

1
1Tgr — Aaillx < 7 (l=12,...).
We show that the vector U~1g; @ U~ lg; is 1/I-replaceable by AU 'g; in E,,. Indeed, let
b, d € cpg. Choosing due representatives for disjoint sums, by ([B:6]) and the preceding
inequality we obtain
[boUlgeU gadlE, —Ibe\U g &d|s, |
(3.7) = [|Ub® Tg ® Ud||x — |Ub® Agi ® Ud]|x|

1
< Tg — Aail|x < T

For every [ € N, we introduce a new sequence space Fj, namely, the completion of ¢y
with respect to the norm

m
> aje;
=1

Clearly, the sequence {ej}72 ; of unit vectors in Fj is isometric to a sequence of disjoint
functions in X,,, that are equimeasurable with g;.

(3.8) = laU g @ aU g & ®amU ‘g, (meN).

F,

. . . . . k k
We arrange all vectors in ¢gg with rational coordinates in a sequence (ag ), e a&,j)go:l

and construct a decreasing family (I¥)%°, (k = 1,2,...) of infinite sequences of natural
numbers such that for every k =1,2,... the limit

: (m)
tin | e
J

exists for all 1 < m < k. The standard diagonal procedure yields a sequence (I5)32,

included in each subsequence (I¥)°; up to finitely many terms. The usual arguments

Flk
i
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based on the density of the rationals in the set of reals show that the limit
i | S
J

exists for arbitrary a = (a;) € cgo. Therefore, we can introduce a new norm ||al|z on cyo
which is equal to this limit. We denote by F' the completion of cgg in this norm. By the
definition and [5, Lemma 11.1.11], it is clear that for every € > 0 and m € N there exists
50 € N such that for all s > s¢ and arbitrary a; € C we have

Fls

(3.9) (1+¢) i€ el <(1+e¢)

m
> aje
j=1

We prove that the sum e; + e, is replaceable in F' by Ae;. Indeed, let b, d € cop be
arbitrary. Relations (B.1) and ([B.8) show that

| [b©er +ex@dlr, —[b®Aer ©d|F, |

Fls Fls

=V eUtgeU ged|p, —IVeN ged|s, |<

NlH

for all s € N. Thus, by (33, for every 6 > 0 and all s € N sufficiently large, we have
H|b@61 + e9 EBdHF — ||b@)\61 @d||p|
<|lb@er+es@d|r,~ b res @dlp,|+5(lb@er +ea@dlr+ 0D Aer @ dl|r)

1
< T +6([b®er+ex®d||p+|bD ey B d|F).

Since the right-hand side in the last inequality can be made arbitrarily small, we see
that

lu@er+e®v|p=|udAes ®v|F.
Now, if A = 1, then |le; +e2+ -+ ey|lr = 1 (n € N), and F is isometric to co.
Furthermore, (80), B.8), and (8:9) show that for arbitrary ¢ > 0 and n € N there exists

a collection of mutually disjoint and equimeasurable functions wy,ws, ..., w, in X such
that
n n
(3.10) (I14+¢)” ZakekH Zakwk <(l+4¢) Zakek
k=1 X k=1 F

for arbitrary a1, ag, ..., a, € C. Consequently, p = co € F(X).

Assume that 1 < A < 2, i.e., A := 2Y/? with 1 < p < co. Then, by Lemmas 11.3.11 and
11.3.12(ii) in [B], there exists a sequence {b,}5°; C coo with ||by]lr =1 (n =1,2,...)
such that the vectors b, ®b,, and b, b, B b, are 1/n-replaceable by 21/Pp,. and 31/1’bn,
respectively. Acting in the same way as in the passage from FE,, to F', we obtain a space
G in which e; + e5 and e; + e3 4 e3 will be replacable by 2'/Pe; and 3'/Pe;, respectively.
But then G is isometric to £, see [5, Lemma 11.3.11]. As before, for every ¢ > 0 and
n € N, we can find a collection of mutually disjoint equimeasurable functions in X such
that a formula similar to (3I0) is valid for the unit vectors {ex}}_; in G and arbitrary
ai,as,...,a, € C. This means that p € F(X), and the theorem is proved. O

A statement similar to the following one (but for the inverse of T)) can be found in
[16] (Theorem 3.2).

Proposition 1. Let X be a symmetric space on [0,00) with Boyd indices ax and PBx.
Then the operator Tx =T — M (as before, Tx(t) := x(t/2)) is an isomorphism of X for
Al ¢ [20%,20%].
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Proof. Let |A\| > 28x. Suppose that the equation Thz = y or, equivalently,
(3.11) z(t/2) — Ax(t) =y(t) (t>0)
has a solution = = z(t) € X for arbitrary y = y(¢) € X. Then
A ta(t/2%) — 2(t/2) = A Hy(t/2).
Adding the last two identities, we obtain
Aha(t/2%) = ha(t) = y(t) + A Hy(t/2),
whence
z(t) = =AM (y(t) + A y(t/2)) + A 2x(t/22).
Proceeding in the same way, we arrive at the relation

(3.12) a(t) ==Y A Fy@F) + ATe(27) (t>0),

k=1
which is valid for arbitrary n. Take ¢ > 0 with 29x%+¢ < |\|. By the definition of the
Boyd indices,

lorllx—x < CTO%F (72 1);
therefore,

lz(27"8)|lx < C2"PxF9) |z x.
Consequently,

2@k < C(AT1254) " allx = 0 as 1 — oo,

and, by (312,
(3.13) x(t) = — i AEy(27R ) (> 0).
k=1

Thus, if a solution z € X of equation ([BII) exists, it must have the form (BI3)
(the series on the right in (BI3)) converges absolutely because |A| > 2°%). On the other
hand, it is straightforward that the function (B3] is a solution of equation (BI1]). To
summarize, this equation has a unique solution x € X for an arbitrary y € X on the
right. Thus, the operator T) : X — X is an isomorphism.

The case where |\| < 2% is treated similarly. O

We present a consequence of the above statement and Theorem 5.

Corollary 1. The spectrum o(T) of T lies inside the annulus {\ € C : |\| € [29%,20x]},
and the set F(X) lies inside the interval [1/8x,1/ax].

We show that all boundary points of this annulus are approximate eigenvalues for T'.

Theorem 6. Let ax and Bx be the Boyd indices of a symmetric space X. Then any
A € C with |\| = 2°% or |\| = 29X is an approzimate eigenvalue for T. In particular,
the spectral radius v(T) is 2°% .

Proof. First, let A = 28x. The definition of the Boyd indices (see [14] §§2.1.1 and 2.4.3])

shows that
In|lo-||x-x

fx = i%ﬁ Int
Therefore,
(314) HTn||X*>X = ||0—2”||X~>X > 2nﬁx (n c N),

and we can argue as in the proof of Theorem 11.3.12 in [5]. We give the details for
completeness.
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By (BI4)) we have

lim ||(n+1)27"XT"| x ,x = oo,
n— oo

and the uniform boundedness principle implies the existence of fy € X, ||fol|x = 1, such
that

(3.15) limsup || (n + 1)27"XT" fo|| x = oo.

n—oo

Clearly, the function fy may be assumed to be nonnegative.
By Corollary [I the operator T' — 71 is invertible in X if » > 2%x. Consequently,
(T — rI)=2 can be represented as follows (the series converges):

(T —rl)?= %2 g(n + 1)r T,
Since fo > 0 and T > 0, we conclude that
(T = D)7 follx = r~2|[(n+1)r™"T" fo]| x
for every r > 2% and every n € N. By (B.15),

lim |[(T —rI)"%fo|x = oo.
r—28x

Therefore, there exists a sequence {r,} with r,, — 27X such that either
lim [[(T = rad)~" follx = oo,

n—od

or
o T =D follx
wveo (T = D) folLx

In either case, it is easy to find a sequence {¢,}>2; C X, ||gn||x = 1, such that

lim ||(T —rn)gnllx = 0.
n—oo

Surely, this implies that 27X is an approximate eigenvalue for 7T
If A = 29X then, again by [I4], we have

_ Inlo;||x—x
ax = sup —
0<7<1 nrt

implying that the operator T-1f(t) = f(2t) satisfies
(T )" [x=x = lloz-nllxox 227" (n€N).
Arguing as in the preceding case, we deduce that 27X is an approximate eigenvalue for
Til = 0'1/2, i.e.,
lim (77! =27¥Dh,|x =0
n—o0
for some sequence {h,};2; C X with [|h,[[x = 1. Since 1/2 < [|[T~ h,[x < 1 for all
n € N (see §2)), and for g, :== T~ h,, /|| T~ h,|| we have
el
[
we see that 2¢X is an approximate eigenvalue for T
Now, let A € C, and let, for instance, |\| = 2. Then A = 2°x¢% for some 0 < § <
27, If {9,}22, C X is an approximate eigenvector corresponding to the approximate

eigenvalue 27X, then it can easily be checked that the functions f,(t) := t~"1°82¢g, (¢)
(n € N) satisfy the formula

(T = 2% Dgn|lx = (T™F =27 D)ha |,

(T — XD f, = (T — 2°xI)g,.
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Since ||fnllx = |lgnllx = 1, we see that A is an approximate eigenvalue for T. The case
where |A| = 29X is treated similarly.

Since 2°% is an approximate eigenvalue for T, we have 2% € ¢(T), and the second
statement of the theorem follows from Corollary [l and the definition of the spectral
radius. ]

We show that, in the case of symmetric spaces on the semiaxis, Theorem Ml is an
immediate consequence of the results obtained (we recall that Theorem 4 was stated in
[7, theorem 2.b.6] without proof).

Proof of Theorem [ If X is separable, the claim follows from Theorems 5, 6 and Corol-
lary [l Otherwise, X is maximal. It is easily seen that then |o,||x—x = |lor]x,—x
for every 7 > 0, where Xy is the separable part of X (see §[). Thus, ax = ax, and
Bx = Bx,- If X # L1N Ly, then Xy is separable and, consequently, max F(Xp) = 1/ax
and min F(Xy) = 1/Bx. Since Xy is a subspace of X, this implies the claim by Corollary
0l If X = Ly N Ly, the result is obvious. O

Theorems [l and [ allow us to completely describe the sets F(X) if X is a Lorentz
space. In doing this, we shall crucially need the results of [I3], so first we summarize
them.

§4. THE CLOSEDNESS OF THE OPERATOR S) IN A WEIGHTED fq—SPACE

For a numerical sequence p = (1) satisfying the conditions

(4.1) 0 < pin < punsr <2up, (k=0,+1,+2....),

oo
k=—o0

we introduce the weighted space £,(¢) with the norm

oo

@)l = ( 3

k=—o0

1/q
i) (<4< o0)

Next, for every A € C we put Sy = S — A, where S(ay) := (ax—1) is the shift operator
and I is the identity. The operator S is linear and bounded on £, ().

Basically, the paper [13] is devoted to the real interpolation method for subcouples of
codimension 1 generated by a linear functional bounded on the intersection of the spaces
of the initial couple. As an application, the following problem was resolved completely
n [I3]: if the weight sequence p = (px)3 _ ., satisfies (1)), determine when the range
of Sy is closed in £4(p). (In what follows, we say that an operator is closed if its image
is closed.) To state the result, we need some definitions and notation.

Let 9 (t) be a quasiconcave function on (0, 00). We introduce three dilation functions:

b(ts) b(ts) (ts)
O =swp iy MO= _ s e M= s 6

They are submultiplicative on (0,00) and, consequently, we can introduce the following
six numbers:

o = lim M, ap = lim 1282 MO(t)7 . — lim 282 My (t)
=0 logyt t—>0  logyt t—0  log,t
logy M (t logy My (t logs M (¢
B = lim OgQ—()7 Bo = lim LO(), Boo = lim 0gy Mo ( )’
t—oo  logyt t—oo  logyt t—oo  logyt

which are called the dilation indices for ¢ (observe that « and S coincide with ag and
Bo defined in §2)). It is easily seen that 0 < a < ap < fy < f<land 0 < a < axn <
Boo < B < 1. Moreover, a = min(ayg, ®oo) and S = max(5y, B ), see [13, Lemma 1]. Let
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wr = ¥(2F) (k= 0,41,42,...). Since 1 is quasiconcave, the numbers s, satisfy (@I]).
Next, the above dilation indices can also be calculated by the following formulas:

1 1
o= — lim —log,sup Fik , 8= lim — log,sup i ,
n—oo N kez Mn+k n—oo N kez Hk—n
1 - 1
ap = — lim —log, sup Fir 2. Bo = lim — log, sup ,
n—oo 7 k<0 Mk n—0oo 1 k<0 Mk—n
1
Qoo = — lim — log, sup Boo = lim — log2 sup —— Bhtn
n—oon k>0 Motk n—eon k>0 Mk

Therefore, applying [13, Theorem 5 and Proposition 2], we obtain the following statement
(we formulate it in a slightly more general but equivalent form).

Theorem 7. Suppose A € C and 1 < g < co. Then the operator Sy is closed in £q(p1) if
and only if

Al € [0,2%) U (2P0, 2%=) U (20=,220) U (27, c0).
Moreover, if |A| € [0,2%) U (2%>,2%0) U (2%, 00), then Im Sy = £,(p); if |A| € (2%,29),
then Im Sy is a closed subspace of codimension 1 in £,(w). The operator Sy is invertible
if and only if |\| € [0,2%) U (2%, 00). If |\| € (2%,2%=), this operator is injective, but if
|| € (2P, 2%), it is not.

It should be noted that a weaker result, involving only four indices, was proved in [I7].
In the next section, we shall apply Theorem 7 in order to deduce a similar result for
the dilation operator defined on a Lorentz space.

§5. DESCRIPTION OF THE SET F(X) FOR LORENTZ SPACES

Let 1 < g < 00, 9 a positive function on (0, co0) satisfying conditions (a) and (b) in §2]
and A,4(¢) the Lorentz space whose norm in defined by (2.I)). As has been mentioned, this
is a separable s.s. whose Boyd indices coincide with the corresponding dilation indices
of ¥, i.e., ap, ) = Yy, Ba,(p) = y- Moreover, by condition (a), we may assume that ¢
is quasiconcave.

We put Ay, = [2F,2F+1) (k = 0, £1,42,...) and for an arbitrary sequence a = (a;,)22,
of complex numbers introduce the function

Z arXxa,(t)

k=—o00
By [I8], Proposition 5.1(2)], we have

dt
||ha||Aq(w>x( |ak|q/w )

with constants independent of (ak) Since 1 is quasiconcave, we obtain

k=—o0

P(t)e — Aw(2’“) (k=0,+1,%2,...),
Ay

whence
o0

Ialla, oy = < 3

k=—o0

1
akqwzk)q) '

with constants depending only on v and ¢. Thus, putting u = ¥(2%) (k = 0,+1,42,...),
in the notation of the preceding section we obtain

(5.1) 1hallag @) = ll(ax) e ()
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i.e., £y(p) is isomorphic to the subspace [xa,] spanned in A,(y) by the system of the
characteristic functions of dyadic intervals.

As before, let Tz(t) = x(t/2) and T\ := T — X (A € C), where I is the identity
operator on Ag(1). We show that Ty and Sy =S — Al (see §4) are related in a simple
way. First, for an arbitrary sequence (ay) we have

L) = 3 arxan(t/2) -2 Y2 arxa, (0

k=—o00 k=—o00
(52) = Z akXAk+1(t)_A Z akXAk(t)
k=—o00 k=—oc0
= Z (S/\a)kXAk(t)'
k=—o0

In particular, by (&) it follows that
(5.3) ITxPalla, ) < 1Sxalle,(u)-

In the sequel, we shall also need the following statement.

Proposition 2. For arbitrary A € C, the following assertions are true:
(i) T is injective if and only if Sy is injective;
(ii) if T is closed, then Sy is closed;
(iil) if Sy is injective and closed, then Ty is closed.

Proof. First, we verify that it suffices to prove the proposition for A > 0. Indeed, let
A = |\ - €, where 6 € [0,27]. For every z € A,(1), we introduce the function y(t) =
t=0082¢ . a(t). Then y € Ag(v), [ylla,w) = 2]l a, (), and

T)\y(t) _ tfielog2 e2i010g2 e:E(t/Q) _ tfielogz e)\I(t) _ tfie log, eewwa(t).

Consequently, [|Txylla, ) = |7\ Zlla,(p), and we see that T) is injective (closed) if and
only if T}y is injective (closed).

A similar statement is true for Sy and S)y. In this case, if a = (ar) € £,(n) and
b= (by), by := are™ "% again we have b € £,(u) and l6lle, () = llalle, (- Furthermore,

(Skb)k _ ak_le—wkew _ )\ake—iek _ 6_i9(k_1)(5‘)\|a)k,,

whence [[Sxblle, () = [1S)xj@lle, (n), and the claim follows.

(i) The fact that the injectivity of T implies the injectivity of S is a direct conse-
quence of (B3). Since T and S are injective, it suffices to prove the converse for A > 0.

Suppose x € Ag(1),  # 0, and Tha = 0. Since [Tha| > ||z(t/2)] — Az (t)| |, we may
assume that x(t) is nonnegative. Outside a set of zero measure, we have

(5.4) 2(t/2) = X~ a(t)

for ¢t > 0, whence it follows that

/Ak w(t) dt = %/Akx(t/Z)dt— §A o(t) dt

or
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Since the space A,(¢) is separable, it is an interpolation space with respect to the
couple (L1, L) (see [14, the corollary to Theorem 2.4.10]. Therefore, the averaging
operator

(5.5) Z 2” ’“/ s)ds - xa,(t)

k=—o0

is bounded on A4 (%)) (see [I4] §2.3.2]). Hence, by (E1)), the sequence

a(z) = (27’C /A,. x(s) ds)Ziioo

belongs to Ly(p). Thus, by the preceding formula, the sequence a = (ax) with ai =

—k / Ao s)ds also belongs to this space. At the same time, it is easily seen that
S,\a = 0 Slnce x > 0and x # 0, by (E4) we deduce that a # 0. Therefore, Sy is not
injective, and statement (i) is proved.

(i) If a™ = ()32 _ oo € lg(p) (n =1,2,...) and Sxa™ — b = (by) in £g(p), then,
by (@3)), the functions {Thhe»} form a Cauchy sequence in A,(y). By assumption,
T\hgn — y := Thx, where € Ay(1)). Formula (5.2) shows that y = hy,.

Next, arguing in the same way as we did to deduce (5.2)), we obtain

oo

(5.6) 2(t) =Ty ho(t) = Y (S570) x4, (1),

k=—oc0
where Sy ' = (bgy1—A"'bx)x. Since x € Ay (%), relation (5) shows that ¢ := (S’;lb)k €
ly(u). Thus, b = Sye, i.e., b € Im S). Consequently, Sy is a closed operator.
(iii) Suppose that T is not closed. Then there exists a sequence {z,,} C A,(¢)) with
the following properties:

(57) ||.’[n||Aq(w) =1 (TL = 1, 2, .. ) and ||T)\.’[n||Aq(w) — 0.

Since A4(%) is an interpolation space with respect to the couple (L1,L), by [14]
Lemma 2.4.6] we obtain

[Txznll = (a7, (8/2) = Mg, ()] = [[Taay, I

Consequently, we may assume that every function x,, satisfies (B.7)) and is nonnegative
and monotone nonincreasing. Next, if @) is the averaging operator defined by (B.5]), then
for every € Ay(v)) we have

Qhx = Z 2_/ Thx(s)ds - xa,

k=—o00

= 3 -k (s s — r(s)ds | -

-y (/A (f2ds = [ (5)45) - xa.

= 3 -k x(s)ds — z(s)ds | -

_k;mz (2/Ak_1()d A/Ak()d>XAk

= Z (ak—1(z) — Aag(2)) - xa, = Z (Sw(x))k-xm.,
k=—o00 k=—o00

where, as before, a(z) = (2~ ka x( ds) _ . Since

Qzla, ) < C||$|\Aq(w)
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for some C' > 0, from (E.I)) and (5.1) it follows that [Sxa(xn)lle, ) — 0 as n — oo.
Furthermore, the same relation and the monotonicity of x, imply the inequalities

Z 2"“/ Zn(s)ds - xa,
Ag

la(zn)lle,(u) > €

P Ay(®)
>c kZ 2, (251 xa, > cllo1j2an| 2 §||93n|| =3
=—0Q0 q

Since, by assumption, S is injective, we see that S) is not closed, which contradicts the
assumptions. 0

The next statement is a direct consequence of Theorem 7 and Proposition 2.

Corollary 2. Suppose A € C and 1 < g < co. Then Ty is injective and closed on Ay(1))
if and only if

IA] € [0,2%) U (2%, 2%<) U (27, 00).
Moreover, it is invertible on A, (1) if and only if || € [0,2%) U (27, 00).

Now we are in a position to completely describe the set F(X) in the case where X is
a Lorentz space A, (v).

Theorem 8. Let 1 < g < o0, and let ¥ be a positive function on (0,00) satisfying
conditions (a) and (b) in §2 If as < Bo, then F(Ay(¥)) =[1/5,1/al; if ae > Po, then
F(Aq(¥)) =[1/8,1/coc] U [1/fo,1/c].

Proof. First, if p & [1/8,1/a], then X := 21/7 ¢ [2,2P]. By Proposition[I} T} is invertible
in this case, so A is not an approximate eigenvalue of T. Consequently, by Theorem [}
p & F(Aq(¥)), and F(Aq(¢)) C [1/5,1/a].

Suppose that as, < fy and p € [1/B,1/a]. Then A\ = 2/7 ¢ [2¢ 2], and, by
Corollary ], T, is either noninjective or nonclosed. In both cases, A is an approximate
eigenvalue of T. Thus, p € F(A4(¢)) by Theorem 5. So, [1/8,1/a] C F(A,(¢)) in the
case in question.

Now, suppose that aes > fo and p € (1/awe,1/8y). Then A = 2/P ¢ (260, 2%=) and,
again by Corollary 2] T is closed and injective. Therefore, there exist ¢ > 0 with

1Tzl A, ) 2> cllzlla, ) (x € Ag(¥)).

Consequently, A is not an approximate eigenvalue for T', and p & F (A4 (1)) by Theorem 5.
O

Remark 1. Tt can easily be shown (see [I3]) that for arbitrary four numbers a, b, ¢, and
d with 0 < @ < min(b,¢) < max(b,c) < d < 1 there exists a function 1 quasiconcave
on (0,00) and such that a(y) = a, Bo(¢¥)) = b, ax(¥) = ¢, and B(vp) = d. Thus,
by Theorem 8, for every 1 < ¢ < oo we have F(A,(¢)) = [1/d,1/a] if ¢ < b and
F(A,()) =[1/d,1/c]U[1/b,1/a] if ¢ > b.

§6. CONCLUDING EXAMPLES AND REMARKS

Example 1 (see also [9]). For arbitrary 1 < p < r < oo, consider the quasiconcave
functions 1 () = max (£1/7,#1/7) and () = min (¢1/7, /7). It is easy to verify that
M) = 5 (i =1,2), Mo(¢1)(t) = Moo (12)(t) = t"/7, and Moo (v1)(t) = Mo(y2)(t) =
tl/p. Therefore, 04(1/)1) = 1/7”, ﬂ(d)z) = 1/p (Z = 172), 010(77/}1) = ﬂo(@/}l) = 0400(1/)2) =
Boo(th2) = 1/7, and aee (1) = Poo (Y1) = ao(¥2) = Bo(vp2) = 1/p. Thus, by Theorem 8,
F(Ay(1)) = {p,r} and F(A,(¥2)) = [p, 7] for every 1 < g < co. Observe that

Aq(d}l) _ Aq(tl/p) mAq(tl/r) and Aq(lbz) _ Aq(tl/p) —|—Aq(t1/r).
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Example 2. Now, let 1 <p <r < oo,andlet X = L,(0,00)NL,(0,00),Y = L,(0,00)+
L, (0,00) with the usual norms:

1fllx = max(|[ fllz,, 1]z, ),
[flly =mf{llgllz, + 17l « f=9+h, g€Ly hel}

Then 11 (t) = max (t1/7,t1/7) and 12 (t) = min (¢t}/?,t!/7) are the fundamental functions
for X and Y, respectively; so, as in the preceding example, we have ax = ay = 1/r and
Bx = By = 1/p. By Proposition[Il] T\ = T — Al is an isomorphism in L(0, co) provided
that X\ # 21/, Consequently, for every A different from 2'/? and 2'/" there exists ¢ > 0
such that

ITxflle, = ellflz, (f €Ly) and |[Taflo, = clfllz,  (f € Ly).
Thus, |Txfllx > ¢||f|lx and we see that no such A is an approximate eigenvalue for T'
on X. By Theorem [l and Bl F(X) = {p,r}.
In order to find F(Y'), we show that T) is not injective on Y for 21/7 < X < 2/7,

Indeed, let fo be an arbitrary positive function belonging to Ly[1,2]. It can easily be
verified that Ty f = 0 if

FO) = > A2 ) Xpn 20y () (t>0).

n=—oo

Next, by the definition of the norm on a sum of spaces, we have

£y < || DA fo@ " ) xpe 2y @]+ || D AT o2 xjzn 2001 (B)
n=0 Ly n=1 L,
—c0 gn+1 1/p 00 on+1 1/r
= (Z AT / fo(2 )l dt) + (Z o / fo(27 )" dt)
n=0 2n n=1 "

— 0 1/p 0o 1/r
< { ( > A‘"”2"> + ( > A"”?”) }IfoIILOOM
n=0 n=1

(we consider the case where r < oo; for r = oo the arguments are similar). Since
21/7 < X\ < 21/P_ the two series on the right in the last inequality converge. Consequently,
f €Y and T) is not injective on Y. Thus, an arbitrary A € (2'/7,2'/P) is an eigenvalue
of T. Applying Theorems [f and @] we deduce that F(Y) = [p,r].

Remark 2. If we denote by «, ag, aso, 8, B0, Boo the dilation indices of the fundamental
function of a symmetric space, then, formally, the results of the preceding example fit
into the pattern of Theorem [ (though it is not applicable because X and Y are not
Lorentz spaces). It seems quite natural to conjecture that the domain of applicability of
Theorem [R]is wider than the class of Lorentz spaces. In particular, it would be interesting
to prove a similar result for Orlicz spaces on the semiaxis (the spaces of Example[2lbelong
to this class). Note that for the Orlicz spaces X = Lj[0,1] on an interval we always
have F(X) = [1/8x,1/ax] (see [I9, Theorem 4.a.9] and [7, remark on pp. 140-141]).
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