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ABSTRACT. In a Hilbert space ), a family of operators A(t) admitting a factorization
of the form A(t) = X (¢)*X(t), where X (t) = Xo + tX1, t € R, is considered. It is
assumed that the point Ao = 0 is an isolated eigenvalue of finite multiplicity for A(0).
Let F(t) be the spectral projection of A(t) for the interval [0, §] (where § is sufficiently
small). For small |¢|, approximations in the operator norm in ) are obtained for the
projection F(t) with an error of O(|t|3) and for the operator A(t)F(t) with an error
of O([t|®) (the threshold approximations). By using these results, approximation in
the operator norm in §) are constructed for the operator exponential exp(—A(¢)7) for
large 7 > 0 with an error of O(7~3/2). For the resolvent (A(t) + ¢2I)~! multiplied
by a suitable “smoothing” factor, approximation in the operator norm in $) for small
e > 0 with an error of O(e) is obtained. All approximations are given in terms
of the spectral characteristics of A(t) near the bottom of the spectrum. In these
approximations, the first and the second correctors are taken into account. The
results are aimed at applications to homogenization problems for periodic differential
operators in the small period limit.

INTRODUCTION

0.1. In aseries of papers [BSull BSu2l [BSu3| [BSu4] by M. Sh. Birman and T. A. Suslina,
a new operator-theoretic approach to the problems of homogenization in the small pe-
riod limit was suggested. By this approach, the so-called operator error estimates in
homogenization theory were obtained. In [BSull [BSu2, [BSu3| [BSud], the new approach
was applied to elliptic homogenization problems, and in [Sull, [Su2l [Vl [Su3l [Sud] it was
applied to parabolic problems. Under this method, after using a scaling transformation
and the Floquet-Bloch decomposition, a family of differential operators depending on the
parameter (the quasimomentum) arises. It is convenient to study this operator family in
the framework of an abstract operator-theoretic pattern.

The present paper is a further development of the corresponding operator-theoretic
material. At the same time, this material is of interest by its own. The authors are going
to devote a separate paper to application of the results obtained here to homogenization
problems.

In the abstract framework, a family of selfadjoint operators A(t) acting in a separable
Hilbert space $) is considered. This family admits a factorization of the form A(t) =
X(t)*X(t), where X(t) = Xog +tX1, t € R. It is assumed that the point Ay = 0 is an
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isolated eigenvalue of finite multiplicity n for the operator A(0). Let 91 = Ker A(0), and
let P be the orthogonal projection of §) onto the subspace 1.

The family A(¢) is an analytic operator-valued function of ¢t. We study the spectral
characteristics of A(t) near the bottom of its spectrum by methods of analytic perturba-
tion theory. The above factorization of the operator A(t) allows us to advance far.

Fix a sufficiently small number § > 0. If t° is sufficiently small and [¢t| < ¢, then
the operator A(t) has exactly n eigenvalues in the interval [0,d]. (The values of § and
t? are controlled; see §1.) By the analytic perturbation theory, there exist real-analytic
branches of the eigenvalues \;(t) and real-analytic branches of orthonormal eigenvectors
@i(t), L =1,...,n, of the operator A(t). Herewith, \;(t) = yt? + O(|t|?), where v, > 0,
and ¢;(t) =w; +O(Jt]), L = 1,...,n. The vectors wy,...,w, form an orthonormal basis
in 9. The crucial role is played by the so-called spectral germ of the operator family A(t)
at ¢t = 0: this is a selfadjoint operator S : 91 — 9 such that Sw; = yyw;, I =1,...,n. By
using a factorization for the operator A(t), an invariant definition of the spectral germ
can be given (see §1).

Let F(t) be the spectral projection of A(t) for the interval [0,6]. Our first goal is to
find approximations in the operator norm in § for the operators F(t) and A(¢)F(t) for
[t| < t° (the so-called threshold approzimations). In [BSull Chapter 1], the principal
terms of such approximations with the following error estimates were found:

(0.1) IF(t) = Pllo—s < Cultl,  [[A@®)F () = t2SP|g-s < Cot]?,  [t] <1°.

In [BSu2], sharper approximations for F(¢) with an error of O(t?) and for A(t)F(t)
with an error of O(t*) were obtained. In the present paper, we establish still sharper
approzimations for F(t) with an error of O(|t|?) and for A(t)F(t) with an error of O([t|*).
These approximations are given in terms of finite rank operators arising in the analytic
perturbation theory.

As in the previous publications, in order to calculate the approximate operators we
use the power series expansions for analytic branches of eigenvalues and eigenvectors of
A(t), while in order to prove error estimates we integrate the difference of the resolvents
of A(t) and A(0) over a suitable contour in the complex plane.

0.2. The resulting approximations for the operators F'(t) and A(t)F(¢t) are applied to
the problems of approximation in the operator norm in $) for operator-valued functions.
Namely, we approximate the operator exponential exp(—A(t)7) for large 7 > 0 and the
resolvent (A(t) + €%I)~! for small ¢ > 0. It is assumed that for some ¢, > 0 we have
A(t) > cit?I for |t| < t; this ensures that the spectral germ S is nondegenerate.

Let us discuss the results for the operator exponential. In [Sull [Su2], the principal
term of approximation for the operator exponential exp(—A(t)T) was obtained by us-
ing estimates (0.1). This approximation is given in terms of the (finite rank) operator
exp(—t2S7)P; the error estimate is of order |7|~/2. Next, in [V], on the basis of the
results of [BSu2], a more accurate approximation for the exponential exp(—A(t)7) with
an error of order |7|~! was obtained. In this approximation, the first corrector (of order
O(|7|71/?)) was taken into account.

In the present paper, we obtain even more accurate approzximation of the exponential
exp(—A(t)T) with an error of order |t|=3/2. For this, we take the sum of the first and
second correctors into account (the second corrector is of order O(|7|~1)).

Note that the norm of the operator exp(—A(t)7) F(t)* is estimated by e~°7 and “moves
to the error” with reserve. Therefore, the problem reduces to approximation of the
operator exp(—A(t)7)F(t). This makes if possible to apply the threshold approximations
for F(t) and A(t)F(t). This argument shows that the problem under investigation is of
“threshold nature”.
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0.3. Now we discuss the results for the resolvent (A(t) +&21)~!. In [BSull, Chapter 1],
estimates (0.1) were employed to find the principal term of approximation for this re-
solvent in terms of the operator (25 + 2I)~!P with an error of order O(e~!). (Note
that the resolvent (A(t) 4+ 2I)~! itself is of order O(¢~2).) In [BSu2], a more accurate
approximation for the resolvent (A(t)+&2I)~! with an error of order O(1) was obtained.
Herewith, the first corrector (of order e~!) was taken into account.

Note that the norm of the operator (A(t) +¢&2I)~1F(t)* is estimated by the constant
6~ and “moves to the error” if the resolvent is approximated with an error of O(1).
This shows the “threshold nature” of the problem.

However, if one looks for even more accurate approximation of the resolvent with
an error of O(e), then the term (A(t) + 2I)~'F(t)* does not move to the error any
longer. This is an essential difference between the elliptic and the parabolic problems.
In order to obtain approximation of the resolvent with an error of O(e), we multiply the
resolvent (A(t)+¢&%I)~! by a suitable “smoothing factor” from the right. (In applications
to differential operators, the corresponding operator is smoothing indeed, allowing us to
transfer this term to the abstract context.) We obtain approximation of the “smoothed’
resolvent (A(t) +&2I) =t with an error of O(¢). Now, the sum of the first and the second
correctors is taken into account (the second corrector is of order O(1)).

0.4. The structure of the paper. In §1, we introduce the operator family A(¢) and
some auxiliary operators (including the spectral germ) arising in considerations in the
spirit of perturbation theory. Also, we consider power series expansions for analytic
branches of eigenvalues and eigenvectors of the operator A(t). In §2, the power series
expansions for the operators F'(t) and A(t)F(t) are treated and several terms of these
expansions are calculated. In §3, we find a fairly sharp approximation for the difference
of the resolvents of the operators A(¢) and A(0) on a suitable contour in the complex
plane. Applying the results of §3, in §4 we prove error estimates in approximations
for F(t) and A(t)F(t). §5 is devoted to approximation of the operator exponential
exp(—A(t)7) for large values of 7. In §6, the case of an operator family of a special form,
namely, A(t) = M*/T(t)M7 is considered; approximation for the operator Me~AM7T\r*
(a sandwiched operator exponential) is obtained. §7 is devoted to approximation of the
resolvent (A(t) + £21)~! multiplied by a suitable “smoothing” factor.

Formally, the paper can be read without consulting the previous papers. All necessary
facts are duplicated (some of them with proofs). At the same time, the acquaintance
with [BSull Chapter 1], [BSu2|, [Su2l §2], [Vl §2, 3] may facilitate reading.

0.5. Notation. Let G and G, be separable Hilbert spaces. The symbols (-, -)g and
I - |lg stand for the inner product and the norm in G, respectively; the symbol || - ||g—g.
stands for the norm of a continuous linear operator from G to G,. Sometimes we omit
indices if this does not lead to confusion. By I = Ig we denote the identity operator
ingG. If A: G — G, is a linear operator, then Dom A denotes the domain of A and
Ker A denotes the kernel of A. If 91 is a subspace in G, then Mt := GoN. If P is the
orthogonal projection of G onto 9, then P~ is the orthogonal projection onto N-+.

By § with various indices and marks we denote absolute constants. Other (specific)
constants in estimates are denoted by ¢, C,C, € with various indices and marks.

§1. A FACTORIZED FAMILY OF SELFADJOINT OPERATORS

The content of Subsections 1.1, 1.2, 1.3, and 1.5 is borrowed from [BSull, Chapter 1],
[BSu2].
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1.1. The family of operators A(t). Let $ and $. be separable complex Hilbert
spaces, let Xy : $ — 9. be a densely defined and closed operator, and let X; : § — 9.,
be a bounded operator. On the domain Dom X (¢) = Dom X, we consider the operator
X(t) := Xo +tX1, t € R. Our main object is a family of selfadjoint (and nonnegative)
operators
(1.1) A(t) = X()*X(t), teR,
in the space . We denote A(0) = XX =: Ao. The operator (1.1) corresponds to the
quadratic form a(t)[u,u] = || X (t)ul|_, v € Dom X,. We denote

M= Ker Ag = Ker Xy, M. := Ker X|.
It is assumed that the number A\g = 0 is an isolated point of the spectrum of Ay, and that

0<n:=dimN<oo, n<n,:=dmMN, <oo.

The distance from the point A\g = 0 to the rest of the spectrum of Ay is denoted by d°.

Let F(t, s) be the spectral projection of the operator A(t) for an interval [0, s]. In what
follows, we fir a number § > 0 such that 8§ < d°. Tt turns out (see [BSull, Chapter 1,
(1.3)]) that

(1.2) F(t,0) = F(t,38), rank F(t,0) =n, |t| <t® =462 X, .

Below we write F(t) = F(t,6). Let P be the orthogonal projection of the space §) onto
the subspace 91, and let P, be the orthogonal projection of ), onto 91.. We use the
notation P+ =1 — P, M+ = H O N, etc.

The operator family A(t) depends on the parameter ¢ analytically; the point Ag = 0
is an isolated eigenvalue of finite multiplicity n for the unperturbed operator Ag. There-
fore, for small |¢| the eigenvalues of the operator A(t) near zero and the corresponding
eigenvectors can be studied by methods of the analytic perturbation theory.

1.2. The operators Z and R. We introduce some auxiliary operators that arise in
the study of A(t) in the framework of the analytic perturbation theory.

Let D := Dom Xy N N+. The form (Xon, XoC)s., 7, € D, determines an inner
product in D converting D into a Hilbert space. We have
(1.3) 1Xo¢l5. = °liCI > 83ICIs, ¢ €D
Let u € 9. The equation X (Xt —u) = 0 for an element ¢ € D will be understood in
the weak sense:
(14) (XOQ/}; XOC)YJ* = (ua XOC)ﬁ*v C €D

(cf. [BSull Chapter 1, (1.7)]). The right-hand side of (1.4) is an antilinear continuous
functional of ¢ € D. By the Riesz theorem, there exists a unique solution %, and
1 X0 |ls, < llulls.. Now, let w e 9 and v = —X;jw, i.e.,

(1.5) X5 (Xot) + Xyw) = 0.

The solution of (1.5) is denoted by ¥ (w). We define a bounded operator Z : § — $ by
the relations

(1.6) Zw=v¢W), weN;, Zx=0, zeNt
(cf. [BSu2, Subsection 1.2]). Clearly, rank Z < n, ZP = Z, and PZ = 0. By (1.3),
83[lw (w5 < 1Xov (@5, < 1Xwl, < X [lwl,

whence

(L.7) 1Z]] < (88) 2|1 X0 .
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Now, we introduce a linear operator R (see [BSull, Chapter 1, Subsection 1.2]) as
follows:
(1.8) R:M—->MN.,, Rw=XoZw+ Xjw.
Another description of R is given by the formula R = P, X|n, which implies the estimate
(L9) IR < 1.
1.3. The spectral germ. In accordance with [BSull Subsection 1.3], the operator
(1.10) S=R'R:M—->N

is called the spectral germ of the operator family (1.1) at t = 0. The germ can be written
as S = PX{P.Xi|n and admits the estimate

(L.11) ISI < 131>

The germ S is said to be nondegenerate if Ker S = {0}, or equivalently, rank R = n. The
spectral meaning of the operator S is discussed below in Subsection 1.5.

1.4. The operators Z; and R,. Let w € 9. Consider the following equation for
¢ € D:

(1.12) X3 (Xo¢ + X1 Zw) = —P1 X} Rw.
0 1

The right-hand side of (1.12) belongs to M+ = Ran X{, i.e., the solvability condition is
fulfilled. Equation (1.12) is understood in the weak sense:

(1.13) (X090, X0Q) g, = —(X1Zw, X0() s, — (X{Rw,()y, (€D.

The left-hand side is the inner product of the elements ¢ and ¢ in D, while the right-
hand side is an antilinear continuous functional of ¢ € D. By (1.3), (1.7), and (1.9), the
right-hand side is estimated as follows:

[(X1Zw, X0() s, + (X7 Rw, ()5 | < [[X1Z2w] g, [ XoClls. + [ X7 RwllslIC]ls
< (IX 121+ 1 X2 R)(88) ) [wll s | XoC |l
< (20) 2 X4 | |wlls || X o€, -

By the Riesz theorem, there exists a unique solution ¢ = ¢(w) of equation (1.12), and

(1.14) 1 Xob(@)lls. < (262X 2wl

We define an operator Z; : $ — ) by the relations

(1.15) Zow = ¢(w), weM; Zox=0, xcNt
Clearly, ZoP = Z3 and PZ; = 0. From (1.14) and (1.3) it follows that
(1.16) 12l < (46) 11X, 2

Now, we introduce an operator Ry as follows:
(1.17) Ry : M— 9., Row=XpgZow+ X1 Zw.
To estimate the norm of R, we observe that (1.13) with ¢ = ¢(w) implies
[Rowlf, = [ Xod(w) + X1Zw|)F, = (Row, X1Zw)g, — (X{ Rw, $(w)) g

1 1 .
< MRl + 21X Zully, + X Rullgll ol
By (1.7), (1.9), and (1.16), we have

(1.18) Rzl < V/5(88) /2| Xy |
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1.5. Power series expansions for eigenvalues and eigenvectors. The general an-
alytic perturbation theory (see [K]) shows that for [t| < t° there exist real-analytic
functions A\;(t) (the branches of eigenvalues) and real-analytic $-valued functions ¢;(t)
(the branches of eigenvectors) such that

(1.19) AWou(t) = n(O@u(t), 1=1,...,n, [t <1,
and the ¢;(t), I =1,...,n, form an orthonormal basis in the space F'(t)$). Then
(120) ((pl(t),(pk(t))ﬁ :5lka l,k:].,...,n, |t| Sto.

For sufficiently small t, < t and |t| < t., we have the following convergent power
series expansions:

(121) )\l(t):’ylt2—|—,ult3—|—ult4+~-~ , >0, p,yeR [=1,....n,
(122) ‘Pl(t) = w +t¢l(1) +t2<)0l(2) +t3§01(3) + ) l= 175”
The elements w; = ¢;(0), I = 1,...,n, form an orthonormal basis in 91. Hence,
(1.23) P=> (-, w)sw

1=1

Relations (1.19) mean that

(12)  (XO@), X5, = MO8, O, ¢ €DomXo, L=1,...,n.

We substitute expansions (1.21) and (1.22) in (1.24) and compare the coefficients of
the same powers of t. The coefficients of t° are equal because w; € 91. Comparing
the coefficients of t!, we arrive at the equation XS(XO%(D + Xjw;) = 0 (understood in
the weak sense). By the definition of the operator Z (see (1.5), (1.6)), this means that
Wy = gol(l) — Zw; €M, i.e.,

(1.25) oV =Zw + &, TeN, Il=1,...,n
By the definition of the operator R (see (1.8)), we have
(1.26) Xop" + Xyw = Rwy, 1=1,...,n.

Comparing the terms with t2, we arrive at the relation
(1.27) (Xopl” + X1pf", XoQ)s. + (Xowp” + X1wr, X1Q)s, = (@i, C)s, ¢ € Dom Xo.
If ¢ € M, then (1.27) shows that
(1.28) (Rw;, X1Q)g, = (Wi, Q)g, CeM, 1=1,...,n.
Since XjR = 0, the left-hand side can be rewritten as
(Rwi, X1Q)5., = (Rwi, X0ZC + X1Q)Hs., = (Rwi, RQ)s. = (Swi, ()5

Thus,
(Swl7<)ﬁ:’yl(wl><).ﬁ> C€m7 lzlu"'un'

So, the coefficients v; and the elements w; are eigenvalues and eigenvectors of the spectral
germ S:

(1.29) Swl = MWwi, l:L...,’I’L

(cf. [BSull, Chapter 1, Proposition 1.6]). Relations (1.29) clarify the spectral meaning of
the operator S. By (1.23) and (1.29), we have

(1.30) SP=> (-, w)swr.
=1
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1.6. Calculation of the elements %(2). Now we return to identity (1.27). Taking

(1.26) into account, we rewrite (1.27) a
(1.31)  (Xog” + X191, XoC)s, = —(Rwr, X10)s. +n(wi,C)s, ¢ € Dom Xo.
By (1.28),

(Rwr, X10)sr, = (Rer, X1PC)sy, + (Rwr, X1PH()sy. = mi(wi, PQ)sy + (Rwy, X1 PH()sy,
Since w; € N, we have (wl,PC);, = (wr, ()5, and (1.31) takes the form
(1.32) (Xopt” + X190, XoQ)g. = —(PLX{Rwi, ()., ¢ € Dom Xy,

For ¢ € MM relation (1.32) is valid automatically (the two sides are equal to zero). There-
fore, it suffices to consider ¢ € D. By (1.25) and (1.8),

X0 = Xy Zw + Xo% = R&y — XoZ&, + X1 Zuwy.
Since (R, Xo()s, =0, (1.32) takes the form
(1.33) (X ( —Z) + X1 Zw;, Xo) g, = —(X{Rw;,()g,, C€D.
Combining (1. 33) and the definition of Z; (see (1.13), (1.15)), we conclude that ap(2)
20 — Zowy = ()E‘ﬁle
(1.34) gol( ) = Zgwl+Zwl+w(2), ‘7)1(2) eNn, 1=1,....n

By the definitions of the operators R and Ry (see (1.8) and (1.17)), relations (1.25) and
(1.34) imply the identities

(1.35) Xoo'® + X100 = Rowy + Ry, 1=1,...,n.
Now we substitute the expansions (1.22) in (1.20) and compare the coefficients of the
same powers of t. The coefficients of t° are equal because the elements wi,...,w, are

orthogonal and normalized. Comparing the coefficients of t', we see that

(gpl(l)vwk)ﬁ+(wl7@](gl))ﬁzoa l7k:17"'7n

Taking (1.25) and the relation Zw; € 91+ into account, we obtain

(1.36) (@, wr)e + (W, W) =0, Lk=1,...,n
(cf. [BSu2, (1.18)]). Comparing the coefficients of 2, we arrive at
(‘pl(2)7wk)ﬁ + (‘pl(l)a (P](gl))f) + (wi, ‘pl(f))fﬁ =0, Lk=1...,n

Combining this with (1.25) and (1.34) and recalling that Ran Z C 91+, Ran Z, C N+,
we obtain

(1.37) (@, wi)g + (Zwr, Zwi)s + (@1,88)s + (@, 8)s =0, Lk=1,...,n.

§2. EXPANSIONS FOR THE SPECTRAL PROJECTION F'(t)
AND THE OPERATOR A(t)F(t)

2.1. Expansion for F(t). We consider the spectral projection F'(t) = F(¢,0). By (1.2)
and (1.19), for [t| < t° we have

n

F(t) =Y (-, @(t)seilt).

1=1
The operator-valued function F(t) is real-analytic for |t| < t°. From (1.22) and (1.23) it
follows that for |¢| < t. we have the following convergent power series expansion:

(2.1) Ft)=P+tF +t*Fy+ - .
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Here
(2.2) Fr= 3 (Coosen + (wsel”),
=1
(2.3) F=3 (Coof)nw+ (ool anl™ + (wsef?).

=1

Relations (1.25) and (2.2) show that

(2.4) 31 (- Zw)swi + (- wi) g Zwi) +Y,

I
M=

=1

I
M=

(2.5) Y (-, @) gwr + (-, wi)s) -

l

1

Clearly, Y|y = 0. From (1.36) it follows that (Yw;,wk)s =0, 7,k = 1,...,n. Hence,
Y =0. Then (2.4) and (1.23) show that

(2.6) F\=ZP+PZ*=72+2Z"
(cf. [BSu2, Subsection 2.3]). By (1.7) and (2.6),
(2.7) 1| < (260) 2] Xl

We proceed to calculation of the operator Fp. By (2.3), (1.25), and (1.34), we have

n

Fr, = Z(( - Zowy + ZW; —|—&7l(2))5wl + ( -, Zwy -I—(:)l)g(Zwl +wl))

(2.8) =1

+ 3 w)s(Zowy + Zo + 30) = By + FY + B + FYY,
=1

where

n

B = 37((-, Zown)sn + (- w1) Zon),
=1
n

F2(2) = Z( ) Zwl)f)ZWh
=1

FP =3 ((- Zi)sw + (@) Zwn + (-, Zwn) ol + (-, w) 5 Z8h),
=1

4 (2 Q1) 50 oy
Fg( ) :Z((',wl( ))ﬁwl+('awl)ﬁwl+("wl)5wl( ))'
=1

Taking (1.23) and the identities ZP = Z, ZoP = Zy, PZ5 = Z} into account, we obtain
(2.9) P = Z,P + PZ; = 7y + 73,

(2.10) F? =zpz* = 77",

Next, from (2.5) and the identity ¥ = 0 we deduce that

(2.11) Y =vze+zy =o.
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Consider the term F Clearly F( )|mL = 0. By (1.36), (1.23), and (1.37), we have

n

(P ws,wi)s = D (@i, 3o + (wi, &) @ wi) + 5@, wi)
=1

= (Wi, OC) + (@5, wn) (wi, ) + @

=1

awk)
= (w5, &) + @, @) + @7
for j,k=1,...,n. Hence,

ywi) = —(Zwj, Zwy,)

(2.12) Y =_z7

Finally, relations (2.8)—(2.12) imply the representation

(2.13) FB=2+2+722" -7 Z.

By (1.7) and (1.16),

(2.14) 1F2]| < 2]\ Zo|| +2]|Z|1* < 3(48) 7| Xa |

2.2. Expansion for A(t)F(t). In accordance with (1.2) and (1.19), for [¢| < t° we have

(2.15) Z At t)geu(t).

The operator-valued function (2.15) is real-analytic for |¢t| < t°. From (1.21), (1.22), and
(1.30) it follows that for |¢| < t. we have the following convergent power series expansion:

(2.16) AR)F(t) =t>SP+ 3K + t'W +- - - .
Here
(2.17) K= Z% w)ser + (e sw +Zm W) awr,

W= Z”n w)ael? + (oM eel + (4,0 ) )
(2.18)

n

+Zm w)se) + (- :awz Z W) Wi

=1
From (2.17) and (1.25) we obtain (cf. [BSu2, Subsection 4.2])

(2.19) K = Ko+ N,
(220) K() = Z’yl , W 55ZCU[ + ( 5 Zwl)ﬁwl),
(2.21) N = Z% swi) 5@ + (-, @) swr +Zm W) Wi

In the orthogonal decomposition = 0N & N, the operator K, acts “crosswise”: it
takes M into M+ and N* into M. On the contrary, the operator N is reduced by this
decomposition: it takes 91 into M, and N|y. = 0.

Relations (2.20) and (1.30) directly imply the formula

(2.22) Ky=ZSP+ SPZ"
(cf. [BSu2, Subsection 4.2]). From (2.22), (1.7), and (1.11) it follows that
(2.23) 1Kol < (28) /21X 1%,
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The operator N was calculated in [BSu2l Subsection 4.3]. We repeat the arguments
for completeness. We calculate the matrix entries of the operator (2.21):
(2.24) (Nwj, wi)s = 75 (@5, wr)s + Ye(ws, Gr)s + 1idie, Jk=1,....n
The further calculation is based on the identity
(2.25) (At)e;(t), er(t))s = Aj()djk, g k=1,....n

The left-hand side of (2.25) can be written as ((Xo+tX1)g;(t), (Xo+tX1)pr(t))s.. We
substitute expansions (1.21) and (1.22) in (2.25) and compare the coefficients of t3. Since
Xow; = Xowy, = 0, we arrive at the identity

(X0<P( )4+ Xle,XOQO;g ¢ 80(1))

j + (Xop ( )+X 80(1) XO‘PJ(C ) + Xawk) s, = pj0jk-

J

2

Combining this with (1.26) and recalling that XjR = 0, we obtain
(2.26) (R, Xagl)s. + (X195, Rw)s. = e
Using (1.25) and (1.28), we see that identity (2.26) takes the form
(2.27)  (Buwj, X1Zwi)s, + (X1Zwj, Bwr)s. +75(w), Ok)s + (@), wk) e = 105
Finally, using (1.36) and (2.24), from (2.27) we obtain
(Nwj,wi)s = (Rwj, X1Zwk) g, + (X1Zwj, Rwi)s,, Jk=1,...,n

Thus,
(2.28) N = Z*X;RP + (RP)"X,Z
From (1.7), (1.9), and (2.28) it follows that
(2.29) INI| < (26) 7221 X, >

Now, relations (2.23) and (2.29) imply the following estimate for the operator (2.19):
(2.30) 1K < 2(26)7 21X 1.

2.3. Calculation of the operator W. Substituting (1.25) and (1.34) in (2.18), we see
that

(2.31) W =Wy + K + Ny,

where

(2.32) Wo=> (-, Zw)sZuw,
=1

Z’Yl wl ) Zgwl —I—Zwl) (~,Z2wl —I—Z(T)l)ijl)
(2.33)

n
+ Z'n &) s Zwi+ (-, Zw)e@) + Yl w) s Zw + (-, Zw)swr),
=1

Ny = Z’W(( : >Wl)f3a'l(2) + ( : 70721(2))50.)1 + (',(’Dl)ﬁal)

+Zul((~,wl)g<§l+ , 0 53&)1 +Zl/l , Wi 50.)1
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In the orthogonal decomposition £ = M@ N+, the operator K acts “crosswise”: it takes
M into N and N into M. The operators Wy and N; are reduced by this decomposi-
tion: Wy takes 91+ into itself, and Wyl = 0; the operator N; takes D into itself, and
Nyl = 0.

By (1.30), the operator (2.32) takes the form

(2.35) Wo = ZS2*.
From (1.7) and (1.11) it follows that the operator (2.35) satisfies the estimate
(2.36) IWoll < (36)"H X4

By (1.30) and (2.21), the operator (2.33) admits the following representation:
(2.37) K, = ZsSP + SPZ; + ZN + NZ*.
Relations (1.7), (1.11), (1.16), and (2.29) imply the inequality
(239) 15 < 5

Now we consider the operator (2.34). We calculate its matrix entries:

n
~(2 ~(2 ~ ~
(Nrwj, wr)s = 1B wi) s + (w5, 517)s + > nlw), @) (@1 wi)s
=1
+ 1 (@5, wk) sy + pr(wy, Wr)s + V50, Gk =1,....n.

By (1.36) and (1.30), we have

n n
D (@i @) @nwr)s = D (@505 (@, Th)s = (5@, 8k)s,  Gk=1,...,n.
=1 =1

Hence,

~(2 ~(2 ~ ~
(2.39) (Nwj,wi)s = 75 @ wi)s + e (w;, 56 + (S35, @5
+ 1 (@D, wi) s 4 pr(wy, Or) g + Vo,  Jk=1,...,n.

For further calculations, we use (2.25) once again. Comparing the coefficients of t* in
(2.25), we obtain

(2.40) (Xops” + Xawj, Xopp” + X107 ). + (Xow]” + X1l Xog” + X1} ).

+ (Xo(p;?’) + X1g0§2), Xogpg) =+ Xlwk)y)* = Vjéjk, j, k = 1, ey

Using (1.26) and (1.35) and taking the identity X R = 0 into account, we rewrite (2.40)
as

(241)  (Buj, X100 )5. + (Row; + R}, Rowr + B)s, + (Xap
From (1.17) and the identity X§R = 0 it follows that

(2.42) (R&;, Rowy) s, + (Rowj, RWk) s, = (RDj, X1 Zwy)g, + (X1Zw;, REy)s., -
By (1.34), (1.10), and (2.42), relation (2.41) turns into

(2

b ),ka)yj* = l/jéjk.

(Rwj, X1(Zowy, + Z&k +8))s. + (X1 (Zow; + Z8; + &), Rwy) s,
+H(R3Rowj, wi) g + (S@5, k)5 + (RWj, X1 Zwk) s, + (X1Zw;, Riy) s, = Vjdjk.
Next, by (2.28), we have
(Rwj, X1ZWk) g, + (X128, Rwy)g, + (RW;, X1Zwk) g, + (X1Zw;, ROk) s,
= (Nwj, W) g + (N@j,wi) 4.

(2.43)
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Then (2.43) can be written as
(Rwj, X1Zswr)s. + (X1Z2w;j, Rwg)s. + (RyRowj, wi)s + (5@, 0k )5

+ (Nwj, Gi)s + (N@j,wi)s + (Rws, Xa@ D)5, + (X058, Ruor)s. = 15051
We transform the sum of the last two terms on the left with the help of (1.28) and (1.37):

(2.44)

(Rwj, X157 )s. + (X187, Rwr)s. = 75(wj, &0 )s + (@, wi)s

~(2 ~(2 ~ ~
= ;@ wk)s — (W, 3 g — (v + W)@, k)5 — (35 + k)

Now we transform the terms containing N in (2.44) with the help of (1.23
and (1.30):
(Nwj, @) s + (N@j, wi) s

n

=Y (Nwj,wi)s (@i, Tr) s + (@5, 01) 5 (Wi, Nok)g)
=1

(2.45)
Zwj, Zwi)s-

(2.24), (1.36),

(
);

=Y (3@, w)s + (W, T s + p3050) (Wi, D)
(2.46) =1

+ ) (@5 W) (0@, we)s + (W, Br)s + mow)
=1

= i (wj, D) s + 1k (@5, wk)s + > (17 + 7k — 27) (@5, w5 (Wi, k)
=1

= (&5, i) — pr(wj, Gr)s + (35 + 1) (@5, Dk )sy — 2(5@5, D) -
As a result, we see that formulas (2.44)—(2.46) imply the relation
(Rwj, X1Zswi) s, + (X1Zowj, Rwg)s, + (R Rowj, wi)s — 11(W5, wi) s
= (s @) = 1 (@7 wn)s — (w0, B ) — (585,E0)s
= (v + ) (Zwj, Zwr)sy = vidjn.
Comparing this with (2.39), we arrive at the formula
(Nwj,wi)s = (Rwj, X1 Zowk) g, + (X1Zowj, Rwy) g,
+ (R5Rowj, wi)g — (v + ) (Zwj, Zwr)s, J.k=1,....n
We transform the last term on the right-hand side of (2.47), taking (1.29) into account:

(2.47)

(; + ) (Zwj, Zwi)s = v (wj, 2" Zwi) s + (27 Zwj, wi) s
= (SUJj,Z*ZOJk)_VJ + (Z*ij,ka)ﬁ.
Then from (2.47) it follows that

(2.48) Ny =N - Z*ZSP - SPZ*Z
where
(2.49) Ny = Z3 X{RP + (RP)*X1Z5 + R Ry P.

Relations (1.7), (1.9), (1.11), (1.16), and (1.18) imply the following estimates for the
operators (2.49) and (2.48):

(2.50) IN?I < 988) M IXal*,  INul < 11(88) 7 [ Xal|*.
The next estimate for the operator (2.31) is a consequence of (2.36), (2.38), and (2.50):
(2.51) W < 5(20) I X 1"
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2.4. The convergent power series expansions (2.1) and (2.16) are not quite suitable for
our purposes. We only need estimates for the error terms

(2.52) F3(t) = F(t) — P —tF, — t*Fy,

(2.53) U(t) = A(t)F(t) — t2SP — 3K — t'W,

but on a wider interval |[t| <t and with constants controlled explicitly. Such estimates
can be obtained by integration of the difference of resolvents of A(t) and Ay over a
suitable contour in the complex plane (cf. [BSull Chapter 1, §§2-4], [BSu2, §§2-4]).

Below in §3, an approximation for the difference of resolvents on the contour is obtained,
and §4 contains estimates for the operators (2.52) and (2.53).

§3. APPROXIMATION FOR THE DIFFERENCE OF RESOLVENTS
ON THE CONTOUR I’

3.1. The contour T's. Let I's C C be the contour that envelopes the real interval [0, J]
equidistantly at the distance 6. We denote
R.(t) = (A(t) — zI)™", R.(0)= (Ao —2I)"",
where z is a common regular point of A(¢) and Aj.
By (1.2), for || < t° the distance from I's to the spectrum of A(t) is at least §, whence

(3.1) IR.)| <67t zeTs, |t <t
Below we use the notation

(3.2) Q) =TI+ (2+20)R,(t).

Since |z| < 2§ for z € T's, inequality (3.1) implies

(3.3) 19.(8)| <5, ze€Ts, |t| <t

3.2. The resolvent identity. The usual resolvent identity is not applicable now. We
use its analog for the operators defined in terms of quadratic forms with common domain;
see [BSull Chapter 1, §2]. To describe the corresponding identity, we define the metric
form || Xoul|3, + 26[lul|3 on Dom X;. Then Dom X, converts into the Hilbert space 2.
The form

a(t)[u, u] — a(0)[u,u] = 2t Re (Xou, X1u)g, + t%[| X1u|
generates a continuous operator Ts(t) in 9. The operator Ts(t) is represented as

(3.4) Ts(t) = tT") + 2T,

525*, u €0,

where T(;(l) corresponds to the form 2Re (Xou, Xju)g, , and T(;(Q) corresponds to the form
[ X1ull? . As was shown in [BSull (3.7)-(3.9)], we have

(3.5) 1T oo < (26)72]1 X4,
(3.6) 1T oo < (26) 71 X4 1%,
V241,
(3.7) T3l < Tl 20X, o] < 2.
By [BSull, Chapter 1, (3.11)],
(3.8) R.(0) — R.(t) = Q.(0)Ts(t)R.(t), ze€Ts.

We shall also need the following estimates proved in [BSull, Chapter 1, (2.15), (2.16)]:
ILR-(0) |55 < (20) " [|L]la—2 /122 (0) | 5,
ILR.(8)ll 555 < V2(20) "I L oo 1Q:(8) 55,
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where L is a continuous operator in 9. Taking (3.2) into account and using induction,
we easily see that

[[L1€2:(0) ... LpQ.(0) Lyt 1 R.(t) |59

p p+l

B < 190l (14 90 ) TT s,
j=1
where p € Z, and Ly, ..., Ly;q are continuous operators in 9. (Cf. [BSull Chapter 1,
(2.17)].)
Combining (3.9), (3.3), and the estimate |z| < 20 for z € T's, we obtain

p+1

(3.10) 1L192:(0) - .. L2 (0) Ly 1 Re (8) [ 5550 < 5V2(20) 71117 ]Hlllbjl\a—m,

zeTs, |t <t°

3.3. The difference of resolvents. Separation of the main part. In [BSull Chap-
ter 1, §3], the terms up to the order of t? were separated from the difference of resolvents
of A(t) and A(0), while for the error term an estimate of order t3 was proved. In [BSu2l
§3], the terms up to those of order t3 were separated, while for the error term an estimate
of order t* was obtained. Now we need two representations for the operator R, (0)— R, (),
one with the error term of order O(¢®) (deduction of this representation given below is
borrowed from [BSul]), and the second with the error term of order O(¢%) (it is obtained
below in Subsection 3.4).
We shall iterate identity (3.8). By (3.4), we have

R.(0) = Ra(t) = 2.(0) (173" + 2T} ) (R-(0) - Q.(0)T(D) R- (1))
=t — 10, (0)T V0. (0) (tTé(l) + t2T§2>) R.(¢)
+ 20, (0T R, (1),

where the term I\") = QZ(O)T(;(I)RZ (0) does not depend on t. Iterating once again, we
obtain

(3.11) R.(0) — R.(t) = tIVY + 21D + w(1),

where the term I%%) = —(Q, (O)Té(l))sz (0) + QZ(O)T(;(Q)RZ (0) does not depend on ¢, and
UY(¢) is of the form

WO(1) = 2(Q. ()T 20 (0) T3 ()R- (1) — £22.(0) TV Q. ()T R..(t)
— 20, (0T Q. (0)Ts () R. (1).
We estimate the term (3.12) with the help of (3.10) and (3.3):

(3.12)

19201155 < 25v2(20) 7 (P12IT o 1T (D)l
T oo ITE o0 + 1T o | T5 (1) o0 ) -
Combining this with (3.5)—(3.7), we arrive at
(3.13) 12 ()l < BoltP5 2 X0 )%, = €Ts, |t <t°.

Recall that by 8 (with indices) we denote various absolute constants.
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3.4. The difference of resolvents. More accurate representation. We substitute
(3.12) in (3.11) and use (3.8) once again. Then

R.(0) = R (t) = IV + 21 + 1% — 3. (0)T{V)*Q. (0) T () R. (1)
+ 1. (0T V)20 ()T} R () + 22 (0)T{V 2. (0) T Q. (0)T5 (1) R (1)
+ 0. (0) T 0 (0) TV Q. (0) T (1) Ra (1) — #4(22(0) T3 2R.. (1),
where the term
I = ((0)TV)? R.(0) — Q.(0)T3 V2 (0) Ty R.(0) — Q. (0)T7 0. (0)T{V R..(0)
does not depend on t. Iterating for the last time, we arrive at the relation
(3.14) R.(0) — R.(t) = tIM) + 21 + 1) + 1D + W (1),
where the term
I = (. (0)TM) R.(0) + (2.(0)T )20, (0) TP R..(0)
+ Q. (0) 73V (0) T} (0) T}V R.(0)
+ (0T (2. (0)T)2R..(0) — (2. (0)T)2R.(0)
does not depend on ¢, and \f/z(t) is given by
V. (1) = t4(Q. (0T ) Q. (O T3 ()R- (1) — 7 (0)T{)P . (0TS R. (1)
— (. (0)T{M)?Q. ()T Q. (0)T5 ()R- (2)
— £ (0T (0) T 0. (0) TV Q. (0)Ts (1) Ra (1)
+ 20 ()T (Q.(0) T2 R () — 0. (0) T (2 (0) T3 V)2 (0) T (1) Ra (1)
+ 20 ()T . ()T V0. ()T} B (1) + (2 (0)T,V)202. (0) Ty (1) R (8).
We estimate the term W (¢) with the help of (3.10) and (3.3):
13-l < 25v2(20) (1T I T5 ()00
P ITO T laso + 34113 TO 2 oI TE2 oo T3 (6) oo
+ 2012 T o ITE 300 + 11217 2o I T5 (1) oo )
Combining this with (3.5)—(3.7), we obtain
(3.15) 1) 55 < BItPOT2IX0]°, z€Ts, |t <t

§4. ERROR ESTIMATES IN APPROXIMATIONS FOR F'(t) AND A(t)F(t)

4.1. The known results. In [BSull Chapter 1, §4], approximations for the operator-
valued functions F'(t) and A(t)F(t) were obtained. Namely, the following theorem was
proved.

Theorem 4.1. Let A(t) be the operator family satisfying the assumptions of Subsection
1.1. Let P be the orthogonal projection of the space $ onto the subspace I = Ker X,
and let S be the spectral germ of the operator family A(t) at t = 0. Let t° be the number
defined in (1.2). Then

(4.1) [F(t) = Pllg—s < Cultl, lt] < ¢°,

(4.2) IA@)E () = £2SP|l 55 < Calt]?, [t <.
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The constants Cy and Csy are given by
(4.3) Cr = Bo YV2X |, Oy = Bad 2 Xy |7,
where 81 and B2 are some absolute constants.

In [BSu2l §2, 4], more accurate approximations were found. We formulate the corre-
sponding result.

Theorem 4.2. Under the assumptions of Theorem 4.1, let Iy be the operator defined by
(2.6), and let K be the operator defined in (2.19), (2.22), (2.28). Then

|F(t) = P = tFi[5-g < Cat?, ] <%,
A F(t) = t2SP — 3K || 56 < Oyt |t] < t°.

The constants Cs and Cy are given by
Cs = B30 M| X1, Ca=Ba6 M| Xa ",
where B3 and B4 are some absolute constants.

4.2. Estimate for the operator F3(t). Now we approximate the operator F(t) with
an error of O(|t|?). As in [BSull BSu2|], we start with the representation

1
(4.4) F(t)—P= S (R.(0) — R.(t)) dz,

™ T's
and substitute (3.11) in (4.4). Then
(4.5) F(t) = P+tF, +t*F, + F3(t),
where
(4.6) F = YOS Fy = L[ @,

’ 27T'L Ts & ’ 27Tl Ts & ’
1
(4.7) F(t) = 5 /F TO(t) dz.
From (3.13) and (4.7) it follows that
20 +27mo _

(4.8) 130155 < = ——Bolt?5 2 X, [t <¢°.

Comparing (4.5)-(4.8) and (2.1), (2.6), (2.13), we see that the operators F; and Fj
defined by (4.6) coincide with the operators (2.6) and (2.13), respectively. We have
proved the following theorem.

Theorem 4.3. The spectral projection F(t) = F(t,d) admits the representation (4.5),
where Fy and Fy are defined by (2.6) and (2.13), respectively, and the error term F5(t)
satisfies the estimate

(4.9) [F5(t) |50 < Csltf, [t <t°,
where

(4.10) Cs = (L+ 7 1)Bos %] X1,
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4.3. Estimate for the operator U(¢). Now, we approximate the operator A(t)F(t)
with an error term of order O(|¢|?). As in [BSull BSu2], we start with the representation

1
(4.11) AR)F(t) = — / 2(R.(0) — R.(t)) d=.
2mi Jp,
Substituting (3.14) in (4.11), we obtain
(4.12) A F(t) =W + 4273 4 270 1 170 L w(1),
where
) 1 .
70 = — [ 21V dz, j=1,2,3,4,
271 I's
1 ~
4.13 U(t) = — U, (t)dz.
(413) ()= 57 | 2¥-(0)02

From (3.15), (4.13), and the estimate |z| < 24 it follows that

(26 +270)20 ~, =
L IOB Bps Tl el < 8.

Comparing (4.12), (4.14), and (2.16), we see that Z() = 0, 7 = SP, 70 = K,
T = W. We arrive at the following result.

(4.14) [U(t) 55 <

Theorem 4.4. The operator A(t)F(t) admits the representation
(4.15) A@)F(t) = t*SP + °K + t'W + 0(t),

where S is the spectral germ defined in Subsection 1.3, the operator K is defined in
(2.19), (2.22), (2.28), and W is defined in accordance with (2.31), (2.35), (2.37), and
(2.48), (2.49). The error term W(t) satisfies the estimate

(4.16) 1O(®)ll5—6 < Colt®, [t <1,
where
(4.17) Co = 2(1 + 7 )F63/%|| x4 °.

§5. APPROXIMATION OF THE OPERATOR EXPONENTIAL
5.1. Preliminaries. Assume that
(5.1) A(t) > ct®I, e >0, |t| <0

This is equivalent to the estimates \;(t) > c.t?, [ =1,...,
of A(t). Combining this with (1.21), we see that v > c,, [
the spectral germ S satisfies the estimate

n, [t| < t°, for the eigenvalues
=1,...,n, whence, by (1.30),

Our goal is to approximate the operator exponential e=4(®)7 in the operator norm in

$) as 7 — +oo under the additional condition (5.1). In [Sull [Su2], the principal term
of such an approximation was obtained and an error estimate of order O(r~/?) was
proved; in [V], a more accurate approximation with an error term of order O(7~1) was
deduced. Now we establish an even more accurate approximation with an error term of
O(773/?). As in [Sull [Su2| [V], the method of proof is based on using of approximations
in the operator norm for the spectral projection F'(¢) and the operator A(t)F(t) (see
Theorems 4.1, 4.2, 4.3, 4.4).
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We formulate the necessary statements from [Su2|] and [V]. First, from (5.1) and (5.2)
it follows that

(5.3) lem @ llgmg <7, T 20, i <t

(5.4) e ST Pllgoy < e T, 7>0, teR.
We represent the operator e~ 47 ag

(5.5) e ANT = o~ ADT R (1) 4 e~ AOT P(1) L

=e
By (1.2), for [¢t| < t° the operator F(t)= is the spectral projection of A(t) for the semiaxis
[39, 00), whence

(5.6) e AT Ft) Y lgme < e™27 < (307)732, 7>0, |t <t

This estimate shows that the problem of approximation of the operator e is of
“threshold” nature: the main contribution is given by the operator e~ F (t), which
corresponds to the part of the spectrum of A(t) near its bottom.

Next, we denote

—A(t)T

(5.7) e ADTR(E) — e STP = TI(¢, 7).
In [Su2l (2.11)], on the basis of (4.1) and (4.2) it was shown that
(58) It 759 < 2C1[H + ColtPr)e"7, 720, |¢ <1,

where the constants Cy, Cs are given in (4.3). From (5.8) it follows that ||II(¢, 7)|| satisfies
an estimate of order O(7~1/2) for |t| < t°:

Tt 7) g < 772 (2006 2e(1)2) + Coci ¥ %¢(3/2)), >0, |t <°.

Here

c(s) :=maxz’e™, s>0.

x>0
In [V} §2], a more accurate approximation for the operator (5.7) was obtained:
(5.9) 1(t,7) = KWV (t,7) + J(t,7),
where the corrector K (t, 1) is given by
(5.10) KO (t,7) = t(Ze 5P + e ¥ STPZY) — P M(t, 7),
(5.11) M(t,7) = / e ISP Ne=t*SP P dp.
0

Here Z is the operator defined in Subsection 1.2, and N is the operator (2.28). Note that
the operators M(t,7) and KM (t,7) are selfadjoint in . By (5.4), (1.7), and (2.29), the
operator (5.10) satisfies the estimate

— 27—
IED ()55 < @IZ[e] + IVl T)e "
< (20) 21X It + [ X PlefPrye", 720, teR.

This shows that ||V (¢, 7)|| = O(r—/?).
As was proved in [V], the error term J(t,7) is subject to the estimate

(5.12)

(5.13) 1Tt 7) g < (C1t2 + Cotir + C5t72)e 1" 7>0, |t| <1t°,
where
(5.14) Cr=Bio | X1)% Co=Bod M IXul*,  Cs=Bso Xy C

Then ||J(t,7)|| is of order O(7~1) for |t| < t°:
[Tt T)ls—s < 771 (Cres M e(1) + Cacy 2e(2) + Caey 2e(3)), 7>0, [t <t
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5.2. Analysis of the operator PLe 4(®7F(t). The operator (5.7) is represented as
(5.15) I(t,7) = PLe AW F(t) + S(t, 1),
(5.16) S(t,7) = PeAOTR(t) — e 57D,
We start with the analysis of the operator Pre=4AM7™F(t). By (4.5), we have
PLF(t) = (F(t) — P)F(t) = (tF) + t*Fy + F3(t))F(t),
whence
(5.17) PLemAWTE(t) = tFie  AOTF(t) + 2 Foe A OTEF(t) + F3(t)e 27 F(t).

The last term on the right-hand side of (5.17) is estimated with the help of (4.9) and
(5.3):

(5.18) | F5()e 20T F(t) |l gg < Cslt|Pe™t'T < Cir3/2, 7>0, |t| <t
where
(5.19) Cy = Cser¥?¢(3/2) = (1 + 7 1) Boc(3/2)6 32| X1 |PPex ¥/2.
By (5.7), we rewrite the second term on the right-hand side of (5.17) as
(5.20) 2 Fe AOTF(t) = 2Ry (e STP + TI(L, 7).
By (5.8) and (2.14), we have
(5.21)

t2F2H t,7 L < ||F> 201t3+02t57 e cut?r <C57- ’3/27 7'>07 t <t07
H=H = = =
where

Cs = 3(46) || X1 |2 (2010;3/ 2¢(3/2) + Cacs ™ 20(5/2))
(5.22)
=3/4573/2 (2,81c(3/2)||X1\|3c§3/2 + 620(5/2)\|X1||5c*_5/2) .

Here we have used relations (4.3).
By (5.7), (5.9), and (5.10), the first term on the right-hand side of (5.17) can be
transformed as follows:

tFe AOTF(t) = tFie "STP + 2F(Ze " STP + e ST PZ¥)
— B M(t,T) + tFUJ(t, 7).

The last term on the right-hand side of (5.23) is estimated with the help of (5.13)
and (2.7):

2 «
R T (t, 7l 9—5 < 1Pl (Colt® + Calt]Pr + Caft| r2)e "7 < Cor /2,
>0, [t]<t,

(5.23)

(5.24)

where
(5.25)

Co = (20)~ 2|1 X1 (010:3/ 26(3/2) + Cacs > %c(5/2) + Csex 2c(7/2))
= 271257372 (Bre(3/2) | X1 |Pex ' 4 Bac(5/2) 1 X1 [Pex ™ + Bae(7/2)[1 X1 || er /%),

We have used relations (5.14).
As a result, (5.17), (5.20), and (5.23) imply

PLe—A(t)TF(t) — tFle_t2STP 4 t2F1(Z€_tQSTP + e—tQSsz*)

(5.26) ,
—t*ELM(t, ) + 2 Foe VST P 4+ Jy(t, 7),
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where Jy(t,7) = tF1J(t,7) + 2 FIl(t,7) + F3(t)e AM7F(t). From (5.18), (5.21), and
(5.24) it follows that

(5.27) | Ji(t,7)|| < (Ca+Cs+C)T™ 2, 7>0, [t <’

Now we transform (5.26) by using (2.6) and (2.13). The properties of the operators
Z and Zs (see Subsections 1.2, 1.4) show that
(5.28) RhP=27 KZ=72Z FP=72,-7Z"Z
Therefore, the representation (5.26) takes the form
Ple ARt = tZe STP 4 22 ST P
(529 — ' ZM(t,7) + 2 Zoe TSP 4+ Jy (8, 7).

5.3. Analysis of the operator X(¢,7). By [Su2, §2], the operator (5.16) satisfies

(5.30) S(t,7) = e " STP(F(t)— P) — / Te_t2s(7_p)P(A(t)F( ) — 28 P)e AP F(1) dp.
0

By (4.5), the first term on the right-hand side of (5.30) can be written as

(5.31) e USTP(F(t) — P) = e STP(tFy + £2Fy) + eV STPF ().
From (4.9) and (5.4) it follows that

. e STPE (D) |lgss < CsltPe ™ <Cur™3/2, 7>0, |t| <t
5.32 t Ps

cf. (5.18). By (4.15), the second term on the right-hand side of (5.30) can be written as

/ Te_tQS(T_p)P(A(t)F( t) — 2SP)e AP F (1) dp

(5.33) 0 i
= / e ST PABK + 1 W 4+ W (t))e ADPF(t) dp.
0
From (4.16), (5.3), and (5.4) it follows that
—ST=0) py(t)e AP F(t) d H < ColtPPre=et'T < Cor3/2,
- H/ (e A0 p(E) o < Cole <co
>0, |t| <t°
where
(5.35) Cr = Coex *e(5/2) = 2(1 + 7 1B 32| X1 ||Pex /e (5/2).

Next, by (5.7), we can represent the term containing W on the right-hand side of (5.33)
as

(5.36) / eS0T =0) e AP F () dp = / eS0T =0) Py (e SP P4 TI(E, p)) dp.
0 0
By (5.4) and (5.8),

‘/ e‘t2s(7_p)Pt4WH(t,p)de
0

Combining this with (2.51) and (4.3), we obtain

2
< Wl (2007 + Cald ) e, rz0, <0

(5.37)

/6t2S(Tp)Pt4WH(t7P)de§C§;T3/2, >0, [t <t
0
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where

Cs = 5(26) || X || (201@5/%(5/2) + %C’gc*7/26(7/2)>
(5.38) )
=5/207%2 (2610(5/2)||X1|5c*5/2 + 5520(7/2)||X1|7c*7/2) .

Now, we transform the term containing K on the right-hand side of (5.33) with the
help of (5.7), (5.9), and (5.10):

/ eftZS(Tfp)PtBKefA(t)pF(t) dp
0

(5.39) :/ e ST PR (e PP 4 tZe 5P P 4 te S P2 — B M(t, p)) dp
0

+ / e ST PBK I(t, p) dp.
0

The following estimate of the last term on the right-hand side of (5.39) is a consequence
of (5.4) and (5.13):

for 7 > 0 and [t| < t°. Combining this with (2.30) and (5.14), we get

T QS ’7'2 ’7'3 2
J A L e e L
0

(5.40) ‘

/ e SR PR K (L, p) de <Cor 32 >0, | <t
0

where
Co = 2(20) V|| x| <C10*5/ 20(5/2) + %CQC;” 20(7/2) + %cgc;f’/ %(9/2))
G4 = V35 (Buels/2) X |Pe ™ + L Bac(T/D) Xa | er 2
+ %Bgc(9/2)||xl|\9c;9/2).
As a result, relations (5.30), (5.31), (5.33), (5.36), and (5.39) imply

E(t, ) = eitQSTP(tFl + 12 F) — / et S(r=p) pi3 g o—t*SP p dp
0

(5.42) e ST PBK (tZe PP 4 te ISP PZ* — 3 M(t, p)) dp

e~ t2S(r=p) prAye—tSe p dp + Jo(t,7),

-
-
where

Jo(t,7) = e~ 5T PRy(1) — / e~ 1*5(=0) Py (1) e~ AP P (1) dp
0

_ / e_tZS(T_p)Pt3KJ(t, p) dp _ / e_t2S(T_p)Pt4WH(ta p) dp
0 0

From (5.32), (5.34), (5.37), and (5.40) it follows that

(5.43) [ Ja(t,7)|| < (Ca+Cr+Cs+Co)T73/2, 70, |t| <t
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Now we turn to the representation (5.42). From (5.28) we see that PFy = Z*, PFy =
Z5 — Z*Z. Hence, for the first term on the right-hand side of (5.42) we have
e USTP(tF) + 2Fy) = te U STPZF 4 127V STP(Z5 — 77 7).

Combining (2.19) and the properties of the operators Ky and N (see Subsection 2.2), we
see that

(5.44) PKP = PNP = N.

By (5.11), the second term on the right-hand side of (5.42) can be written as —t>M(t, 7).
Next, from (2.19), (2.22), and the properties of the operators Z, Ky, and N it follows
that PKZ = PKoZ = SPZ*Z. Therefore, the third term on the right-hand side of
(5.42) takes the form

—t! / e ST=P SP 7 7e PP dp — tAM(t, 7) 27 + 1° / e "SR N M(t, p) dp.
0 0

Finally, combining (2.31) and the properties of the operators Wy, K7, and N; (see Sub-
section 2.3), and (2.48), we obtain

(5.45) PWP =PN,P=N, =N}~ 2*ZSP - SPZ*Z.

This allows us to rewrite the fourth term on the right-hand side of (5.42) as

—t4 / e ST N0t Sop g 4 4 / e SN P(7*Z8P + SPZ*Z)e " SP P dp.
0 0

Taking into account all the transformations described above, we see that the repre-
sentation (5.42) turns into

S(t,7) = te U STPZ* 4 42 USTP(Z5 — 2°Z) — B M(t,T) — t*M(t,7)Z*

(5.46) ”6/ e STEIN ML, p) dp—t4/ e=t*S(r=p) NO—t*Se p g
. i 0
+t4/ e SCP 72 28 PSP P dp + Tt 7).
0

5.4. The final result. Now, from (5.7), (5.15), (5.29), and (5.46) it follows that
(5.47) e AR = e TP 4 KO (4, 1) + KO (8, 7) + Ji(t,7) + Ja(t, ),

where the “first” corrector (1) (t,7) is defined by (5.10), and the “second” corrector
K@)(t,7) is the sum of five terms:

5

2
(5.48) K@ (t,r) =3 kP (t,7),
j=1
where
(5.49) KD (1) =t2(Zoe ST P+ e 5T PZ5 + Ze "STPZ*),
(5.50) K2 (t,7) = —t"ZM(t,7) + M(t,7)Z"),
(5.51) K (t,7) = —t! / e SR ND~ 'SP dp,
0
(5.52) K& (t,7)= —t2e S Pz 7 + t* / e S0 7% 75 Pe=t*SP P p,
0

(5.53) KO (t,7) = 19 / e~ SC=D N M(L, p) dp.
0
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It is easily seen that each of the operators (5.49)—(5.53) is selfadjoint in . Also, the
operator (5.52) satisfies

K (t7) = —122"Ze T 5TP ¢ / e SR gPZ* e S P dp
0

(5.54) 5
=2 / e VS(=0) zx 7o=*Se p g,
67' 0

We estimate the operators (5.49)—(5.53). From (5.4), (1.7), and (1.16) it follows that
(5.55) 1K (8, 7) g < 5(86) | X122 ", 7>0, teR.

Relations (5.4), (5.11), (1.7), and (2.29) imply the inequality
(5.56) 1K (1) 500 < (20) X[ 'ttre T, 720, teR.
By (5.4) and (2.50), we have
(5.57) IS (8, )55 < 9(80) Y| Xu||*tire™ T, 720, teR.
By (5.4), (1.7), and (1.11), we obtain
(558) KD (6, Dlsms < (80) L (IXPE2 + [ X[ 'tir) e =T, 720, teR
Finally, the estimate of the operator (5.53) is a consequence of (5.4), (5.11), and (2.29):
(5.59) 1K (8, 7) |95 < (46) 1| X150 7%e ", 7>0, teR.
As a result, relations (5.55)—(5.59) imply the following estimate of the operator (5.48):
0y D00 < (48) 7 BIXIPE + 71X+ 1 °807%) et

T>0, teR.

This inequality shows that ||K(?)(t, )| is of order O(7~1).
Now the result about approximation of the operator exponential e =4®)7 follows from
(5.5), (5.47), and estimates (5.6), (5.27), (5.43). We use the notation

JOt, 1) = e AOTE@)E + I (L, 7) + Jao(t,T),
C = (36)73/2 4 2C4 + C5 4 Cs + C7 + Cs + Co.

From (5.19), (5.22), (5.25), (5.35), (5.38), and (5.41), we deduce that the constant C° is
given by

(5.61)

CO=5732(37%2 4 37| Xa Per ™ + B3I X |Pen ™ + B3l X e + B3 X %),

where the ﬁ;, j =1,2,3,4, are some absolute constants. We have proved the following
theorem.

Theorem 5.1. We have
(5.62) e AWT — o=STp L W 1) + K@ (t, 1) + IOt 7),

where the operator K (t, 1) is defined by (5.10), and K (t,7) is defined in accordance
with (5.48)—(5.53). The operators KM (t, 1) and K@) (t, 1) satisfy estimates (5.12) and
(5.60), respectively. The error term JO(t, ) satisfies the estimate

(5.63) |70, 7)|| < €032, 7>0, |t <t
where CY is the constant (5.61).



298 E. S. VASILEVSKAYA AND T. A. SUSLINA

§6. THE FAMILY A(t) = M*A(t)M. APPROXIMATION
OF THE SANDWICHED OPERATOR EXPONENTIAL

6.1. The operator family A(t) = M*A(t)M. As in [BSull Chapter 1, Subsection 1. 5]
and [Su2l Subsection 1.3], we consider yet another separable Hilbert space Handa family
of operators X(t (t) = Xo +tX 1 L H 9, satisfying the assumptlons of Subsection 1.1. Let
M : $ — § be an isomorphism such that M Dom Xy = Dom X, and X(t) = X(t)M :
H — 9. Then

(6.1) Xo = XoM, X;=XM.
In §, we consider a family of selfadjoint operators A(t) = X(t)* X (t). Then, obviously,
(6.2) A(t) = M*A(t)M

In what follows, all the objects correspondmg to the family A( ) will be marked by the
upper index “”7”. For the kernels 9 = Ker Xo and 91 = Ker Xy we have 9N = MN. Note
thatn—nfﬁ sﬁ*,n*—n*,P*—P

We denote (cf. [BSull Chapter 1, Subsection 5.3], [Su2l Subsection 1.3])
(6.3) Q= (MM ' =(M)'M"': 55 H

The operator @ is positive and continuous together with Q~!. In the subspace ‘JAT, we
consider the operators

(6.4) Qs = PQls, Mo = (Qs)
As was shown in [Su2, Proposmon 1. 2] the orthogonal projection P of § onto 91 and

—1/2

the orthogonal projection P of S’) onto N satisfy the relation
(6.5) P=M"Y(Qg) " P(M")

6.2. The operators EQ, I%, §, and Z\A]Q. Let @ € ‘)AT, and let 12@ € Dom)A(o be the
solution of the problem

(6.6) X5 (Xotho + X12) =0, Qibg L9
Equation in (6.6) is understood in the weak sense, cf. (1.4), (1.5). We introduce the
operator Zg : $) — $ by the relations

ZQQZ’IZJ\Q, @66\’1; ZQ{/E\:O, .;E\E&J'.
By Lemma 6.1 in [BSu2], the operator Z defined in Subsection 1.2 and the operator 2Q
satisfy
(6.7) Zo=MZM'P.

The operator R : 9 — M, is defined by analogy with R by the formula R=P.X, |5y
Note that R = )A(OZQ@ + )A(l@, & € M. The operators R and R satisfy the identities
(6.8) R=RM|n, R=RM™ .

The spectral germ S of the family A\(t) at t = 0 is defined as in (1.10): S=R'R:N—N
The germs S and S are related by the formula
S = PM*SM|q.
As a counterpart of the operator N (see (2.28)), we define the operator
Ng = Z5X{RP + (RP)*X, Zg.
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By Lemma 6.2 in [BSu2], for the operators N and ](fQ we have
(6.9) Ng = P(M*)"'"NM~'P.

6.3. The operators Zy Q5 Ry @, and N 1g- Let W € MN. We consider the following
problem for ¢Q € Dom Xo

(6.10) X5 (Xodg + X1200) = —XiRD + Q(Qq) 'PX{RY, Qoo LM
The equation in (6.10) is understood in the weak sense (cf. (1.13)). Clearly, the right-

hand side of this equation belongs to ‘ﬁL = Ran XO, i.e., the solvability condition is
satisfied. We define the operator ZQ’Q : 53 — 55 by the relatlons

(6.11) Zool =g, GEN; Zygi=0, TeNt
Lemma 6.1. The operator Zy defined in Subsection 1.4 and the operator 22_9 satisfy
(6.12) Zsg = MZyM™'P.

Proof. 1t suffices to check that 227(,2@ = MZ,M~'Q, & € N Let & € ‘fl, and let
w= M. Then w € M, and by (6.1), (6.7), and (6.8), we have
(6.13) R& = Rw, X1Z06 = X1 2Zw.
Next, relations (6.1), (6.3), (6.5), and (6.13) imply
M*(~X{R& + Q(Qgq) ' PX{R)

= —X{Rw+ MY (Qg) 'P(M*) ' X} Rw = —X} Rw + PX{Rw

= —PX;Rw.
Now, multiplying (6.10) by the operator M* and using (6.1) and (6.13), we conclude that
(6.14) X;(XoM ‘¢ + X1 Zw) = =P+ X} Ruw.
Due to (6.3), the orthogonality condition in (6.10) yields (M*)_lM_lqASQ 1M, ie.,
(M~ 1¢g, M=) = 0, ¢ € M. This is equivalent to the condition M~t¢g L M.
Comparlng this orthogonality condition and equatlon (6 14) with (1.12), we see that

M™gq = ¢(w) = Zw. Hence, by (6.11), ZooB = dg = MZyw = MZM™'G,
HeN. O

Now, by analogy with (1.17), we introduce the operator IA%g,Q ) (S 9. by the
relation

(615) ]/%27@&\) = )?022 Q&\) + )?12(2(:\} we {ﬁ
From (1.17) and (6. 1) (6.7), (6.12), (6.15) it is seen that the operators Ry and RQQ
satisfy the identity R2 00 = Row forw=M"10,& € ‘ﬁ ie.,
(6.16) Ry = RQ’QM|9’1, RQ’Q = RQM_ ‘;ﬁ

Finally, by analogy with N? (see (2.49)), we introduce the operator

N0y = 23 o R1RP + (RPY %1 2agy + B o PP

From (6.1), (6.8), (6.12), and (6.16) we deduce that the operators N and NRQ satisfy
the relation

(6.17) N =P(M*)"'NYM~'P.
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6.4. Approximation of the sandwiched operator exponential. Now our goal is
to find an approximation of the operator exponential e=4®)7 for the family (6.2) in terms
of the characteristics of the operator A(t) and the isomorphism M. It turns out (cf. [Su2)
Subsection 2.2], [V, §3]) that it is convenient to approximate the sandwiched exponential
Me_A(t)TM*.

From (5.62) it directly follows that

- T r* —t2S7 * 1 2 *
(6.18)  Me AOTM* = MeTUSTPMT + KO (8, 7) + K5 (t,7) + MJIO(t, )M,

where
(6.19) K5 (¢, 7) = MKW (8, 7)M*, K (t,7) = MK (t,7)M*,
As was shown in [Su2l, Proposition 2.3], we have
(6.20) Met*STPM* = Moe™" MoSMoT N[0 P = Ey(t, 7).
From (5.10) and (6.19) we obtain
(6.21) K5 (t,7) = t(MZe "STPM* + Me™"STPZ* M*) — £ Mq(t,7),
where
(6.22) Mo(t, 7)== MM(t, T)M".
The following identity is a consequence of (5.11), (6.9), and (6.20):
(6.23) Ma(t.) = [ " Bolt,T - p)NaFolt, p) dp.
Now relations (6.21), (6.7), and (6.20) imply
(6.24) KS)(t,7) = t(ZgEo(t,7) + Eo(t, 7)Z8) — > Mq(t,7).
Next, by (5.48) and (6.19), we have
(6.25) K& (t,7) zsjlcj% t.7)
j=1

where K;?Zg(t,T) = M’C;z)(t,T)M*, j=1,...,5.
Taking (6.7), (6.12), and (6.20) into account, from (5.49) we obtain the following
representation:

(6.26) KL (t,7) = 2(Za,g Bo(t, 7) + Bo(t,7) 23 + Zq Eo(t, 7) Z5)).
By (6.7) and (6.22), relation (5.50) implies
(6.27) KSh(t,m) = —t1(ZaMq(t,7) + Mq(t, 7)25).

Using (6.17) and (6.20), from (5.51) we get

(6.28) KO (t,7) = ¢ / Eolt, ™ — p)NO o Eo(t, p) dp.

In order to calculate the operator IC4}Q(t, 7), we use (5.54). Taking (6.20) into account,

we have
.

K& (t,7) = 53 Eolt,7 = p)P(M*) ™' 2" ZM " PEy(t, p) dp.
’ T
y (6.7) and (6.3),

P(M*)T'Z*ZM™'P = Z(M*)"'\M~Zg = Z},QZq.
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Consequently,

o [ 5
(r) = ~2 3 | Bult.r = 025QZEot. ) dp.

Finally, combining (5.53), (6.9), (6.20), and (6.22), we arrive at the representation

(6.29) K2

(6.30) K2(tm) = [ Balt.7 - p)RaMalt.p)dp.
0

Relations (5.12), (5.60), and (6.19) imply the following estimates for the correctors:
1 - —Cyx 27’
(631) [IKQ (1) loms < IMIP20) 21Xt + 1 XaPlePr)e "7, 7 >0, t R,

2 - —Cyx 27’
(6:32) [IKS (1) 19 < [IM]P(46) 7 (B X042 + 7] X1 [ *t17 + | X1 Pt072)e 7,
T7>0,teR

By (5.63), the error term MJO(t,7)M* =: J)(t,7) in (6.18) satisfies the estimate
(6.33) 1Tt ) ln—s < COIM|Pr—32, 7 >0, |t <t
We have proved the following theorem.

Theorem 6.2. Let A(t) be an operator of the form (6.2) satisfying the assumptions of
Subsection 6.1. Then

(6.34) Me™AOTM* = Eo(t,7) + K (t,7) + K (t,7) + I (L, 7),

where the operator E°(t,T) is defined by (6.20), IC(Ql)(t,T) is defined by (6.23), (6.24),
and the operator IC(Q2) (t,7) is defined in accordance with (6.25)—(6.30). The operators

ICS)(t,T) and ng)(t,T) satisfy estimates (6.31) and (6.32), respectively. The error term
JO(t, ) satisfies estimate (6.33), where the constant C° is given by (5.61).

§7. APPROXIMATION OF THE RESOLVENT OF THE OPERATOR A(t)

7.1. Preliminaries. Suppose that condition (5.1) is satisfied. Now our goal is to ap-
proximate the resolvent (A(t) +&2I)~! in the operator norm in §) as ¢ — 0. In [BSul],
the principal term of this approximation was expressed in terms of the resolvent of the
operator t2S, and an error estimate of order O(¢~1) was given. (Note that the resolvent
(A(t)+€2I)~ ! itself is of order O(¢72).) In [BSu2], a more accurate approximation of the
resolvent with an error of O(1) was found. The main impact was given by approxima-
tion of the operator (A(t) + &2I)~1F(t) in terms of the threshold characteristics of the
operator family A(t), while the operator (A(t) +2I)~1F(t)* was “moved to the error”.
However, it is impossible to obtain an even more accurate approximation of the resolvent
(A(t)+€%I)~! in the operator norm in §) with an error of O(¢) in the same way. The diffi-
culty is that ||(A(t) +e2I) "1 F(t)*|| = O(1), and the operator (A(t)+&2I) "1 F(t)* “does
not move to the error”. However, if we multiply the resolvent (A(t)+&2I)~! by a suitable
“smoothing” factor (see Subsection 7.5 below), it becomes possible to approximate more
accurately.
We denote

(7.1) E(t,e) == (t*S + e%In) ' P.

Relations (5.1) and (5.2) imply the estimates

(7.2) [(A®) + 1) Hgon < (ext® +3)71 e>0, [t <t
(7.3) I1Z2(t, &) |lgos < (cut? +€2)71, £>0, teR.
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The operator (A(t) +2I)~! can be represented as
(7.4) (A(t) 4+ D)7 = (A(t) + 2D F(t) + (A(t) + 2D LR ().,
We start with the analysis of the first term on the right-hand side of (7.4). We shall
approximate the operator (A(t) + €2I)~1F(t) with an error term of order O(t|) (see
Theorem 7.1 below).

Denote
(7.5) G(t,e) := (A(t) + 1) F(t) — E(t,e).

The following estimate was proved in [BSull, Chapter 1, Theorem 5.2] with the help of
(4.1) and (4.2):

(7.6) IG(t,e)|lgos < Colt|(cat? +2)71, e>0, |t <t
Here
(7.7) Co =201 + ;1 Cy = 2610 V2| X || + Bocs 1672 X1 |2

From (7.6) it is seen that |G(¢,¢)| = O(e™}) for |t| < t°.
In [BSu2, §5], by using Theorems 4.1 and 4.2, a more accurate approximation of the
operator (7.5) was obtained:

(7.8) G(t,e) = 8 (t,e) + T (L, ).
Here the corrector &) (t,¢) is given by
(7.9) AW (t,e) = t(Z2(t,e) + E(t,e) Z%) — t3E(t, ) NE(t, €),

the operator Z is defined in Subsection 1.2, and N is defined by (2.28). Relations (1.7),
(2.29), and (7.3) imply the following estimate for the operator (7.9):

IRVt )55 < 2EZIIEE ) + [EPINIIEE, )1
< (20) 72 (|1 X[l (ext? + )T [P X [P (cat® +€2)72), e>0, tER.

We see that |81 (¢, )| = O(s™1).
As was proved in [BSu2| §5], the error term J(¢,¢) satisfies

(7.10)

(7.11) 1T (te)lgse <€, >0, [t <t
where
(7.12) ¢ =5 (B X |? + B8P e Xt + BB e P X1 19).

7.2. The analysis of the operators F(t)*Z(t,e) and F(t)(A(t) + ¢2I)~'P*. The
operator (7.5) can be represented as

(7.13) G(t,e) = F(t)(A(t) + 2) P — F(t)LE2(t,e) + Go(t, €),
where
(7.14) Go(t,e) == F(t)(A(t) + 21) 7' P — F(H)Z(t,e).

We start with the analysis of the second term on the right-hand side of (7.13). By
(2.52), we have F(t)*P = (P — F(t))P = —(tFy + t>Fy + F3(t))P. Hence,

(7.15) —F(t)*E(t,e) = (tFy + t*Fy)Z(t, €) + F3(t)Z(t, €).

Relations (4.9) and (7.3) imply the following estimate for the last term on the right-hand
side of (7.15):

(7.16) | E5(8)2(t, €) |5 < Cslt]*(cat® + %)~ < Cse M), >0, [t <t
Taking (5.28) into account, we transform the first term on the right-hand side of (7.15):
(7.17) (tFy + 12 Fy)E(te) = (tZ + 1229 — 12 Z* Z)=(t, €).
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Consider the operator F(t)(A(t) +&%I)~*P+. By (2.52),
F(t)P*+ = F(t)(F(t) — P) = F(t)(tF) + t*Fy + F3(t)).
Hence,
(7.18) F(t)(A(t) +2) 7P = (A(t) + 2I) L F(t)(tFy + 2 Fy + F3(1)).
From (4.9) and (7.2) it follows that
g1y IO+ SO ORI s < Colif et +47 < Coe i
e>0, [t <t

Next, using the notation (7.5), we can write

(7.20) (A(t) 4+ 2 )L F (1)t Fy = E(t, &)t Fy + G(t,&)t* Fy.
Relations (7.6) and (2.14) imply the inequality
(7.21) |G (t, o)t Fall5ss < Colt]?(ct? +€2) 71 < CocMt], >0, |t <t°,
where
(7.22) €z = 3¢ X [*(48) .
By (5.28), we have PFy = Z5 — Z*Z. Consequently,
(7.23) E(t,e)t?Fy = t*2(t,e)(Z5 — 27 Z).
Finally, we consider the term (A(t) + &21)~'F(t)tF;. By (7.5) and (7.8),
(7.24) (A@t) + 2T F()tF = (E(t,e) + 8Y (¢, 0))tFy + T (t,€)tFh.

The estimate for the last term on the right-hand side of (7.24) is a consequence of (7.11)
and (2.7):

(7.25) [T (t, e)tF |l g—sn < €slt], >0, [t <1,
where
(7.26) Cs3 = C1]| X1 ]|(26)" /2.

Using (7.9) and the identities PFy, = Z*, Z*F, = Z*Z (see (5.28)), we obtain the

following representation for the first term on the right-hand side of (7.24):
(727 (E(t,e) + &Y (t,e))tFy
' = t2(t,e) Z* + 12 ZE(t,e) Z* + t>E(t,e) Z* Z — t*E(t,e)NE(t, ) Z*.

Now we summarize the study of the terms F(t)1Z(t,e) and F(¢)(A(t) + 1)~ PL.
Relations (7.15), (7.17), (7.18), (7.20), (7.23), (7.24), and (7.27) imply the following
representation:

(728) F(t)(A(t) + 2I)~1PL — F(t)1E(t, )
=HZE+EZY) +tX 2,2+ EZ3) — P Z* ZE+ 12 ZEZ* — t*'ENZEZ* + Ji(t, €),
where = = Z(t,¢) and
Ji(t,e) = F3(t)Z(t,e) + (A(t) + 2I) T F () Fy(t) + G(t, e)t>Fy + J (t, &)t F).
By (7.16), (7.19), (7.21), and (7.25), we obtain the following estimate of the error term:

(7.29) 171t )55 < (205" + Cacl + C)[t], >0, [t <t
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7.3. The study of the operator Gy(t,s). The operator (7.14) satisfies the identity
Go(t,e) = —F(t)(A(t) + 2I) " (A(t)F(t) — t2SP)E(t,¢).
Combining this with (2.53), we get
(7.30) Golt,e) = —F(t)(A(t) + 2I) YK + t*W + U(t))Z(t, €).
From (4.16) and (7.2), (7.3) it follows that
(7.31) IF(#)(A(t) + D) T U (OE( €) 55 < Colt] (eat® + %) 7% < Coc 1],
e>0, [t] <t
Next, taking the notation (7.5) into account, we have the relation
(7.32) F(t)(A(t) + 21 W WE(t, e) = t*E(t, e)WE(t,€) + t*G(t, e)WE(L, €).
From (2.51), (7.3), and (7.6) it follows that
(7.33)  |[t*G(t,e)WE(t,e)|lgos < Calt](cat? +2) 72 < Cyc2t, >0, |t <t

where

(7.34) €y = 5Co(26) 7| X ||*.

By (5.45), the first term on the right-hand side of (7.32) is represented as
(7.35) t12(t, e)WE(t,e) = t*E(t, e)(NY — Z*ZSP — SPZ* Z)Z(t,¢).

Now we consider the term involving K in (7.30). By (7.5) and (7.8),
(7.36)  F(t)(A(t) + 1) "WKE(te) = (B(t,e) + 8V (t,e) + T (t, )P KE(t, ¢).
Relations (2.30), (7.3), and (7.11) imply the estimate
(7.37) || T, e) P KE(t,€)]l g < CsltP(cat® +2)7F < e tt], >0, |t| <,

where

(7.38) €5 = €12(20) V21X, 3.

By (7.9), we have

(7.39) (E+ &V (t, )P KE = t’EKE + t* ZEKE + t*E2* K= — tSENZKE.

We apply identities (5.44) and observe that
'K =7Z"Ky=Z*ZSP,

which follows from (2.19), (2.22) and the properties of the operators N and Z. Then the
operator (7.39) takes the form

(7.40) (E+ &V (t,e))* KE = t’3ENE + t* ZENE + t*22* ZSPE — t°ENENE.

As a result, relations (7.30), (7.32), (7.35), (7.36), and (7.40) imply the following
representation for the operator (7.14):

(7.41) Go(t,e) = —t°ZNZE —t*'ENYE —~t* ZENE+*'ESPZ* ZE+ S ENENE+ To(t, ¢),
where E = E(t,¢) and

To(t,e) = —F(t)(A(t) + 2) " ()E(t,e) — t*'G(t, e)WE(t,e) — T (t, o)t KE(t, ).
From (7.31), (7.33), and (7.37) we obtain the following estimate of the error term:
(7.42) |T2(t,€)[[5—0 < (Cocy? + Cac® + Cel Mt e >0, [t <O
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7.4. Approximation of the operator (A(t)+%I)"1F(t). Now relations (7.5), (7.13),
(7.28), and (7.41) imply the representation
(7.43) (A +2)7IF(t) = E(t,e) + 8V (t,e) + 8P (t,e) + Ti(t,€) + Talt,€),
where the first corrector 81 (¢, ¢) is defined by (7.9), and the second corrector 83 (¢, ¢)

is the sum of five terms:

5
(7.44) KA(t,e) =Y &P (t,e).

We estimate the operators (7.45)—(7.49). From (1.7), (1.16), and (7.3) it follows that
(7.50) I8P (t,€) l5m < 588) X2 (et +2)7L >0, teR.
By (1.7), (2.29), and (7.3), we have
(7.51) IR (£, e)lgms < (20) | X1 || * 4 (cut> +2)72, £>0, teR.
Relations (2.50) and (7.3) imply
(7.52) I8P (5, 0)l9os < 9(80) M| X1|[*t (et +€2)°2, >0, teR.
Applying (1.7) and (7.3), we obtain
(7.53) IR (£, e)lgos < (88) Y| X1|22e2(cat? +€2)2, >0, teR.
Finally, from (2.29) and (7.3) it follows that
(7.54) 182 (¢, )l gos < (20) HIX1 [0 (cut® +£2)3, >0, teR.
As a result, relations (7.50)—(7.54) yield the following estimate for the operator (7.44):

7.55
(Ilﬁ@)) (t:e)lls—s < (80) 71 (Bl Xul*£2(cut® + %) 71 + 13| X1 | *#* (c.t? + %) 72
+ | X1 |22 (eat? +€2) 72 + 4] X1 |55 (eut? +€2)73), >0, teR.
The error terms in (7.43) satisfy estimates (7.29) and (7.42). We denote J°(t, &) =
Ji(t,e) + Ja(t,€). Then
(7.56) 170t e)llo—s < €, >0, [t <t

where €9 = 2C5¢; ! + Coc ! + €5 + Coc 2 + €4c 2 + C5e; L. From (4.10), (4.17), (7.7),
(7.12), (7.22), (7.26), (7.34), and (7.38) we see that the constant ¢ is given by

(7.57) €0 = 572 (Bre Xl + Boe | X |1° + Bael *IXall” + Bac 1 X 1),

where Bj, 7 =1,2,3,4, are some absolute constants.
We have proved the following result.
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Theorem 7.1. We have

(7.58) (A1) + D)7 F(t) = Z(t,¢) + 8D (t,€) + 8P (t,6) + T°(t, €),

where the operator Z(t,¢) is defined by (7.1), RV (t,¢) is defined by (7.9), and the op-
erator R (t,¢) is defined in accordance with (7.44)—(7.49). The operators 81 (t,&) and

RP)(t,¢) satisfy estimates (7.10) and (7.55), respectively. The error term JO(t,€) satis-
fies estimate (7.56), where €° is the constant (7.57).

7.5. Approximation of the “smoothed” resolvent. Let A(t) be an (auxiliary) self-
adjoint operator in $ admitting a factorization of the form (1.1), i.e., A(t) = X (¢)* X (¢),
X(t) = Xo + tX;. Assume that A(t) satisfies the same assumptions as A(t) (see Sub-
section 1.1), and that Ker A(0) = Ker A(0) = N. Let d° be the distance from the point
Ao = 0 to the rest of the spectrum of the operator A(0). We fix a number Je (0, 50/8)
and put 10 = 51/2||X |71, Let F(t) be the spectral projection of the operator A(t) for
the interval [0, 5] Applying Theorem 4.1 to the operator A( ), we have

(7.59) |F(t) = Plloms < Cultl, 1<

where Cy = 16 1/2||X1||
Next, assume that A(t) satisfies a condition of the form (5.1):

(7.60) A(t) > &2, |t <P, & >0.

Then

(7.61) I(A(@) + D) 79 < (@t® +2)712, o <P
Obviously,

(7.62) IE@) (A + D) 72|l gmn <6712, o <

From (7.59), (7.61), and (7.62) it follows that

(7.63)  ||P(A®t) + 27V |lgmn <5 V24 Cult|(Et2 + 22 < Oy, Jt] <D
where

(7.64) Co =312 4 CLE % = 571201 + By | X |1 2).

We start with (7.4) and (7.58). Multiplying by the operator e(A(t) + 2I)~1/2 from
the right, we obtain

((A(t) +20) 7 —2(t,e) — 8D (¢,e) — RO (¢, 5)) e(A(t) + e21)1/2

= JO(t, e)e(A(t) + 2172 + (A(t) + 21) ' F(t) “e(A(t) + £21)~1/2.

The first term on the right-hand side of (7.65) is estimated with the help of (7.56) and
(7.61):

1T, e)e(At) + &2 D) 7| g < €Jtle(Et® +7) 7% < €O(8) 7%,
|t| < min{t°,#°}, &> 0.

(7.65)

(7.66)

In order to estimate the second term on the right-hand side of (7.65), we use the
inequality

(7.67) 1(A®) + 1) F(t) lgms < (30)7,  Jt] <t°, e>0,
which follows from (1.2). Then
I(A(t) + €2I) T F(t)Fe(A(t) + e21) 72|55

(7.68) -
< (38) 'e|F(O(AW) + D) lgns, 1 <t° e>0.
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Next,
1F(#) - (At) +€2) 7% 5
< (P = F)(A®) + D)2l + | PHA) + 22172,
Combining this with (4.1), (7.61), and (7.63), we obtain
7y VPO O+ D7 2y g S OIS+ 71/ 4.8y < C1(E) V24 G
t| < min{t®, "}, > 0.
From (7.68) and (7.69) it follows that

I(A() + 1) T F () e(A(t) + 1) 72 g5 < (30) 7 (C1(E) T + Co)e,

7.70

(7.70) t| < min{t°,°}, &> 0.
‘We denote

(7.71) ¢ =¢%&) "2 4+ (38) " HC1(E) Y2 + Cy),

where the constant €° is defined by (7.57), C; is defined by (4.3), and Cy is given by
(7.64). Now the representation (7.65) and estimates (7.66) and (7.70) directly imply the
following result.

Theorem 7.2. Under the assumptions of Theorem 7.1, let E(t) be an operator satisfying
the conditions described above. Then for [t| < min{t°,{*} and ¢ > 0 we have

(7.72) ||((A(t) +€2D)~" = Z(t,e) — 8D (t,€) — 8D (¢, €))e(A(t) + 1)1/ < Qe

Hfjaﬁ
The constant € is defined by (7.71) and depends only on 8, | X1, cv, 8, | X1, and &..

Remark 7.3. One could take A(t) itself for the role of A(t). However, this is inconvenient
for applications to differential operators. In applications, the role of A(t) is played by
a differential operator with variable coefficients (depending on the parameter t), while
it is convenient to choose Z(t) to be a differential operator with constant coefficients.
Herewith, the operator e(A(t) 4+ £2I)~'/2 is smoothing indeed. Therefore, we transfer
the term “smoothing operator” to the abstract setting.
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