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SINGULAR POINTS OF THE SUM
OF A SERIES OF EXPONENTIAL MONOMIALS
ON THE BOUNDARY OF THE CONVERGENCE DOMAIN

O. A. KRIVOSHEYEVA

ABSTRACT. Singular points for the sum of a series of exponential monomials are stud-
ied. The main statement contains results of Hadamard, Fabry, V. Bernstein, Polya,
Carlson and Landau as particular cases. Moreover, a special function is constructed
that has no singular points on the boundary of the convergence domain of its series.
This function generalizes a certain special function in the theory of Dirichlet series
to the case of series of exponential monomials. The existence of this special function
shows the necessity of a condition in the main theorem; in V. Bernstein’s theorem,
a similar role is played by the requirement that the condensation index should be
equal to zero.

§1. INTRODUCTION

Let A = {\g,mi}32, be a multiple sequence, where the A; are complex numbers
whose moduli are monotone nondecreasing with k, |Ax| — oo, and the my are natural
numbers. We consider the series of exponential monomials generated by A, i.e., the series
of the form

oo, mp—1
(1.1) Z di.n 2" exp(Ar2).

k=1,n=0

The distribution of singular points for the sum of this series on the boundary of the
domain of convergence is studied.

Let d = {dk,n}zi?ffl;(l) be a sequence of complex numbers. We denote by gq(z) the
sum of the series (1.1), and by D(A, d) the interior of the set of all points z € C at which
the series converges. Generally speaking, the set D(A,d) may fail to be convex (see [I])
or even connected (see [2]). But if

m(A) = limsup M 0, o(A)=Ilimsup nj_ 0,
k—o0 |)\k‘ Jj—oo J

where {;} is the sequence with monotone nondecreasing moduli formed by the \;, in such
a way that each A\, occurs precisely my times, then the Cauchy—-Hadamard theorem for
series of exponential monomials (see [2]) shows that D(A,d) is a convex domain (which
may be empty) admitting a description in terms of the coefficients {d ,,}. Moreover,
under the same conditions, by the Abel theorem (see [2]) for series of this sort, the
expansion (1.1) converges absolutely and uniformly on every compact subset of D(A, d).
In particular, its sum g4(z) is analytic in D(A,d).

We shall denote by 20(A) the set of all coefficient sequences d = {dkn}goszL;é for the
series (1.1) such that the set D(A,d) is not empty and the functions g4(z) are analytic
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in D(A,d). Let d € A(A). A point z € 9D(A,d) is said to be singular for g4(z) if this
function does not admit analytic continuation to any domain containing z and including
D(A,d).

The problem of describing the singular points on the boundary of D(A,d) counts a
long history. It originates in the investigation (started as early as in the 19th century)
of domains of existence for functions representable by power series. They are a partial
case of the Dirichlet series, specifically, of the series (1.1) with mj =1 and A, negative.
The substitution w = exp(—z) converts a power series into a Dirichlet series. In 1892,
Hadamard proved that if g is representable by a power series

(1.2) g(w) = idnwk(")

with gaps, k(n + 1) — k(n) > ak(n), where « is a positive number independent of n,
then the boundary of the convergence disk for this series is the natural boundary of the
domain of existence for g, i.e., every point of this boundary is singular for g. In 1896,
Fabry [] proved (among other things) that Hadamard’s theorem remains true under a
less restrictive condition on the sequence of exponents, namely, under the requirement
that the sequence {k(n)} have zero density:
n

lim — =0.

nroo k(1)
Polya [5], [6] and also Carlson and Landau (see, e.g., [7, Chapter II, §5.2]) extended this
result to the case of Dirichlet series. They showed that if ¢ is representable by a Dirichlet
series

(1.3) g(z) = de exp(—Ag2)

k=1
with a sequence A = {A\;} of positive exponents that has zero density and satisfies
Ae+1—A > h>0,k=12, ..., then either g(z) is an entire function or the convergence

line (the vertical line that bounds the half-plane of convergence for the Dirichlet series)
is the natural boundary of the domain of existence for g. This result is a partial case of
a more general statement by V. Bernstein, see [8]. He proved that, under the conditions

.k . 1
kl;rr;o N 7, (A= lllzrisolip " In 0w ,
where
s =T] (1-5:).
k=1 k

every interval of length 27 on the convergence line for the series (1.3) (if this line exists)
contains at least one singular point for g(z). In particular, this implies a refinement of
the Fabry theorem: if the sequence {k(n)} for the series (1.2) has density 7 = limn/k(n),
then every closed arc of length 277 on the circle of convergence contains at least one sin-
gular point for g(w). It should be noted that Polya had proved V. Bernstein’s statement
prior to him, but under a stronger restriction (compared to v(A) = 0) on the sequence
A={}: M1 — A >h>0k=1,2,.... In [9, Chapter II, §3.3] a special function
was constructed which is the sum of a Dirichlet series and, together with v(A) # 0, has
no singular points on the convergence line. The existence of such a function shows that
the condition y(A) = 0 is necessary in V. Bernstein’s theorem.

Leont’ev [9] generalized the results of Fabry, Polya, and V. Bernstein to the case of
series of exponentials (i.e., series of the form (1.1) with mj; = 1) whose sequence of
exponents has zero density. He proved that, under this condition and the supplementary
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condition v(A) = 0, the domain of convergence for the series of exponentials coincides
with the domain of analyticity for the sum of this series. In particular, this implies that
the latter domain is convex.

In connection with the problem under discussion, we mention also the papers [10] by
Ostrowski and [11, [12] by Lunts, which stay somewhat apart. In the first paper, Dirichlet
series were studied whose sequence of exponents has finite upper density:

k
limsup — = a > 0.
k—o0 >\k
A well-known theorem by Ostrowski (see also [20] and [7, Theorem 2.4.7]) says that,
under the condition

(14) lim inf()\k_H - /\k) = h,
k—o0

the function (1.3) has a singular point in every closed disk of radius r(«, h) = wa* +
3(3 —In(ha))a and centered at the convergence line. Here o* is the averaged upper
density of the sequence {A;} (see [7]); it satisfies the estimates a* < a < ea*. Note
that the definition of the upper density implies the inequality o < 1/h. Under condition
(1.4), the sequence {\;} can be completed up to a sequence with density not exceeding
1/h (see, e.g., [1]). By Polya’s (or Bernstein’s) theorem, the function (1.3) has at least
one singular point on each interval of lengths at least 27 /h on the convergence line. If
the upper density « is not too distant from 1/h, then 27 /h is much smaller than r(a, h).
In this case the Polya theorem yields more than that of Ostrowski. So, in the context of
the problem under study, the results of [I0] become substantial only for Dirichlet series
of special type, when the upper density « of the sequence {\;} is much smaller than
1/h. In this case, the exponents of the series must mainly be concentrated in groups
that lie fairly far from one another on the line. In this connection, a natural question
arises about the applicability of Ostrowski’s result to the problem of the distribution of
singular points for the sum of a Dirichlet series on its convergence line.

In the papers by Lunts, more general series of exponentials were treated. He proved
interesting and subtle results about the distribution of singular points on the boundary
of the convergence domain for a series of exponentials. However, the singular points of all
“partial sums” g(z,T") of this series were treated rather than those of its sum g(z). The
function g(z,T") is the sum of the terms of the series whose exponents lie in the angle T'.
The set of all singular points of the functions g(z,T') (including ¢g(z) = g(z,C)) is much
larger than that of g(z). As an example, consider the series

(1.5) y xpuz),
o )
where S in(in
L) = sin /s\12n(z )
and A = {)\;} is the sequence of zeros of L(\) formed by the points +7n and +imn,
n=1,2 ..., on the real and the imaginary axis. The domain of convergence of the series

(1.5) is the square with vertices at 1 +4, ¢ — 1, 1 — ¢, —1 — ¢, but its sum is identically
zero, consequently, has no singular points (see [0l Chapter II, §2.3]). At the same time,
each of the four “partial sums” g(z,T") for the series (1.5) that correspond to the Ay lying
on a particular coordinate semiaxis, has at least one singular point on the side of the
square that corresponds to this semiaxis. Indeed, let g(z,T') be the sum of the Dirichlet
series corresponding to the negative A;. The sequence of exponents for this series has
density 7 = 1/7 and the distance between neighboring exponents is 1. Then, by Polya’s
theorem cited above, the function g(z,I') has at least one singular point on each interval
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of length 2 on the convergence line (the vertical line containing the interval [—1—4,i—1]).
The same is applicable to the remaining three partial sums of the series (1.5).

In this paper, singular points for a general series of the form (1.1) are studied. The
result obtained implies the statements mentioned above except for those in the last three
papers. Moreover, a special function is constructed that has no singularities on the
boundary of the convergence domain for its series. This function is a generalization of
the special function in the theory of Dirichlet series mentioned above to the case of series
of exponential monomials. Its existence proves the necessity of an assumption in the main
theorem (this assumption is similar in nature to the condition v(A) = 0 in Bernstein’s
theorem). In the next to the last section of the paper, a complete answer is given to
the question about conditions that guarantee that the domain of existence for the sum
of the series (1.1) is convex and coincides with the domain where the series converges.
As a consequence, the converse to Fabry’s theorem mentioned above is proved. It is
spectacular that the condition lim,,_, n/k(n) = 0 is not only sufficient but also necessary
for the domain of the sum of an arbitrary series (1.2) to coincide with the convergence
disk for this series. This statement is a particular case of more general results by Fuchs
and Malliavin (see [21]). Finally, in the last section, the question mentioned above about
Ostrowski’s theorem is answered. By an example, we show that, under the assumptions
of that theorem, the distance between singular points of the sum of a Dirichlet series on
its convergence line may even be like O(1/h) (rather than like O(—1Inh), as we have for
r(a, h)). This means that, in essence, the Ostrowski theorem is related to singular points
of the sum of a Dirichlet series that lie in a neighborhood of the convergence line rather
than on this line itself. Moreover, the example in question provides a lower estimate for
the size of this neighborhood. It turns out that the upper density « of the sequence {A;}
is responsible for this estimate.

§2. CHARACTERISTICS OF A COMPLEX SEQUENCE

In this section, we consider some well-known characteristics for the distribution of
points of a complex sequence, and study their interrelations.

As in [I3] [I4], for a sequence A = {Ag, my}72 |, we introduce a quantity describing
how densely the points A\, are situated. We put

z—=Xe \ "
oo T ()

AL €B(w,d|w|)

1(2,0) = aa(2, A, 0) (Z_Aj> v

N2 gA\Z, Aj, 3(5|AJ| .

Here B(w,r) is the open disk centered at w and of radius r. The modulus of the
function ga(z,w,d) can be interpreted as the measure of concentration of the points
A € B(w,d|w|) near z. If the disk B(w,d|w|) does not contain any A, we agree that
ga(z,w,d) = 1. It should be noted that, on the disk B(w,d|w]|), the absolute value
of each factor in the definition of gy does not exceed the quantity 2(3(1 — d))~! (for
§ € (0,1)), i.e., it is less than or equal to 1 if § € (0,1/3). Moreover, if ; < d2 and
B(wy, d1|w1|) € B(wa, d2|ws|), then the number of factors in the definition of ga (z, w1, 1)
does not exceed that in the definition of g (z,ws, d2). Thus,

|QA(va1761)| > |(JA(Z,’[U2,52)|, z € (Ca

if 0 <61 <z < 1/3 and B(wy,d1|wi]) € B(wa, d2|wz]). A similar inequality is true for
qf\(z,é) if0<d; <dy < 1/3:

(2.1) |aA(2,60)] = |q4 (2, 82)], =€ C.
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We put Sy = 0 if A is finite and

In |gk (Ax, §
Sp = lim lim inf ARl
6—0 k—oo |>\k|
otherwise. This definition is consistent because, by (2.1), the limit as § — 0 always
exists. By the said above, we have Sy < 0. The quantity Ss resembles somewhat the
classical condensation index of A, see [7, [I5]. As in [I4], we introduce also the quantity

. . MA(Ak,é)
My =lim! —_—
S e oS D W R
where Mx(w,8) = 3 5, cB(w,sjw|) Mk We agree that My = 0 if A is finite. Clearly,
My >0 and

(22) MA(wl,él) S MA(U)Q,52) if B(wl,él\wﬂ) Q B(UJQ,52|U)2|).

This implies that M, is well defined. It can easily be observed that m(A) < My (the
quantity m(A) was defined in the Introduction).
Suppose that the sequence A has finite upper density, i.e.,

N(A) = limsup i < 00,
l—o0 ‘77Z|
where the sequence {r;} is built of the points {\;} and each Ay occurs precisely my, times
in this sequence. This assumption is equivalent (see, e.g., [I5]) to the statement that A
constitutes part of the zeros of an entire function f of exponential type. In other words,
f vanishes at each A\; with multiplicity of at least my. It is easily seen that My < N(A).

We illustrate the quantities introduced above by an example. Put Aop = k and
Xow—1 =k —e %% k = 1,2,..., where ¢ > 0. It is easily seen that, in this case,
N(A) =2 and

260l _

My < lim lim sup
0—=0 koo ‘)\k|

We calculate Sp. Let 6 € (0,1/3). Then the numbers (z — A;)/36|Ax| do not exceed 1 in
modulus, so we have

Aok — Agk— ek

2k 2k 2k—1

Aok, )] < < .
00 < | (557 )| < e

Consequently,

1 l
Sa = lim lim inf M
0—0 l—oo |>\l‘ 520 k—oo

| e—ek
< limliminfk™"In { ——— | = —e¢.
< lim lim in n<35(k—e€k))

Thus, in this example the quantity S, is negative and characterizes the distance
between the neighboring points Aog and Asx_1. This distance tends to zero like e~ek,
where —¢ > S). The next example shows that the mere convergence to zero for the
distance between neighboring points does not guarantee that S, is negative.

This time we take Ao, = k and Mop_y =k —e =¥ k=1,2 ..., where e(k) — 0 and
e=sMk 5 0 as k — oo (for instance, we may put e(k) = 1/vk). The quantities N(A)
and M, are the same as in the preceding example. We find Sy. We have

Aok — Ny
n1a25 (or. )| > In|—F——
Il|qA( 2k> )‘ = Z Il‘ 36‘)\l|

M EB(Azk,0|A2k])
A# A2k

Let § € (0,1/3). Then all summands on the right in this inequality are negative. In-
creasing their number will not destroy the inequality. So, if we add (if necessary) the



326 O. A. KRIVOSHEYEVA

summands constructed by the ); that lie in B(Aag, §|Aax | +2) but outside B(Aag, 6| Aak]),
we obtain

Aok — A
In|¢3* (Aog, 0)| > > MW 7
—2r(k)—1<i<2r(k) [ Azt
where 0| Aox| — 1 < 7(k) < §|Aax| + 1. Let e=*(F* < 1/2. By the definition of A, we have
ok = Aak—1| = e70F Dgp = Aopa| = m if 1 = 2m, and [Agp — Agppa| > m—1/2>m/2
if I = 2m — 1. Consequently,

(r(k))*
4r(B) (36((1 + 0)k + 2))4r (k)
Here we have also used the estimate |Aog+i| < (1 + 9)|Aok| +2 = (1 + 6)k + 2, which is
valid because all Aox; involved belong to the disk B(Max,d|Aox| + 2). Since k! > 37FkF
forall k=1,2,..., and § € (0,1/3), we obtain

r(k)
3V2(30((1+ 6k +2)
Since 0| Agx| — 1 < (k) < §|Aax| + 1, the value of the logarithm on the right in the last
inequality is negative. Therefore,

In]g3" A2k, 6)| = —e(k)k + In

r(k)
12(k+1)

In [¢3¥ Aok, 8)| > —e(k) + 4r(k) In —e(k)k + 4r(k) In

In |q ()\2k>6)| _ In |q12\k()‘2k76)‘ > —E(k) 4(5|)\2k‘ + 1) In 5|>\2k| -1
[ Aok k = k 12(k+1)
4(5k + 1) 0 — 1
=— ] .
e(k) K 12kt 1)
Similarly, we obtain
In |g3* ! (Agk—1,6)| o c(k)k N 40k +1) | o —1
[ Aok —1] T k—e Bk | —e—e(Mk T 12(k 4+ 1)

Thus, by the choice of £(k), we have

In gk (A, 6 1)
S = lim liminf A Ol 451, L g,
§—0 k—oo |)\k| §—0 12

We present yet another example to illustrate the quantity Sy. By the way, this example
will be required later on. Let A = {\;}, where the A\ are positive numbers such that
Ak+1 — Ak > h. We calculate Sy. We have

Al — Akt
In gk (A, 0)| = > ln’m
1<i<s(k) k=t

Ak — Akt
5
L<i<n(k) 30[ A1

where s(k) is the number of the points A; that belong to B(Ag, d|A;|) and lie to the right
of A\g. By construction, |Ag — A\g4i| > lh. Consequently, for all § € (0,1/3) we have

R s (k) R p(k)!

In gk (\g, 6)| > 1

R e E SR W EC I CH R P WIS
hs(k)s(k)! hp(k)p( )!

>
=D ® T (6™
s(k) s(k) (k) (k)
LIRS B (p(k))
= A8 )™ <18|m>p

hs(k) hp(k)
> s(k)In 18] + p(k) In TNk
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Observe that the definitions of s(k), p(k), and A; imply
S(k) < MA()\k,(S) < 25|)\k‘ _ 2_5 p(k) < MA()\k,5)
Y I C PV B VA P VY
Next, the function zln(ha/18) is monotone decreasing when hxz/18 < 1. Therefore,
taking the preceding inequalities into account, we obtain

k
L R - I G CINCLO
Dl TSP ] TS

i (2,20, 20 28N
=5\ MR t1g) T

Now, we explore the relationship between the characteristics of the sequence A intro-
duced above. First, we observe that M, = 0 in all examples discussed. At the same
time, S) may be negative and may be equal to zero. The situation changes if My > 0.

20
< =
~ h

Sa = lim lim inf
§—0 k—oo [Ak 5—0 k—oo

Lemma 2.1. Let § € (0,1). We have

1
k < -

If the sequence A = {\g, my}32, satisfies m(A) =0 and My > 7 > 0, then Sy < —7In3.

(MA(Ak,é)—mk), k:1,2,....

Proof. The definition of the function g% (), d) shows that

AL — N 5\)\k|

1n|‘]1l§(>\k75)| = E my In W < E my hlm
A EB(A61Ak]) T xeBOw.sIAD) F

)\175)\]‘, )\l#)\k

1 1
=ln——— =In——(Mp(N,0) — .
NS 0) > my n3(1_5)( A(Ak, ) — my)

)\LEB()\]H(SP\ICD
ANFEA

Suppose that My > 7> 0 and m(A) = 0. Since the coefficient — In(3(1 — §)) is negative
for small § > 0, the above shows that

In|gk (A, 0)| (Ma (g, 6) — my)

1
S\ = gim lim inf < lim In ———— lim sup

—0 k—oo |>\k‘ T 5—0 3(1 — 6) k—00 |>\k|
M,
= —In 3 lim lim sup M = —71In3.
=0 koo ‘)\k|
The lemma is proved. O

Let I' be an angle with vertex at the origin. We introduce the quantities

N(A T, t) = Z mg, N(AT)= limsupw.

ALETNB(0,t) oo t
It can easily be observed that N(A,C) = N(A). For £ € S (S is the unit circle with
center at the origin) and 6 € (0,1), we denote by I'(£,d) the angle with vertex at the
origin generated by the disk B(¢, ). Also, we put

My (t€, 6
My ¢ s = limsup M

t—o0 t

Lemma 2.2. If { € S, 6 € (0,1), and the sequence A = {Ap,mi}2, satisfies the
condition N(A,T(&,0)) <oo, then

SN(A,T(£,0)) < Mpgas < (14 25)N(A,T(E,29)).
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Proof. First, we observe that the disk B(t£,2td) includes the part of the angle I'(¢, )
that belongs to the annulus B(0,t) \ B(0, (1 — §)t). Indeed, by the definition of T'(&, §),
for all w € T'(§,0) with (1 — d)t < |w| <t we have

lw — t€] < |w — [w]é] + | |w|¢ — t&| < |w|é + ot < 2¢6.
Consequently,

N(AT(E,9),1) < N(AT(,9),(1—0)t) n M (t€, 20)
t - t t

It follows that
IN (A, I (5,5)) = lilllSll[) —( ’ (575)7t)

t—o0 t
< lim sup N(A,I(£,0), (1 = 9)t) + lim sup Ma(t€, 29)
t—00 t t—o0 t

r—00 T
=(1—-0)N(AT(E0)) + Mpgos.
This yields the first inequality claimed. The second is a consequence of the estimate
My (t€, 20) < N(A,T(E,9), (14 26)t)
t - t
The lemma is proved. ]

§3. CONSTRUCTION OF A SPECIAL FUNCTION

Along with the condensation index, the quantity S influences the presence of singular
points on the boundary of the convergence domain for the series of exponential mono-
mials. If Sy is negative, then there exists a sequence d € A(A) such that gq4(z) has no
singular points on the boundary of the set D(A,d). We present a statement in which a
function with this property is constructed. This function is a generalization of a special
function in the theory of Dirichlet series (see [9]). We need some notation. For a convex
domain D and a subset © of the circle S, we put

D(©)={z€C : Re(zA) < Hp(N), A € 6},

where

Hps(A) = sup Re(zA)
zeM

is the support function for M (more precisely, for the complex conjugation of M). The
set D(0) is convex, being an intersection of convex sets (specifically, hyperplanes). Since
the support function of an arbitrary set is lower semicontinuous (see [16]), the set D(O)
is a convex domain. The definitions of D(©) and Hp(\) readily imply the inclusion
D C D(0). We denote by O(A) the set of limit points of the sequence {A,/| x|} (except
the point A\; = 0 if it occurs). Clearly, ©(A) is a convex subset of S.

Theorem 3.1. Suppose a sequence X = {A, mi}32, is such that m(A) = 0 and for

some subsequence A= {Akp) }p21 we have the inequality

I g4® (i), 8
(3.1) lim sup n[qx"” (Ak(p), 0p)l
p—>00 |)‘k(p)|

<_B<Oa

where {0, } is a sequence on the interval (0,1/4) monotone decreasing to zero. Then for
every bounded convex domain D there exists a sequence d € A(A) such that the set D(A, d)

~

coincides with D(©(A)) and the function gq(z) is analytic in Dg = D(A,d) + B(0, 8).
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Remark. If Sy < —f3 then, by the definition of Sy, there exists a subsequence {A} of
{A\r} satisfying (3.1).

Proof. We shall look for the required function in the form

(3.2) 9(z) = Zcpgp(z)
p=1

To begin with, we “rarefy” the sequence A = {\g, my}%2, duly, i.e., from elements of A
we construct a new sequence with special properties. To lighten the notation, we use the
same symbols for the new sequence as for the initial one.

We proceed to extracting the subsequence. We start with the observation that, passing
to a subsequence, we may assume that

(3.3) Akl =2kl p=12,....

Moreover, this can be achieved without reducing the set @(/N\) To ensure this, we employ
some countable dense subset of 9(]\) when taking the subsequence. Next, we remove all
“irrelevant” points from A. At the beginning, we discard all \; that do not belong to
any of the disks B, = B(Ap(p), Op|Aep)l); p = 1,2,.... Next, if p satisfies

(3.4) MAAkp), 6p) — M) = BlAwp)| + 1,

then, without touching Ay (), we remove some of A\;’s from B,, (or reduce their multiplic-
ities my) so that the following inequalities be fulfilled:

(3.5) Bk < MA(Ak(p), 0p) = M) < BlAip| + 1.

This leads to a sequence A = {A;, my}72 | satisfying the following conditions:
1) each point Ay belongs to precisely one disk among the B,, p=1,2,...;
2) the series >° % | exp(—a|A(y)|) converges for every a > 0;
3) mequahty (3.1) holds true;

4)

m(A) =
5) N(A) < 0.
We show that conditions 1)-5) are satisfied indeed. By construction, each A; belongs
to some By, p=1,2,.... Next, (3.3) is true. Since ¢, < 1/4, (3.3) shows that

(3.6) (L4 6p) A | < (1= 0pr1)[Auprnl, p=1,2,....
Therefore, the disks By, p = 1,2,. .., are mutually disjoint, and 1) follows. Property 2) is
an immediate consequence of (3.3). We prove 3). If (3.4) fails for a particular p, then all

points Ay in B, have remained where they were, and the quantity In |g A( )()\k 0p)| has
not changed. Let p be an index satisfying (3.4). After discarding some Ak's belongmg to

B, (or after reducing their multiplicities Ax), the quantity In \qA ()\k(p) dp)| increases,

because every factor in the formula defining ¢ A(p ) (Ak(p), 0p) does not exceed 1 in modulus.
However, this increase cannot lead to the violation of the required upper estimates.
Indeed, by Lemma 2.1 we have

1

I [gh"” (Aep)» 8p)] < In W(MA()%@)’ Op) = Mi(p))-
p

By this formula and (3.5), for large p we obtain

1 |gy " ks 0p)| < =(Ma Oy, ) = M) < =B -
So, inequality (3.1) is still fulfilled for the new sequence.
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Condition 4) is satisfied because the limit of a subsequence coincides with the limit of
the original sequence, and the relation m(A) = 0 remains true if we reduce some of the
my > 0. We verify condition 5). By construction, for every p =1,2,... we have

(37) MA(Ak(p)a (5p) — My(p) < ﬂp\k(p)‘ + 1.
Let t € [(1+ 0p)|Aep)ls (1 = 0ps1)[Ar(pt1)l]- By (3.6) and condition 1), we obtain

tTIN (A, C,t) = 7 N(A, C, (14 6,) kg ) ZMA M)

< (T + )Ml ZMA )‘k(a)’é )-

Jj=1

By (3.3) and (3.7), it follows that

p
tIN(A,Ct) < (14 6,) D)™ D (B + 1+ magy)

P j=1

p
< i) D@ TPB ey + 1)+ D2y | g,
j=1 j=1

By (3.3), the sequence {p|A)| ™'} is bounded. Condition 4) shows that the sequence
{1k~ m) } is also bounded. Thus, by the above, we obtain

r r
tIN(ACt) <278+ Dy ™) + D27 Py g
i=1 ) j=1
<P B 2P Y PP < e+ B+ar

j=1 j=1
Now, let t € [(1 = 9,)| Ak l; (14 0p)[Akipl]. Then

N(A,(C, t) < N(A,(C, (1 + 5P)|>‘k(p)|) < N(Aa (Cv (1 + 5;0)|)‘k(p)|)
t - t B (1= 6p) [ Akp)l
< 2kl TIN(A, C (14 6,) i) < 2(c2 + B+ ).

So, N(A) = N(A,C) < >
Now, we define functions g,(z), p=1,2,..., by the formula
1 exp(Az) dA

gp(z) Py )
270 S (i) 465 i ) ap(A — Ak(p))q/k\(p)()‘v )

where S(b,r) is the circle of radius r and with center b, and the quantities a, > 1 will be
specified later. We estimate these functions from above. Since a, > 1, we have

H ()\ — Ak )mk
30,|A
Ak €BAk(p) 9p A kp) ) pl k|
ALF Ak (p)

0 (o)

30, A

Ak €BA(py0p | Ak(p ) pl Akl
AkFE Ak (p)

A € S(Akp)s 40p | Ak(p)])-

k k
lapdi® (N, 8,)] > [dh ™ (A, 6,)| =

:17
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Consequently,
exp(Az) dA
|gp( )| = 2 E(p)
TSSOty A8 Mk ) @p (A = M) )2 (A, 6p)
8| Ak(p |0 exp(\z
< 2(p) P sup ( k)(p)
™ AES (A (p)40p [ Ak(p) ) ap(>\ - )‘k(p))QA ()‘7 61?)
(3.8) < dxAe |6 X exp(A2) ‘
> AT | Ak up AU
(p) b AGS(Akt(p)a45p|)\k(p)‘) ()\ - )\k(p))

< sup lexp(Az)|
AES(Ak(p)49p [ X kp)])

< exp(Re(Ay(p)2) + 40| Akp | [2]), 2 € C.

Now, we define the coefficients ¢,,. Let D be a bounded convex domain, and let {K;}72,
be a strictly exhausting sequence of compact convex sets for D (i.e., for every l = 1,2,. ..
the interior of K1 includes K, and D is the union of all K;). Put

cp = exp(—Hr, (M) — BlAew)l)s, p=1,2,....

We find the domain of convergence of the series (3.2). Set
D ={z€C : Re(z)\) < Hp(A\) + 3,A € O(A)}.

We show that the series (3.2) converges uniformly on compact subset of D. F1x1ng
a compact set K C D, we take z € K and A\ € ©(A). By the definition of D, we
have Re(zA) < Hp(X\) + 8. Since {K;}i°, is an exhausting sequence for D, we have
Hg,(\) = Hp(X\) as | — oo, by the definition of the support function. Therefore, there
exists an index [(z, A) such that Re(z)) < Hp,, ,,(\) + 8. Since the support function of
a compact set is continuous (see [16]), it follows that the last inequality is valid in some
neighborhoods U(z) and V() of z and A, respectively:

(3.9) Re(w¢) < Hi,,(€)+ 8, weU(z), £€V(\).

The sets U(z) x V(A), z € K, A € O, cover the compact set K x O, allowing us to extract
a finite subcovering U(z(j)) x V(A(4)), 5 = 1,...,s. Let r be the greatest among the
indices 1(z(5), A(4)), 7 = 1,...,s. The union of the sets U(z(J)) x V(A(4)), j=1,...,s,
includes a set of the form K x V', where V is a neighborhood of the compact set ©. Let
z€ K, A€ V. By (3.9), for some j =1,...,s we have Re(zA) < Hg,;, 1), (A). Since
{K} is a monotone increasing sequence of sets, we have

HKz<z<j>,A<j>>(>‘) < Hi, (V)
Thus, we have obtained the estimate
(3.10) Re(zA) < Hg, + 8, ze€ K,AeV.

Using the definition of @(IN\), we choose an index pg such that Ay /[ Akp)| belongs to V/
for all p > pg. Since a support function is positive homogeneous of order 1, from (3.8)
and (3.10) we deduce that

Ak(p)?
9p(2)] < exp { [Agpy| Re By + 40p [ Ak p)| 2]

3.11 Ak(p)
(3.11) < exp (|)\k(p) (HKT (|>\ & |> +3> + 40p| M) |z|)
= exp(HKT()\k(p)) + ﬁ‘)\k(p)l + 45p|)‘k(p)‘ |ZD
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Since K, lies in the interior of K,; and the sequence {Kl}fil is monotone increasing,
there is a,. > 0 with

(3.12) Hi. (\) 4 20|\ < Hi,.,(\) < Hg,(\), A€C, I>r+1.

1
We choose p1 > max{py,r + 1} such that 46,|z| < a, for z € K and p > p;. Then
(3.11), (3.12), and the definition of the coefficients ¢, show that
lepgp(2)| < exp(=Hr, (Ak(p)) = Bl Ak ) exp(Hk, (Akp)) + BlAk(p)| + 40p| Al 12])
< exp(=2ar | Ai(p) | + 40p [ Ar(p)| [2])
< exp(—=2ar [ Ag(p) | + ar[Arp) ) = exp(—ar Ak |)
for all z € K and p > p;. Therefore,

D lepgp() < Y exp(—arlhipl)s 2 € K.
P=p1 p=p1

Property 2) of the sequence A implies that the last series converges and, with it, the
series (3.2) also converges, and even uniformly on compact subsets of D. It should be
noted that the above arguments are valid for any choice of a, > 1, p=1,2,....

Now we show that, for a suitable choice of a, > 1, p = 1,2,..., the function g(z)
expands in a series of the form (1.1) in some subdomain of D. By the residue calculus,
for every p=1,2,... we have

mkfl
9p(2) = a,* (bk(p),o exp(Ap(p)2) + > > bpnz” GXP()\kZ)) ;

A €EB(Ak(p):0p| Ak(pyl) m=0
AF Ak (p)

where by(p),0 = (qi(p)()\k(p)ﬁp))_l. We also put by, =0, n = 1,...,myp) — 1. We
define the coefficients dy, ,, as follows. Let A\, € B, for some p =1,2,.... Then

dk,n :Cpbk,n(ap)_l, n=0,1,...,mp — 1.
By property 1) of the sequence A, this definition is consistent.
Now we choose the numbers a,, p =1,2,.... By property 3),

liminf Y, > 8,

p*}OO
where Y, = max{|\y(p)| "' In |byn|} and the maximum is taken over all k with \, € B,
and all n =0,1,...,m; — 1. If ¥, < 3, we put a, = 1, otherwise we choose a, > 1 with
Y, — Mg | ' Ina, = 8. Thus, we have

. 1 _
(3.13) plglgo k:I)I\lfeXB,, {I Moy In |y /cpl} = B.
0<n<my—1

We find the domain of convergence for the series

co,mp—1

(3.14) Z di.n 2" exp(Ag2).
k=1,n=0

Property 5) shows that o(A) = 0. Then, by property 4) and the Cauchy-Hadamard
theorem for series of exponential monomials, the series (3.14) converges in the convex
domain

D(A,d) = {z € C : Re(z)\) < h(d, ), X € O(A)}
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and diverges at any point of its exterior, with a possible exception of the origin. The
function h(d, \) is defined by the formula (see [2])
h(d,)\) = infliminf  min w, A€ BO(A),
1500 0<n<mggy—1 YR
where the infimum is taken over all subsequences {)\,(;y} of the sequence {\} such that
)‘s(l)/|>\s(l)| tends to A\ as [ — oo.

We want to calculate the quantity h(d, A), A € O(A). But before we show that O(A) =
O(A). The inclusion O(A) C O(A) follows directly from the definitions. Let A € O(A).
Then there exists a subsequence {A)} of {Ax} with Ay /[Asy| — A. By property 1)
every point Ay belongs to some disk By,;). Consequently, [Asq) =) | < Op)| M) -
It follows that

)

Ast) k(e ’ s(l) As) As) M)
Mol Preanl | =~ 1ol Preanl | 1TPe@an] — Preoy]
_ ol =Asoll | Preen = Aol
Ao Ak

< 51;(1) + 61)([) = 25p(l) —0, [ — o0

This means that A € O(A), implying the required inclusion O(A) C O(A).
Suppose A € O(A), a sequence {A )} has the property that Asqy/|Asq)| tends to A,
and Ayy € Bpy, [ = 1,2,.... We have

(1 dal) L (L |dal)

m T/ 1Ps@®nl)
0<n<m.y-1 Al (i)c MEBy) ]
n mkf
—— max  deal In |dg n| [Me(pay]
k:\€Bpa) | Ak k:AkeBP(l) Py el
0<n<my—1 < mp—1
1 1n|dkn|

1:‘:6 Z) k) )\kEBp(l) ‘)‘k(p(l ‘

Here the sign in the denominator is opposite to the sign of the maximum. By the
definition of ¢,, we obtain
W(l/ldswnl) o 1 In |djen / Cp(ry| + I fepr) |

ma.
0<n<mgq)—1 IAsyl T 1£6,0 §</\k63p<1> RYSETON
]

1 In |dg A
_ - 0 |dg,n/cp)l i, ( k(p(1)) ) ).
T ks AweBha) RYON PO\ Ak (pay)

The sequence A1)/ Me(pi))| tends to A along with A /[Asp], the sequence { K.} is
monotone increasing, and the support function of a compact set is continuous. Conse-
quently,

A A
liminf Hy <M) > liminf Hg <M) =Hg, (N, r=12....
oo PO ko) [0 Ak

(3.15)

Next, the sequence {K,} exhausts the domain D. Therefore,

. Ak(p(l
hlmmeKpu) ()\L())O > lim Hg, (A\) = Hp(N).
oo k(p(1))

T—00
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By (3.13) and (3.15), we obtain

lim inf min M > — lim ———— max In|dkn/cp)l
l—00 0<n<mg)—1 ‘)\s(l)l Y 61)(1) (I)c<:>\k<€Bp(l)1 |)‘k(p(l))‘
<n<my—

A

+liminf ., (M) +B8>—B+Hp(\) +8=Hp(\).
=00 Ak

Since the sequence {A;)} has been taken arbitrarily so as to ensure that Ay /[As)l

tend to A, the definition of h(d, \) implies

hd,\) > Hp()), Xe©O(A)=0(A).
We claim that, in fact, equality occurs here. Suppose \ € 9(7&) and a sequence
{ Ak} s such that Appa)) /[ M@y | tends to A. For every p(l), 1 = 1,2,..., we denote
by s(I) and n(l) the indices k and n of the coeflicient dj, at which the maximum in
(3.13) is attained. Then

Jim Aoy~ Il ds@y.nay /o | = B-

It follows that

In(1/]dgq)yn@l) —(In|ds@)y,n@y/cpay] + I lepay DAk ey

lim sup = lim sup
I—00 IAs@) I—00 Asy Ak ]
~ Jimsup —(n|ds@) @y /o] + Infep@y))
l—o00 |/\k(p(l))|
—1 A
= —f@ 4+ limsup —n|cp(l)\) = lim Hg, (7]6(1)(1)) ) .
isoo Akapl e Akp))]

Since K,;) C D and the function Hp is continuous, we have

n(1/|dy ) A
lim sup w < limsup Hp <M> = Hp(\).
I—s00 Asl I—00 YO

Since A\sy € By, as above we see that Ay;)/|Asy| tends to A. Then, by the definition
of h(d, \), we have

hd,\) < Hp()), Ae©(A) =0(A).
Thus, we have proved the identity
(3.16) h(d,\) = Hp()), A€ O(A) =0(A).

Hence, by the definition of D(A, d) and D(A(A)), these two domains coincide. Suppose
z € Dg and A € O(A). Then z = w + y, where y € B(0, ) and w € D(A,d). Together
with the definitions of D(A,d) and of the support function for the disk, (3.16) yields

Re(z)) = Re(w\) + Re(y\) < Hp(\) + BIA| = Hp(\) + 8.

Consequently, Dz C D. It remains to show that g4(z) coincides with g(z) in D(A, d).
Since m(A) = o(A) = 0, the Abel theorem for series of exponential monomials shows that
the series (3.14) converges absolutely in D(A,d). But the series (3.2) can be obtained
from (3.14) by uniting terms into groups; therefore, on the joint domain of convergence
D(A,d), it has the same sum as (3.14). The theorem is proved. O
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84. SINGULAR POINTS

By Theorem 3.1, under the condition m(A) = 0, if Sy is negative, then there exist
analytic functions representable by a series of the form (3.14) with an arbitrarily large
domain of convergence that have no singularities on the boundary of this domain. It turns
out that, under a certain additional condition on A, the negativity of Sy is necessary for
the existence of such functions. We shall present the corresponding result in the sequel.
But before that, we introduce still more notation and definitions, and also prove two
auxiliary results.

A sequence A = { A, mi}72, is said to be proper if it is part of a properly distributed
sequence at order 1. This is equivalent to the statement (see [7, Theorem 1.4.2]) that A is
part (with the multiplicities my) of the zero set of an entire function of exponential type
and completely regular growth. We denote by F'(A) the collection of all entire functions
of exponential type and completely regular growth whose zero sets contain A.

Let f(z) be an entire function of exponential type. Its (upper) indicator is defined to
be the function

1 tA
hp(A) = limsup M, AecC.
’ t—o00 t
If K is the convex compact set coinciding with the conjugate diagram of f, then by the

Polya theorem (see, e.g., [9, Theorem 5.4]) we have
hf(X) = Hg(\), AeC.
We denote by h, the lower indicator of f (see [I7, Chapter 4]):

1 1
hy = lim liminf — dedy, z=x+ .
=0 t=oo w02 Jp(a )
The definitions show that the lower indicator does not exceed the upper. The function
f is of completely regular growth (see [I7, Chapter 4]) if and only if

hy(A\) =h;(A), AeC.
Lemma 4.1. Let A be a proper sequence. Then o(A) =0 and M = 0.

Proof. By assumption, A is part of the zero set of an entire function of exponential type.
Therefore, N(A) < oo (see, e.g., [7, Theorem 1.1.2]). This directly shows that o(A) = 0.
We prove that M = 0. We argue by contradiction.

Suppose that My > 7 > 0. Using the definition of My, we choose a subsequence
{Mk(p)} of {A\r} such that

MA(/\k(p)> 1/p) >

(4.1) lim inf

p—o0 [ Ak(p) |
Another passage to a subsequence with (2.2) taken into account allows us to assume
that the sequence {Ag(p)/|Ar(p)|} converges to a point £ € S. Let f € F(A) and € > 0.
The properties of the indicators (see, e.g., [I8 Chapter 1, §6, Subsection 2]) imply the
existence of positive numbers T and ¢ < 1 with

1 t
(12) DU < pye) 4 ne B3, 1T,
Since f is of completely regular growth, we have (see [7, Chapter. I, §4, Subsection 1])
1 t
(43) i PIEOL )

t—oco,t¢ E t
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where F is a set of zero relative measure, i.e.,

(4.4) lim meas(E N [0,7])

T—00 T

=0.
Outside E, we choose an unbounded monotone increasing sequence {¢;} positive numbers
with
t
(4.5) lim -2 — 1.

l—oo 1
This can be done because, by (4.19), for every o > 1 we have
lim meas(E N [r, ar])

r—00 r

207

i.e., every interval [r, a;.] with r sufficiently large contains points not belonging to E. By
(4.3), we can find g such that

(4.6) In|f (&)l = (hy(§) — )t
and t; > T for every | > ly. Consider the functions
[t +9)
M= sy 1=

Formulas (4.2) and (4.6) show that
In |fl(§)| < 2et;, <€ B(O,?)(Stl), > 1.

Let n(l) be the number of zeros (with multiplicities) of the function f;(¢) in the disk
B(0,30t;/e). By the theorem on the zeros of an analytic function in a disk (see [9]
Theorem 2.1]), we have
(6t)"0)
5162 - - - S|

where ¢i,...,6,q) are the zeros of f; in the disk B(0,3d¢;/e). Since [g;] < 36t/e, it
follows that

<exp(2ety), 1>l

D) < (35tl)n(l)

< —————— <exp(2ety), 1>l
|§1C2 e Cn(z)\

Thus, recalling (2.2) and the definition of fi(s), we arrive at
(47) MA(tlf,é) S 26tl, l 2 l().
By (4.5), increasing ly if necessary, we may assume that
tyr < (L+0/4)t.
We choose an index pg such that
[Aeo)/ Ak = E1 < 6/4, (Al =ty
for all p > po. Fixing p > pg, we choose [(p) > Iy with
tip) < )| < tip)+1-
Let A be an arbitrary point of the disk B(Ag(p), 0| Ak(p)|/4). Then
A = tip) €l < 1A = Ayl + Ay — tim)€l
< 0k 1/4+ ) = e €] + [k € + i€
< M@ /2 + )| =ty < Otup) /2 + i) — i)
< (5(1 + 5/4)tl(p)/2 + 5tl(p)/4 < 6tl(p).
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Consequently, the disk B(Ag(py, 0| Ag(p)|/4) is included in B(t;&, 0ty(py). Therefore, by
(2.2) and (4.7), we have

My (Nep)s 6 Ak(p)] /4) < Ma(tip)§,6) < 2etyp) < 2| App)l-
Together with (2.2), this implies that
Ma (M), 1/p) < 2e|Agp) |

for p sufficiently large. This contradicts (4.1) because € > 0 can be chosen arbitrarily
small. The lemma is proved. O

The next statement is an immediate consequence of Theorem 5.2 in [14].

Lemma 4.2. Let A be a proper sequence, and let Sy = 0. Neat, let f € F(A), let
K be the conjugate diagram of f, and let w € C and r > 0. Suppose that g can be
approximated, uniformly on compact sets in D = K + B(w,r), by linear combinations of
elements of the system & = {z" exp(A\2) zOZTfL;(l) Then, in this domain, g is uniquely

representable by the series (1.1).

Proof. We show that the assumptions of Theorem 5.2 in [I4] are satisfied. Let W denote
the closure of the linear hull of £ in the space H(D) of functions analytic in D, with the
topology of uniform convergence on compact sets. Then W is a closed subspace of H(D)
invariant under differentiation, admitting spectral synthesis, and having A = { Ay, mz }72
as the spectrum.

We put f1(\) = f(A) exp(Aw). Since K is the conjugate diagram of f, by the definition
of D we obtain

hy, (A) = Re(Aw) + hp(A) = Re(Mw) + Hi (\) < Hp(A), A€C, A#0.

By the Polya theorem (see, e.g., [18]) this inequality suffices for the existence of a contin-
uous linear functional p on H(D) whose Laplace transform [i(\) = (i, exp(Az)) coincides
with f1(A). Tt is easily seen that the value of this functional at the function 2" exp(Agz)
is equal to fl(n)()\k). By the definition of F/(A), this means that the nonzero functional
w1 vanishes at all functions of the system £ and, consequently, on W. Therefore, W is a
proper subspace of H(D).

Let fa(A) be an entire function of exponential type and completely regular growth
whose indicator hy,()) is equal to the support function of the disk B(w,r), i.e.,

hy,(A) = Hpw,r)(A) = Re(Aw) +r[Al, A eC.

The existence of such a function was established, e.g., in a theorem in [7]. We put
©(A) = fa(AN)f(A), A € C. Since ¢ is a product of two functions of completely regular
growth, ¢ itself is of completely regular growth (this follows directly from the definition),
ie.,

ho(\) = h,(\), AeC.

Moreover, by the theorem on addition of indicators (see, e.g., [7, Theorem 1.4.3]), we
have

ho(A) = hpy(A) + hy(X) = Hpw,r)(A) + Hx(A) = Hp(A), A eC.

Note that Sy = 0 by assumption, and m(A) < My = 0 by Lemma 4.1. Thus, the
hypotheses of Theorem 5.2 in [I4] are fulfilled. By that theorem, every function in W (in
particular, g) is representable by a series of the form (1.1). Also in [14], it was proved
that such a representation is unique. The lemma is proved. O
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For an open set D and a compact set K, we denote by Q(D, K) the collection of all
z such that K + z (a translate of K) is included in D. If D is a convex domain, it is
easily seen that Q(D, K) is also a convex domain (which may be empty). Another way
to define this domain is to put

QD,K)={z€C : Re(zA) < Hp(\) — Hg(\), A € S}.

Theorem 4.1. Let A be a proper sequence, let f € F(A), and let K be the conjugate
diagram of f. The following statements are equivalent.

1) For every sequence d € A(A) with the property that the set Q(D(A,d),K) is
nonempty and is different from the plane, and for every w € 9Q(D(A,d), K), the function
ga(z) has at least one singular point in (w+ K)NOD(A,d).

2) Sy =0.

Proof. 1) = 2). Suppose that Sy < 0. Let D be a bounded convex domain that
includes K. Lemma 4.1 shows that m(A) < M, = 0. By Theorem 3.1 and the remark to
its statement, there exists a sequence d € 2(A) such that the set D(A, d) is not the entire
plane and the function g,4(z) has no singular points on the boundary dD(A,d). Since the
set Q(D(A,d), K) is nonempty in this case (it includes K), this contradicts statement 1).
When defining Sy, we observed that Sy is always nonpositive. Thus, Sy = 0.

2) = 1). Suppose a sequence d € A(A) has the property that Q(D(A,d), K) is
nonempty. Note that o(A) = m(A) = 0 by Lemma 4.1. Consequently, by the Cauchy—
Hadamard theorem for series of exponential monomials, the set D(A, d) and, with it, the
set Q(D(A,d), K) are convex domains. We fix a point wy € 90Q(D(A, d), K) and suppose
that gq(z) has no singular points on the compact set (wo + K) N dD(A,d). In other
words, for every w € (wo + K) NOD(A,d) the function g4 admits analytic continuation
to some disk B(w,r(w)). If the disks B(wy,r(w;)) and B(ws,(w2)) intersect, then,
since D(A,d) is convex, the intersection B(wy,r(wy)) N B(ws,r(w2)) N D(A,d) is also
nonempty. By the uniqueness theorem, the extensions of g4(z) to the disks B(wy,r(w1))
and B(wg,r(w2)) coincide on the intersection of these disks. Thus, g4(z) admits analytic
continuation to the domain D(A,d) U U, where U is a neighborhood of the compact set
(wo + K)NOD(A,d).

We choose a positive number r with K + B(wg, ) C D(A,d) JUU. The function g4(z)
can be approximated uniformly on compact sets by linear combinations of elements of
the system & in some neighborhood of a translate of K (for instance, in D(A,d)). By a
result in [I9], this approximation extends to the domain K + B(wp,r). By Lemma 4.2,
it follows that g4(z) is representable by a series of the form (1.1) in this domain, maybe
with coefficients different from d = {dy,}. We show that, in fact, these coefficients
coincide with d = {dk,}. Let @ be an arbitrary common point of the disk B(wq,r)
and the domain Q(D(A,d), K). We choose 7 > 0 such that the disk B(w,7) lies in the
intersection B(wg,r) N Q(D(A,d), K). Then the domain K + B(w,7) is included both
in K + B(wg,r) and in D(A,d). Hence, in K + B(w,r) there are two representations
of ga(z) by a series (1.1). However, by Lemma 4.2 such a representation is unique,
i.e., the coefficients of the two representations coincide. We have proved that, in the
domain D(A,d) U (K + B(wg,)) the function g4(z) expands in the series (1.1) with the
coefficients d = {dj,,}. This contradicts the definition of D(A), because the domain
D(A,d) U (K + B(wg,r)) is wider than D(A,d). Consequently, our supposition is not
true, i.e., gq(2) has at least one singular point in (wg + K) N ID(A,d). The theorem is
proved. O

Remark. Theorem 3.1 implies that if Sy # 0, then there exists a series of the form (1.1)
with an arbitrarily large domain of convergence whose sum has no singular points on
the boundary of this domain. But if Sy = 0 and the sequence A is proper, then, by
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Theorem 4.1, the sum of every series of the form (1.1) with sufficiently large domain of
convergence has some singular points on its boundary. However, if this domain is smaller
than necessary, then the sum of the series may fail to have any singular points, even
though A may be proper and Sy may be equal to 0. We give an example (see [9]). Put
sin Asin(i\)

A2 '
The function L()) is entire, of exponential type, and of completely regular growth, be-
cause it is the product of two functions sin(7 )/ and sin(iw\) /A each being of completely
regular growth. By the theorem on addition of indicators, the conjugate diagram K of
L is the sum of the conjugate diagrams of these two functions, which are the intervals
[—%,4] on the imaginary axis and [—1, 1] on the real axis, respectively. Therefore, K is
the square with vertices at the points 1+ 4,i — 1,1 — 4, —1 — i. The function L(X) has
simple zeros at the points 7n and im. Let A = {A\;}32; be the sequence of its zeros,
and let d = {1/L(A\;)}72 ;. Then A is a proper sequence. As in the examples after the
definition of Sy, it can be shown that now this quantity is zero. Consider the series

L(\) =

i exp()\kz)'

= L'(M)

In the book [9] it was proved that its sum is identically zero (therefore, has no singular
points), and its domain of convergence is the interior of K (the domain of convergence
can also easily be calculated with the help of the Cauchy-Hadamard theorem). In a
sense, this case is ultimate. Here K is not included in D(A,d) but coincides with its
closure.

Now we show that all results concerting singular points of the sums of exponential
series and their particular cases (Dirichlet and Taylor series) that were mentioned in
the Introduction are consequences of Theorem 4.1. At the same time, we do not touch
upon the results of Lunts [I1} 12] and Ostrowski [I0] for the reasons explained in the
Introduction.

We begin with the results pertaining to the Dirichlet series

o]
(4.8) 9(2) = _ d exp(—Ae2),

k=1
where A = {\;}72; is an unbounded monotone increasing sequence of positive numbers.
We remind the reader (see [7},[9]) that this series converges in a certain half-plane Re z > ¢,
the number ¢ is called the abscissa of convergence and is calculated by the Cauchy-—
Hadamard formula. The line Re z = c¢ is called the line of convergence. In the sequel, we
assume that the domain of convergence of the series (4.8) is nonempty, i.e., ¢ > —o0.

Corollary 4.1. Suppose the sequence A = {\;} possesses a density, i.e.,

Then the following statements are equivalent.

1) Every function g(z) of the form (4.8) is either entire, or has a singular point on
every interval of length 27T that lies on the convergence line.

2) Sy =0.

Proof. Put

(4.9) L(\) = ﬁ (1 - i—;) .

k=1
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By Theorem 1.2.9 in the book [7], L(\) is an entire function of exponential type and
completely regular growth, and its conjugate diagram K coincides with the interval
[—imT, im7] on the imaginary axis. Thus, A is a proper sequence. In our case, the domain
Q(D(A, d), K) coincides with the half-plane of convergence for the series (4.8). Therefore,
for every w € 9Q(D(A,d), K), the set (w+ K) NID(A,d) is an interval of length 277
on the convergence line. Moreover, any such interval can be obtained in this way. To

complete the proof, it remains to apply Theorem 4.1. O
Let
(A) =i 1 | 1
o =limsup — In|———1,
koo M| L/(Ak)

where L(A) is given by (4.9). The quantity v(A) is called the Bernstein—Leont’ev con-
densation index.

Corollary 4.2 (Bernstein theorem). Suppose that a sequence A\ has density T, and
v(A) = 0. Then every function g(z) of the form (4.8) is either entire, or has at least
one singular point on every interval of length 2T on the convergence line.

Proof. By Corollary 4.1, it suffices to prove that Sy = 0 whenever v(A) = 0. So, let
~v(A) = 0. Then for every ¢ > 0 there exists kg with

(4.10) |L (Ak)| > exp(—eXg), Kk > ko.
By the properties of indicators (see, e.g., [I8]), there exist «, T > 0 such that

[IL] < exp((hr(1) +2)[A]) = exp((Hk (1) +€)[A)), MM € B(L,a), |\ =T,
where K is the conjugate diagram for L()), coinciding with the interval [—imT,imT] on
the imaginary axis. Since Hg (1) = 0, it follows that

ILA)| < exp(elAl), MMl € B(1,4a), [\l =T.

Let L(A) = (A — Xg)Lg(N). Then L'(A;) = Li(M\g). The last estimate implies the
inequality

L
e ()] = ‘ () ’ < darpexp(e(l +4a)h), A€ SO dary), A > T.

X—Ar
Since
lax (X ) > 1
on the circle S(Ag,4a);), we see that
qé(kT% <dadpexp(e(l+4a)Xp), A€ Sk, dary), A\ >T.

By the maximum principle, this inequality extends to the interior of the disk. In partic-
ular,

Li(A)
Q/Iio‘a @)
Taking (4.10) into account, we obtain

lgk (A, @)| > |Li(\g)| exp(—e(1 + 4a) Ay — In(dary))
= |L'(\)| exp(—e(1 + 4a) A\, — In(4aXg))
> exp(—e(2 + 4a) A — In(4day))
for all indices k with Ay, > T and k > kg. Then the definition of S shows that Sy > —«.

Since € > 0 is arbitrary, we see that Sy > 0. The reverse inequality Sy < 0 is always
true. Thus, Sy = 0 and the corollary is proved. O

<daMpexp(e(l +4a)Ag), A >T.
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Corollary 4.3 (Polya theorem). Suppose a sequence A = {\,} has density 7 and A1 —
M > h>0,k=1,2,.... Then every function g(z) of the form (4.8) either is entire or
has at least one singular point on an arbitrary interval of length 2wt on the convergence
line.

Proof. As above, it suffices to show that Sy, = 0. But this was done in an example after
the definition of Shy. O

It was mentioned in the Introduction that the other results quoted there are also
consequences of the facts established in this paper. In particular, this concerns the
theorems by Hadamard, Fabry, Carlson, and Landau. All of them deal with positive
sequences of zero density. Now we consider the case of an arbitrary sequence A =
{ Ak, mi }52, with zero density.

Corollary 4.4. Suppose that a sequence A = {\g, mp}32, has zero density. Then the
following statements are equivalent.

1) For every sequence d € A(A), the function g4(z) either is entire or has singularities
at all boundary points of D(A,d). In particular, the domain of existence of gq(z) is
CONVEL.

2) We have Sy = 0.
Proof. Put

Since the sequence A has zero density, L()A) is an entire function of minimal type (see,
e.g., [1]) and, consequently, of completely regular growth. Its conjugate diagram is the
singleton consisting of the origin. Thus, A is a proper sequence. As in Theorem 4.1, for
every sequence d € A(A) the set D(A,d) is a convex domain. Since K is a singleton,
the domain Q(D(A,d), K) is nonempty and coincides with D(A,d). Moreover, every
z € OD(A,d) (which is also a boundary point for Q(D(A,d), K)) is a unique element of
the intersection (z + K) N A(D(A, d). It remains to apply Theorem 4.1. O

We state a particular case of the above corollary.

Corollary 4.5 (Leont’ev’s theorem). Suppose that a sequence A = { Ay, mi}3, has zero
density and y(A) = 0. Then for every sequence d € A(A) the function gq(z) either is
entire, or has singularities at all boundary points of D(A,d). In particular, the domain
of existence of gq(z) is conve.

Proof. 1t suffices to show that Sy = 0. This is done much as in Corollary 4.2. ]

Theorem 4.1 implies that the case of zero density is not the only case in which all points
z € D(A,d) are singular for gq4. Indeed, the same feature occurs if every boundary point
of D(A, d) coincides with a set of the form (w+K)NOD(A, d), where w € 0Q(D(A, d), K).
We present some conditions guaranteeing this. In this connection, we remind the reader
that (see [16]) a convex domain has smooth boundary if and only if only one support
line passes through each boundary point. Next, a compact convex set is strictly convex
if and only if every support line meets it at a unique point. In particular, a singleton is
strictly convex, but an interval is not because two of its support lines include the entire
interval.

Lemma 4.3. Let Q) be a convex domain with smooth boundary, and let K be a strictly
convexr compact set. Then every boundary point of the domain D = Q+ K coincides with
the intersection (w+ K)NID, where w is a boundary point of 2.
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Proof. Let z € 0D. Since D is the sum of Q and K, there exist w € 02 and v € K with
z=w+wv. Thus, z € (w+ K)NJD. If z is a unique point of this intersection, the proof
is finished. Suppose there exists z; different from z and belonging to (w + K) N dD.
Then z; = w + vy, where v; € K. At least one support line for D passes through each
of the points z and z;. We denote these lines by [ = {u € C : Re(u€) = Hp(&)} and
l1 ={ueC : Re(u&) = Hp(&1)}, where €,& € S. We claim that

Re(w§) = Ha(€§), Re(wé&) = Ha(&), Re(vé) = Hk(§), Re(vi&) = Hik(&1).

Indeed, suppose that, for instance, Re(w) # Hq(€). Since w belongs to the closure
of ©, we have Re(w¢) < Hq(€) by the definition of the support function. Consequently,
Re(wf) < Hqg(€). Then, by the same definition, there exists @ € € such that Re(wf) <
Re(wf). Since z € [, we obtain

Re((w + v)€) = Re(w€) + Re(v€) > Re(wg) + Re(v€)
= Re((w +v)§) = Re(z§) = Hp(§).

On the other hand, w +v € Q + K = D, and the definition of the support function for
D implies the inequality Re((w + v)€) < Hp(&). This contradiction proves the above
claim. The first two identities claimed and proved mean that w € 0 belongs to two
support lines for . But € is smooth by assumption, so £ = &;. Then the other two
identities mean that different points v,v; € K belong to one and the same support line
for K. This is impossible because K is a strictly convex compact set by assumption.
Thus, the supposition that (w + K)N9dD contains a point distinct from z is not true,
which proves the lemma. O

The following statement is an immediate consequence of Lemma 4.3 and Theorem 4.1.

Corollary 4.6. Let A be a proper sequence, and let f € F(A). Denote by K the conjugate
diagram for f and take d € 2A(A). Suppose that Sy = 0, K is a strictly convex compact
set, the set Q(D(A,d), K) is nonempty and differs from the entire plane, the boundary
of the domain D(A,d) is smooth, and D(A,d) = Q(D(A,d), K) + K. Then all boundary
points of D(A,d) are singular for gq(z). In particular, the domain of existence of this
function is convex.

Remark. We give an example to show how Corollary 4.6 applies. Let K be an arbitrary
strictly convex compact set different from a singleton. Then K is the conjugate diagram
for some entire function f of exponential type, of completely regular growth, and with
simple zeros A = {Ar}, see [9], [7, Theorem 1.3.2]. Moreover, the sequence A satisfies
the condition lim In | f'(Ag)|/|Ax] = 0 (as in Corollary 4.2, this condition implies Sy = 0).
Specifically, f is the canonical function for a certain properly distributed (and even
regular) set A = {A;}. This set is constructed in such a way that ©(A) coincides with
the circle S. Let £ be an arbitrary convex domain with smooth boundary. Putting
D = Q + K, we define the coefficients d = {dj} as follows:

dk = Cj exp(—HKp(k)()\k)), k= 1,2,...,

where {K,} is a sequence of compact convex sets exhausting D, p(k) — oo as k — oo, and
{ck} is an arbitrary sequence of complex numbers satisfying the condition In|cg|/|Ax| — 0
as k — oo. Let

(o)
g(z) = Z di, exp(Ag2).
k=1
Since ©(A) = S, as in Theorem 3.1 we conclude, by using the Cauchy-Hadamard theorem
for series of exponentials, that the convergence domain D(A,d) for this series coincides
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with D. Then Q(D(A,d), K) = Q. Thus, the assumptions of Corollary 4.6 are satisfied.
Consequently, the domain of existence for g(z) coincides with the convex domain D(A, d).

§5. THE CASE OF ZERO DENSITY

In this section we shall show that the condition N(A) = 0 is necessary for item 1)
in Corollary 4.4. In other words, we shall obtain a criterion for equality between the
domain of convergence for the series (1.1) and the domain of existence of its every sum.
To do this, we need two auxiliary statements.

Lemma 5.1. Suppose that a sequence A satisfies m(A) # 0. Then there exists a sequence
d € A(A) of coefficients such that all boundary points of D(A,d) are singular for gq(z).

Proof. Let m(A) > 2p > 0. We may assume that p < 1/2¢2. By the definition of m(A),
there exists a subsequence {Ay(,} satisfying

Passing to a subsequence once again, we may assume that the sequence {Ag(p)/|Ai(p)l}

converges to some point ¢ on the circle S and that [Ay| > p, p=1,2,.... Let n(p) be
the integral part of p[Ay|, p =1,2,.... Consider the function
(5.1) Z cp(z—3)" exp()\k(p)z)

where ¢, = exp(—(1— 1/p)\)\k(p)|). We show that the series converges in a neighborhood
of ¢. We have

lep(z = )" ® exp(Aip)2)| < exp(—(1 = 1/p) Ayl + n(p) In7 + Re(Aip)$) + (i) I7)
< exp(—=(1 = 1/p)[Akgp)| + (p[ Ak | = 1) Inr + Re(Ak(p)<) + [Akp)|7)
for all z € B(S,r), 7 € (0,1). By the choice of the subsequence, we have Ag(p)/|App)| =
s +&p, where §, — 0 as p = co. Then, by the above,
lep(z =" exp(A )|
< exp(—(1— 1/P)|>\k(p)| + (Pl Ak = D) Inr + [Agp) [ Re(@kp) /[ Ak ) + [Akp) 1)
< exp(—(1 = 1/p)[ M| + (Pl Ak | = 1) Inr + Ak [ (1 + [6p]) + [Anp)lr)
=exp((1/p+plnr + |&| +7)|Agp)| —Inr) < ot exp(—a|Ap ),
where a > 0 if plnrg < 0 and p > pg. Since p < 1/2¢2, we may assume that ry = 2p.
Since [Ag(p)| > p by construction, we have
lep(z = )" exp(Mup)2)| < 75 ' exp(—ap), p > po.

This means that the series (5.1) converges uniformly in the disk B(S,rg). Therefore, its
sum g(z) is a function analytic in this disk. Consider the series

00,n(p)

(5.2) Z cpgp,nz" exp(Ai(p)2);

p=1,n=0

obtained from (5.1) by expanding the powers of z — ¢. We estimate the coefficients prn.

We have
n(p)

z—g”(p denz

n=0
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By the Cauchy inequality,

|dp.n| < max |(z — $)"P < max_ |(z—¢)"P)] < 2" < exp(p| Ak ))-
|2|= 2€B(5,2)

Let z be an arbitrary point in the intersection of the disk B(0,1) and the half-plane
Re(zs) <1—p—p, 8> 0. Then we have

00,n(p)

7 lepdpnz" exp(Argp2)]

p=1,n=0

(n(p) + 1) exp((=(1 = 1/p) + ) Arp)| + Re(Ax(p)2))

e

=
Il
-

(n(p) + 1) exp((=(1 = 1/p) + p) M| + [Arw) | Re(z Ak ) /[ Aup 1)

i

ki
L

(n(p) + 1) exp((=(1 = 1/p) + p)[Arp)| + [Arp) | Re(2(s + &p))

i

S
Il
-

(n(p) + 1) exp((—(1 = 1/p) + p)[Arp)| + (1 = p = B) X | + [€p] A ir) )

1

=
Il
-

Mg

(Pl Ak + 1) exp(|Aep) /P = Bl Ak | + 1€p] M) ]) < o0

p=1
The last estimate is a consequence of the relations |,| — 0 and |Ag(,)| > p. Consequently,
the series (5.2) converges on the set
B(0,1)Nn{z : Re(zs) <1—p—pS}.
If B < p, this set includes the nonempty intersection
B(0,1 - p—B)NB(S2p).

On this intersection, the sum of the series (5.2) coincides with g(z) because the partial
sums of the series (5.1) are at the same time partial sums of the series (5.2).

We put dypn = cpdyn if k = k(p), n=0,1,...,n(p), and dy , = 0 otherwise. We have
arrived at a sequence (namely, d = {di}) such that d € A(A) and D(A,d) intersects
the disk B(g, 2p), whereas g4 = g admits analytic continuation to this disk. To finish the
proof, it suffices to show that D(A,d) does not contain the disk B(<,2p). Consider the
points z = rg, r > 1. Since

|dvp,n| = ‘(nflp))fn(p)—n

where ("Elp )) is the binomial coefficient, we obtain

> 1,

[pdpn =" exp(N(p)2)| = 1" |dp.n] [p2™ exD(Ni() 2)| > lepz™ exp(Ap(p)2)]
= eXp(—(1 —1/p)[Ak(p)|) exp Re(Ar(p)2)
(1 =1/p)[Ak(p)|) exp Re(Ag(p)<)
(1- 1/2?)\)\1@(10)\) eXP”\)\k(p)\ Re(<>‘k /|>‘k(p)|)
)
)

xp(—

= eXP(

= exp(—(1 = 1/p)[Arp)|) expr|Ak(p) | Re(S(s + &)
(=
xp(

|
o

exp(=(1 = 1/p)[Anep) ) exp(|Aep) | (r + Re(SEp)))

Xp([ Ak (7 = 1) = [p1))-
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Since [€,| — 0, this means that the series (5.2) diverges at all points z = r3, r > 1, i.e.,
the disk B(S,2p) is not included entirely in D(A,d). This finishes the proof. |

The next statement is a version of Theorem 3.1.

Lemma 5.2. Suppose that a sequence A satisfies m(A) =0 and N(A) # 0. Then there
exists a sequence d € A(A) of coefficients such that not all boundary points of the set
D(A,d) are singular for gq(z).

Proof. Passing to a subsequence, we may assume that N(A) < oo and still N(A,C) =
N(A) # 0. By the definition N(A, C), it follows that for every § € (0,1) there is £ € S
such that N(A,T'(£,6)) #0. We fix 6 € (0,1/8) and £ € S with N(A,T'(,6/6)) strictly
positive. Then My ¢ 5,3 > 0 by Lemma 2.2. Referring to the definition of My ¢ 5/3, we
find an unbounded monotone increasing sequence {¢,} of positive numbers such that

i Ma(t6,8/3)

p—o

> 0.

tp

It follows that, for all p sufficiently large, the disk B(#,£,t,0/3) contains at least one
point A in the sequence {A;}. It can easily be seen that

B(tpg, tp5/3) C B()\k(p), 6|)\k‘(p) D

Therefore,
MA(Akpy, 0 M (t
lim sup —A( k@):9) > lim —A( rt,9/3) > 0.
p—00 |>‘k(p)| p—0o0 (1 — 6/3)tp
Since m(A) = 0 by assumption, we can remove (if necessary) some terms from the

sequence { Ay} to ensure the inequalities

Ma(Nigp)>8) — Mgy = Bkl p=1,2,...

for some 5 > 0. By Lemma 2.1, this implies the formula

1 8 ~
(5:3) gy e, 0)| <In m(MA(% 8) = mu) < In o Bl | = BlAke)-
As in Theorem 3.1, we may assume that each \; belongs to a unique disk B, =
B()\k(p),é\)\k(p)|), p=1,2,.... Put

1 exp(Az) dA
gp(Z):2— p( )k(p) ) p:172a"'7
TS Skp) 4810k D) ap(A — Ak(p))dy (A, 6)

where a, > 1. As in Theorem 3.1, we obtain the inequalities

(5.4) l9p(2)| < exp(Re(Appy2) + 40| Al I2]), p=1,2,..., z€C.
Consider the series
(5.5) 9(2) = cpgp(2),
p=1
where ¢, = exp(—28|A\ppl), p = 1,2,.... By (5.4), for all z € B(0,a) with a =

23(1 +45)~1, we have

Z |Cp9p(z)| < _2B|)‘k(p)| + Re()‘k(p)z) + 45|)‘k(p)‘ |21)
p=1

IN

=2B|Ae(py| + (L +40)[Arpyl |2]) < 0.

oo

Z exp(
p=1

> exp(
p=1
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The last estimate holds true because N(A) < oo (i.e., [Agpy| > ck(p), ¢ > 0). This means
that the series (5.5) converges at every point of the disk B(0, «), and the convergence is
uniform in every smaller disk. Therefore, g( ) is analytic in B(0, ).

We define the coefficients d = {dgn } 2y n=0 ! precisely as we did in Theorem 3.1. Now,

we choose ap,, p =1,2,.... Specifically, a, is fixed in such a way that
(5.6) max {[Ay(p| " (In —1Inay,)} =B,
where the maximum is taken over all indices k with A\, € B, and alln =0,1,...,m; —1.

Then a, > 1 by (5.3).
Now, we find the convergence domain for the series
oo, mp—1
(5.7) Z di.n 2" exp(Ar2).
k=1,n=0
As in Theorem 3.1, we conclude that this series converges in the convex domain
D(A,d) ={z€C : Re(zA) <h(d,)), A€ ©(A)}

and diverges at each exterior point of this domain, except, possibly, the origin. Moreover,
the function h(d, \) is defined by the formula
In(1/|ds(1).n
hdA) = infliminf min  2Ud0aD gy
=00 0<n<mgy)—1 |)‘s(l)|

where the infimum is taken over all subsequences {A;;)} of {Ar} for which Ay /[l
tend to A\ as | — oo.

We estimate the quantity h(d, ), A € ©(A). Let A € O(A), and let a subsequence
{As(} have the property that Ay ;) /[As)| converges to A and Ayq) € Bpy, [ =1,2,....
We have

ln(1/|ds(l),n|) > min (1/|dk,n|)

Osnsmyq)—1 sl (’; :\Llfnfp(zi | Akl
k
_ A |)\k(p(l))|ln|dk,n| S _ 1 1n|dkn|
 kiAe€By, AeanAel T 16 k: MGBW) Akpay!|
0<n<mg—1 0<n

Here the sign in the denominator is opposite to the sign of the maximum. By (5.6) and
the definition of ¢, we obtain

In(1/ds@nl) o 1 I [dg n/cpy| + I |ep|
P R VN R k:MEBnay Ak
<n<mj—
1 111 d n/C 8
SR (M_w):iz—ﬁ.
k:Ae€Bp |)‘/€(P(l))| L+9 )
0<n<m—1

Thus, by the definition of h(d, \), we see that
h(d,\) > 48/5, X € O(A).

Let D = B(0,853/9). Then Hp(\) = 85/9 for all A € S. The last-written inequality
implies that D(A,d) includes D(©(A)). As in Theorem 3.1, the function g4 (the sum of
the series (5.7)) coincides with g on the intersection of the domains D(A, d) and B(0, &),
which is nonempty because D(O(A)) N B(0,a) # &.

As a result of our constructions, we have obtained a sequence d = {dj, ,,} of coefficients
such that d € A(A) and D(A, d) intersects the disk B(0, ) to which g4 can be extended
analytically. To finish the proof, it remains to show that D(A, d) does not include B(0, «).
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We fix a subsequence {A;)}, Asq) € Bpay, [ = 1,2,..., of {\} such that the numbers
Asy/|As@y| converge to a point £ € ©(A) and, for k = s(I) and some n = n(l),l = 1,2,...,
the maximum in (5.6) is attained at p = p(l), i.e.,

Ak I sy nay /epay| = B-
By the definition of the numbers c,, it follows that

n(1/|ds@yn)) =0 lds@yn@y/cpml + I lep@ DNy

Al [Mepan | [Asl
A
_gMean] o B85
Nyl —1-0- 7

Consequently, h(d, &) < 83/7. Let z = r€, 83/7 < r < 43/3. Then z € B(0, ) because
a=2B(1+46)"t > 43/3. At the same time,

Re(z€) = Re(ré€) = r > 86/7 > h(d,€),
that is, z ¢ D(A,d). The lemma is proved. O

Now we can state and prove the result announced at the beginning of the present
section.

Theorem 5.1. The relations N(A) = 0 and Sx = 0 are necessary and sufficient for
the existence domain of the sum of every series (1.1) with D(A,d) # & to coincide with
D(A,d) (i.e., with the interior of the convergence domain for this series).

Proof. If N(A) = 0 and Sy = 0, then the existence domain of every series in question
coincides with D(A,d) by Corollary 4.4. Conversely, if the last feature occurs, then
m(A) = 0 by Lemma 5.1. But then N(A) = 0 in view of Lemma 5.2, and Sy = 0 in view
of Theorem 3.1 O

As has been shown above, Sy = 0 provided A\, = k and m; = 1. So, Theorem 5.1
leads to the converse to Fabry’s theorem.

Corollary 5.1. The existence domain of the sum of every series of the form (1.2) coin-
cides with the disk of convergence of this series if and only if

n
lim — =0.
noo k(1)
Remark. This result is a particular case of earlier results by Fuchs and Malliavin (see
Chapter IX in the monograph [21]).

86. TOWARDS OSTROWSKI’S THEOREM

In this final section, we present the example mentioned in the Introduction, to indicate
applicability limits for the result described in Ostrowski’s theorem. This example is yet
another version of Theorem 3.1. We start with constructing a suitable sequence {Ag}.
Fix two numbers h, o > 0 with ha < 1. We chose a monotone increasing sequence {p,} of
positive numbers with g, /pp+1 — 0 as p — co. Then we may assume that the intervals
[(1—ha)pp, pp], p = 1,2, ..., are mutually disjoint. Let s(p) be the integral part of a,,.
Put £(0) =0 and k(p) =k(p—1)+s(p)+ 1, p=1,2,.... Now, we define the sequence
{Ar} in the following way:

Me(p) = Hpy M= Mi(p) — (k(p) —k)h, k(p—1) <k <k(p), p=1,2....
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Thus, the sequence A = {Ax} is split into groups Ay = {Ag(p—1)+1,- - - Ak(p) }» €ach group
belonging to the corresponding interval [(1 — ha)up, pp], p =1,2,.... Since

Ak(p—1)+1 = Ak(p) 2 (1 = ha)ppr1 — pp = ppt1 (1 — ha — /Lﬂ—j-l) — 00, p— 00,
P
we see that liminfy_, . (Agr1 — Ax) = h. Furthermore,
k
N(A) =limsup — = a.
koo Ak
Indeed,
i @) _ o Ke=DAs)+1 .k —1) +ap
P00 Ap(p) PO Ak(p) P A(p)
kip—1 A —
= lim (b )+a FP) _ fim Lp 1)—|—o¢
p=ro0 Ak(p) P Ar(p)

By construction, the quantity k(p) coincides with the number of points A; on the interval
[0, t1p] = [0, Ag(p)]. But this quantity does not exceed Ay (,y/h. Therefore,

— Me(n—1) /P
0< lim Mg lim M:O,
P Ap) T PP )
whence
k

(6.1) lim k) =«

P Ai(p)
Let k(p — 1) < k < k(p); then

k k() -—s

)\k )‘k(p) — hs'

Consider the function k)
_ p)—=x
#rl) = Au(p) — ha”

The sign of its derivative coincides with the sign of the number hk(p)— A (), consequently,
with the sign of k(p)/Ag(p) — 1/h. Since ha < 1, the sign of the last quantity becomes
negative for p sufficiently large; see (6.1). Thus, for such p we have

ool = 1 < ppl0) = T2

)
Together with (6.1), this implies
k k
lim sup — = lim sup ﬂ =«
k—o00 k k—o0 k(p)

Thus, A satisfies the assumptions of the Ostrowski theorem. We fix a positive number
0 < ha and, for every p=1,2,..., consider the function

1 exp(Az) dA
gp(2) = o k(D) )
T ISk A8Mk) ap(A = Ak(p))an (A, 6)

where a, > 1. In the same way as in Theorem 3.1, we obtain the inequalities

19p(2)| < exp(Re(Ap(py2) +40Axpl2l), p=1,2,..., z€C.

Let

(6.2) 9(z) = Zcpgp(z)7
p=1
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where ¢, = exp(=fAyp), p = 1,2,..., and B > 0 will be specified later. As in Lemma
5.2,

Z |cpgp(2)] < ZGXP(('Y — B)Ak(p) + 40k (p) |2]) < 00
p=1 p=1

if z belongs to the intersection of the disk |z| < (8 — «)/4¢ and the half-plane Rez < ~.
Moreover, the series (6.2) converges uniformly on the compact subsets of this intersection,
so its sum is analytic there. Furthermore, as in Lemma 5.2, the function g(z) is analytic
in the disk B(0,&), @ = /(1 + 46). By construction, the quantity Mx (A, d) — mi(p)
(to be denoted below by s(p, d)) coincides with the integral part of d Ay (,)/h if this number
is not an integer, and with §\y(,)/h — 1 otherwise. Then, by Lemma 2.1, we obtain

k(p) L
In gy (Ak(py, 8)| < 5(p,8) In 31-0)
It follows that
n gy M), 0p)| 6 1
lim sup <-In——-=-8<0.
p—oo Ak (p) h 3(1-9)
As in Theorem 3.1, we define numbers a,, > 1 and coefficients dj, in such a way that
6.3 li A “lnld = f.
(6.3) plﬁﬂ(}ok(mis(g}gﬁékgk(m{( k) Inldi/cpl} =B
Consider the Dirichlet series
(6.4) g(x) = 3 dyexp(hez).
k=1
As in Lemma 5.2, we use (6.3) to show that
liminf 1n(1/|dk‘) - 1 . max ln‘dk/cp| +ln|cp(l)|
k—oco Ak 1+ 6 p—oo k(p)—s(p,6)<k<k(p) Ak(p)

:—L lim max <M—,@) =0.

1 £ 0 =00 k(p)—s(p,6) <k<k(p) Ak(p)

Consequently, the imaginary axis is the convergence line for the series (6.4).

It has been shown above that the sum g(z) of the series (6.4) is analytic in a neigh-
borhood of the interval [—i(8 — «) /49, i(8 — 7)/46], where § = (6/h) In(3(1 — ¢)). Thus,
the distance between singular points of the sum of the series (6.4) on its convergence line
attains the magnitude of order O(1/h); for « fixed and h small, this is much larger than
the radius r(a, h) in Ostrowski’s theorem (which of order of O(—In h). Furthermore, the
function g(z) is analytic also in the disk B(0, &), where & = /(1 +40). Since ¢ has been
chosen arbitrarily in the interval (0, ha), this means that Ostrowski’s theorem concerns
singular points of the series (6.4) that lie at a distance comparable with the upper density
« of A from the convergence line.

REFERENCES

[1] A. V. Bratishchev, Keith bases, entire functions and their applications, Dissertation, Rostov on
Don, 1995. (Russian)

[2] O. A. Krivosheyeva, Series of exponential monomials in complexr domains, Vestnik Ufim. Aviats.
Tekhn. Univ. 9 (2007), no. 3 (21), 96-103. (Russian)

[3] J. Hadamard, Essai sur l’étude des fonctions données par leur développement de Taylor, J. Math.
Pures Appl. (4) 8 (1892), 101-186.

[4] E. Fabry, Sur les points singuliers d’une fonction domnée par son développement en série et
Iimpossibilité du prolongement analytique dans des cas trés générauz, Ann. Sci. Ecole Norm. Sup.
(3) 13 (1896), 367—-399. MR1508933


http://www.ams.org/mathscinet-getitem?mr=1508933

350

[5]

[6]

(10]
(11]
(12]
(13]

[14]

(15]

[16]
(17]
(18]

(19]

20]

21]

O. A. KRIVOSHEYEVA

G. Polya, Uber die Ezistenz unendlich vieler singulirer Punkte auf der Konvergenzgeraden gewisser
Dirichletscher Reihen, S.-B. Preuss. Akad., Phys.-Math. Kl. (1923), 45-50.
, Eine Verallgemeinerung des Fabryschen Lickensatzes, Nachr. Ges. Wiss. Gottingen,
Math.-Phys. KI. 2 (1927), 187-195.
A. F. Leont’ev, Ezponential series, Nauka, Moscow, 1976. (Russian) MR0584943)/(58:28451)
V. Bernstein, Legons sur les progrés récents de la théorie des séries de Dirichlet, Gauthier-Villars,
Paris, 1933.
A. F. Leont’ev, Entire functions. Series of exponentials, Nauka, Moscow, 1983. (Russian)
MRO0753827(86):30005)
A. Ostrowski, Uber die analytische Fortsetzung von Taylorschen und Dirichletschen Reihen, Math.
Ann. 129 (1955), 1-43. MR0069878//(16:1094a)
G. L. Lunts, On Dirichlet series with complex exponents, Mat. Sb. (N. S.) 67 (1965), no. 1, 89-134.
(Russian) MR0196047/(33:4241)

, Dirichlet series with a non-measurable sequence of complex exponents, Mat. Sb. (N. S.) 68
(1965), no. 1, 58-62. (Russian) MR0204626(34:4465)
A. S. Krivosheyev, A criterion for the fundamental principle for invariant subspaces, Dokl. Akad.
Nauk 389 (2003), no. 4, 457—460. (Russian) MR2042069
, The fundamental principle for invariant subspaces in conver domains, Izv. Ross. Akad.
Nauk Ser. Mat. 68 (2004), no. 2, 71-136; English transl., Izv. Math. 68 (2004), no. 2, 291-353.
MR2058001//(2006g:30061)
B. Ya. Levin, Distribution of zeros of entire functions, Gostekhizdat, Moscow, 1956; English transl.,
Transl. Math. Monogr., vol. 5, Amer. Math. Soc., Providence, RI, 1980. MRO0087740 (19:402c);
MR0589888(81k:30011)
K. Leichtweiss, Konveze Mengen, Springer-Verlag, Berlin—New York, 1980. MR0586235((81j:52001)
P. Lelong and L. Gruman, Entire functions of several complex variables, Grundlehren Math. Wiss.,
Bd. 282, Springer-Verlag, Berlin, 1986. MR0837659 (87j:32001)
V. V. Napalkov, Convolution equations in multidimensional spaces, Nauka, Moscow, 1982. (Russian)
MR0678923)(86g:46054)
I. F. Krasichkov-Ternovskii, Invariant subspaces of analytic functions. 111. Extension of spectral
synthesis, Mat. Sb. (N. S.) 88 (1972), no. 3, 331-352; English transl., Math. USSR-Sb. 17 (1972),
no. 3, 327-348. MR0422637|(54:10623)
S. Mandelbrojt, Séries adhérentes, régularisation des suites, applications, Gauthier-Villars, Paris,
1952. MR0051893|(14:542f)
P. Koosis, The logarithmic integral. 11, Cambridge Stud. in Adv. Math., vol. 21, Cambridge Univ.
Press, Cambridge, 1992. MR1195788)|(94i:30027)

BASHKIR STATE UNIVERSITY, ZAKI VALIDI ST. 32, UFA 450074, Russia
E-mail address: kriolesya2006@yandex.ru

Received 17/JUL/2009

Translated by S. KISLYAKOV


http://www.ams.org/mathscinet-getitem?mr=0584943
http://www.ams.org/mathscinet-getitem?mr=0584943
http://www.ams.org/mathscinet-getitem?mr=0753827
http://www.ams.org/mathscinet-getitem?mr=0753827
http://www.ams.org/mathscinet-getitem?mr=0069878
http://www.ams.org/mathscinet-getitem?mr=0069878
http://www.ams.org/mathscinet-getitem?mr=0196047
http://www.ams.org/mathscinet-getitem?mr=0196047
http://www.ams.org/mathscinet-getitem?mr=0204626
http://www.ams.org/mathscinet-getitem?mr=0204626
http://www.ams.org/mathscinet-getitem?mr=2042069
http://www.ams.org/mathscinet-getitem?mr=2058001
http://www.ams.org/mathscinet-getitem?mr=2058001
http://www.ams.org/mathscinet-getitem?mr=0087740
http://www.ams.org/mathscinet-getitem?mr=0087740
http://www.ams.org/mathscinet-getitem?mr=0589888
http://www.ams.org/mathscinet-getitem?mr=0589888
http://www.ams.org/mathscinet-getitem?mr=0586235
http://www.ams.org/mathscinet-getitem?mr=0586235
http://www.ams.org/mathscinet-getitem?mr=0837659
http://www.ams.org/mathscinet-getitem?mr=0837659
http://www.ams.org/mathscinet-getitem?mr=0678923
http://www.ams.org/mathscinet-getitem?mr=0678923
http://www.ams.org/mathscinet-getitem?mr=0422637
http://www.ams.org/mathscinet-getitem?mr=0422637
http://www.ams.org/mathscinet-getitem?mr=0051893
http://www.ams.org/mathscinet-getitem?mr=0051893
http://www.ams.org/mathscinet-getitem?mr=1195788
http://www.ams.org/mathscinet-getitem?mr=1195788

	1. Introduction
	2. Characteristics of a complex sequence
	3. Construction of a special function
	4. Singular points
	5. The case of zero density
	6. Towards Ostrowski’s theorem
	References

