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BMO-REGULARITY
IN LATTICES OF MEASURABLE FUNCTIONS
ON SPACES OF HOMOGENEOUS TYPE

D. V. RUTSKY

ABSTRACT. Let X be a lattice of measurable functions on a space of homogeneous
type (S,v) (for example, S = R™ with Lebesgue measure). Suppose that X has
the Fatou property. Let T' be either a Calderén—Zygmund singular integral operator
with a singularity nondegenerate in a certain sense, or the Hardy—Littlewood maximal
operator. It is proved that T is bounded on the lattice (XQLifa)B for some 8 € (0,1)
and sufficiently small @ € (0,1) if and only if X has the following simple property:
for every f € X there exists a majorant g € X such that logg € BMO with proper
control on the norms. This property is called BMO-regularity. For the reader’s
convenience, a self-contained exposition of the BMO-regularity theory is developed
in the new generality, as well as some refinements of the main results.

§0. INTRODUCTION

A quasi-Banach lattice X of measurable functions on the unit circle T is said to be
BMO—regula if every 0 # f € X admits a majorant g, g > | f|, such that ||g||x < C|fllx
and || log f|lgmo(r) < C. This notion originates from the interpolation theory for analytic
subspaces in such lattices. Under the condition that the lattice X has some additional
“natural” properties, X gives rise to the space X 4 of all functions in X that are boundary
values of some functions of the Smirnov class. For instance, if X =L, (T), then X4 is
simply the usual Hardy space H,,.

It turns out (see [I]) that if some lattices X and Y are BMO-regular, then the real
interpolation between X 4 and Y4 is much similar to real interpolation between X and
Y, namely,

(Xa,Ya)p, = (X,Y)gp N (Xa+Ya)

(under some slight restirictions on the lattices). There are some indications that BMO-
regularity (or some similar property) is also necessary for this convenient relation (see
[12] [13] 26]), but this remains an open problem to date.

The practical value of these results lies in the fact that BMO-regular lattices are
surprisingly common. The following theorem illustrates this and also gives a clue how
to find lattices that are not BMO-regular (the most convenient way is to find a lattice
that does not satisfy condition 3 below). Recall that, by definition, the order dual X’
of a lattice X is the set of measurable functions g such that fT |fgl < oo for all f
in X. Suppose that the lattice X is Banach and has the Fatou property (see {Il for the
definition). Suppose also that 0 < 8 < 1.
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©2012 American Mathematical Society
381



382 D. V. RUTSKY

Theorem A. The following statements are equivalent:
1) X is BMO-regular;
2) X' is BMO-regular;
3) for all sufficiently small o, 0 < o < 1, the operator of harmonic conjugation is
bounded on (XaLlfa)B.

Thus, the BMO-regularity of X is closely related to a good behavior of the harmonic
conjugation operator in certain lattices derived from X, which makes the class of BMO-
regular lattices interesting even beyond the scope of the interpolation theory of Hardy-
type spaces.

Theorem A is a deep result. For the first time it was obtained in [I2] by using the Ky
Fan—Kakutani fixed point theorem for multivalued mappings. Another ingredient which
seemed essential at the time was complex analysis: although no spaces like X 4 appear
in the statement of the theorem, the proof depended heavily on the use of such spaces
along with a rather involved technique of the so-called analytic decomposition of unity
subordinate to a given weight on the circle.

Among other things, in the present paper we prove Theorem A within the framework
of real analysis only. The author has found this method when solving (and having
solved successfully) a certain problem related to BMO-regularity and also originating
from complex analysis; see [26]. The most important implication, however, is that the
real methods make it possible to generalize this result from the case of the circle to other
measurable spaces that admit a natural definition of BMO. We give a statement of this
result for R™. As in the case of the circle, a lattice X of measurable functions on R"
is said to be BMO-regular if for any 0 # f € X there exists a majorant g > |f| such
that ||g||x < C||fllx and ||logg|lsmo < C. As before, we assume that X has the Fatou
property and 0 < 3 < 1.

Theorem B. The following conditions are equivalent:

1) X is BMO-regular;

2) X’ is BMO-regular;

3) the Hardy-Littlewood mazimal operator is bounded on (XaLll_a)B for all suffi-
ciently small o, 0 < a < 1;

4) all Calderén—Zygmund singular integral operators are bounded on (XaLlfa)B for
all sufficiently small o, 0 < a < 1;

5) one of the Riesz transformation

Ryf@) . [ 2 p a

t— x|ntl

s bounded on (XaLll_a)ﬁ for some a, 0 < a < 1.

Although in the case of R™ it is unclear whether BMO-regularity is somehow related
to interpolation, theorem B shows that this property expresses in simple terms certain
fundamental features of the lattice X, which makes the study of BMO-regularity justified
in this general setting. The Ky Fan—Kakutani fixed point theorem still takes a major
part in the proof. Moreover, in order to obtain the equivalence of statements 5 and 1,
we need the Grothendieck inequality. The use of this inequality in dealing with such
problems, however, has been known for a long time. For the first time in a similar
setting it was used by Rubio de Francia in [46]. We mention that in [I2] the use of the
Grothendieck inequality was avoided by complex methods, which are not available in the
general setting.

The plan of the paper is as follows. In §§I] and 2] we give detailed statements of the
results along with necessary definitions. It is often convenient to work with functions that
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depend on an additional variable beside x € R™; furthermore, it is natural to consider an
arbitrary measurable space of homogeneous type rather than R™. Since it is not possible
to invoke the complex analysis techniques in this setting, instead we make use of the
classes of Muckenhoupt weights A, along with BMO and introduce certain properties
similar to BMO-regularity but expressed in terms of these classes. In §3lwe give a number
of known results to be used subsequently, and establish some auxiliary propositions. All
simple claims of the present paper pertaining to BMO-regularity and Ap-regularity are
also verified in §§IH3l The proofs are completed by two nontrivial arguments in §§4
and the first is based on the use of a fixed point theorem, the second depends on
the Grothendieck theorem. In §5l we give a version of the first argument for the case
of couples of lattices and also establish the key points related to BMO-regularity for
couples. Finally, in §7] a more detailed historical review is given along with some further
comments (it would have been inconvenient to do this before the whole theory has been
laid out).

§1. LATTICES AND BMO-REGULARITY

In this section we introduce the basic notions and give a detailed exposition of BMO-
regularity. Suppose that (S,v) is a space of homogeneous type, i.e., S is a quasimetric
space equipped with a Borel measure v that has a doubling property: v(B(z,2r)) <
cv(B(z,r)) for all x € S and 0 < r < oo, where ¢ is a constant called the doubling
constant. Futher information on these spaces and real harmonic analysis on them can
be found, e.g., in [8,[7]. It is usual in the literature on real harmonic analysis to consider
only the typical case of S being Euclidean spaces with Lebesgue measure; however, for
the key results of this paper this restriction is not at all necessary. We are working with
(real or complex) quasi-normed lattices of measurable functions on (S X , v X u), where
(Q, p) is an arbitrary measurable space with a o-finite measure p. The second variable
t € Q) does not usually cause much trouble in the arguments. Obviously, the case of one
variable z is included in this setting: we can take the point mass measure for p. By
definition, a quasinormed lattice of measurable functions is a quasinormed space X of
measurable functions in which the norm is compatible with the natural order, that is, if
|f] < g a.e. for some function g € X, then f € X and ||f||x < C||g]|x for some constant
C independendent of f and g. Usually, we have C = 1; for example, it is always the
case when the lattice has the Fatou property, which will be introduced shortly. Further
information on lattices can be found, e.g., in [I8 Chapter 10]. For simplicity we only
work with lattices X such that supp X = S x Q. Many interesting normed spaces are
lattices; for example, so are the Lebesgue spaces L,, the Orlicz spaces Ljs, and the
Lebesgue spaces L.y with variable exponent p(-), along with general modular spaces.
The second variable makes it natural to work with L, (L, ) and other lattices with mixed
norm in this setting.

We list some key properties of quasinormed lattices and some related objects. For
a Banach lattice X of measurable functions, any order continuous functional f on X
(order continuity means that, given a sequence z, € X such that sup,, |z,| € X and
z, — 0 a.e., we also have f(z,) — 0) has an integral representation f(z) = [xyy for
some function yy that is identified with f. The set X’ of all such functionals is a Banach
lattice with the norm defined by |||l x/ = supgex g x=1 J [fg]- The lattice X" is called
the order dual of the lattice X. The norm of a lattice X is said to be order continuous
if for any nonincreasing sequence x,, € X converging to 0 a.e. we have ||z, ||x — 0. The
norm of a Banach lattice X is order continuous if and only if X* = X’, i.e., if all norm
continuous functionals on X are order continuous. A lattice X has the Fatou property
if for any f,, f € X such that ||f,]|x <1 and the sequence f, converges to f a.e. it is
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also true that f € X and ||f||x < 1. The Fatou property of a lattice X is equivalent
to the (v x p)-closedness of the unit ball Bx of the lattice X (here and elsewhere by
(v X p)-convergence we mean convergence in measure on any measurable set E such that
(v x p)(F) < o0). If the lattice X is Banach, the Fatou property is equivalent to the
order reflexivity of X, i.e., to the relation X" = X. Each of the above two properties is
sufficient to guarantee that the lattice X’ is a norming set of functionals for X, i.e., that
[fllx = supgexs g =1 ) fg for all f € X. The order dual X’ of a Banach lattice X
always has the Fatou property.

For any two quasinormed lattices X and Y on the same measurable space, the set of
pointwise products of their functions

XY ={fglfeX,geY}
is a quasinormed lattice with the norm defined by

h = inf .
IBllxy = inf [1£]Lx gl

If both lattices X and Y satisfy the Fatou property, then the lattice XY also has the
Fatou property. This lattice multiplication is associative: if X, Y, and Z are lattices of
measurable functions on the same measurable space, then (XY)Z = X(YZ) (here and
elsewhere, if not stated otherwise, equality of lattices is understood as equality of sets
coupled with equality of the quasinorms). By the well-known Lozanovskil factorization
theorem (see [24]), for any Banach lattice X satisfying the Fatou property the decompo-
sition X X’ = L; holds true. It is easily seen that if either of the lattices X and Y has
order continuous quasinorm, then the norm of the lattice XY is also order continuous.
For any § > 0 and a quasinormed lattice X, the lattice X°® consists of all measurable
functions f having well-defined and finite quasinorms || f||xs = ||| f|*/%||%. For example,
Lg = Lz. For any product XY of quasinormed lattices and 6 > 0 we have the natural

relation (XY)? = X°Y?°. If a lattice X has the Fatou property, then the lattice X° also
has the Fatou property; if the lattice X has order continous quasinorm, then the lattice
X% also has order continuous quasinorm. For any 0 < § < 1, if X is a Banach lattice,
then X? is also a Banach lattice. If X and Y are Banach lattices, then for any 0 < § < 1
the lattice X9V is also Banach; moreover, the following quite useful relation is true:
(X170Y9) = (X")'=9(Y")?. For a lattice X of measurable functions, by X, we denote
the cone of its positive functions {f € X | f > 0 a.e.}.

For a quasinormed lattice X and a function w positive a.e., the weighted lattice
X(w) is defined as the sef] X(w) = {wf | f € X} with the quasinorm | f|xw) =
| fw™||x. For example, Lo (w) = {f | |f| < Cw a. e. }. It is easily seen that [X (w)]' =
X’(w™'). Notice that this definition of the weighted Lebesgue space Ly (w) differs from
the “classical” one, with the norm defined as | f||5,, = [|f|[Pw, which is often found

in the literature; the latter norm corresponds to the norm of the lattice Lp(uf%) in
our notation. Thus, all weighted lattices are defined in a unified way everywhere in

2Note added in translation. It was brought to the author’s attention that this definition does not
work well for weights w such that w = 400 on a set of positive measure, and that weighted spaces
with such weights do appear in some arguments in §8l For our purposes, a correct definition extending
X (w) to such weights is slightly different: we define the set by X (w) = {g | g ¢ X} for weights w such
that 0 < w < oo almost everywhere. Thus, g = 0 on the set where w = 0, the restriction of g to the
set {w = +oo} is an arbitrary measurable function, and || - ||x () is @ quasiseminorm for weights w
such that the set {w = 400} has positive measure. In any case, if w € {0,400} on a set of positive
measure, we regard X (w) as merely a set of functions with a seminorm under our conventions, because
then supp X (w) # supp X. Note that it is usually possible to avoid dealing with such “bad” weights;
see Proposition [I4] below.
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this paper; however, attention must be paid to this difference. We adopt the natural
conventions 07! = oo and co~! = 0 in all expressions involving weights.
The (centered) Hardy-Littlewood maximal operator

M) = swp s | Dl wes, teo,

and the Fefferman—Stein maximal operator

b N S o /
M40 ) =500 ST o VD ™ BT gy 10010 2
are well defined for a.e. = € S and t € 2, and for all measurable functions f on
(S xQ, v x u) that are locally integrable in the first variable. For convenience, we assume
that log0 = —oo and M*%(—o0) = 0. We say that a nonnegative measurable function
w on (S x Q,v x u) belongs to the Muckenhoupt class A, for some 1 < p < oo with a
constant C if

(w—l/P(-,t))—>Lp,oo(w_l/p(')t)) S C

For p > 1, this condition is equivalent to esssup,cq |[M]| (
P

ess sup HM||L
teQ »

wfl/p(.,t)) < ¢’ with ¢'

equivalent to C up to some multiplicative constant. The class A; is characterized by the
estimate Mw < C'w a.e. (this will be used in the arguments), while the classes A, for
p > 1 are characterized by the well-known Muckenhoupt condition

esssup sup [;/ w(u,t) dv(u)} {;/ w(u t)fﬁ dv(u) P—1< 00
z€S,teQ 7>0 I/(B(l’,?“)) B(z,r) , I/(B(i[,‘,’f’)) B(z,r) ,

(we do not use this in the paper); see, e.g., [7]. We say that a measurable function f
on (S x Q,v x u) belongs to BMO with a constant C' if ||M*f|r_. < C. The Mucken-
houpt classes and BMO are studied fairly well, and a great number of useful equivalent
definitions are known (see, e.g., [42, [7]). However, we only require the definitions stated
above and a small number of well-known properties, which we shall introduce as the
need arises. It is well known (see [7, Chapter 5, 6.2]) that the relation w € A, implies
logw € BMO and, vice versa, if logw € BMO, then w’ € A, for sufficiently small 9,
0 < 0 < dg. The value of §y depends only on the BMO constant of the function log w and
on 1 < p < oo, with an appropriate estimate (i.e., the BMO constant of log w admits an
estimate in terms of p and the A, constant of the weight w, and the A,-constant of w?
can likewise be estimated in terms of p, 4, and the BMO constant of the function log w).
If we Ay, and 1 < p < o0, then also w € A, for all ¢ > p with an estimate for the A,
constant in terms of the A, constant. Any weight w € A, 1 < p < oo, also belongs to
A, for some 1 < ¢ < p, with an estimate for the constant.

Definition 1. A quasinormed lattice X on (S x Q,v x p) is Ap-regular with constants
(C,m) if for any f € X there exists a majorant g € X, g > |f| such that |g||x < m| f|lx
and g € A, with constant C. A quasinormed lattice X is BMO-regular with constants
(C,m) if for any f € X there exists a majorant g € X, g > |f]| such that ||g||x < m| fllx
and log g € BMO with constant C. This function ¢ is called an A,-majorant of a BMO-
majorant for f.

The A,-regularity property plays an auxiliary technical role as far as the main results
of this paper are concerned. It is convenient that the set of A,-majorants for a given
function f has nice properties (see Proposition [I@ below). However, A,-regularity may
be interesting in its own right. It is easily seen that A,-regularity implies A, -regularity
for all ¢ > p, as well as BMO-regularity. Moreover, Ap-regularity implies A,-regularity
for some 1 < g < p if p > 1. On the other hand, if a lattice X is BMO-regular, then for
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any 1 < p < oo the lattice X° is Aj,-regular for all sufficiently small § > 0. Thus, we
see that A,-regularity is a refinement of BMO-regularity. The same ideas can be used to
define the BMO norm by

I fllemo = inf {q >0] et € Ay with a constant ¢y > 1},

as it was done, e.g., in [26]; we omit the details here.
A;-regularity admits the following characterization.

Proposition 1. A quasinormed lattice X on (S x Q,v x p) is Aq-regular if and only if
the maximal operator M is bounded on X.

For the proof, it suffices to observe that any Aj;-majorant g satisfies Mg < Cg. On
the other hand, if the maximal operator M is bounded on X with norm C, then for
any f € X we can construct inductively a function g =Y, <, ¢ "1 (2C) " f,, fo = |f],
fas1 = Mf,, where c is the triangle inequality constant for the quasinorm of X. The
function g is a suitable Aj-majorant for f, because ||fn||lx < C"||fllx, llgllx < 2¢||f|lx
and Mg < 2Ccg.

A quasinormed lattice X on (X,0) is said to be rearrangement invariant (or sym-
metric) if for any f € X and any bijection 7 : ¥ — ¥ preserving the measure o we
have ||f o 7||x = || f|lx. We use the standard composition notation (f o 7)(z) = f(7(x))
for z € ¥. It is well known that any rearrangement invariant Banach lattice X on a
measurable space with o-finite measure such that X is an intermediate space between L
and Lo, (ie., L1 NLo € X C Ly +Ly) is an interpolation space between Ly and Ly, for
the class of quasilinear operators (see, e.g., [9, II, Theorem 2.a.10] and [15]). If we take

1

(E,0) = (S,v) x (€, p), the quasilinear operator M°(f) = (M|f|°)°® is bounded on any
such lattice for any 0 < § < 1. It follows at once that M is bounded on X?. Combining
this fact with Proposition [ yields the following proposition.

Proposition 2. Any rearrangement invariant quasi-Banach lattice X on (S X Q,v x p)
such that XP is an intermediate Banach space for the couple (L1, L) for some p > 0 is
BMO-regular, and the lattice X9 is Ai-reqular for 0 < g < p.

It is not clear if such a result holds true for lattices on (S x ,v x u) that are re-
arrangement invariant in the first variable only; for A;-regularity this is not the case (see
Proposition [ below). We point out another necessary condition that follows at once
from the fact that an A, weight is locally L,-integrable for some 7 > 1.

Proposition 3. Suppose that the measurable space (S,v) has the following property:
v(B(z,2r)\ B(z,r)) > 0 for some x € S and all sufficiently small r. Then the lattice L,
is not Ap-regular for all 1 <p < oo and 0 < g < 1.

Indeed, under the conditions of Proposition ] we can find a monotone decreasing
sequence r, > 0, n € N, such that 2r,41 < r, for all n and 0 < a, = v(B(z,2r,) \
B(xz,ry)) < 27" Take f =3}, Z_TXB(UU;QTU\B(LT")' It is easily seen that f € L, for
0 < ¢ < 1. Suppose that f has an Aj,-majorant g. Then by the properties of A, weights
we have gXp(q,r,) € Ls for some s > 1 and n, whence fxp(s,r,) € Ls. However,

/ |f‘s — Z k72sai—s > Z k7252k(571) = o0,
B(z,ry)

k>n k>n
a contradiction; this proves Proposition [3]
Thus, we see that BMO-regularity occurs fairly often and is a rather convenient prop-
erty in relation to the algebraic structure of the class of lattices. It is easy to show
that if X is a BMO-regular lattice, then X< is also BMO-regular for all & > 0. If X
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and Y are BMO-regular, then XY is also BMO-regular. It turns out that, under the
Fatou property, BMO-regularity is also stable with respect to duality and division by a
BMO-regular lattice.

Theorem 1. Suppose that X is a Banach lattice with the Fatou property on (SxQ,vxu).
Fix 0 < 8 < 1. The following conditions are equivalent.

1) X is BMO-regular.

2) XL, is BMO-regular for some 0 < ¢ < c0.

3) The mazximal operator M is bounded on (XaLll a) for all sufficiently small
0<a<l.

4) M is bounded in (XaLi a) for some 0 < a < 1.

5) X' is BMO-regular.

The only really difficult implication in this theorem is 2) = 1) (“division by L,”). The
following is a more detailed statement of this implication.

Theorem 2. Suppose that X is a Banach lattice with the Fatou property on (SxQ,vxu).
Suppose also that, for some 1 < q¢ < 0o, XL, is a Banach lattice that is A,-regular for
some 1 < p < oo. Then X is A,qq-reqular.

The lattices X = L (ép) show (see Proposition [[0] below) that, at least in the typical
case of the space R" with Lebesgue measure, the A;-regularity of the lattice XL, does
not imply the Aj-regularity of the lattice X, so that, as stated, Theorem Bl cannot be
improved to show that X is Ap-regular, at least if p = 1. The proof of Theorem[2]is rather
involved and requires some preparations. Since this proof does not depend on §§0HZ] in
any way, we postpone it until §4l for convenience. Moreover, in §8 we give another proof
of Theorem 2] which is based on a similar A,-regularity property for couples of lattices.

So, we take Theorem 2 for granted for the time being and proceed to the proof of
Theorem 1. If a lattice X satisfies condition 2) of Theorem [T, then the lattice X? satisfies
the assumptions of Theorem [ for a certain sufficiently small 6 > 0 (and for another q);
therefore, this lattice is BMO-regular (and condition 1 is satisfied). Let p = <. In order
to verify the implication 5) = 3) in Theorem [I we notice that, under condltlon 5), for all
sufficiently small o > 0 the lattice X'® is Aj,-regular. This means that for any h € X'®
there exists an Aj-majorant g, € X', g, € A,, with suitable A, constant and X'®

norm estimates. These estimates allow us to obtain the following inequality for arbitrary
arl—a

fe X L™ = (xo)

1
M7 o o = (Mf)P oo = sup (M f)P[h]
( ) X In a l—ay\/
he(x Ly )=(x/)°<,
17l (xrya=1
" < s forpase isra,
he(X" ) |l (xrya=1 he(X")« HhH(x/)a*
<c sup AN o p2e llgnll ey

REX ) Il (xrya =1

1

<P o 1-a =LfN7
SNl gopom = U oy

with some constants ¢ and ¢ independent of f, which proves the implication 5) = 3).
The implication 3) = 4) is trivial. Finally, in order to verify that 4) = 2), we observe
that under condition 4) the lattice (XaLlfa)’B is Aj-regular by Proposition [Il so that
the lattice

[(xn)”]” ¥ XLE - XL

—a
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is BMO-regular. Thus X satisfies condition 2) for ¢ = %~. We have established the
implications 5) = 3) = 4) = 2) = 1). The implication 1) = 5) for a lattice X is
equivalent to the already established implication 5) = 1) for the lattice X', because the
Fatou property ensures that X = X”. This concludes the proof of Theorem [l

The proof of the implication 5) = 3) in Theorem [I and Proposition [ yield the
following refinement of the self-duality property.

Proposition 4. Suppose that X is a Banach lattice on (S x Q,v x u) such that X' is
a norming space for X. If X' is Ai-regular, then X4 is Aq-regular for ¢ > 1. If X' is
Ay -regular for some p > 1, then X is A1 -regular for some g < p (which means that X
is Aq-regular for all v > q).

It suffices to carry out a suitable estimate similar to (1) for every case of this propo-
sition. If X’ is A -regular for some p > 1, then X’ is also A,-regular for some 1 < ¢ < p.
If X’ is Aj-regular, then X' is also Ag-regular for all ¢ > 1. The assumptions imply that
for any h € X' there exists a suitable A,-majorant g,. Then

A, = 1020 = s [ Or7)

hex/’,

1Pl x =1
(2) < sup /(Mf)"gh <c sup /Iflqgh
hex’, hex/’,
Al xr=1 Al x =1
<c sup |If1%x lgnllx < IFI 4,
hex’ Xa
IRl xr=1

and the A;-regularity of X 7 follows by Proposition [

Generally speaking, the Ap-regularity property is not self-dual, because for the spaces
R™ with Lebesgue measure the lattice Lo, is Ai-regular, but its order dual L; is not
A -regular for all 1 < p < oo by Proposition Bl

Theorem [I] easily yields a general statement about “divisibility” of BMO-regularity,
as well as a number of useful properties.

Proposition 5. Suppose that X and Y are Banach lattices with the Fatou property on
(S x Quxu). If both XY and Y are BMO-regular, then X is also BMO-regular. In
particular, if the lattices Y and Y (w) are both BMO-regular for some weight w, then
[[log w(-,w)|lBMmo < C for a.e. w € Q and some constant C.

Indeed, since under these assumptions the lattice (XY)Y’ = X(YY’) = XL, is BMO-
regular, Theorem [Tl shows that the lattice X is also BMO-regular. Furthermore, Y (w) =
YLo(w). If Y and Y (w) are BMO-regular, then Lo, (w) is also BMO-regular, which
yields a BMO-estimate for log w at once.

Proposition 6. Suppose that X and Y are some BMO-regular quasinormed lattices on
(S x Qv x p). Then the lattices X +Y and X NY are also BMO-regular.

It suffices to notice that for f € X NY and the corresponding BMO-majorants g € X
and h € Y the function g A h is a BMO-majorant for f in X NY. If f =g+ h €
X+Y, |lgllx +klly <c|lfllx+y, and G, H are some BMO-majorants in X, Y for g, h,
respectively, then 2(GV H) is a BMO-majorant for f in X +Y, because 2(GVH) > g+h
and |GV H||x1+y < ||Gllx + |1Hlly < C||fllx+y. It is remarkable that these properties
follow easily from condition 4) of Theorem [l and relations (X NY)Z = XZNYZ,
(X +Y)Z = XZ +YZ for arbitrary lattices (in the sense of equivalence of norms),
provided that X and Y satisfy the assumptions of Theorem [l
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We mention yet another interesting application of duality. Recall that, for a quasi-
normed lattice X on (S x Q,v x u) and a quasinormed lattice = on a o-finite measurable
space (€21, p1), the lattice X (E) is defined as a maximal linear set of measurable functions
on (S x QxQy,vxpuxpp)such that the norm || f||x =) = |lgllx, g(t,w) = |f(t,w,)|=,
is well defined and finite. Working with such lattices sometimes poses certain difficulties
related to measurability. If X and = are Banach lattices on (S x Q,v x p) and (1, p1),
respectively, then the natural formula [X(Z)] = X’(Z’) holds true. Suppose that X
and Y are quasinormed lattices on (S x Q,v x ), ® and ¥ are quasinormed lattices on
(4, 7). If the lattice X (¥)Y(®) has the Fatou property and U® is a separable space,
then, by [26] Proposition 18], we have the natural relation X (¥)Y (®) = (XY)(¥®). The
following simple observation prepares for Proposition [ below.

Proposition 7. If a quasinormed lattice X on (S x Q,v x ) is BMO-regular, then the
lattice X (Loo) on (S X Q x Qq,v X ux p1) is also BMO-regular with the same constants.
The same is true for A,-regularity.

For the proof, it suffices to observe that f € X(Lo) means by definition that the
function g(x,t) = esssup, cq, |f(z,t,w)|, € S, t € Q, belongs to X with a suitable
estimate of its quasinorm. If A is a suitable majorant for f in X, then ﬁ(m, t,w) = h(z,t),
x €S8, te€N, we D is asuitable majorant for f in X (Ls).

Proposition 8. Suppose that X is a BMO-regular quasinormed lattice on (S X Q,v X ).
Then the lattice X (L) on (S x & x Q1,v x u x p1) is BMO-regular for all 0 < p < 0.

Indeed, the lattice L; (Loo) is BMO-regular by Proposition [t therefore, Lo, (Ll) =

[Ll (Loo)]/ is also BMO-regular. Thus, L. (Lp) is BMO-regular for all 0 < p < oc.
Multiplying it by the lattice X (L), which is BMO-regular by Proposition [7, we arrive
at the BMO-regularity of the lattice X (L,), as claimed.

The BMO-regularity property of the lattice Lo, (fp ) admits certain refinements, which
we are going to discuss in the next lines. Since the maximal operator M is bounded
on X = Ly(¢?) for all 1 < p,q < oo (see, e.g., [29]), X is Aj-regular by Proposition [l
Furthermore, since Lq(Lj,) = Loo (Ly)Lg(Lg) if ¢ > p and L = zla - %, Theorem [2 yields
the Ag-regularity of the lattice L (Lr); the exponent r takes all values 1 < r < oo.
Observe that, by [7, 6.1, Chapter 5], the A,-regularity property improves in a certain
way as we raise the lattice to a small power.

Proposition 9. Let X be an Ap,-regular quasinormed lattice on (S x Q,v x pn). Then
X9 is Ay Lgp—1)-regular for all 0 < 6 < 1.

This proposition coupled with the established As-regularity of L (Lr) implies that

the lattice Ly, (LS) = [Loo (L,ﬂ)]g is A1+§—regu1ar foralll <r < s < oo.

On the other hand, at least in the case of lattices on R™, the maximal operator M
is not bounded on L, (ép) for p < oo (see, e.g., [, Chapter 2]), whence L (ZP) is not
Aj-regular if p < oco. We show that in the case of R" the lattice Lo (fl) is not Ap-
regular for all 1 < p < co. Suppose that, to the contrary, this lattice is Ap,-regular for
some 1 < p < oo. By the proof of the implication 5) = 3) in Theorem [I] (see also
Proposition [[3] in the next section), the Riesz transformation R = R; (or the Hilbert

1
transformation R = H if n = 1) is then bounded on Lo (¢')] = L, (¢°°), which cannot
be true. For example, take f(z) = {g(z+;)},jen € Ly (€>°), where g(y) = xpsgnyi, X
is the indicator function of the unit ball B of R" centered at the origin, and {z;};en C B
is a dense sequence in B. Since |Rg| has arbitrarily large values on some cones, it is
easy to check that |Rf(x,)|l¢gee = 0o for all x € B, a contradiction. The same argument
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works if § = T is the unit circle. We summarize the discussion up to this point in the
following proposition.

Proposition 10. The lattice Lo (Lp) = Loo (SXQ, Ly (1)) on (SxQxQy,vxpuxp)
is Ag-regular for all 1 <p < oo, ¢ > 1+ 1%. The lattice Lo (51) onR" X Z or T X Z is
not Ay, -regular for all 1 < p < oo.

We close this section with a remark on the BMO-regularity of the Lebesgue spaces Ly,
with variable exponent p(-). These spaces have received considerable attention recently
(see, for example, the somewhat dated survey [2], or the comprehensive monograph [21]).
For a measurable function p(-) with essinfp(-) > 0, the space L.y is defined by the
Luxemburg quasinorm

p(+)
T mf{»(ﬂ/(@) g1}.

Here the following conventions are implied: |a|* = oo for |a| > 1, 1°° =1, and 0*° = 0.
These spaces are a natural generalization of the standard Lebesgue spaces L,. It is
easy to verify the following natural relations: L;(,) = Ly for a > 0, L;(_) = Ly, if
1<p(-) <xa.e.,and Lp(i)Lq(i) = LS(A) for ?1) = Wl.)—l-ﬁ. These relations together with
Theorem [ yield the following characterization of BMO-regularity for variable exponent

Lebesgue spaces.

Proposition 11. Suppose that v > 1, 1 < p(-) < oo a.e., and w is a weight. The
following conditions are equivalent.
1) Ly()(w) is BMO-regular.
2) The maximal operator M is bounded on L ¢y (aﬁ) for some (equivalently, for
al) 0 < a < 1. PO

§2. BMO-REGULARITY AND THE BOUNDEDNESS OF THE STANDARD OPERATORS OF
HARMONIC ANALYSIS

In this section we explore the relationship between BMO-regularity and the bound-
edness of certain operators that often occur in harmonic analysis. Mostly, by that we
mean singular integral operators; however, it is convenient to study nonlinear map-
pings as well. Recall that by our definition Lp(wfi) has the “classical” weighted norm

£ (fIfIPw)”.

Definition 2. A mapping T defined on a set Q7 of measurable functions on (S x £, v x u)
is said to be Ap-bounded with constants (C,m) if the (v x p)-closure of Qrp contains L
and for any w € A, with constant C' we have

I, (-3 <761, oty

for all f € Qp. T is weakly Ap-bounded if the same is true for all w € A; with constant C.

In the case of a mapping 7" acting in the first variable only it suffices to verify A,-
boundedness for a point mass p. It is well known that (see, e.g. [7]) if T is a singular
integral operator bounded on Lo (R"), and if its kernel K (z,y) satisfies

s =t

(3) |K (z,8) — K(z,t)| < Ck z,8,t €R™, |z —s|>2s—t,
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along with the kernel K (y,x) of the adjoint operator for some v > OE then T is A,p-
bounded for all 1 < p < co.q We mention that recently the so-called Ay hypothesis
was proved in [4;}]@ It can be rephrased as follows: all such operators are A,-bounded
with constants (C, CTJ,CmaX{p*Ll}) for all C' > 0, where cr;, depends only on p and
the properties of T', and this is a sharp estimate for the constants. In other words, for
1 < p < 2 (some, not necessarily sharp) constants m of the A,-boundedness of T' for
a fixed C are of the same magnitude as the (exact for the fixed C') Ap-boundedness
constant of the maximal operator M.

The Ap-boundedness property can often be verified fairly easily. For example, at least
in the case of the space R™ with Lebesgue measure, Theorem 2 in [39] states that for all
weights w and functions f such that f*(co) = 0 (i.e., the measure of all sets {|f| > § > 0}
is finite) we have

(@) Jiro< e [ (10) 2] 0 1<

with a constant ¢, , for some A,. On the right in () there is a Fefferman—Stein local
sharp maximal function

Aﬂﬂnggggq—quu@mxaw,o<A<L

The supremum is over all cubes ) containing x, the asterisk denotes the nondecreasing
rearrangement, and x is the indicator function of the set (). We obtain the following
criterion for the weak A,-boundedness from ().

Proposition 12. If the mapping M)n\nT is Ap-bounded with constants (C,m), then T
is weakly Ap,-bounded with constants (C,cpnm). In particular, if M)u\nT 18 pointwise
dominated by some Ay-bounded mapping S, i.e., if Qpr C Qg and |M§an\ < c|Sf] for
all f € Qr, c being a constant independent of f, then T is weakly Ap-bounded.

The Fefferman—Stein local sharp maximal function is often a convenient tool for point-
wise estimates. For any locally integrable f, the functions M*f and M M§ f are equiv-
alent a.e. for sufficiently small values of A (see [40]), which means that in Proposition
the local sharp maximal function can be replaced by M#%. Then it is easy to show
that the second part of Proposition works for the Calderén—Zygmund operators T'
due to the well-known pointwise estimate M!Tf < ¢, (M|f\7")%, 1 <r < oo (see, e.g.,
[7, Chapter 4]).

The following result is similar to Proposition Ml

Proposition 13. Suppose that X is a Banach lattice on (S x Qv x ) and 1 < p < 0.

Suppose also that Qr is dense in X%, X' is a norming space for X, and at least one of
the following conditions is satisfied:

(1) X’ is Ap-regular and T is A,-bounded;
(2) X' is Aq-regular and T is weakly A,-bounded.

Then T is bounded on X¥. If X is BMO-regular, X has the Fatou property, and T is

arl—a

weakly Ap-bounded, then T is bounded on (X Ly )% for all sufficiently small0 < a < 1.

3 Note added in translation. We forgot to mention that this is the usual definition of a Calderén—
Zygmund singular integral operator that we refer to in this paper.

4 Note added in translation. Now an easier proof is available, presented in a nice self-contained
exposition [44].
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Observe that if the norm of X is order continuous, then the set Q7 is always dense

in X#. In order to prove Proposition [[3] it suffices to carry out an estimate similar to
@ (or @) for T in place of M and arbitrary functions f € Qg

ITA s =P oo = s [@pyn
( 1 ) he xaLll_a /=x"1,
(5) Al xra =1
< s [@hrg <<,
hex’o, Xp
1Rl xra=1

As before, the g, are suitable majorants (the first two cases of Proposition [[3] correspond
to =1 in ([@)).

Now we turn to the opposite question: to what extent BMO-regularity is characterized
by the boundedness of operators? Surely, the operators in question must be nondegen-
erate in a certain sense.

Definition 3. A mapping T of Ly is said to be BMO-nondegenerate with a constant
C if the boundedness of T in the lattice Lo (w_%) implies that logw € BMO with the
constant C. A mapping T is said to be Ap-nondegenerate with a constant C if the same
implies that w € A, with the constant C.

Because of the corresponding inclusions, A,-nondegeneracy is stronger than BMO-
nondegeneracy. The second variable may pose some difficulties when one tries to verify
such properties. However, Proposition 9 in §3 below shows that if T is a linear operator
that is bounded on Ly and is either A,-nondegenerate or BMO-nondegenerate on the
measurable space (S, v), then the same property is true for the same operator T acting
in the first variable for the measurable space (S x ,v x u). The maximal operator is by
definition As-nondegenerate for the measurable space (S, ). Many singular integral op-
erators are As-nondegenerate for the space (S, v). For example, any Riesz transformation
is Ag-nondegenerate for the space R™ with Lebesgue measure (see [7, Chapter 5]).

Theorem 3. Suppose that X is a Banach lattice on (S x Q,v x p) with an order contin-
wous norm. If a BMO-nondegenerate operator T is bounded on X%, then X’ is BMO-
regular with suitable estimates for the constants. If an As-nondegenerate operator T is
bounded on X%, then X' is Ag-reqular with suitable estimates for the constants, and
moreover, X% is Aj-reqular for all 0 < o < g with some oy > %

Theorem [ is based on the following theorem.

Theorem 4. Suppose thatY is a Banach lattice on (SxQ, vx u) with an order continuous

norm. If a linear operator T is bounded on Y%, then for every f € Y/, m > 1, and
a > KG”THY%, K¢ being the Grothendieck constant, there exists a majorant w > |f|,

lwllyr < 251l such that [T, -y < avim.

The proof of Theorem [ is given below in §6l This is, essentially, a known result (see
[46] and [1]).

Naturally, Theorem [ means that if, under the assumptions of Theorem [3] the operator
T is bounded on X%, then X’ is BMO-regular by the BMO-nondegeneracy of T. If T is
As-nondegenerate, then an application of Theorem M shows that X’ is As-regular, and
by Proposition [ the lattice X° is Aj-regular for all 0 < § < « and some ap > 1, as
claimed.
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Note that if X is a Banach lattice, then X aLifa has order continous norm for 0 <
o < 1 because L;™* =L 1 has order continuous norm. Combining Proposition [[3 and
Theorem Bl we get the following result.

Theorem 5. Suppose that X is a Banach lattice with the Fatou property on (SxQ,vxpu).
The following conditions are equivalent.
1) X is BMO-regular.
2) Some weakly As-bounded and BMO-nondegenerate linear operator T is bounded
Cand
on (XaLll Q)Q for some 0 < a < 1. L
3) All weakly As-bounded mappings T are bounded on (XaLll_a) 2 for all sufficiently
small values of 0 < v < 1.

We emphasize again that 7" in condition 3) can be any of the Calderén—Zygmund type
singular integral operators, and in condition 2) in the case of lattices on R™ x Q any of
the Riesz transformations can be substituted for T .

§3. AUXILIARY STATEMENTS

In this section we state the main results that we need for the proofs, along with some
auxiliary propositions. The proof of Theorem [2] in 4] below and the proof of a similar
result in §5 are based on application of a fixed point theorem.

Theorem (Ky Fan-Kakutani [23]). Suppose that K is a compact set in a locally convex
linear topological space. Let ® be a mapping from K to the set of nonempty compact
convex subsets of K. If the graph {(z,y) € K x K |y € ®(z)} of @ is closed in K x K,
then © has a fized point, i.e., x € ®(x) for some x € K.

The proof of Theorem Hl given below in 6l makes use of the following result, which is
usually referred to as the Grothendieck theorem for lattices (see, e.g., [9]).

Theorem (sce [41]). Suppose that X and Y are Banach lattices and T : X — Y is a

bounded linear operator. Then
n 1
9 2
() ]
X

" }
(=)
j=1 j=1

for any finite set {z; }?zl C X, where K¢ is the universal Grothendieck constant.

< Ke|T| x>y
Y

The following theorem plays an important part in the sequel. It means that in a
lattice with the Fatou property, the sets that are convex, bounded, and closed in measure
(i.e., with respect to convergence in measure on all sets of finite measure) share certain
properties with compact sets.

Theorem 6 (see [I8, Theorem 3, Chapter X, §6]). Let X be a Banach lattice with the
Fatou property on (X, 1) and {Ve}eez a centered family of sets in X that are convex,
bounded, and p-closed. Then ﬂgea Ve is not empty.

The following simple proposition makes it possible to replace a function with a slightly
larger one that is positive a.e. with only a slight increase in norm.

Proposition 14. Suppose that X is a Banach lattice on (X, ). Then for every f € X
such that f # 0 identically and every € > 0 there exists g € X such that g > |f| a.e. and

lgllx < (X +e)l[fllx-
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For the proof it suffices to take any representation ¥ = J ; Aj, where A; is a nonde-
creasing sequence of sets of finite measure such that x4, € X (see, e.g., [I8, Chapter IV,
§3, Corollary 2]) and put

_i XA,
g=|fl+e¢ Z 9—J X4

= Ixallx
The following proposition is well known (see, e.g., [12] 1.2]).

Proposition 15. Suppose X is a Banach lattice with the Fatou property on (X, n) and
F, C X is a decreasing sequence of sets in X that are bounded, convez, and p-closed.
Then for any sequence f, € F, there exists a sequence of finite convex combinations

gn=> afi. o’ >0, YoV =1,
k>n k>n

such that g, converge a.e. to some f € F =(, F,.

It suffices to consider the decreasing sequence A,, = closcog>,{fx} of sets; here clos
denotes closure in measure and co denotes the convex hull. By the assumptions of
the proposition, A, C F, for all n, so Proposition [0l applied to this family shows that
M, A, is not empty. Take any f € (), A,. Then f € F and for every n there exists
a sequence gy € cogp>n{fr} such that g converges to f in measure on all sets of finite
measure as kK — oo. Since convergence in measure is metrizable, we can easily find a
sequence of indices &, such that the sequence g converges to f in measure on all sets
of finite measure. Therefore, some subsequence of this sequence converges to f almost
everywhere, which concludes the proof of Proposition

Suppose that 1 < p < oo and C' > [[M|r,. We introduce the following sets of
nonnegative a.e. measurable functions w on (S x Q,v x pu):

BAp(C)_{w|esssup|M||L( 1 )§C}, p>1;
weN P

w P (-,w)
M
BA, (C) = {w | esssupTw < C’}.

These are the sets of Muckenhoupt weights with given bounds on the constants (“the
Ball of A,”). The following proposition (cf. [22, Lemma 4.2]) shows that their geometric
structure is simple and convenient.

Proposition 16. Suppose that 1 < p < oo and C > 0. The set BA, (C) is a nonempty

convex cone; also, it is logarithmically convex and closed in measure. The natural relation
Nesc BA, (c) = BA, (C) holds true.

The additivity and homogeneity of the sets BA,, (C), and consequently, their convexity,
are quite obvious. Nonemptiness is also obvious because 0 € BA, (C). We prove that
BA, (C) is closed in measure. Suppose that a sequence w; € BA, (C) converges in
measure on all sets of finite measure to some w. By passing to a subsequence, we can
assume that the w; converge to w almost everywhere. If p = 1, the Fatou theorem yields
immediately

1 / <Y limint
—— | w< —/——limin W,
v(B)Jg ~v(B) n» Jp

for any ball B, whence

Mw < lim inf,, M w,, Clim inf,, wy, _c
w w w
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a.e., and w € AB;(C). Now we turn to the case where p > 1. Note that W = sup; wj is
finite almost everywhere. Since L, (Wﬁi) is dense in measure and in norm in the spac

Lp(uf%), it is suffices to verify that
||Mf||Lp(w7%) < C”fHLp(w*%)

1
for any f € Lp(Wfi). It is clear that f € Lp(wj p) for all j. Thus,

(6) /S(Mf(t,w))pwj(t,w) dv(t) < Cp/s |f(t, w)|Pw;(t,w)dr(t)

for a.e. w € O and all j. Passing to the limit in (@) and making use of the Fatou theorem
and the Lebesgue dominated convergence theorem, we arrive at the inequality

/ (MF(t,w))Pw dv(t) < lim inf / (M F(t,w))Pw (¢, w) du(t)
S S

7 < Jim 0@ [ [ fawwiew) i)

v /S ()Pt w) du()

for a.e. w € Q and w € BA, (C), which shows that the set BA, (C) is indeed closed in
measure.

We verify the logarithmic convexity of BA, (C'). Suppose that 0 < 6 < 1 and wp, w; €
BA, (C); we need to prove that

(8) w=wy =wlw "% c BA,(C).

Observe that it suffices to establish () for 6 = %, because then we can reiterate this
inequality to get (8]) for all binary fractions 8 and then obtain (§)) for arbitrary 0 < 6 < 1
by taking a sequence #,, — 6 and using the measure closedness of BA,, (C). Now suppose

that 6 = % and f € Lp('w_%). The Cauchy—Schwarz inequality easily yields

Msn) =sw oo [ ol (2040 v ] % It () ’ } i)

B3z wO(yvt) wy (y’t)

L

< [y /i (2202 ]

<L oo (5655) 2

L

() o] ol ()]

5 Note added in translation. Generally speaking, under our corrected definition of the weighted spaces
_1 _1
(see the footnote in §II) Ly, (W P ) is not contained in L, (w P) even though W > w almost everywhere.

_1 _1
Thus, we should replace this set with Ly (W P) NLy (w P) and also replace “norm” with “quasinorm”
in the proof to rectify this minor inaccuracy.
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forz € Sandt € Q. In case p > 1, another application of the Cauchy—Schwarz inequality
leads to

D

(v})

(S

p

) ) -
Wo w1

|~
bS]
ol
|~
i)
[N

IN
—
S
~
7 N
5|8
N——

<

g
—

S

~
7 N\
g8
N—
<

&

[l ()] w)

= [1rpuwf = c7ls1?

IN

[l ()] )

(wr)
For p = 1 estimate (@) with f = w shows that
1 1
3 3
w wo wy
almost everywhere. Probably, such estimates can be obtained for any 0 < 6§ < 1 directly,

by using the Hélder inequalityﬁ Finally, the relation [ BA, (¢) = BA, (C) is trivial,
which concludes the proof of Proposition

c>C

S Note added in translation. Indeed, this is quite easy, but requires a somewhat longer and less clear
computation. Suppose that u is positive on the support of w and f is 0 a.e. outside of the support of
w. The Holder inequality yields

L T v :; x Ou(z x =0 [y(z v
s, e nlavn = = [5G0 ue 01 e 0] du()

< (ﬁ/BM(aat)Hu(ﬂc,t)]% du(t))e (ﬁ/ﬁ,\f(omt)l[u(omt)]’ﬁ dv(t))

for any ball B, whence

1-6

(10) MfS[M(f-u%)]e[MO,u*ﬁ)]l*e

almost everywhere. Another use of the Holder inequality produces the estimate

HMinp(w*%) < / [M (f,u%ﬂ?"’ [M (f.u*ﬁ—e)]p(l_g)w
B i)
s (/‘flpugw)e(/|f\puiﬁw)l_0.

__Dp
Clearly, it suffices to find some u that satisfies both whbw = wo and v 1-9w = w; simultaneously.
0(1-6)

These two relations are equivalent and can be rewritten as u = Z}—’;’ P . Substituting this in the

above estimates, we arrive at the logarithmic convexity of BA, (C) for p > 1. For p = 1 and f = w,
estimate (I0) yields

Mw < (Mwp)® (Muw1)'=0 < C’wgwllfe

almost everywhere, which corresponds to the logarithmic convexity of BA, (C) for p = 1.
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We introduce the set of A,-majorants

(11) MEE(f) =49 | llgllx <m, g>|f]} N BA,(C)

for any Banach lattice X satisfying the Fatou property and a function f € X nonnegative
a.e. The nonemptiness of this set characterizes the existence of an Aj,-majorant for
a given function f with constants (C,m) provided that ||f||x = 1. Let us explore
certain properties of the set ([I)). The Fatou property and Proposition imply that
Méf P(f) € X is closed in measure, convex, and logarithmically convex (see also (I3)

below). It is easily seen that Mé(fl(f) is monotone in f, i.e.,

(12) Mé{f;(f) o MC v (f1)

for any f1 > |f|. It is well known that the unit ball of any Banach lattice X is logarith-
mically convex. Moreover, for such a lattice there is a version of the Holder inequality:

1 ’ L,
(13) labllx < llal"[IX /6] X, 1 <7 <oc.
Using ([I3), it is easy to show that

(1) 1_1 )" Mcm<f[l|fj“’j)

for all ; >0, >°7_, 0; = 1, and f; € X. On the left-hand side of (I4) multiplication and
exponentiation are understood pointwise. Setting f; = f in (I4]) yields the logarithmic
convexity of the set MJ P (f).

Proposition 17. Suppose X is a lattice with the Fatou property on (S X Q,v X u)
and f; € X, f; > 0 a.e., constitute a monotone nondecreasing sequence converging

a.e. to some f € X. Then the intersection (; MC (f;) coincides with Mg:l(f) If,

additionally, the sets Mam(f]) are nonempty for all j, then the set Mé(m(f) is also
nonempty.

The inclusion (; Mgri(f]) D Mé(n’fb(f) follows from (I2)). For any g in ), MC (f;)
we have [lg||x < m, |g| > |f;|. Passing to the limit in the last estimate ylelds g €
Mé(n’;(f), so that the reverse inclusion is also true. Finally, the sets Mé(n’;(fj) are
closed in measure, convex, and bounded in X, and they form a nonincreasing sequence.
Therefore, if they are nonempty, Theorem [ shows that their intersection Mé( (f;) is
also nonempty. This concludes the proof of Proposition [I7

The following proposition shows that for lattices with the Fatou property it suffices to
verify Ap-regularity on functions belonging to some dense set; moreover, the constants
can be relaxed slightly.

Proposition 18. Suppose that X is a Banach lattice with the Fatou property on
(S x Qv xp). Suppose also that a set ' C S; = {f € X4 | |flx < 1} has the
following property: for all « > 0 and f € F, there exists some g € X such that
g > 1fl, llgllx < m+a, and g € A, with constant C + «. Then all functions in the set
{f 1 Iflx =1} NF, where F denotes the closure of F in measure, have A,-majorants
in X with constants (C,m).

Suppose that a function 0 < f € X, ||f||x = 1, belongs to the closure of F' in
measure. Then there is some sequence f,, € F converging to f almost everywhere. By the

assumptions of the proposition, there are some g, € Mgfl erl(fn) C Mé(f L 1 (0),

so by Proposition [IH] there exists g € ﬁnMé(_’fl my1(0) = Mé(w’;(O) (equahty follows
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from Proposition [[6)) and a sequence of convex combinations G, = 3_;, ozg-n) gn that
converges to g almost everywhere. Since

jzn

almost everywhere, passing to the limit yields g > f, whence g € Mé( P (f). The proof
of Proposition [I8is complete.

Proposition 19. Suppose that a linear operator T is bounded on Lo on a measurable
space (S,v). If T is A,-nondegenerate, then the same operator T acting in the first
variable is also Ap-nondegenerate for a measurable space (S x Q,v x p). The same is
true for BMO-nondegeneracy.

Suppose that for some function w positive a.e. on (S x Q,v x p) we have

(15) ||T||L2(w7%) < C;

it suffices to prove that
<
(16) ||T||L2(w7%(_,w)) <C

for a.e. w € Q. First, we establish this under the assumption that w is essentially
bounded. Then we have the continuous inclusion Lg (S, 1/) C Lo (w_%(.,w)) for almost
every w € €2, and also Ly (S, v) is separable and dense in Lg(w’% (-,w)). Denote by {f;}

some dense sequence in Lo (S, u); then this sequence is also dense in Lg(w*%(-,w)). If
condition ([I€) is not satisfied on some set E C ) of positive measure p, then for every
w € FE there exists an index j,, such that

/|wa].(s)|2w(s,w)dl/(s) > 02/\fwj|2w(s,w) dv(s).

Since the sets E; = {w | j, = j} are measurable and £ = (J; E;, there exists an index j
such that u(E;) > 0. However, this means that for f = xg, f; we have

[1wsewsc? [ it

which contradicts ([IH)). Therefore, for bounded weights w the transition from (I3 to
(I8 is justified.
Now observe that, under the assumptions of Proposition [[9 the operator T is uni-

1
formly bounded on the lattices Lg(wn 2) with the weights w, = w An. This is a con-
sequence of the following simple norm estimate for the conjugate operator T* (con-
jugation is understood in the sense of the weightless Lo space duality) in the lattice

[La(un 2)] " = [LQ(M;%)}' = Ly(w?) -
e L e B L ey

< (/Ifl2 [wwﬂ) §2c2/|f|2 (wlv%)

—9 2 T* 2 ,
S

NG

where f € Lg(wé) and
¢ = I V1Tl 4y = 1Tl VI, -
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Thus, we can use the transition from (I8 to (I6]) already established for the weight w,
to obtain

esssup sup ||T _1 < V2e.
weN n ” HLz(wnz(wW))

Finally, it is possible to pass to the limit in n in the estimate

/'Tf(x)‘an(x’W)d’/(@") < 262/|Tf(as)\2wn(a:,w) dv(z), € Ly(w™2),

using the monotone continuity of the Lebesgue integral. This yields the required estimate
(@@) for C' = v/2¢, which concludes the proof of Proposition

§4. PROOF OF THEOREM

In this section we present the proof of Theorem The proof is based on a similar
result [26] for couples of lattices on the unit circle, which we also establish for the general
case in 5] below along with another proof of Theorem 2l The two proofs of Theorem
are essentially identical in the case of a single lattice. We give the proof for the case of a
single lattice separately because it looks more natural, a bit simpler (at least conceptually
if not technically), and it makes the exposition of the BMO-regularity theory for a single
lattice given in the preceding sections of this paper independent of similar results for
couples that we give below in §5l

Suppose that, under the assumptions of Theorem[2] the lattice XL, is A,-regular with
constants (C,m). We may assume that () = 1. Indeed, because we can replace the
measure i by an equivalent one that has this property, because a weight that is constant
in the first variable for a.e. value of the second variable has no effect on Ap,-regularity.
Since the set of functions f in X having support in B = By x ) for some ball By of
the space (S,v) is dense in measure in the lattice X, by Proposition [I§ it suffices to
establish the existence of A, ;-majorants for all such functions f with some sufficiently
large fixed constants (C1,m1) to be determined later. The lattice L, is Aj-regular with
some constants (Cy, my). We may assume that mq, > mm,. Put

D ={logh|[hllL, <1, h € BAL(Cy), h = xpd}
for all sufficiently small 6 > 0. Recall that BA; (C;) = {w | Mw < C,w} (see the

definition before Proposition [T6]). It is well known that h = (MXB)ﬁ belongs to A; if
0 < B < 1 (see [T, Chapter 5, 5.2]) with some constant C’ independent of a set B. Surely,
h € L, for 8 > %. We fix some [ satisfying % < B < 1. Assuming that C, > C’ and

0<d< ||hHqu7 we see that log (W) € D, so D is nonempty. The set D is also convex
q

and closed in measure, due to the Holder inequality and Proposition
Without loss of generality we may assume that || f||x = 1. The A,-regularity of XL,
means that for any logu € D the set of the corresponding A,-majorants Mg f‘nq’p (uf) is
nonempty (for the definition of this set, see (II) in §3]). We recall the definition of the
norm in the product of a couple of quasinormed lattices Y and Z:
|zllyz = inf |lally[bllz = inf [zb™"(ly.
e=ab lbllz=1

For any v > 0 and a couple of lattices Z > xp and Y, we can write

. _ 116l z
zllyz = inf |zb Y|y ||bV yxE|z o ————
lellyz = inf b= oV sl 2 o
(17) > (1+ Ivxsllz)™ o lz(b v yxs) v bV vxallz
ol

>(1+ ||7><B||Z)_1I inf [zb~" |y

[bll z <1
b>vxB



400 D. V. RUTSKY

The first inequality in this estimate can be explained as follows: for any ||bl|z; = 1 we

have
16V axslz _ [Ibllz + lvxsllz
bz — — 161l z
We may assume 6 to be so small that mmg(1 + ||mgdxB|lL,) < mi. Using estimate
([T and the Aj-regularity of L, mentioned above, we see that if logu € D and ¢g €

Méﬁf’p(fu), then

=1+ llvxsllz

m > |gllxc, > (14 [|mgdxslL,) " Hb”inf<1 g~ x
L, <1,
(18) b>madx 5

> (14 [mydxale,) " tmg " int | Jlga™ x:

the last inequality is obtained by replacing b with its respective Aji-majorant a with
constants (Cy, my). Estimate (I8) means that for any logu € D the set

®(logu) = {loga € D | M(u,a) # &},
where
XLy, -
M(u,a) = {g € MZ P (fu) | llga™lx <ma},

is nonempty. It is easily seen that all sets M (u,a) are convex, bounded in XL,, and
closed in measure. From (I4) and (I3]) we obtain

n

19) M (ug, a))" M(H w1 ] |aj|9f)
j=1 j=1

)

J
for any 6; > 0, E?:1 0; =1, and u;,a; € D. Next, (I9) easily implies that the graph of
® is convex.

Indeed, suppose that loga; € ®(u;) for some functions loga; € D and logu; € D,
1 < j <n. We need to establish the same for their convex combinations u and a,

logu:Zajloguj, a; >0, Zaj =1,
J J

loga = Zaj loga;.
J
Since the sets M (u;,a;) are nonempty, the set

n n
M(H | T |aj|aj)
j=1 j=1

is also nonempty by ([[d). This means that

Zaj loga; € <I><Zaj loguj>,
j=1 j=1

as claimed.
Note that D is a bounded and convex subset of Lgy (w) for the weight w = (Mxpg) 2.
Boundedness is a consequence of the following simple estimates for the function logu € D:

o tOmareest = [ gbs() = () fur= ()

because Mxp <1 and logu < u for v > 1, and similarly,

/{“<1} (Mxz)logul” < / ([Mxz]log [Cq_l(SMXB])2 < C// ([MXB]%)2 <’



BMO-REGULARITY IN LATTICES OF MEASURABLE FUNCTIONS 401

for some constants ¢’ and ¢”, because u > Cq_lMu > Cq_léMXB. Since the set D is
(v x p)-closed, D is also closed in Lo (w) We endow D with the weak topology of Lo,
making it a convex, closed and compact subset of the locally convex linear topological
space Lo (w) with the weak topology, which is metrizable on D.

We show that the graph of ® is closed. Since the graph of ® is convex, it suffices to
show that it is closed in the strong topology of the space LQ(w). Suppose that we are
given a sequence

(20) loga; € ®(log u;)

such that the sequences loga; € D and logu; € D converge in the space Ly (w) to
some log A € D and logU € D, respectively; we need to prove that log A € ®(logU).
Passing to a subsequence, we may assume that the convergence in question is also almost
everywhere. Again passing to a subsequence allows us to assume the rapid convergence

|| loga; — logAHLQ(w) <9277,

Moreover, all loga; € D are bounded a.e. from below by a function finite a.e. because
a; > Cy'May > Cy ' M(xpd). Then the sequence

loga; = \/ logay > loga;
k>j

in Lo (w) is monotone decreasing and converges to log A almost everywhere. Similarly,
the sequence
logn; = /\ log v, < log v;

k>j
is monotone increasing and converges to logU almost everywhere. By the assumption
20), the sets M(u;,a;) are nonempty, which means by (I2) that the sets

M(n;, o)
are also nonempty and form a decreasing sequence because the sequences fn; and a;l
are monotone nondecreasing almost everywhere. These sets are nonempty, bounded in
the lattice XL, having the Fatou property, and (v x p)-bounded. An application of
Theorem [0 to this sequence of sets shows that the set M (U, A) is nonempty, whence
log A € ®(logU). Thus, the graph of ® is closed.

Applying the Ky Fan-Kakutani fixed point theorem (see §3)) to the mapping ®, we
conclude that there is some log u € D such that log u € ®(log u). This means that the set
M (u,u) is nonempty. Suppose that g € M(u, u); then g € A, with constant C, g > |f|u,
and |lgu~!||x < mi. By the factorization of A, weights (see, e.g., [, Chapter 5, 5.3]),
there are wp, w1 € Ay with a constant depending on C only such that g = wowi_p. By

p=1 P
the same factorization theorems, gu™! = wy (wl ? uzlj) belongs to A, y; with some

1—1
constant C; depending only on C and Cj, because, by Proposition [I6 w, P belongs
to A, with a suitable estimate on the constant. Thus, gu~" is a suitable A, 1-majorant
for f. The proof of Theorem [2] is complete.

§5. BMO-REGULARITY FOR COUPLES OF LATTICES

In this section we consider the BMO-regularity property for couples of lattices. We
show that it is self-dual and stable under division by a lattice, and give another proof of
Theorem 2l Although this proof involves additional notions, it might be even easier to
understand in the technical aspect.
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Definition 4. A couple (X,Y) of quasinormed lattices X and Y on (S x Q, v x u) is said
to be Ap-regular with constants (C,m) if for any f € X and g € Y, g # 0, there exist
majorants u € X, v € Y, u > |f], v > |g|, such that ||ul|lx < m|f|x, vy < mlglx,
and * € A, with constant C. A couple (X,Y) is said to be BMO-regular with constant
(C,m) if for any f € X and g € Y, g # 0, there exist majorants u € X, v € Y, u > |f],
v > |g|, such that [jul|x < m|f|x, vy < m|g|lx, and log® € BMO with constant
C. Such a couple of functions (u,v) is called an Ap,-majorant or a BMO-majorant
(respectively) for the couple (f,g).

In the case of the unit circle S = T, BMO-regularity for couples arises naturally
in connection with interpolation of Hardy-type spaces of analytic functions (see, e.g.,
[1, 26]). In order to feel the flavor of these definitions, now we mention certain simple
properties of BMO-regularity and A,-regularity for couples, which are mostly similar to
the corresponding properties for a single lattice.

If lattices X and Y are BMO-regular, then the couple (X,Y) is also BMO-regular,
because we can merely take the BMO-majorants in the respective lattices to get a BMO-
majorant for the couple. The converse is not true. For example, the couple (X, X) is
Aq-regular for any lattice X, because for any functions f and g in X we can take the
BMO-majorants u = ¢||f||x and v = ¢||lgllx, ¢ = W Y m + h, where h € X is any
function of norm 1 positive a.e. (see Proposition [I4]). If lattices X and Y are A;-regular,
then by factorization the couple (X,Y?~') is A,-regular for p > 1. If X is A,-regular,
then the couple (X,Ls) is also A,-regular. If a couple (X,Y) is BMO-regular or As-
regular, then the couple (Y, X) is also BMO-regular or As-regular (respectively), because
w € Ay with constant C implies w~! € Ay with some constant depending only on C,
and the relevant statement for log w € BMO is trivial. If p > 1, then the Ap-regularity
of a couple implies its A,-regularity for some ¢ < p. If a couple (X,Y) is A,-regular,
then the couple (X*,Y®) is also A,-regular for all 0 < o« < 1. If a couple (X,Y) is
BMO-regular, then for any p > 1 the couple (X, Y%) is Ap-regular for all sufficiently
small a. If couples (X,Y) and (FE, F) are BMO-regular, then the couple (XE,Y'F) is
also BMO-regular.

As will be demonstrated in this section, BMO-regularity for a couple enjoys the same
properties of self-duality and stability under division as BMO-regularity for a single
lattice does. These results mostly follow [13] [26], where they were given in the case of
the unit circle. First, we establish a characterization of A,-regularity for couples. For
convenience we introduce the following notation:

Sx={feX|lflx=1, f>0ae}

and
S}t ={geY ||glly =1, g>0ae}

Proposition 20. Suppose that X andY are lattices on (S x Q,vx p). The A,-reqularity
of the couple (X,Y") with constants (C,m) is equivalent to the following property: for all
f €S and g € S there exists o € BA,, (C) such that

(21) lagllx < e fla™ flly <e

with some constant ¢ independent of f and g. The above constants ¢ and m can be chosen
to satisfy c < m < c+ 1.

Indeed, suppose that the couple (X,Y) is A-regular. Then for any f € S;g and g € S;}
there exists an A, -majorant (u,v), and the statement is true for a = . Conversely,
suppose that the property claimed occurs and f € X, g € Y, f # 0, g # 0 are some

functions. Making use of Proposition[[4land the invariance of the Ap-regularity property
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under multiplication of f and g by some positive constants, we may assume that f € S’;g
and g € Sy. Let u = (%\/1)]” and v = (aig\/l)g. Then [jul|x < ¢+ 1 and
lvlly <c+1. Tt is easily seen that ¥ = a € BA, (C), so (u,v) is a suitable majorant.

Proposition allows us to express the A,-regularity property for couples in terms
of the nonemptiness of certain sets that are closed, bounded, and convex. Specifically,
suppose that X and Y are lattices with the Fatou property on (S x Q,v x p). For f € X,
geY, f,g >0 a.e., we introduce the set

(22) MES(f,9) = {a| laglx < e o™ flly < c}nBA,(C).

Proposition 20] means that the existence of an Aj,-majorant with constants (C,m) for
functions f and g (that we may assume to be normalized) in the couple (X,Y") is equiv-
alent to the nonemptiness of the set ([22)) for some constant c¢ related to the constant
m.

Let us highlight certain properties of the sets (22)). The Fatou property and Proposi-
tion [[6] ensure that Mc .(f,g) is convex and (v x u)-closed (observe that s — s7! is a
convex funtion for s > 0). It is easy to show that gMé)in)(f, g) is a convex, closed, and
bounded subset of X. For any f1 > |f| and g1 > |g|, we have

(23) MET(f,9) > MEST (fr.90).

Using the Holder inequality for lattices (see (I3), it is easy to check that, like in (I3,
for any 6; >0, >>7_, 0; =1, and f; € X, g; € Y, we have

n 0;
XY
1) T1 M (f090)] " € MES (H e H 9% ).
j=1
As before, on the left-hand part of (24) the multiplication and exponentiation are un-
derstood pointwise. In particular, substituting f; = f and g; = g in (24) yields the

logarithmic convexity of the set Mg)(c’y)( £y 9).

Proposition 21. Suppose that lattices X and Y on (T x Q,m x pu) have the Fatou
property and f; € X, g € Y are monotone nondecreasing sequences of functions that
are positive a.e. and converge a.e. to some f € X and g € Y. Then the intersection

MNy>0. Mgi’}g(fj,gj) coincides with the set M(X Y)(f, g). If for ally > 0 and j the sets
(X,Y)

MC’C;W (fj,g95) are nonempty, then the set M(X Y)(f, g) is also nonempty.

The inclusion

XY XY
ﬂ M((I'7c+'3(fjagj) ) Mé,c )(fa g)
v>0,5
follows from (23). For any

(X,Y)
ac ﬂ MCC+'y fJ7g])

7>0,5
we have |lag;||x < c+vand ||[a™!f;|ly < c+~. Passing to the limit in these estimates and
using of the Fatou property, we see that o € Mé)fc’y) (f,g). Finally, F; = glMc)irl (f5:95)
J

is a decreasing sequence of sets that are closed in measure, convex, and bounded in X.
Therefore, if these sets are nonempty, then by Theorem [l their intersection F' = [ F Fjis

also nonempty, which means that the set M (X Y)( f.9) =97 LF is nonempty. The proof
of Proposition 21 is complete.

The Ap-regularity property for couples admits the following somewhat more elegant
version of Theorem [2]
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Theorem 7. Suppose that X and Y are Banach lattices with the Fatou property on
(S xQ,vx ). Suppose also that the lattices XL, and YL, are Banach for some 1 < ¢ <
oo. If the couple (XLg4,YLy) is Ap-regqular with constants (C,m) for some 1 < p < oo,
then the couple (X,Y) is also Ap-regular with the constants (C,m + 1).

As before, replacing p by an equivalent measure we may assume that p(Q2) = 1. By
Proposition 211 it suffices to prove that for any f € S’;g and g € S’;} the set Mg’(c’y)(f, g)
is nonempty. Next, by Proposition 21] it suffices to prove that for any number v > 0 and
any ball By of S the set Mé),(cif'z(fXB’ gxB) is nonempty, where B = By X {2 as before.

This time we introduce the set D = {logh | ||hHLq (5) < 1, h > 40} of measurable

functions supported on B for 0 < § < I/(B)_%. The set D is nonempty, closed in measure,
and convex due to the Holder inequality. Since the couple (XLy, YL,) is Ap-regular,
Proposition 20] shows that for any (logu,logv) € D @ D the set M(Cf(ch’YLQ)(uf, vg) is

nonempty. Using estimate (IT), we see that if
(log u,logv) € D® D

and
a e MES ) (uf vg),

then

(25) c> |lavgllxL, > (1 + 51/(3)5)7 inf ||agva_1||x
loga€eD

and

(26) c> o uflve, > (1+6v(B)T)  inf fla~" fub~! |y,
logbeD

Fix some § such that ¢(1 + 51/(8)%) < ¢+ 7. Then estimates [25) and (26]) imply that
for all (logu,logv) € D @ D the set

O (log u,logv) = {(loga,log b)e Do D | Méifg(fuafl,gvbfl) # @}

is nonempty. Employing (24)), it is easy to show that, as before, the graph of ® is convex.
Now, D is a bounded and convex subset of Ly. Since D is closed in measure, D is also
closed in Ly. Endow D & D with the weak topology of the space Lo & Ly; then D & D
becomes a convex, closed, and compact set in Lo @ Ly. By the Fatou property, the set
®(log u,log v) is closed in measure for any (logu,logv) € D @ D, so it is closed in the
strong topology of Ly @ Lo, and therefore in D & D, because of convexity.

The closedness of the graph of ® is verified as before. Since the graph is a convex set,
it suffices to prove that it is closed in the strong topology of the space Lo @ Ly. Suppose
that

(27) (logaj,logb;) € ®(log u;, log v;)
for some sequences of functions loga; € D, logb; € D, logu; € D, logv; € D converging
in Lo to some log A € D, logB € D, logU € D, and logV € D, respectively. We need
to prove that

(log A,log B) € ®(logU,log V).
By passing to a subsequence, we may assume that the above convergence is almost
everywhere. Passing to a subsequence again, we can assume that the rapid convergence

[loga; —log All, <277,

| log b; — log Bl|r,, <277
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occurs. All these functions are bounded from below by log . Then the sequences

logaj = \/ log ar > logay,
k>j

log B; = \/ log by, > logb;
k>j

in Ly are monotone nonincreasing and converge to log A and log B almost everywhere.
Similarly, the sequences

logn; = /\ log u, < log u;,
k>

log ¢; = /\ log v, < log v;
k>
are monotone nondecreasing and converge to log U and log V' almost everywhere. By the

assumption ([27)), the sets Méxc}g
sets

XY _ _
MES (it 9687

are also nonempty and form a decreasing sequence, because the sequences fnjaj_l and

(fujajfl,gvjbjl) are nonempty; therefore, by (23] the

9¢; Bj_l are monotone nondecreasing almost everywhere. An application of Proposition 2T

to this sequence of sets shows that the set Méxcf,i( fUA™L gV B~1) is nonempty. Thus,
(log A,log B) € ®(logU,log V) as claimed, and the graph of ® is closed.
Finally, we apply the Ky Fan—Kakutani theorem to the mapping ® and conclude that

there exists some (log u,logv) € D @ D such that
(log u,log v) € ®(log u,log v).
This means that the set
MECD (Fxs9xB) = MGG (Fuu™, guv™)
is nonempty as claimed. The proof of Theorem [7]is complete.

Proposition 22. Suppose that X, Y, E, and F are Banach lattices on (S x Q,v x u). If
the couple (X,Y) is Ap-regular, then the couple (X F,Y F) is also A,-regular. The same
is true for BMO-regularity. If the couples (X,Y) and (E, F) are BMO-regular, then the
couple (XE,YF) is also BMO-regular.

Indeed, if f € XF and g € YF, g # 0, then the definition of the lattice product
shows that there exist decompositions f = apy and g = by such that a € X, b €Y,
0< ¢y € F,0< 1 €F, |pollr <1, and ||j1]|lr < 1. For a and b we can find the
corresponding majorant (u,v) in the couple (X,Y). Let ¢ = oV 1. Then (up,vp) is a
suitable majorant for the functions f and g in the couple (X F, Y F'), because ||¢||r < 2.
The other claims of Proposition 22 are trivial.

Proposition 23. Suppose that X is a quasinormed lattice on (S xQ,vx p). If the couple
(X,Loo) s either Ap-regular or BMO-regular, then the lattice X is also Ap-regular or
BMO-regular, respectively.

In order to prove Proposition 23] it suffices to observe that if f € X and (u,v) is a
suitable majorant in the couple (X, Ls) for (f,1), then 1 < v < m almost everywhere.
Therefore, u = 7 - v belongs to Ay, or logu belongs to BMO, respectively, with suitable
estimates for the constant, whence u is a suitable majorant for f.

The following proposition follows from the remarks after Definition @ and the argument

near the end of §l
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Proposition 24. If a lattice Y is Ap-reqular and a lattice Z is Aq-regular, then the
couple (Y, Z) is Apyq-regular.

Indeed, suppose we are given y € Y and z € Z. Let a and b be some of their
respective A,-majorants and A;-majorants. Using factorization of A, weights (see, e.g.,
[7. Chapter 5, 5.3]), we can write a = wowllfp for some wy, w; € A; with suitable

estimates on the constants. Then

a - Wo - Wo
b Wy it Apt1,
IR G

1
because wé_gb% € Ay by Proposition [[6] so that the couple (a,b) is a suitable Ap ;-
majorant for y and z.

Now we can give another proof of Theorem [21 If under its conditions the lattice XL,
is A,-regular, then, by Proposition 24] the couple (XL, L,) is Aj+1-regular, because the
lattice Ly is Aj-regular by Proposition[2l Application of Theorem [7] to this couple yields
the Apyq-regularity of the couple (X,Ls,). Therefore, by Proposition 23] the lattice X
is Ap1i-regular as claimed, which concludes the alternative proof of Theorem

Now we state the main result of this section.

Theorem 8. Suppose that X and Y are Banach lattices with the Fatou property on
(S x Q,vx u). The following conditions are equivalent.

1) (X,Y) is BMO-regular.

2) (XLy, YL,) is BMO-regular for some (equivalently, for all) 0 < ¢ < cc.

3) (X',Y") is BMO-regular.

4) XY is BMO-regular.

Indeed, the implication 1 = 2 follows from Proposition The implication 2 = 1
follows from Theorem [1 applied to the couple ([X Lq}g , [YLq]‘s) for sufficiently small
values of §. We verify that 1 = 3. If a couple (X,Y) is BMO-regular, then the couple
(X% , Y%) is also BMO-regular. Applying Proposition B2 with F = X’2Y"2, we see that
the couple

(X3(X'27Y'3),Y3(X'2Y'3)) = (XX)TY'2, (YY) T X'3) = (Y'3 Ly, X3 Ly)

is also BMO-regular. Therefore, by the already established implication 2 = 1, the couple
(Y’% , X’%) is BMO-regular, so the couple (X', Y’) is BMO-regular, i.e., condition 3
holds true. Because of the Fatou property, the couples (X,Y) and (X',Y’) can be
interchanged in the statement of the theorem; therefore, by the implications already
established, conditions 1 and 3 are equivalent. Thus, we have proved that conditions 1-3
are equivalent. Before we show that condition 4 is equivalent to the other conditions, we
make a few simple remarks.

Theorem [ expresses the properties of BMO-regularity for couples that can be con-
veniently referred to as self-duality and stability under division by a lattice. In fact, by
the stability under division it is more natural to mean the following property, which is a
simple consequence of the implication 2 = 1 in Theorem Bl

Proposition 25. Suppose that X, Y, E, and F are Banach lattices with the Fatou
property on (S x Qv x u). If the couples (XE,YF) and (E, F) are BMO-regular, then
the couple (X,Y) is also BMO-regular.

This proposition is converse to Proposition in a certain sense. For the proof it
suffices to observe that the couple (E’, F’) is BMO-regular by the implication 1 = 3 in
Theorem 8 the couple (XEE',)YFF') = (XL;,YLy) is BMO-regular by Proposition 22
The claim then follows by yet another use of the implication 2 = 1 in Theorem [8
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Proposition 26. Suppose that X and Y are Banach lattices with Fatou property on
(Sx Quxp). IfY and (X,Y) are both BMO-regular, then X is also BMO-regular.

Indeed, under the assumptions of Proposition 26 the couple (E,F) = (Ly,Y) is
BMO-regular, and therefore, by Proposition 25 the couple (X, Lo,) is BMO-regular; by
Proposition 23] this means that X is BMO-regular. Here we mention that the transition
to BMO-regularity of the lattice XY in Proposition 26] can be made constructively, but
perhaps not as easily as the argument presented here; see [I3] Lemma 1].

Finally, we prove that condition 4 in Theorem [8 is equivalent to the other conditions.
If condition 1 is satisfied, then by Proposition 22 the couple (XY’ YY') = (XY’,L,) is
BMO-regular, and by Proposition 26l the lattice XY’ is BMO-regular, i.e., condition 4
is satisfied. If condition 4 is satisfied, then the couple (L1, XY”) is BMO-regular. Multi-
plying it by X’ and using Proposition 22] we see that the couple

(L1 X', (XY)X') = (Li X', Y'(XX")) = (X'Ly,Y'Ly)

is BMO-regular, i.e., condition 2 is satisfied for the lattices X’ and Y’. The proof of
Theorem B is complete.

§6. PROOF OF THEOREM [

The proof of Theorem [ presented in this section is merely a slight refinement of the
proof of Theorem 3.5 in [I], which is in turn a variant of the well-known Maurey-Krivine
factorization theorem (see [d]). For the first time, in a similar context these ideas were
exploited in [46]. Suppose that a lattice Y and an operator T satisfy the assumptions
of Theorem [ and we are given some f € Y’; we need to find a function w such that
w > |fl, lwlly: < eollfllys, and HTHL2 w}) < ¢; with suitable constants ¢y and c¢;.

We may assume without loss of generality that [[f|ly» = 1 and f € Y]. Moreover,
Proposition [[4 allows us to assume that |f| > 0 almost everywhere. First, observe that
forge Yz and all y € Y| we have

(28) [ 1TgPlul <179l ol < Pl ol .

where p = ||T|_ 3, ie., HT||Y%HL2(y,%) < p. Let a > pK¢g be a number as in the
assumptions of the theorem, K¢ being the Grothendieck constant (see §3). Suppose that
I is the open unit ball of the lattice Y centered at the origin, and put

ngco{uEY|u>0a.e. and
HTUHL =) > a for some v € Y2 such that lv| < u%}.
2

By co we denote the convex hull of a set. We only consider functions y € Y such that
y > 0 a.e. and ||y|lys < 1. Thus, if | T, 1 (v3) = 0 for some y, then T'g = 0 for

YZIosLy(y 2
any g € Y2, because, by the assumptions, suppY = S x Q and Yzn Lg((y \% |f|)*%)

is dense in La((y V [f])"2) (see Proposition [[4), whence 1Tl ( ) = 0, and
2

1
(vIfh™2
y V |f] is a suitable majorant. Thus, we may assume without loss of generality that
HT||Y%_>L2 ) > 0, which means that F5 is nonempty. We show that the sets F; and

F, have empty intersection.
Indeed, suppose that there exists g € F1 N Fy. Then g € Y, g > 0 ae., |glly <1,
and for some functions u; € Y positive a.e., 1 < j < n, and appropriate functions vy,

1
lv;| < u? for all 1 < j < n, and numbers o; > 0,1 < j < n, Z?Zl aj = 1, we have
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g = > j—; ju;. Using [28) and the Grothendieck theorem (see §3), we can carry out
the following estimate:

n % n N %
S Rl el
j=1 2 j=1 vz
— a2Tv 2) ( ozva 2)
H(D ), 2o > laf Ty
1 3
a
= N Tv;||? > >1
ch(Za]” vj||L2(yé)> ~ pKg

a contradiction. Thus, F} N Fy = &. The sets F; and Fy are subsets of the Banach
space Y. They are nonempty and convex, and Fj is open. Therefore, there exists a
continuous functional z, in Y* separating these sets. By assumption, we have Y* =Y,
whence z, € Y'. Choosing a suitable normalization for z, yields

(29) sup{Re/uzy|u€F1}§1§inf{Re/uzy|u6F2}.

Since Fj is the unit ball of Y and F5 lies in the cone of the functions nonnegative a.e.,
we may assume that z, is nonnegative almost everywhere. From the first inequality in
@) we see that [|z,[y: < 1. The second inequality in [29) means that for any v € Y’
with T'v # 0 in the space Lo (y_%) (whence

=

I \%

aQ\v\Q

[l

(o)

L < / G Ul
o ||TU||2 1 Y
Lz(y

‘)

€ Fy),

we have

which means that

(30) [irety<a [1op,

for all v € Y'2. Since the norm of a weighted Ly lattice is order continuous and supp Y =
S x §, it is easy to extend estimate ([BU) to all v € Lqy (y_%) (see Proposition [I4)); thus,
(IT]] L _1, < a. Now we build inductively a sequence yo = f, y; = 2,, , for
L (v 3) ot (5 ) ;
7 €N, and put w = ijo m_jyj for some m > 1. Then
; m
;< -J ) = ———
Jwllyr < Zm £y = ——
j=>0
and

ITSR () S @IS oy Fe Lo (w™3).

Thus, w is a suitable majorant, which concludes the proof of Theorem [l
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§7. CONCLUDING REMARKS

In this section we give various remarks along with a (perforce) brief and incomplete
account of the history of the theory.

As it was mentioned in the Introduction, the notion of BMO-regularity was, apparently
for the first time, introduced explicitly in [22] in connection with interpolation of Hardy-
type spaces on the unit circle T; see the survey [I] and also [22], 12, 26]. The theory of
BMO-regularity on the unit circle is somewhat richer, because the condition log w € BMO
has a lot of useful characterizations in terms of analytic functions; however, in the present
paper we have shown that, as it usually happens in harmonic analysis, all fundamental
results dealing with the notion of BMO-regularity itself are in fact completely within the
realm of the real analysis.

The classical doubling property in the space of homogeneous type (R™,v) (or even in
a general space (S, 1)) is, apparently, not necessary for most of the results of this paper,
so that it can be dropped or relaxed; see, e.g., [45] on relaxing the doubling property.

Our definition of BMO-regularity (see Definition[I]) differs formally from the one used
in the cited works only in the following: we do not impose the restriction f # 0 in
the majorization property. This suits our technique better, because when dealing with
Aj-regularity it is natural to assume that 0 € A,. We do not restrict the weights to
functions positive a.e.; however, it is easily seen that if log w € BMO, then for almost all
w € § the function w(-,w) is either zero a.e., or positive a.e., and the same is true for A,
weights, as they also satisfy log w € BMO.

BMO-regularity for rearrangement invariant Banach lattices on the circle, i.e., Propo-
sition [ for this case, was essentially established in [36], where a majorant with a cor-
responding analytic decomposition of unity was constructed explicitly; see also [3] and
the more recent paper [I4], where it was proved that the existence of such a majorant is
equivalent to BMO-regularity. It is unclear to what extent this symmetry condition can
be relaxed. In particular, it is unclear if in the case of R™ or T all translation invariant
lattices, i.e., those that have the property || f(- + h)|| = || f|| for arbitrary f and h, are
BMO-regular.

Many results concerning BMO-regularity in a slightly more general context, although
with various additional and sometimes heavy restrictions on the lattices, originate from
[22], where they were established via complex interpolation of Hardy-type spaces. For the
case of BMO-regularity on the unit circle T and the operator of harmonic conjugation T' =
H, all results of the present paper have been known for some time, see [Tl 12| [13] 25| 26].
However, in the previous work the stability of BMO-regularity under duality and division
by a BMO-regular lattice, which is arguably the most interesting point in the theory,
was based on the real interpolation of Hardy-type spaces and the characterization of
BMO-regularity in terms of the analytic decomposition of unity. The present paper
shows that all results pertaining to BMO-regularity itself can be obtained with less effort
and without any reference to interpolation or analytic functions. Note, however, that
the Fatou property is essential to our key arguments, whereas in some of the previous
work there are some results where it can be spared by other properties like the order
continuity.

The main auxiliary result of this paper, which is Theorem [2] can be reformulated in
terms introduced in [I3]: for lattices with the Fatou property the weak BMO-regularity
coincides with the usual one. A lattice X is said to be weakly BMO-regular if XL,
is BMO-regular for some q. For the weak BMO-regularity on R™ or T it is easy to
obtain the same main results (see Theorem B in the Introduction) without the Fatou
property (and without Theorem [)), because self-duality can be established by using
characterization in terms of boundedness of the Riesz (or Hilbert) transformations. This
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approach makes it possible to dispense of the Grothendieck theorem as well in the case
of the unit circle, because the boundedness of the Hilbert transformation together with
some simple complex analysis easily yield BMO-regularity (see [I, Lemma 3.1]). The
weak BMO-regularity, however, is a less informative property, as it is harder to apply it
to interpolation (see [13]), and the weak BMO-regularity of L (¢') follows directly from
Proposition [

The convexity and closedness in measure of the set of BMO-majorants under appro-
priate conditions, which we rely on, is not quite trivial, see [26] §2] for a more detailed
exposition. However, working directly with Ap-regularity reduces the difficulties con-
siderably (see Proposition [T0]). For example, logarithmic convexity is obtained without
complex interpolation, which would require that the corresponding operator in the defi-
nition of the regularity be linear (see (@)).

The notion of BMO-regularity for couples arises naturally in the interpolation theory
for Hardy-type spaces on the unit circle, and, at least in a number of cases, characterizes
“good” interpolation. It is not clear what applications it might have in the general case.

Note that the theory of BMO-regularity presented here can apparently be generalized
directly to a large extent to the case of the Calderén—Zygmund singular integral operators
in several variables, i.e., to the operators defined in the space Lo ( H;-nzl(Sj, Vj)) that are
Calderén—Zygmund in each variable; here (S;, v;) are some spaces of homogeneous type.
The orthogonal projection P onto Hy (T™) in Lg (']I‘”) is a prominent example of such an
operator.

Proposition[I3lis a version of a well-known extrapolation technique; the proper bibliog-
raphy and application to spaces L,,(.) for a large number of examples of various “classical”
mappings and vector-valued estimates can be found in [29]. Many modular lattices, which
usually have the Fatou property, can be represented as (X’ )5, so that the boundedness
of singular operators can be reduced to the Ap-regularity of the corresponding lattice X.

In conclusion, let us point out briefly that Aj-regularity can be applied to the real
interpolation of spaces that can be defined in terms of Calderén-Zygmund singular in-
tegral operators, in particular, the real classes H, (see, e.g., [1, B8]). Suppose that P
is a Calder6n—Zygmund projection with estimate of the form (B]) on its kernel and the
kernel of the adjoint operator, which is defined on L for some (and therefore for all)
1 < s < co. Then for a lattice X, we can define the space

XV ={feX|Pf=f}

if we extend P to X somehow; this may pose some difficulties. It is convenient to
denote [Lp(w)}P by H[(w). The results of [37] can be used to show that the couple
(Hf(w&l),Hfo(wl)) is K-closed in (L1 (wo_l),Loo (wl)) for two weights wg, w1 € Aj such
that wow; € Ao, with a proper estimate for the constant of K-closedness. This means

that if X and Y are Aj-regular lattices with a certain condition on the constants, then
the couple (X7, YP) is K-closed] in (X',Y).
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" Note added in translation. This application to interpolation was explored in detail (to some extent)
in the author’s thesis [27].
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