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CARLESON MEASURES

AND REPRODUCING KERNEL THESIS

IN DIRICHLET-TYPE SPACES

G. R. CHACÓN, E. FRICAIN, AND M. SHABANKHAH

Abstract. In the paper, a generalization of a Richter and Sundberg representation
theorem is employed to obtain a new characterization of Carleson measures for the
Dirichlet-type space D(μ) when μ is a finite sum of point masses. A reproducing
kernel thesis result is also established in this case.

§1. Introduction

Dirichlet-type spaces (also called local Dirichlet spaces) have been introduced by
S. Richter [21] when he investigated analytic two-isometries. This class of operators
appeared for the first time in [1] in connection with the compression of a first-order dif-
ferential operator to the Hardy space H2 on the unit disk. The study of two-isometries
and related operators is also of interest for its links with the theory of dilations and
invariant subspaces of the shift operator on the classical Dirichlet space D [19]. It is an
immediate consequence of the norm definitions thatMz, the operator of multiplication by
the independent variable z, is an isometry on H2 but not on D (see §2 for precise defini-
tions). In fact, one can verify thatMz is an analytic two-isometry on D. It is a remarkable
result of S. Richter [21] that every analytic two-isometry satisfying dim Ker(T ∗) = 1 is
unitarily equivalent to Mz on some Dirichlet-type space D(μ). These spaces have been
studied ever since by several authors, see for example [2, 7, 8, 9, 10, 20, 24, 25, 26, 28, 29].

In particular, in [7], the first author introduced a notion of capacity adapted to
Dirichlet-type spaces, and gave a characterization of Carleson measures for D(μ) in terms
of this capacity. Carleson measures for the Hardy space have proved to be objects of
fundamental importance in the development of modern function theory. In particular,
they have appeared in areas ranging from the celebrated Corona problem and its solution
by Carleson [6], to the development of bounded mean oscillation (BMO) functions by
C. Fefferman and E. Stein [12], P. Jones [15] and many others. The characterization
obtained in [7] is similar to those given by D. Stegenga in [30] for the classical Dirich-
let space. In the present paper, we will provide a new characterization of the Carleson
measures for the space D(μ) when μ is a finite sum of point masses. As we will see, in
this case, Carleson measures for D(μ) are determined, in a very specific way, those in
terms of of H2. The key idea is a generalization of the Richter–Sundberg representation
theorem.

The other natural question we address is the reproducing kernel thesis for the em-
bedding D(μ) ↪→ L2(ν), where ν is a positive Borel measure on the unit disk. Recall
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that an operator on a reproducing kernel Hilbert space is said to satisfy the Reproducing
Kernel Thesis (RKT) if its boundedness is determined by its behavior on the reproducing
kernels. In general, there is no reason why this should be true but it turns out, as was
proved by L. Carleson, that this is indeed the case for the identity map I : H2 → L2(ν).
More explicitly, I is bounded (compact, respectively) on H2 if and only if it acts as a
bounded (compact, respectively) operator on the set {kz, z ∈ D}. Though there were
many results of this type since Carleson’s result, philosophically the idea to study (RKT)
for classes of operators in general reproducing kernel Hilbert spaces comes from [14] (see
also [18]). We will show that the identity map I : D(μ) → L2(ν) is another example of
operators satisfying the (RKT), in the case where μ is a finite sum of point masses. We
mention that there is another natural generalization of the classical Dirichlet space D,
the so-called weighted Dirichlet spaces, where the (RKT) for the embedding in L2(ν)
space is not valid (see Remark 6.3 for further details).

The plan of the paper is the following. The next section contains preliminary material
concerning Dirichlet-type spaces and Carleson measures. §3 contains a representation
theorem for functions in D(μ) spaces corresponding to the case where μ is a finite sum
of point masses. In §4, we give a new characterization of Carleson measures in Dirich-
let-type spaces induced by finitely atomic measures. In §§5 and 6, a reproducing kernel
thesis for the embedding D(μ) ↪→ L2(ν) is established. Finally, in §7, compact Carleson
measures for Dirichlet-type spaces induced by finitely atomic measures are characterized
in terms of the normalized reproducing kernels of the space.

§2. Preliminaries

Recall that the Hardy space H2 of the unit disk D = {z ∈ C : |z| < 1} is the Hilbert
space of functions f(z) =

∑
n≥0 anz

n analytic on D and such that

‖f‖22 :=
∑
n≥0

|an|2 < +∞.

If f is an analytic function on D, then we denote by D(f) its Dirichlet integral given by

D(f) :=

∫
D

|f ′(z)|2 dA(z),

where dA is the normalized area measure. Then the classical Dirichlet space D consists
of analytic functions whose Dirichlet integral is finite. It is easily verified that D is a
subspace of H2. In particular, D turns into a Hilbert space under the following natural
norm:

‖f‖2D := ‖f‖22 +D(f).

Now let μ be a positive finite Borel measure on the unit circle T, and let Pμ be its
harmonic extension to D, i.e.,

Pμ(z) =

∫
T

1− |z|2
|ζ − z|2 dμ(ζ), z ∈ D.

The corresponding D(μ)-space is defined to be the set of holomorphic functions f for
which

Dμ(f) :=

∫
D

|f ′(z)|2 Pμ(z) dA(z) < ∞.

In particular, if μ is taken to be the normalized Lebesgue measure on T, then Pμ(z) = 1,
z ∈ D, and therefore D(μ) = D, the classical Dirichlet space. The quantity Dμ(f) is
called the Dirichlet integral of f with respect to μ. If μ = δλ, i.e., the unit point mass
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at λ ∈ T, one writes Dλ(f) instead of Dμ(f), and calls it the local Dirichlet integral of f
at λ. By Fubini’s Theorem, we have

(2.1) Dμ(f) =

∫
T

Dλ(f) dμ(λ).

In [22] S. Richter and C. Sundberg proved that f ∈ D(δλ) if and only if f = c+(z−λ)g,
where c is a constant and g ∈ H2. In this case, c is the non-tangential (even oricyclic)
limit of f at λ, denoted by f(λ), and ‖g‖22 = Dλ(f). In other words,

(2.2) Dλ(f) =

∥∥∥∥f − f(λ)

z − λ

∥∥∥∥
2

2

.

A different proof of these facts can be found in [24]. Since D(δλ) ⊂ H2, from (2.1) it
follows that D(μ) ⊂ H2. The norm with respect to which D(μ) is a Hilbert space, is
given by

‖f‖2μ := ‖f‖22 +Dμ(f).(2.3)

Moreover, polynomials form a dense subset of D(μ) [21].
The Hardy space H2 is an example of a reproducing kernel Hilbert space, i.e., the

point evaluation f �→ f(z) is a bounded functional on H2, for every z ∈ D. In particular,

f(z) = 〈f, kz〉2,
for some kz ∈ H2. One calls kz the reproducing kernel at z. By (2.3), the point evaluation
f �→ f(z) is also a bounded functional on D(μ), for every z ∈ D. Now, if λ ∈ T, using the
uniform boundedness principle, we easily see that the functional f �→ f(λ) is bounded
on D(δλ) (whereas it is never bounded on H2).

An important notion in the theory of complex function spaces is that of Carleson mea-
sures. Given a Banach space X of holomorphic functions in D, one says that ν, a positive
Borel measure on D, is a Carleson measure for X if the identity map I : X → L2(ν) is
a bounded operator, i.e., there is a constant C > 0 such that

(2.4)

∫
D

|f |2 dν ≤ C‖f‖2X ,

for every function f in X. If the embedding happens to be compact, then ν is called a
compact (or vanishing) Carleson measure.

In the setting of the Hardy spaceH2, a geometric characterization of the corresponding
measures was obtained by L. Carleson. He proved that ν is a Carleson measure for H2

if and only if

ν(S(ζ, h)) = O(h), h → 0+,

where, for ζ ∈ T and 0 < h < 1, the set S(ζ, h) is given by

(2.5) S(ζ, h) :=

{
z ∈ D : 1− h < |z| < 1 and

∣∣∣∣ z|z| − ζ

∣∣∣∣ < h

2

}
.

See for example [13] for a proof of this classical result. As one might expect, the char-
acterization of compact Carleson measures for H2 is obtained by replacing “O” in the
above condition by “o”.

§3. A representation Theorem

The following result extends the Richter–Sundberg representation theorem [22] to
the case of finitely atomic measures. A part of this result already appeared (at least
implicitly) in [25].
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Theorem 3.1. Let μ =
∑n

j=1 αjδλj
be a finitely atomic measure, αj > 0, λj ∈ T,

1 ≤ j ≤ n. Then f ∈ D(μ) if and only if there exists g ∈ H2 and a polynomial p,
deg p ≤ n− 1, such that

(3.1) f = p+

n∏
j=1

(z − λj)g.

Moreover, g and p are unique, and we have

(3.2) ‖g‖2 ≤ C‖f‖μ
for some positive constant C = C(n, μ).

Proof. If f is given by (3.1), then f ∈ D(μ). Indeed, we have

n∏
j=1

(z − λj)g ∈
n⋂

j=1

D(δλj
) = D(μ).

Now let f ∈ D(μ). We will show that f has a representation of the form (3.1). The
case of n = 1 being already established in [22], we consider first the case where n = 2.
Let f ∈ D(μ). Suppose that f(λ1) = f(λ2) = 0. Since f ∈ D(δλ1

) ∩ D(δλ2
), we have

f = (z − λ1)g1 = (z − λ2)g2,

for some g1, g2 ∈ H2. A simple calculation shows that g1/(z − λ2) ∈ H2. In particular,
f can be written as

f = (z − λ1)(z − λ2)g,

where g ∈ H2. Using induction, we see that if f ∈ D(μ) with f(λj) = 0, 1 ≤ j ≤ n, then

f = (z − λ1) · · · (z − λn)g,

for some g ∈ H2. For the general case, we choose a polynomial p of degree less than or
equal to n− 1 and such that

p(λj) = f(λj), 1 ≤ j ≤ n.

Upon applying the preceding argument to f − p, we obtain (3.1).
For the uniqueness in the decomposition (3.1), we simply note that the polynomial p

is necessarily given by

(3.3) p(z) =
n∑

j=1

∏
1≤k≤n,
k �=j

z − λk

λj − λk
f(λj).

It remains to prove the norm inequality (3.2). Since the evaluation functionals f �→
f(λj) are bounded, 1 ≤ j ≤ n, we see that

‖p‖2μ = ‖p‖22 +
∫
D

|p′(z)|2Pμ(z) dA(z) ≤ C‖f‖2μ,

where C is a constant depending on n and μ. In particular, by the triangle inequality,∥∥∥∥
n∏

j=1

(z − λj)g

∥∥∥∥
μ

≤ C‖f‖μ.

To complete the proof of (3.2), we need to show that

‖g‖2 ≤ C

∥∥∥∥
n∏

j=1

(z − λj)g

∥∥∥∥
μ

.
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This is obvious if n = 1. In fact, given μ = α1δλ1
, by (2.1) and (2.3) we have

‖(z − λ1)g‖2μ = ‖(z − λ1)g‖22 +Dμ((z − λ1)g) = ‖(z − λ1)g‖22 + α1Dλ1
((z − λ1)g)

= ‖(z − λ1)g‖22 + α1‖g‖22 ≥ α1‖g‖22.

For n = 2, we have

|λ1 − λ2|2‖g‖22 ≤ 2
(
‖(z − λ1)g‖22 + ‖(z − λ2)g‖22

)
≤ 2

∥∥∥∥
2∏

j=1

(z − λj)g

∥∥∥∥
2

μ

.

The general case follows by induction. �

§4. Carleson measures

Theorem 3.1 enables us to give a complete description of Carleson measures in Dirichlet
spaces induced by finitely atomic measures.

Theorem 4.1. Let μ =
∑n

j=1 αjδλj
be a finitely atomic measure, αj > 0, λj ∈ T,

1 ≤ j ≤ n. A finite positive Borel measure ν on D is a Carleson measure for D(μ) if and
only if

∏n
j=1 |z − λj |2 dν(z) is a Carleson measure for H2.

Proof. Assume that ν is a Carleson measure for D(μ). Since for every g ∈ H2 we have
f =

∏n
j=1(z − λj)g ∈ D(μ), it follows that∫

D

n∏
j=1

|z − λj |2|g|2 dν(z) ≤ C‖f‖2μ ≤ C ′‖g‖22,

where the last inequality is an easy consequence of the definition of the norm in D(μ).
Consequently,

∏n
j=1 |z − λj |2dν(z) is a Carleson measure for H2.

Conversely, if
∏n

j=1 |z − λj |2dν(z) is a Carleson measure for H2, we will show that ν

is a Carleson measure for D(μ). Let f ∈ D(μ). By Theorem 3.1,

f = p+
n∏

j=1

(z − λj)g,

where g ∈ H2 and p is given by (3.3). Since the evaluation functionals f �→ f(λj),
1 ≤ j ≤ n, are bounded on D(μ), we see that∫

D

|f |2 dν ≤ C

(∫
D

|p|2 dν +

∫
D

n∏
j=1

|z − λj |2|g|2 dν
)

≤ C(‖f‖2μ + ‖g‖22).

An appeal to (3.2) yields the desired conclusion. �

Example 4.2. It is clear that every Carleson measure for H2 is also a Carleson measure
for D(μ). The converse, however, is not true. Let α ∈ (0, 1), and let

dν(z) = (1− |z|)−α dm(z),

where dm is the Lebesgue measure on [0, 1). Since dm is a Carleson measure for H2, the
preceding result implies that dν is indeed a Carleson measure for D(δ1). We claim that
dν is not a Carleson measure for H2. For ζ ∈ T and 0 < h < 1, consider S(ζ, h) as given
by (2.5). If S(ζ, h) ∩ [0, 1) = ∅, then

ν
(
S(ζ, h)

)
=

∫ 1

1−h

dr

(1− r)α
=

h1−α

1− α
,
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which proves the claim because

lim
h→0+

ν
(
S(ζ, h)

)
h

= ∞.

In fact, given 0 < β < 1, if we choose α such that 1 − β < α < 1, then the same
example gives a Carleson measure ν for D(δ1) that satisfies ν(S(ζ, h))/hβ → +∞, as
h → 0+. This means that we cannot translate directly our characterization of Carleson
measures for D(μ) in terms of the asymptotic of ν(S(ζ, h)).

As the following result shows, compact Carleson measures for D(μ) are characterized
in a similar manner.

Theorem 4.3. Let μ =
∑n

j=1 αjδλj
be a finitely atomic measure. A finite positive Borel

measure ν is a compact Carleson measure for D(μ) if and only if
∏n

j=1 |z−λj |2 dν(z) is
a compact Carleson measure for H2.

Proof. Suppose that ν is a compact Carleson measure for D(μ). Let (gk)k≥1 ⊂ H2 be
such that (gk)k converges weakly to zero, as k → ∞. Put fk =

∏n
j=1(z − λj)gk, k ≥ 1.

Since the operator T : H2 → D(μ) of multiplication by
∏n

j=1(z − λj) is bounded, it

follows that fk → 0 weakly in D(μ). So, the assumption that I : D(μ) → L2(ν) is
compact implies that

∫
D

|fk|2 dν(z) =
∫
D

|gk|2
n∏

j=1

|z − λj |2 dν(z) → 0, k → ∞.

Therefore,
∏n

j=1 |z − λj |2 dν(z) is a compact Carleson measure for H2.

For the converse, assume that (fk)k is a sequence in D(μ) that converges weakly
to zero. We will show that ‖fk‖L2(ν) → 0, as k → ∞. Indeed, by Theorem (3.1),

fk = pk +
∏n

j=1(z − λj)gk, where gk ∈ H2 and

pk(z) =

n∑
j=1

∏
m �=j

z − λm

λj − λm
fk(λj), k ≥ 1.

By (3.2), we see that (gk)k is a bounded sequence in H2. Moreover, since the evaluation
functionals f �→ f(λj) are bounded on D(μ), for 1 ≤ j ≤ n, and the sequence fk converges
to zero uniformly on compact subsets of D, we see that gk → 0 uniformly on compacta.
In other words, (gk)k is a sequence converging weakly to zero in H2. Hence,

∫
D

|fk|2 dν ≤ C

(∫
D

|pk(z)|2 dν(z) +
∫
D

|gk|2
n∏

j=1

|z − λj |2 dν(z)
)

≤ C

( n∑
j=1

|fk(λj)|2 +
∫
D

|gk|2,
n∏

j=1

|z − λj |2 dν(z)
)

→ 0,

as k → ∞. The proof is now complete. �

Remark 4.4. In [10], R. Chartrand introduces a notion of a Carleson type measure in a
different way than the one used here and in [7]. In fact, in [7], exhibiting two examples,
it was proved that the two definitions are really different.
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§5. Reproducing kernel thesis for a one point mass

Dirichlet-type spaces D(μ) are reproducing kernel Hilbert spaces. Here, we will prove
a reproducing kernel thesis result in the case when μ is a finite sum of point masses
(Theorem 5.1 and Theorem 6.1). One of the difficulties here is to obtain an explicit
expression for the reproducing kernels. As far as we know, except for the case of D(δλ),
such an explicit expression is not known.

Improving an earlier result of Richter and Sundberg [22], Sarason [24] showed that if
μ = δλ, then D(μ) can be identified with a de Branges–Rovnyak space. More precisely,
Sarason proved that D(δλ) = H(bλ), with equality of norms, where

(5.1) bλ(z) =
(1− a0)sλz

1− a0sλz
, z ∈ D,

where a0 is the smallest root of (a0−1)2 = a0. Recall here that, given b in the closed unit
ball of H∞, the de Branges–Rovnyak space H(b) is defined as the range of the operator
(I − TbT

∗
b )

1/2, equipped with the range norm, where Tb denotes the Toeplitz operator
on H2 (which, in this case, corresponds to the operator of multiplication by b on H2).
Then we know [23] that H(b) is a reproducing kernel Hilbert space, whose reproducing
kernel functions are given by

kbw(z) =
1− b(w)b(z)

1− swz
, w, z ∈ D.

Now if μ = αδλ with α > 0, then one still has D(μ) = H(bλ), except that a0 in (5.1)
must be replaced by the smallest root of the equation (a0 − 1)2 = αa0. This was in fact
proved in [11] where it was also shown that this is the only case where D(μ) arises as a
de Branges–Rovnyak space (see also [8]).

Using this identification, we first prove the following reproducing kernel thesis in the
special case of a point mass.

Theorem 5.1. Let ν be a finite positive Borel measure on D, and let μ = αδλ, where
λ ∈ T and α > 0. Then ν is a Carleson measure for D(μ) if and only if there exists a
constant C > 0 such that

(5.2)

∫
D

|kμw|2 dν ≤ C‖kμw‖2μ

for every w ∈ D, where kμw is the reproducing kernel for D(μ) at w.

Proof. Suppose that (5.2) holds true. By the paragraph preceding the theorem, we have

(5.3)

∫
D

∣∣∣∣1− bλ(w)bλ(z)

1− swz

∣∣∣∣
2

dν(z) ≤ C
1− |bλ(w)|2
1− |w|2 , w ∈ D,

where bλ is given by (5.1) and a0 ∈ (0, 1) satisfies (a0−1)2 = αa0. We will show that (5.3)
implies

(5.4)

∫
D

1

|1− swz|2 |z − λ|2 dν(z) ≤ C1
1

1− |w|2 , w ∈ D,

for some positive constant C1. Inequality (5.4), in conjunction with Carleson’s reproduc-
ing kernel thesis for H2, implies that |z − λ|2dν(z) is a Carleson measure for H2. The
desired conclusion then follows from Theorem 4.1.

To prove (5.4), it suffices to show that

(5.5)
1− |w|2
|1− swz|2 |z − λ|2 ≤ C2

∣∣∣∣1− bλ(w)bλ(z)

1− swz

∣∣∣∣
2

1− |w|2
1− |bλ(w)|2

, z, w ∈ D,
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or equivalently

(5.6) inf
z,w∈D

∣∣1− bλ(w)bλ(z)
∣∣2

(1− |bλ(w)|2)|z − λ|2 > 0.

Using the inequality

(1− |γ|2)(1− β|2)
|1− sγβ|2 = 1−

∣∣∣∣ γ − β

1− sγβ

∣∣∣∣
2

≤ 1, γ, β ∈ D,

we see that (5.6) is proved as soon as we show that

(5.7) inf
z∈D

1− |bλ(z)|2
|z − λ|2 > 0.

Note that condition (5.7) follows immediately from

(5.8) 1− |bλ(z)|2 ≥ a0|z − λ|2
|λ− a0z|2

, z ∈ D.

To prove (5.8), we can of course assume that λ = 1, and then it reduces to

(5.9) 1− |b1(z)|2 ≥ a0|z − 1|2
|1− a0z|2

, z ∈ D.

But using the identity (1− a0)
2 = αa0, we have

1− |b1(z)|2 = 1− αa0|z|2
|1− a0z|2

=
|1− a0z|2 − αa0|z|2

|1− a0z2|

=
1 + a20|z|2 − 2a0�(z)− αa0|z|2

|1− a0z|2
.

Therefore (5.9) is equivalent to

1 + a20|z|2 − 2a0�(z)− αa0|z|2 ≥ a0
(
1 + |z|2 − 2�(z)

)
or

1− a0 + a0(a0 − α− 1)|z|2 ≥ 0.

Using now the relation a0(a0−α−1) = a0−1, we obtain immediately the last inequality
for every z ∈ D. That proves (5.9) and the result. �

Remark 5.2. In [4], a reproducing kernel thesis was proved for the embedding of H(b)
into L2(ν) in the case where the function b satisfied some additional hypothesis. More
precisely, assume that b satisfies the so-called connected level set condition (which means
that for some ε ∈ (0, 1), the level set Ω(b, ε) := {z ∈ D : |b(z)| < ε} is connected)
and assume further that the spectrum of b, σ(b) = {ζ ∈ T : lim infz→ζ |b(z)| < 1}, is
contained in the closure of Ω(b, ε). Then the operator f �→ f is bounded from H(b) into
L2(ν) if and only if it is bounded on reproducing kernels.

In our case (which corresponds to a Dirichlet-type space), the hypothesis σ(bλ) ⊂
Clos Ω(bλ, ε) is not satisfied, whence we cannot apply [4, Theorem 6.8] to get Theo-
rem 5.1. Indeed, we easily check that σ(bλ) = T\{λ}; now if σ(bλ) ⊂ Clos Ω(bλ, ε), then
we would have λ ∈ Clos Ω(bλ, ε), but this is absurd by the continuity of bλ on the closed
unit disk.
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§6. Reproducing kernel thesis for μ =
∑n

j=1 αjδλj

As has already been mentioned, in the case where μ is a finite sum of point masses,
an explicit formula for the reproducing kernels is not known (except for one point mass).
The reproducing kernel thesis can however be shown without such an explicit formula
by using some techniques from [8]. The main idea is to relate the reproducing kernels
in this case to the reproducing kernels in the case in which μ is an atomic measure and
then use Theorem 5.1.

Theorem 6.1. Let ν be a finite positive Borel measure on D, and let μ =
∑n

j=1 αjδλj
,

λj ∈ T, αj > 0. Then ν is a Carleson measure for D(μ) if and only if there exists a
constant C > 0 such that ∫

D

|kμw|2 dν ≤ C‖kμw‖2μ
for every w ∈ D, where kμw is the reproducing kernel for D(μ) at w.

Before proving this theorem, we need some preliminary results. First, we will need
a general result about complete Nevannlina–Pick reproducing kernels. Recall that a
reproducing kernel k on the unit disk is a complete Nevannlina–Pick kernel (complete
NP kernel) if k0(z) = 1 for all z ∈ D and there exists a sequence of analytic functions
{bn}n≥1 on D such that

1− 1

kλ(z)
=

∑
n≥1

bn(z)bn(λ) for all λ, z ∈ D.

This condition is equivalent to the assumption that 1−1/k is positive definite. Shimorin
in [29] showed that the D(μ)-spaces have a complete NP kernel. The first result we will
need is due to McCullough and Trent [17]. We will say that a subspace M of a Hilbert
space H is a multiplier invariant subspace if ϕM ⊂ M for every ϕ ∈ M(H), the space
of multipliers of H.

Theorem A (McCullough and Trent [17]). Let k be a complete NP kernel and let M be
a multiplier invariant subspace. Then there exists a sequence of multipliers {ϕn} ⊂ M
such that

PM =
∑
n≥1

Mϕn
M∗

ϕn
(SOT ),

where PM denotes the projection onto M, and Mϕn
denotes the multiplication operator,

f �→ ϕnf , and the series converges in the strong operator topology.

In particular, notice that if we take the function kz, z ∈ D, we have

PMkz =
∑
n≥1

Mϕn
M∗

ϕn
kz.

Since M∗
ϕn

kz = ϕn(z)kz, for every w ∈ D we have

PMkz(w) =
∑
n≥1

ϕn(w)ϕn(z)kz(w),

or equivalently,

(6.1)
PMkz(w)

kz(w)
=

∑
n≥1

ϕn(w)ϕn(z),

i.e., PMkz(w)
kz(w) is positive definite.

We will also need the following result which is due to Richter and Sundberg [22, 20]
and Aleman [2].



856 G. R. CHACÓN, E. FRICAIN, AND M. SHABANKHAH

Theorem B. Let M be a multiplier invariant subspace of D(μ). Then dim(M�zM) =
1, and if f ∈ M� zM with ‖f‖μ = 1, then

(i) |f(z)| ≤ 1 for all z ∈ D;
(ii) ‖fg‖μ = ‖g‖μf

, for every g ∈ D(μf ), where dμf = |f |2dμ;
(iii) for every g ∈ M, there exists h ∈ D(μf ) such that g = fh.

The following lemma, which already appeared in [8], is the key point in the proof of
our theorem.

Lemma 6.2. Let μ =
∑n

j=1 αjδλj
, λj ∈ T and αj > 0. Then, for every j = 1, . . . , n,

there exists a positive constant aj such that if μj = ajδλj
, then

kμj

kμ
is positive definite.

Proof. First, notice that the kernel kμ is never zero (see [28]) and consequently the
quotient is well defined. Let j ∈ {1, . . . , n} be fixed and define

Mj := {f ∈ D(μ) : f(λi) = 0, ∀i = j}.

Then Mj is a multiplier invariant subspace of D(μ). Take φj ∈ Mj � zMj , ‖φj‖μ = 1.
Then by Theorem B we see that the multiplication operator Mφj

: D(μφj
) → Mj is an

onto isometry (and consequently a unitary operator). Here,

dμφj
= |φj |2dμ =

n∑
i=1

αi|φj(λi)|2δλi
= αj |φj(λj)|2δλj

,

the last equality following from the fact that φj ∈ Mj . Define aj := αj |φj(λj)|2 and
dμj = dμφj

. Then the reproducing kernel for the space Mj is given by

kMj
z (w) = φj(z)φj(w)k

μj
z (w).

On the other hand, we also know that k
Mj
z = PMj

kμz , hence

k
μj
z (w)

kμz (w)
=

1

φj(z)φj(w)

k
Mj
z (w)

kμz (w)
=

1

φj(z)φj(w)

PMj
kμz (w)

kμz (w)
,

and since each one of the factors is positive definite, the result follows. �

Now we pass to the proof of the reproducing kernel thesis for the identity map I :
D(μ) → L2(ν), in the case where μ is a finite sum of point masses.

Proof of Theorem 6.1. Using Theorem 4.1 and Carleson’s reproducing kernel thesis for
H2, it suffices to prove that if there exists a constant C > 0 with∫

D

|kμw|2 dν ≤ C‖kμw‖2μ,

then ∫
D

1

|1− swz|2
n∏

i=1

|z − λi|2 dν(z) �
1

1− |w|2 .

Of course, it suffices to show that

(6.2)
1− |w|2
|1− swz|2

n∏
i=1

|z − λi|2 � |kμw(z)|2
‖kμw‖2μ

.

By Lemma 6.2, for every j = 1, . . . , n, there exists a positive constant aj such that if

μj = ajδλj
, then

kμj

kμ
is a positive definite function. In particular, that implies the
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inequality

(6.3)

∣∣∣∣k
μj
z (w)

kμz (w)

∣∣∣∣
2

≤
‖kμj

z ‖2μj
‖kμj

w ‖2μj

‖kμz ‖2μ‖k
μ
w‖2μ

.

Now recall that by (5.5), there exists a constant C > 0 such that for every j we have

1− |w|2
|1− swz|2 |z − λj |2 ≤ C

|kμj
w (z)|2

‖kμj
w ‖2μj

.

Therefore, to show (6.2), it suffices to establish the following inequality for every j:

(6.4)
∏
i �=j

|z − λi|2 �
‖kμz ‖2μ
‖kμj

z ‖2μj

.

This is equivalent to the following inequality (obtained by using the notation of the proof
of Lemma 6.2):

(6.5) ‖PMj
kμz ‖2μ

∏
i �=j

|z − λi|2 � |φj(z)|2‖kμz ‖2μ.

On the other hand, notice that since the multiplication operator Mφj
is unitary, the

operator Mφ−1
j

: Mj → D(μj) is also unitary and satisfies M∗
φj

= Mφ−1
j
. Therefore, if

f ∈ Mj , then Mφ−1
j
f ∈ D(μj) ⊂ H2.

Now, note that since pj(z) :=
∏

i �=j(z−λi) is a polynomial, we have pj ∈ H∞∩D(μφj
),

which means that pj is a multiplier of the space D(μj) and consequently pjMφ−1
j
f ∈

D(μj); this implies that pjMφ−1
j
f ∈ D(δλj

).

If i = j, then, since f = φj
rf for some rf ∈ D(μj) ⊂ H2, by (2.2) we have

Dλi
(pjφ

−1
j f) =

1

2π

∫ 2π

0

∣∣∣∣ 1

eit − λi

(
pj(e

it)f(eit)

φj(eit)
− pj(λi)f(λi)

φj(λi)

)∣∣∣∣
2

dt

=
1

2π

∫ 2π

0

∣∣∣∣ ∏

 �=i,j

(eit − λ
) rf(eit)

∣∣∣∣
2

dt � ‖ rf‖2H2 < +∞,

and consequently pjφ
−1
j f ∈ D(δλi

). Thus, pjφ
−1
j f ∈

⋂n
i=1 D(δλi

) = D(μ) and moreover,

pjφ
−1
j f ∈ Mj .
Therefore, the multiplication operator Mpjφ

−1
j

: Mj → Mj is well defined and by the

closed-graph theorem we conclude that it is bounded. Hence,

|pj(z)| ‖kMj
z ‖2μ

|φj(z)|
=

∣∣〈Mpjφ
−1
j
(kMj

z ), kμz 〉μ
∣∣

≤
∥∥Mpjφ

−1
j
kMj
z

∥∥
μ

∥∥kμz ∥∥μ ≤
∥∥Mpjφ

−1
j

∥∥ ∥∥kMj
z

∥∥
μ

∥∥kμz ∥∥μ,
where ‖Mpjφ

−1
j
‖ denotes the norm of the operator Mpjφ

−1
j

acting on Mj . This gives

(6.5) and concludes the proof. �

Remark 6.3. Let 0 ≤ α ≤ 1. The weighted Dirichlet space Dα consists of analytic
functions f on D such that

‖f‖2α := |f(0)|2 +
∫
D

|f ′(z)|2(1− |z|2)α dA(z) < ∞.
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Note that D1 = H2 and D0 = D. The reproducing kernels in Dα are given by

kαw(z) =

{
(1− swz)−α if 0 < α ≤ 1;
1
swz log

(
1

1− swz

)
if α = 0.

Suppose that a finite positive measure ν on D satisfies

(6.6)

∫
D

|kαw|2 dν ≤ c‖kαw‖2α, w ∈ D.

It is not difficult to see that (6.6) is equivalent to saying that ν is an α-Carleson measure,
i.e.,

ν(S(I)) =

{
O(|I|α) if 0 < α ≤ 1;

O
(
(log e

|I| )
−1

)
if α = 0

for every arc I ⊂ T (see for instance [3] or [27]). On the other hand, as noted in [16] (see
also [27]), not all α-Carleson measures are Carleson measures for Dα, for α ∈ [0, 1). In
other words, the (RKT) does fails in Dα spaces, α ∈ [0, 1).

§7. Reproducing kernel thesis and compactness

One can ask whether the property of being a compact Carleson measure (the embed-
ding D(μ) ↪→ L2(ν) is compact) could be also characterized by a property on the family
of normalized reproducing kernels. Note that we should normalize the reproducing ker-
nels to obtain a weakly null sequence. However, this is not sufficient as shown in the
following result.

Lemma 7.1. Let μ =
∑n

j=1 αjδλj
, λj ∈ T, αj > 0, let pkμw = kμw/‖kμw‖μ be the normalized

reproducing kernel for D(μ) at w, and let ζ ∈ T. Then the pkμw converge weakly to zero as
w → ζ if and only if ζ = λj for 1 ≤ j ≤ n.

Proof. We easily see that the normalized reproducing kernel pkμw converges weakly to zero

as w → ζ if and only if pkμw converges uniformly to zero on the compact subsets of D as
w → ζ.

First, consider the case of one point mass, μ = αδλ, λ ∈ T and α > 0. Note that

kμw(z)

‖kμw‖μ
=

1− bλ(w)bλ(z)

1− swz
·
( 1− |w|2
1− |bλ(w)|2

)1/2

,

where bλ is the function in the unit ball of H∞ given by equation (5.1). Moreover, if K
is a compact subset of D and z ∈ K, we have∣∣∣∣1− bλ(w)bλ(z)

1− swz

∣∣∣∣ � 1, w ∈ D.

Then the pkμw converge weakly to zero as w → ζ if and only if

lim
w→ζ

1− |w|2
1− |bλ(w)|2

= 0,

or equivalently, bλ has no angular derivative at ζ (recall that bλ is said to have an angular
derivative at point ζ if bλ and b′λ have angular limits at ζ and |bλ(ζ)| = 1). This is true
if and only if ζ ∈ T \ {λ}.

For the general case, fix j ∈ {1, . . . , n} and note that (6.3) can be written as

∣∣pkμj
w (z)

∣∣ ≤ ∣∣pkμw(z)∣∣‖k
μj
z ‖μj

‖kμz ‖μ
, z, w ∈ D.
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Now take K to be a compact subset of D. By (6.4), there exists a constant C(K) > 0
such that for any z ∈ K, we have

‖kμj
z ‖μj

‖kμz ‖μ
� 1∏

i �=j |z − λi|
� C(K).

Hence

|pkμj
w (z)| � C(K)|pkμw(z)|, z ∈ K.

Now if pkμw converges uniformly to zero on K as w → ζ, the last inequality implies that
pk
μj
w also converges uniformly to zero on K as w → ζ. The first part of the proof now

gives ζ = λj .
Conversely, let ζ = λj , j = 1, . . . , n, and let f ∈ D(μ). We have

〈
f,pkμw

〉
μ
=

1

‖kμw‖μ
f(w) =

‖kμj
w ‖μj

‖kμw‖μ
〈
f,pkμj

w

〉
μj
.

Using (6.4) once again, we get∣∣〈f,pkμw
〉
μ

∣∣ � 1∏
i �=j |w − λi|

∣∣〈f,pkμj
w

〉
μj

∣∣.
But since ζ = λj for any j = 1, . . . , n, the first part of the proof shows that 〈f,pk

μj
w 〉μj

→ 0

and
∏

i �=j |w − λi| remains bounded below as w → ζ. Thus, 〈f,pkμw〉μ → 0 as w → ζ. �

The following result shows now that the reproducing kernel thesis is true for the
compactness of the embedding D(μ) ↪→ L2(ν) when μ is a finite sum of point masses.

Theorem 7.2. Let ν be a finite positive Borel measure on D, and let μ =
∑n

j=1 αjδλj
,

where λj ∈ T and αj > 0. Then ν is a compact Carleson measure for D(μ) if and only
if for any ζ ∈ T \ {λ1, . . . , λn}, we have

(7.1)

∫
D

|kμw|2 dν = o(‖kμw‖2μ), w → ζ.

Proof. By Lemma 7.1, condition (7.1) is necessary for ν to be a compact Carleson measure
for D(μ). Conversely, assume that (7.1) is satisfied for any ζ = λj , j = 1, . . . , n. Using
Theorem 4.3, we shall show that dσ(z) :=

∏n
i=1 |z − λi|2dν(z) is a compact Carleson

measure for H2, which is equivalent (by Carleson’s result) to

(7.2) σ(S(ζ, h)) = o(h), h → 0,

for any ζ ∈ T. First, we consider ζ ∈ T \ {λ1, . . . , λn} and fix j ∈ {1, . . . , n}. Using (6.3)
and (6.4), we have

1

‖kμw‖2μ

∫
D

|kμw(z)|2 dν(z) ≥
∫
D

|kμj
w (z)|2‖kμz ‖2μ

‖kμj
w ‖2μj

‖kμj
z ‖2μj

dν(z)

� 1

‖kμj
w ‖2μj

∫
D

|kμj
w (z)|2

∏
i �=j

|z − λj |2 dν(z).

But we know that

|kμj
w (z)|2

‖kμj
w ‖2μj

=
1− |w|2

1− |bλj
(w)|2

|1− bλj
(w)bλj

(z)|2
|1− swz|2 ,

and by (5.6), there exists a constant δ > 0 such that for any z, w ∈ D we have

|1− bλj
(w)bλj

(z)|2
1− |bλj

(w)|2 ≥ δ|z − λj |2.



860 G. R. CHACÓN, E. FRICAIN, AND M. SHABANKHAH

Thus, we get

1

‖kμw‖2μ

∫
D

|kμw(z)|2 dν(z) � (1− |w|2)
∫
D

1

|1− swz|2 dσ(z)

and condition (7.1) gives

lim
w→ζ

(
(1− |w|2)

∫
D

1

|1− swz|2 dσ(z)

)
= 0

for any ζ ∈ T \ {λ1, . . . , λn}. Now, a standard argument shows that (7.2) is satisfied for
ζ = λi, i = 1, . . . , n. Indeed, take w = (1− h)ζ. Then, on one hand, for z ∈ S(ζ, h) we
have

|1− swz| = |1− (1− h)sζz| = |ζ − (1− h)z| ≤ |ζ − z|+ h ≤ 2h.

On the other hand, 1− |w|2 ≥ 1− |w| = h. Then

1

4h
σ(S(ζ, h)) ≤ (1− |w|2)

∫
D

1

|1− swz|2 dσ(z) → 0 as h → 0,

which gives (7.2). It remains to observe that condition (7.2) for ζ = λi, i = 1, . . . , n, is
a consequence of the following trivial estimate:

σ(S(λi, h)) =

∫
S(λi,h)

n∏
j=1

|z − λj |2 dν(z) ≤ 4n−1h2‖ν‖. �
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