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COMPACTNESS CRITERIA FOR SPACES

OF MEASURABLE FUNCTIONS

YU. BRUDNYI

Abstract. The paper contains new compactness criteria for a wide class of trans-
lation-invariant spaces of measurable functions. The results imply new compact-
ness theorems for the families of Orlicz classes (such as L0(Rd)) and Marcinkiewicz–
Lorentz spaces (including Lpq with p < 1).

Introduction

In this paper, we intend to establish Arcela–Ascoli type compactness criteria for a
wide class of non-Banach function lattices on R

d. Compactness has been used in so
many problems of analysis that its importance is out of question. However, the choice
of a field looking exotic for most analysts should somehow be motivated. The simplest
illustration of encountering non-Banach spaces in classical analysis is a result concerning
the long-standing Kolmogorov rational approximation problem [2]. To formulate the
problem, we denote by rn(f) the best approximation of f in C[0, 1] by fractions p/q
where p, q are polynomials of degree n.

Problem. Characterize the function class Rλ, λ > 0, given by the finiteness of

(0.1) |f |Rλ
:= sup

n≥1
nλrn(f).

A partial solution asserts that for every ε > 0 and 1
p = λ we have

(0.2) c1(ε)|f |Lip(λ,p−ε) ≤ |f |Rλ
≤ c2(ε)|f |Lip(λ,p+ε)

with constants tending to infinity as ε → 0.
Here Lip(λ, q), λ > 0, 0 < q ≤ ∞, is defined in terms of the k-modulus of continuity

with k > λ, i.e.,

|f |Lip(λ,q) := sup
t>0

ωk(f ; t)Lq(0,1)

tλ
.

Note that for λ > 1 the exponent p := λ−1 is less than 1, i.e., quasi-Banach spaces
arise naturally in the answer. The starting point of the proof in [2] is the embedding

Lip(λ, q) ⊂ C[0, 1], λ >
1

q
,

which is well known for q ≥ 1 but requires a proof for q < 1.
For the time being, the only known proof is based on an approximation inequality

from [3], named there after Whitney. (The name seems to be commonly adopted; see,
e.g., [17], where Subsection 6.4 titled “Two Whitney’s theorems” contains instead two
present authors’ results.)
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The proof of Whitney’s type inequalities for Banach spaces is based on construction
of linear operators onto the spaces of polynomials of fixed degree. However, in the
non-Banach case there are no linear operators of finite rank. The only known proof
is nonconstructive and exploits an Arcela–Ascoli type compactness theorem for quasi-
Banach spaces (it was presented in [4]; see also the Appendix).

Finally, replacing {nλ} in Kolmogorov’s problem by more general majorants and using
the approach discussed, we encounter similar compactness problems for other quasi-
Banach spaces (Orlicz, Lorentz, etc.).

This leads to the following problem studied in this paper.1

Let X be a translation-invariant quasi-Banach lattice on R
d.

Problem. Prove that a subset of X is precompact if it is bounded and equicontinuous.

The problem is still open but we present a positive answer for a wide class of lattices
including weighted Marcinkiewicz–Lorentz spaces and Orlicz spaces (even for Fréchet–
Orlicz spaces). The proof is based on compactness results concerning two opposite general
classes of lattices, Fréchet and Banach.

The paper consists of four sections, the first of which presents the basic notions and
results of the Fréchet lattice (briefly, F -lattice) theory required in the paper. Though
the standard textbooks on the subject concern only the Banach lattice theory, the proofs
there can trivially be adapted to the required F -lattice case. The next two sections
contain, respectively, the main results and their proofs. The final section discusses the
known Arcela–Ascoli type results for spaces of measurable functions and their relationship
with the results of the present paper.

§1. Preliminaries

An F -space is defined by the very same axioms as those of a Banach space, with the
homogeneity norm axiom replaced by

‖ − x‖ = ‖x‖.
See, e.g., [5, Chapter 2] for the details.

An F -lattice (X, ‖·‖) on a measure space (Ω, μ) with a σ-finite measure μ is an F -space
whose F -norm satisfies

(1.1) |f | ≤ |g|, g ∈ X ⇒ f ∈ X and ‖f‖ ≤ ‖g‖.
All inequalities and identities in X are understood μ-almost everywhere (briefly, modμ
or, for the Lebesque measure on R

d, a.e.).
A subset S ⊂ Ω is the support of X (denoted by suppX) if S is a modμ minimal

μ-measurable set containing all sets {ω ∈ Ω : f(ω) 
= 0}, f ∈ X; see [11, Subsec-
tion IV.3.2] for its existence and uniqueness.

Example 1.1. A primary example of an F -lattice is the linear space of μ-measurable
functions on Ω whose F -norm is given by

(1.2) ‖f‖0 :=

∫
Ω

|f |
1 + |f |w dμ;

here w is a μ-measurable function such that

w > 0 and

∫
Ω

w dμ < ∞.

We take w = 1 if μ(Ω) < ∞.

1See §1 for the definitions of the notions appearing below.
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Convergence in this F -norm is equivalent to convergence in μ-measure, i.e., fn → f if
for every S ⊂ Ω with μ(S) < ∞ and every ε > 0 we have

lim
n→∞

{ω ∈ Ω : |f − fn|(ω) > ε} = 0.

The next result known for the Banach case is also true in our setting, because the
proof for the former case is easily adapted to F -lattices; see, e.g., [11, Subsection II.3].

Proposition 1.2. Let X be an F -lattice on (Ω, μ). The following is true.
(a) X is continuously embedded into L0(Ω, μ).
(b) There exists an increasing sequence {Sn} of sets of finite μ-measure such that⋃

Sn = suppX and �Sn
∈ X for all n.

Hereafter, �S stands for the indicator of S.
In examples below, we encounter quasi-F -lattices whose definition differs only at one

point: instead of the triangle inequality, an F -quasinorm satisfies

(1.3) ‖f + g‖ ≤ K(‖f‖+ ‖g‖)
for a fixed K > 1 and all f , g.

All compactness results of the present paper are valid for these objects due to the
following statement.

Proposition 1.3. Let (X, ‖·‖) be a quasi-F -lattice satisfying (1.3). There exists a lattice
F -norm ‖ · ‖∗ on X such that for every f ∈ X and some 0 < p < 1 we have

(1.4) ‖f‖∗ ≤ ‖f‖p ≤ 4‖f‖∗ .

Proof. Following the Frink construction [7] introduced originally for quasimetric spaces,
we set

(1.5) ‖f‖∗ := inf
∑

‖fj‖p

for f ∈ X, where p := (1 + log2 K)−1 and the infimum is taken over all finite decompo-
sitions f =

∑
fj .

By Frink’s theorem, (1.4) holds true for ‖f‖∗. It is easily seen that ‖ · ‖∗ is a complete
F -norm.

It remains to prove the monotonicity of ‖ · ‖∗. By the definition, it suffices to prove
(1.1) for 0 ≤ g ≤ f ∈ X. However, for f ≥ 0 the infimum in (1.5) can only be taken
over the decompositions with fj ≥ 0. The decomposition property of lattices, see, e.g.,
[16, II.1a] implies that for every f =

∑
fj with fj ≥ 0 there exist gj ’s with 0 ≤ gj ≤ fj

and g =
∑

gj . Therefore,

‖g‖∗ ≤
∑

‖gj‖p ≤
∑

‖fj‖p

and (1.1) follows. �

Remark 1.4. It is readily seen that, in the special case of quasi-Banach lattices, the
F -norm defined by (1.5) satisfies

‖λf‖∗ = |λ|p‖f‖∗

for every λ ∈ R and f ∈ X. Hence, in this case, (X, ‖ · ‖∗) is a so-called p-Banach lattice.

Definition 1.5. A (quasi-)F -lattice (X, ‖·‖) on (Ω, μ) has absolutely continuous F -norm
if for every f ∈ X and every sequence {Sn} of μ-measurable subsets of Ω with empty
intersection we have

(1.6) lim
n→∞

‖f · �Sn
‖ = 0.
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Example 1.6. (a) Let N be a homeomorphism of R+ equal to 0 at 0 and satisfying the
Δ2-condition, i.e.,

(1.7) ΔN := sup
t>0

N(2t)

N(t)
< ∞.

By definition, theOrlicz class N(L) is the set of μ-measurable functions on Ω satisfying

(1.8) ρN (f) :=

∫
Ω

N(|f |) dμ < ∞ .

By (1.7), N(L) is a linear space. This and the monotonicity of N also imply that

ρN (f + g) ≤ (ΔN )2(ρN (f) + ρN (g)),

i.e., ρN is a monotone F -quasinorm. Moreover, (N(L), ρN ) is complete, see, e.g., [21,
Subsections 1.3 and 1.5].

(b) Under certain additional conditions on N , the space N(L) is quasi-Banach. To
state these conditions, for t > 0 we set

n(t) := inf
{
λ > 0;N(λt) ≥ N(t)

2

}
.

Then the Rolewicz theorem [21, III.3] asserts that N(L) is a quasi-Banach space if

(1.9) inf
t>0

n(t) > 0.

(c) If N is convex, N(L) can be equipped with the following Banach norm equivalent
to ρN :

(1.10) ‖f‖ := inf
{
λ > 0; ρN

( |f |
λ

)
≤ 1

}
.

This space is denoted by LN and named an Orlicz space; see, e.g., [14].
(d) Finally, we consider one more family of quasi-Banach lattices on (Ω, μ), the

Marcinkiewicz–Lorentz spaces Lp,N , where 0 < p ≤ ∞ and N : R+ → R+ is the same as
in (a).

The corresponding quasinorm is given by

(1.11) ‖f‖p,N :=

{∫
R+

(f∗(t)N(t))p
dt

t

} 1
p

;

here f∗ is the nonincreasing rearrangement of f .

For N(t) := t
1
q , 0 < q ≤ ∞, this is named a Lorentz space and denoted by Lpq.

At least for Lpq with 1 < p < ∞ and 1 ≤ q < ∞ (the Banach case), it is known that
Lpq is complete; see, e.g., [15, II.5]. It can easily be checked that a slight modification of
the proof given there establishes the same facts in the general case.

Finally, we note that the families in (a) and (c) contain the scale {Lp}0<p≤∞.
Since the basic compactness concept, equicontinuity, measures the behavior of the

modulus of continuity for sets of functions in X, its introduction requires some additional
structure. The simplest is to choose Rd with the Lebesgue d-measure as a measure space.

Hereafter S denotes a (Lebesgue) measurable subset of R
d and |S| stands for its

measure.
In what follows, we restrict our consideration to the class of translation-invariant

lattices on R
d. Here is the definition.

Definition 1.7. An F -lattice X on R
d is said to be translation-invariant if the shift

operators
τy : f �→ f( · + y), y ∈ R

d,

are isometries of X.
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Clearly, N(L) belongs to this class and the same is true for Lp,N , because by the
definition of the rearrangement we have (τyf)

∗ = f∗, y ∈ R
d.

In the remaining part of the paper, we deal with F -lattices on R
d subject to Defini-

tions 1.5 and 1.7. For convenience, we combine them as follows.

Definition 1.8. The class of F -lattices on R
d whose F -norm is translation-invariant and

absolutely continuous is denoted by L (after Lebesgue).

By the Lebesgue convergence theorem, N(L) and Lp,N with p < ∞ belong to L.

Definition 1.9. A function f is continuous in a translation-invariant F -lattice (X, ‖ · ‖)
on R

d if

(1.12) lim
y→0

‖τyf − f‖ = 0 .

The set of all functions continuous inX is denoted by X0. It is a closed linear subspace
in X but, in general, is not an F -lattice.

Proposition 1.10. If X ∈ L, then X = X0.

Proof. It suffices to find a subset of X0 dense in X. By the separability of the Lebesgue
measure, finite linear combinations of indicators �S with |S| < ∞ and �S ∈ X are dense
in X; see, e.g., Lemma 3 in [11, IV.3.2]. To show that this set is contained in X0, it
suffices to check that f := λ · �S is contained in X0 for λ ∈ R, |S| < ∞. But for this f
we have

(1.13) ‖τyf − f‖ = ‖λ · �S�{S+y}‖
and the measure of the symmetric difference |S � {S + y}| tends to 0 as y → 0. Since
‖ · ‖ is absolutely continuous, the right-hand side of (1.13) tends to 0 as y → 0. �

Remark 1.11. Denoting by X+ the F -sublattice of X consisting of functions with abso-
lutely continuous norm, we conclude that X+ ⊂ X0. However, the former space may be
essentially smaller than the latter. Consider, e.g., X = L∞ (Rd). Then L0

∞ consists of
all functions uniformly continuous on R

d, while L+
∞ = {0}.

Now let S ⊂ R
d be of positive measure. By X(S) we denote the lattice of measurable

functions f on S whose extension by zero (denoted by fS) belongs to X. The F -norm is
given by

(1.14) ‖f ;S‖ := ‖fS‖, f ∈ X(S).

Definition 1.9 is then modified as follows.

Definition 1.12. A function f ∈ X(S) is continuous in this space if

(1.15) ‖(τyf − f) · �S∩{S+y}‖ = 0.

Clearly, S ∩ {S + y} is the domain of τyf − f .

§2. Main results, formulations

We begin with notions used in the first compactness criterion. Throughout the re-
maining part of the paper, (X, ‖ · ‖) stands for a translation-invariant F -lattice on R

d

and Σ for its subset.

Definition 2.1. Σ is said to be equicontinuous in X if

(2.1) lim
y→0

sup
f∈Σ

‖τyf − f‖ = 0.
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For X(S) this definition is modified in accordance with Definition 1.12. Now, a set
Σ ⊂ X(S) is said to be equicontinuous if

(2.1′) lim
y→0

sup
f∈Σ

‖(τyf − f) · �S∩{S+y}‖ = 0.

Clearly, Σ ⊂ X0 in this case.

Definition 2.2. Σ is said to be norm absolutely equicontinuous if for every sequence
{Sn} of measurable sets with empty intersection we have

(2.2) lim
n→∞

sup
f∈Σ

‖f · �Sn
‖ = 0.

Clearly, Σ belongs to X+, see Remark 1.11.

Theorem 2.3. Let X ∈ L, see Definition 1.8. Then Σ is precompact if and only if Σ is
bounded, equicontinuous, and norm absolutely equicontinuous.

We recall that the boundedness of Σ in the F -space X means that for every ε > 0
there is bε > 0 such that supg∈Σ ‖bεg‖ < ε.

Unfortunately, the condition that is stated above is difficult to verify. We guess it may
be replaced by a much easier condition that is stated below.

Definition 2.4. Σ is said to vanish at infinity if

(2.3) lim
n→∞

sup
f∈Σ

‖f · �{|x|≥n}‖ = 0

Hereafter, |x| := max1≤i≤d |xi|, x ∈ R
d.

Conjecture 2.5. Σ is precompact in X ∈ L if Σ is bounded, equicontinuous, and van-
ishes at infinity.

Here, the necessity of the first condition is clear while the necessity of the others
follows from Theorem 2.3.

We shall prove this conjecture for Orlicz classes, i.e., the following is true.

Theorem 2.6. A subset Σ ⊂ N(L) is precompact if and only if Σ is bounded, equicon-
tinuous, and vanishes at infinity in this space.

For Banach lattices, Conjecture 2.5 is true even in a stronger form.

Theorem 2.7. Let X be a Banach lattice of locally integrable functions on R
d belonging

to L and containing the indicators of all subsets of finite measure. Then Σ ⊂ X is
precompact if and only if Σ is equicontinuous and vanishes at infinity.

If, e.g., suppX is bounded, only the first condition is needed.
It is natural to ask whether the boundedness condition may be discarded in the F -

lattice case.
The next example demonstrates that, in general, the answer is negative.

Example 2.8. Let Σ := {n · �(0,1)d}n∈N be regarded as a subset of L0. Clearly, Σ
is equicontinuous and vanishes at infinity in this space. However, Σ is not bounded,
hence, is not precompact in L0. In fact, if for every ε > 0 there exists bε > 0 such that
supf∈Σ ‖bεf‖0 < ε, then ‖bε · �(0,1)d‖ < ε.

But for all b > 0 the left-hand side equals N0(1) = 1/2.
Nevertheless, for some quasi-Banach lattices the result discussed does hold.
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To present the corresponding result, we introduce the generalized Orlicz class N(X)
by replacing L(Rd) in Example 1.6 (a) with a Banach lattice X of class L. Hence, in this
case, the F -quasinorm is given by

ρN(X)(f) := ‖N(|f |)‖X ;

as in the case of N(L), see [21, III. 3], condition (1.9) is sufficient (and necessary) for
N(X) to be locally bounded. Therefore, up to renormalization, N(X) is quasi-Banach
in this case.

Theorem 2.9. Let N(X) be quasi-Banach and N concave. Then a subset Σ ⊂ N(X) is
precompact in this space if and only if Σ is equicontinuous and vanishes at infinity.

Corollary 2.10. Consider a Marcinkiewicz–Lorentz space Lp,N (Rd) with 0 < p ≤ 1 such

that the function t �→
∫ t

0
N(s)p

s ds, t > 0, is finite, concave, and equal to +∞ at infinity.

Then Σ ⊂ Lp,N (Rd) is precompact in this space if and only if Σ is equicontinuous and
vanishes at infinity.

For example, Lp,q(R
d) satisfies these assumptions if 0 < p ≤ 1 and p ≤ q < ∞. We

guess that this is also true for 0 < q < p.

Conjecture 2.11. Let X be a quasi-Banach lattice of class L. Then Σ is precompact in
X if and only if Σ is equicontinuous and vanishes at infinity.

The last two theorems are consequences of a Kolmogorov type compactness criterion
for Banach lattices.

To formulate it, we define an averaging operator Tr : L
loc → Lloc

∞ by

(2.4) Trf :=
1

|Qr|

∫
Qr

τyf dy,

whereQr stands throughout for the d-cube {x ∈ R
d : |x| < r}, while |x| := max1≤i≤d |xi|.

Theorem 2.12. Let Σ be a subset of a Banach lattice X satisfying the conditions of
Theorem 2.7. Then Σ is precompact in X if and only if Σ vanishes at infinity and

lim
r→0

Trf = f

uniformly in f ∈ Σ.

Remark 2.13. For a Kolomogorov type criterion, the key point of the proof is the existence
of compact linear operators acting in Banach spaces. In general, for quasi-Banach spaces
and F -spaces, such operators may fail to exist. For example, there are no such operators
acting from Lp, p < 1, to any linear topological space; see [10].

§3. Proofs

In accordance with logical interrelations between the results, we arrange their proofs
in an order deviating from that in §2.

Proof of Theorem 2.6. We begin with the case of the trace N(L)(Q) of N(L) to a cube Q.
The corresponding F -quasinorm ‖f ;Q‖N is defined by

�(3.1) ‖f ;Q‖N :=

∫
Q

N(|f |) dx.

Proposition 3.1. A subset Σ ⊂ N(L)(Q) is precompact if Σ is bounded and equicontin-
uous.
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Proof. Since N(L)(Q) is a metric space, we can use the Hausdorff compactness criterion
to prove precompactness. Hence, given ε > 0, a finite ε-net in Σ should be found. The
next lemmas construct such a net step by step. In their proofs, Q and K denote cubes
homothetic to [0, 1]d.

For f ∈ L0, we set

(3.2) E(f ;Q) := inf
c∈R

∫
Q

N(|f − c|) dx

and denote by cQ(f) an optimal c in (3.2). �

Lemma 3.2. We have

(3.3) E(f ;Q) ≤
∫
|y|<2

dy

∫
Qry

N(|f(x+ y)− f(x)|) dx;

here 2r is the side length of Q and

(3.4) Qz := Q ∩ {Q+ z} = {x ∈ Q ; x+ z ∈ Q}.

Proof. In the iterated integral

I :=

∫
Q

dy

∫
Q

N(|f(x)− f(y)|) dy,

we set u := x− y, v := y and change the order of integration; we obtain the identity

I =

∫
Q−Q

du

∫
Qu

N(|f(u+ v)− f(v)|) dv.

Setting here u := ry, v := x and observing that Q−Q = (−2r, 2r)d, we conclude that

I = (2r)d
∫
(−2,2)d

dy

∫
Qry

N(|f(x+ ry)− f(x)|) dx.

On the other hand, by (3.1) and the definition of I,

I ≥ |Q| inf
y∈Q

∫
Q

N(|f(x)− f(y)|) dy ≥ (2r)dE(f ;Q).

Combining these formulas, we get the result. �

Now, let πn be the partition of the cube Q into nd congruent subcubes. We set

(3.5) sn(f ;Q) :=
∑

K∈πn

c ◦
K
(f) · � ◦

K
.

Lemma 3.3. We have

(3.6)

∫
Q

N(|f − sn(f ;Q)|) dx ≤
∫
|y|<2

dy

∫
Qλy

N(|f(x+ λy)− f(x)|) dx,

where λ := r
n .

Proof. Summing in (3.3) over the open cubes
◦
K and observing that all

◦
Kλy, K ∈ πn,

are included in Qλy and do not intersect, we get (3.6). �

Lemma 3.4. The set

(3.7) Sn(Σ;Q) := {sn(f ;Q); f ∈ Σ}
is bounded in N(L)(Q).
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Proof. By definition,

sn(cf ;Q) = csn(f ;Q)

for all constants c. This and the Δ2-condition for N together with (3.6) imply the
inequality∫

Q

N(|csn(f ;Q)|) dx ≤ ΔN

[ ∫
Q

N(c|f |) dx+

∫
|y|<2

dy

∫
Qλy

N(c|f(x+ λy)− f(x)|) dx
]
.

The second summand is at most

4dΔN

(
sup
|y|<2

∫
Qλy

N(c|f(x+ λy)|) dx+

∫
Q

N(c|f |) dx
)
.

By definition, see (3.4), we have Qλy + λy ⊂ Q; hence, this summand is bounded by
22d+1

∫
Q
N(c|f |) dx, whence

(3.8)

∫
Q

N(|csn(f ;Q)|) dx ≤ (22d+1 + 1)Δ2
N

∫
Q

N(c|f |) dx.

Since Σ is bounded in N(L)(Q), for any ε > 0 there is cε > 0 such that the right-hand
side in (3.8) becomes less than ε if c = cε and f ∈ Σ. The same is true for sn(f ;Q),
f ∈ Σ, i.e., Sn(Σ;Q) is bounded in N(L)(Q). �

Now we show that {Sn(Σ;Q)}n∈N approximates Σ as n → ∞.

Lemma 3.5. We have

(3.9) lim
n→∞

sup
f∈Σ

inf
s∈Sn(Σ;Q)

‖f − s;Q‖N = 0.

Proof. By (3.6), the quantity under the limit sign is at most

4d sup
|z|≤ 2r

n

sup
f∈Σ

‖(τzf − f) · �Q∩{Q+z}‖N .

By the equicontinuity of Σ in N(L)(Q), this tends to 0 as n → ∞. �

The next result will be used many times; therefore, we state it in a fairly general form.

Lemma 3.6. Let (M,d) be a metric space. Let Σ, Σn, n ∈ N, be subsets of M such that

d(Σ,Σn) = sup
m∈Σ

inf
mn∈Σn

d(m,mn) → 0 as n → ∞.

If every Σn is precompact, then Σ is also precompact.

Proof. Take n so large that d(Σ,Σn) < ε, and let Gn be a finite ε-net for Σn. Then Gn

is a 2ε-net for Σ. �

It remains to show that the set Sn(Σ;Q) is compact in N(L)(Q).
In fact, it is contained in the nd-dimensional subspace, say Hn, of N(L)(Q) formed by

the step functions generated by the partitions πn. Since Sn(Σ;Q) is bounded in N(L)(Q),
it is also bounded in Hn. Every bounded subset of a finite-dimensional linear topolog-
ical space is precompact there. Hence, Sn(Σ;Q) is precompact in Hn and therefore in
N(L)(Q).

Proposition 3.1 is proved.
Now we are ready to prove Theorem 2.6.
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Proof of Theorem 2.6. The “if” part. Due to vanishing at infinity, given ε > 0, for
Σ ⊂ N(L) we can find a cube Q = Qε such that

(3.10) sup
f∈Σ

ρN (f · �Qc) < ε.

Now, let {fn}n∈N ⊂ Σ. Write fn = �Q ·fn+�Qc ·fn =: f1
n+f2

n. Since {f1
n} ⊂ N(L)(Q),

Proposition 3.1 implies the convergence of some its subsequence in this space. Changing
enumeration, we assume that {f1

n} converges.
By the triangle inequality for ρN , see Example 1.6 (a), we get

ρN (fn − fm) ≤ ΔN

(
‖f1

n − f1
m;Q‖N + sup

f∈Σ
ρN (f · �Qc)

)
.

Given ε > 0, we choose nε so that for all n,m ≥ nε the first summand here becomes
at most ε and estimate the second one by (3.10). This implies

lim
n,m→∞

ρN (fn − fm) = 0,

as required.

The “only if” part. The boundedness of Σ follows from its precompactness.
Next, since N(L) belongs to the class L, every its element is continuous, see Propo-

sition 1.10, and norm absolutely equicontinuous. Therefore, for a finite ε-net Σε of Σ,
given ε > 0, we can find δ = δε > 0 and a cube Q = Qε such that

sup
f∈Σε

ρN (τyf − f) < ε if |y| < δ,

and moreover,

sup
f∈Σε

ρN (f · �Qc) < ε.

Since Σε is ε-close to Σ in N(L), these inequalities are true for Σ with ε replaced by cNε,
where cN > 1.

Hence, Σ is bounded, equicontinuous, and vanishes at infinity.
This proves Theorem 2.6. �

Proof of Theorem 2.3. The “if” part. Let Σ be bounded, equicontinuous, and norm
absolutely equicontinuous in X. We show that every sequence {fn} ⊂ Σ contains a
subsequence convergent in X.

For this, we present Σ as

Σ = Σ1 +Σ2 := {f · �Q; f ∈ Σ}+ {f · �Qc ; f ∈ Σ}.
Since Σ is norm absolutely equicontinuous, there is Q := Qnε

such that

(3.11) sup
f∈Σ

‖f · �Qc‖ < ε.

Regarding Σ1 as a subset of X(Q) and observing that the linear operator RQ : f �→
f · �Q maps X into X(Q) continuously, we conclude that RQ(Σ) = Σ1 is bounded and
equicontinuous in X(Q) if Σ is (in X).

Moreover, by Proposition 1.2 (a), X(Q) is continuously embedded into L0(Q). Hence,
Σ1 is bounded and equicontinuous there. Due to Proposition 3.1 with N(t) = N0(t) :=
t

1+t , t > 0, the set Σ1 is precompact in L0(Q).

Hence, the sequence {fk · �Q}k∈N ⊂ Σ contains a subsequence convergent in L0(Q).
Changing enumeration, we assume that {fn · �Q}n∈N itself converges in L0(Q).

Now, by Proposition 1.2 (b), there exists an increasing sequence {Sn}n∈N of measur-
able sets in R

d such that ∪Sn = suppX and �Sn
∈ X for all n.
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Setting Tn := (Q \ Sn) ∩ suppX and using the norm absolute equicontinuity of Σ, we
get

(3.12) sup
f∈Σ

‖f · �Tn
‖ < ε

for some n = ñε.
Since {fk ·�Q}k∈N converges in L0(Q), given ε > 0 there is kε such that for all k, l ≥ kε

and n = ñε we have∣∣{x ∈ Q ∩ (Sn \ Tn) ; |fk − fl|(x) > ε
}∣∣ < ε

‖�Sn
‖ .

For k, l ≥ kε, the above inequality and formulas (3.10) and (3.12) imply the estimate

‖fk − fl‖ ≤ ‖fk − fl;Q‖+ 2 sup
f∈Σ

‖f · �Qc‖

≤
(

sup
Q∩(Sn\Tn)

|fk − fl|
)
‖�Sn

‖+ 2 sup
f∈Σ

‖f · �Tn
‖+ 2 sup

f∈Σ
‖f · �Qc‖ ≤ 5ε.

Hence, {fk}k∈N converges in X and Σ is precompact.

The “only if” part. Since X ∈ L, its elements are continuous and norm absolutely
continuous, and the proof repeats line-to-line that of the “only if” part in Theorem 2.6.

�
Proof of Theorem 2.12. The “if” part. By the assumptions of the theorem, for every
cube Q ⊂ R

d we have

(3.13) L∞(Q) ⊂ X(Q) ⊂ L(Q).

Since all these spaces are continuously embedded into L0(R
d), the closed graph theo-

rem implies the continuity of the embeddings.
Next, Σ is approximated uniformly by the family of the averaging operators Tr : X → X

as r → 0, and vanishes at infinity in X. From this, we deduce the precompactness of Σ
in X.

For this, we use the next two results due, respectively, to Mazur, see [1, comments to
Subsection VI.1], and Sudakov [24].

Proposition 3.7. (a) Let {Tn}n∈N be a family of linear operators acting compactly in a
Banach space B. A subset V ⊂ B is precompact if it is bounded and

(3.14) lim
n→∞

Tnx = x

uniformly in x ∈ V .
(b) Let {Tn}n∈N be a family of linear operators acting continuously in a Banach space

B and such that

(3.15) sup
n

‖Tn‖ < ∞.

Assume that for some k and all n the power T k
n is compact and λ = 1 is not an eigenvalue

for Tn. Then a subset V is precompact in B if (3.14) is fulfilled uniformly in x ∈ V .

Proof. (a) The boundedness of V implies the precompactness of Tn(V ). Hence, V is
uniformly approximated by the family {Tn(V )} of precompact sets and, therefore, is
precompact. See Lemma 3.6.

(b) First, we show that V is bounded. To this end, we recall the well-known result of
the F. Riesz–Schauder theory asserting that a linear operator 1− T is invertible in B if
T is compact and the equation x − Tx = 0 has only a trivial solution. This result was
generalized by S. Nikolski [19] to linear operators T with compact power.

We conclude that (1− Tn)
−1 exists for every n and then derive that V is bounded.
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Actually, by the uniform convergence in (3.14),

sup
x∈V

‖x− Tnx‖ < 1

for sufficiently large n. Therefore, for these n we have

sup
x∈V

‖x‖ ≤ ‖(1− Tn)
−1‖ sup

x∈V
‖x− Tnx‖ < ∞,

as required.
Now we apply assertion (a) to the family of compact operators {T k

n}n∈N, assuming
that

(3.16) lim
n→∞

T k
nx = x

uniformly in x ∈ V . This assumption follows from the inequality

‖xn − T k
nx‖ ≤

( k−1∑
j=0

‖Tn‖j
)
‖x− Tnx‖

combined with (3.14) and (3.15).
Finally, the boundedness of V and (3.16) imply the precompactness of V . �
Now we apply the above proposition to prove the precompactness of Σ. For this, we

use a family of operators {Rn}n∈N defined on Lloc(Rn) by the formula

(3.17) Rnf := T 2
r (�Qn

f) with r :=
1

n
.

We recall that

Trf :=
1

|Qr|

∫
Qr

f( · + y) dy

and Qs := {x ∈ R
d ; |x| ≤ s}.

Lemma 3.8. (a) Rn acts in X and

(3.18) ‖Rn‖ = 1.

(b) We have

(3.19) lim
n→∞

Rnf = f

uniformly in f ∈ Σ.
(c) Rn is compact.
(d) λ = 1 is not an eigenvalue of Rn.

Proof. (a) The X-valued function

f̃ : f �→ f( · + y), y ∈ R
d

is approximated by finite linear combinations of X-valued indicators �̂S with |S| < ∞
becauseX belongs to L, see, e.g., [11, IV.3.2]. Hence, f̃ is strongly measurable; moreover,

‖f̃( · )‖(= ‖f‖) is Lebesgue integrable on any cube. Therefore, f̃ is locally Bochner
integrable. By the well-known property of the Bochner integral and the translation
invariance of X, we obtain∥∥∥∥ 1

|Qr|

∫
Qr

f̃(y) dy

∥∥∥∥ ≤ 1

|Qr|

∫
Qr

‖f̃(y)‖ dy,

i.e., Tr acts in X with norm 1. Clearly, this implies (3.18).

(b) Set R̃nf := Tr(�Qn
f) with r := 1/n. Then

‖Rnf − f‖ ≤ ‖Tr(f − R̃nf)‖+ ‖f − R̃nf‖ ≤ 2‖f − R̃nf‖.
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By (3.17) and (3.18), the last quantity is dominated by ‖Tn−1f − f‖+ ‖f · �Qc
n
‖.

By assumption, Σ is uniformly approximated by the family {Tr} as r → 0 and vanishes
at infinity. Hence, the two terms on the right-hand side tend to 0 as n → ∞ uniformly
in f ∈ Σ, i.e., (3.19) holds true.

(c) Let BX be the unit ball of X. We must prove the precompactness of Rn(BX).
First, we show that the operator acts compactly from X into C(Qn+r), i.e., Rn(BX) is
precompact in the latter space.

Since Rn = T 2
r ◦ �Qn

with r = 1
n , we start with computing the first factor here. By

definition, Trf is the convolution of f and 1
|Qr|�Qr

; therefore, T 2
r f is the convolution of

f with the kernel

vr :=
1

|Qr|2
�Qr

∗ �Qr
.

Direct computation gives

vr(x) :=
1

|Qr|2
d∏

i=1

(2r − |xi|)+, x ∈ R
d,

where s+ := max{s, 0}.
Hence, supp vr = [−2r, 2r]d = Qr, and for x, x′ ∈ R

d we have

|vr(x)− vr(x
′)| ≤ d(2r)d−1max

i
|xi − x′

i| := c(r, d)|x− x′|.

This implies

|T 2
r f(x)− T 2

r f(x
′)| = 1

|Qr|2

∣∣∣∣
∫
Qr(x)∪Qr(x′)

[vr(x− y)− vr(x
′ − y)]f(y) dy

∣∣∣∣
≤ c(d, r)

r2d
|x− x′|

∫
Qr(x)∪Qr(x′)

|f | dy.

Since Qr(x) ∪Qr(x
′) ⊂ Qn+r whenever x, x′ ∈ Qn, for these x, x′ we get

|T 2
r f(x)− T 2

r f(x
′)| ≤ 2dr|x− x′|

∫
Qn+r

|f | dy.

Then for Rnf := T 2
r (f · �Qn

) we deduce that

(3.20) |Rnf(x)− Rnf(x
′)| ≤ 2dr|x− x′|

∫
Qn+r

|f | dy

for x, x′ ∈ Qn. Since X is continuously embedded into L(Qn+r), see (3.13), the integral
on the right-hand side is at most c(n+ r)‖f‖ ≤ c(n+ r) because f ∈ BX ; hence,

|Rnf(x)−Rnf(x
′)| ≤ 2c(n+ r)dr|x− x′|

for x, x′ ∈ Qn.
Moreover, Rn(BX) is bounded in C(Qn+r), because for x ∈ Qn and f ∈ BX we have

|Rnf(x)| ≤ (sup v1/n)

∫
Qn+1/n

|f | dx ≤ c(n)‖f‖ ≤ c(n).

This and the preceding inequality imply that Rn(BX) satisfies the conditions of the
Arcela–Ascoli theorem, i.e., is precompact in C(Qn+r).

Using again (3.13), we conclude that C(Qn+r) is continuously embedded in X. Hence,
Rn(BX) is also precompact in X, and Rn acts compactly in X.

(d) We must show that the equation

Rnf = f

has only a trivial solution.
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The following simple argument is due to Sudakov [24]1. Since the function Rnf :=
T 2
r (f · �Qn

) is continuous and vanishes outside Qn+r, a nontrivial solution achieves ex-
treme values inside Qn+r and at least one of them, say x0, differs from 0. Let for
definiteness max f > 0 and S := {x ∈ Qn+r; f(x) = max f}. If x0 is a boundary point of
this closed set, then Qr(x0)\S contains a closed subset F ⊂ Q2r(x0) of positive measure
such that for some q, 0 < q < 1, we have

f(x) < qmax f = qf(x0), x ∈ F.

Setting for brevity dμ := 1
|Qr|2 vr(r − x0) dx and Q := Q2r(x0), we get

f(x0) = (Rnf)(x0) =

∫
Q\F

f · �Qn
dμ+

∫
F

f · �Qn
dμ

≤ f(x0)μ(Q \ F ) + qf(x0)μ(F ) < f(x0)μ(Q) = f(x0),

a contradiction.
Lemma 3.8 is proved. �

Combining this result and Proposition 3.7, we conclude that the assumptions of The-
orem 2.12 are sufficient for the precompactness of Σ.

The “only if” part. Since X ∈ L, the proof repeats that of the “only if” part for
Theorem 2.6.

Theorem 2.12 is proved. �

Proof of Theorem 2.7. The “if” part follows directly from that of Theorem 2.12. Actu-
ally, if Σ is equicontinuous and vanishes at infinity in X ∈ L, then as above

sup
f∈Σ

‖f − Trf‖ ≤ sup
f∈Σ

sup
|y|≤r

‖τyf − f‖.

Since the right-hand side tends to 0 as r → 0, the assumptions of Theorem 2.12 are
fulfilled for Σ, i.e., Σ is precompact.

The “only if” part Σ was, in fact, established within the proof of Theorem 2.6. �

Proof of Theorem 2.9. By the definition of N(X), the map f �→ N(|f |) acts from N(X)
into X. We denote the image of Σ ⊂ N(X) by N(Σ) and show that it is equicontinuous
and vanishes at infinity, i.e., is precompact in X by Theorem 2.7.

By the concavity of N , we get∥∥N(|τyf |)−N(|f |)
∥∥
X

≤
∥∥N(|τyf − f |)

∥∥
X

=: ρN(X)(τyf − f).

Hence, N(Σ) is equicontinuous in X, because so is Σ in N(X).
Next, since N > 0 on (0,+∞), we have

(3.21) �S ·N(|f |) = N(|�S · f |).
We conclude that N(Σ) vanishes at infinity in X, because so does Σ in N(X).

Now, by the “only if” part of Theorem 2.3, the precompactness of N(Σ) in X ∈ L
implies its norm absolute equicontinuity and boundedness in X. This, in its turn, implies
the same for Σ in N(X).

In fact, for a sequence {Sn}n∈N with
⋂
Sn = ∅, by (3.21) we get

lim
n→∞

sup
f∈Σ

‖�Sn
· f‖N(X) = lim

n→∞
sup
f∈Σ

‖�Sn
·N(|f |)‖X = 0,

1It is used here for the operator ˜Rn, see (b), whose square was claimed in [24] to be compact in

L(Rd), which would have ensured the applicability of Proposition 3.7 with k = 2 to { ˜Rn}. The claim is
incorrect, but the argument can be adapted to our case.
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and moreover,

sup
f∈Σ

‖f‖N(X) := sup
f∈Σ

‖N(|f |)‖X < ∞.

Finally, N(X) ∈ L because X ∈ L, while Σ is bounded, vanishes at infinity, and is
norm absolutely equicontinuous in N(X). Then, using the “if” part of Theorem 2.3, we
obtain the precompactness of Σ in N(X). �

Proof of Corollary 2.10. To apply Theorem 2.9, we must present Lp,N as a generalized
Orlicz space. To this end, we use the identity (|f |p)∗ = (f∗)p to write

‖f‖p,N :=

∫
R+

(f∗N)p
dt

t
=

∫
R+

(f∗)pNp dt

t
= ‖ |f |p‖L1,Np .

Hence, Lp,N = Np(L1,Np), where Np : t �→ tp, t > 0, is concave for 0 < p ≤ 1.
We show that L1,Np is the desired Banach lattice. For this, we write

(3.22) ‖f‖L1,Np =

∫
R+

f∗Np dt

t
=

∫
R+

f∗ dΨ

where

Ψ(t) :=

∫ t

0

N(s)p

s
ds, t > 0.

By the assumptions, Ψ is concave and Ψ(+∞) = ∞.
It is well known, see, e.g., [15, II.5], that the quasinorm on the right-hand side is

a Banach norm if Ψ is concave, and the space L1,Np belongs to L if Ψ(t) → +∞ as
t → +∞.

The proof is complete. �

§4. Concluding remarks

4.1. The first compactness result for non-Banach case is due to Fréchet [6] in 1927 for
the space L0(0, 1); a simpler proof was given in [8]. A special case of Theorem 2.6 with
N(t) := t

1+t , t > 0, gives another compactness criterion for both L0(Q) and L0(R
d),

seemingly more suitable for applications.

4.2. A special case of Theorem 2.6 for Lp-spaces with 1 < p < ∞ and bounded support
was obtained by M. Riesz [20] as a direct consequence of Kolmogorov’s compactness
criterion [13]. Then Tamarkin [26] and Tulajkov [29] extended the latter, and hence,
the former, to Lp-spaces with unbounded support and to p = 1, respectively. Finally,
Sudakov [24] showed that the boundedness assumption can be discarded for all these
results.

It may be of interest to prove Theorem 2.7 directly without the use of the Kolomogorov
type criterion of Theorem 2.12.

The compactness result for Lp with p < 1 is due to Tsuji [28], whose paper is now
available via Internet. In his 1978 lectures in Yaroslavl′ university, the present author
proved this result by a new approach given in a general form in Proposition 3.1. This
was then extended in Nevskii’s PhD thesis to quasi-Banach Orlicz spaces [18]. In the
two cases, compactness was used to prove a Whitney type inequality. A version of this
inequality for Lp with p < 1 was recently proved in [9, Appendix] by the use of the very
same compactness approach.
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4.3. The class of B-lattices in Theorems 2.7 and 2.12 can be widened substantially for
those with bounded support; actually, the following is true in this case.

Theorem 2.7′. Let X be a Banach lattice on R
d having bounded support and contained

between Lloc
∞ and Lloc. A subset Σ ⊂ X0 is precompact in this space if and only if Σ is

equicontinuous.

The only essential change in the proof is to define Tr by using the Riemann integral.
Since for f ∈ X0 the X-valued function y �→ f(·+y), y ∈ R

d, is continuous, this function
is Riemann integrable and, moreover,

‖Trf‖ ≤ 1

|Qr|

∫
Qr

‖τyf‖ dy

as is required in the proof of Theorem 2.12 (hence, Theorem 2.7) for this case.
Let, e.g., X = L∞. Then X0 is the space of uniformly continuous functions on R

d

vanishing outside suppX. For this case, Theorem 2.7′ gives a version of the Arzela–Ascoli
theorem with the boundedness condition replaced by

lim
x→∞

sup
f∈Σ

f(x) = 0.

4.4. A version of Theorem 2.7′ holds true for the spaces X(S), see (2.1′) for the defini-
tion, associated with a Banach lattice X on R

d, where S is a bounded Lipschitz domain.
In this case, the family {Tr} is defined by

Trf(x) :=
1

|Sr(x)|

∫
Sr(x)

f(y) dy, x ∈ S,

where Sr(x) := S ∩Qr(x).
However, boundedness is necessary in this version, as the example Σ = R shows.

The impossibility to apply now the Riesz–Schauder theory is caused by the existence of
nontrivial solutions (constants) for the key equation T 2

r f = f .

4.5. All of the basic notions of the present paper can easily be adapted to the more
general setting of a σ-compact Abelian group with the Haar measure. It can be verified
directly that all of the above proofs are valid for this case. In particular, in this way we
can obtain the following elegant Shilov criterion [23] for compact Abelian groups. The
initial proof requires some powerful means and results of harmonic analysis on compact
Abelian groups, presented in detail in [22].

4.6. Suppose (G,+) is a compact Abelian group with the Haar measure μH . Let Ch(G)
denote the set of continuous characters for G. A Banach space (X(G), ‖ · ‖) of complex-
valued μH -measurable functions on G is said to be homogeneous if the shifts τh : f �→
f( · + h), h ∈ G, are isometries of X(G) and for every f ∈ X(G) we have

lim
h→0

‖τhf − f‖ = 0.

We also assume that

(4.1) Ch(G) ⊂ X(G) ⊂ L(G,μH).

Then the following is true.

Theorem 4.1 (Shilov [23]). A subset Σ ⊂ X(G) is precompact in this space if and only
if Σ is bounded and equicontinuous.
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§5. Appendix

Since the paper [4] is now hardly available, we outline the proof of the Whitney type
inequality from there, based on a compactness argument.

Let (X, ‖ · ‖) be a quasi-Banach lattice on a cube Q ⊂ R
d. We say that X belongs to

the Arzela–Ascoli class (briefly, X ∈ AA) if every bounded equicontinuous subset of X
is precompact. For instance, the spaces N(X) of Theorem 2.9 are of this class.

To formulate the main result, we recall that the k-modulus of continuity for f ∈ X is
a function of t ∈ (0, diamQ

k ) given by

(5.1) ωk(f ; t) := sup
|y|≤t

∥∥(τy − 1)kf ;Qky

∥∥.
As above, here ‖·;S‖ is the trace quasinorm of X to a subset S ⊂ Q, Qky := {x ∈
Q ; [x, x + ky] ⊂ Q}, and |y| := max1≤i≤d |yi| (in particular, diamQ equals the side
length of Q).

Next, let Pl be the linear space of polynomials in x ∈ R
d of degree l, and let

(5.2) Ek(f) := inf
p∈Pk−1

‖f − p‖

be the best approximation of f by Pk−1|Q.
We assume that Pl with l < 0 is {0}, so that (5.2) is ‖f‖ if k = 0.

Theorem 5.1. Let X belong to AA and contain constants. For any k ∈ N, there is a
constant c = c(k, d, pX) > 1 such that for every f ∈ X we have

(5.3) Ek(f) ≤ cωk

(
f ;

diamQ

k

)
.

Remark 5.2. We recall that pX := (log2 cX + 1)−1, where cX is the infimum of the
constants c in the inequality ‖f + g‖ ≤ c(|f‖+ |g‖). In particular,

(5.4) ‖f‖∗ ≤ ‖f‖p ≤ 4‖f‖∗

for 0 < p < pX , where ‖ · ‖∗ is the lattice p-norm on X defined in Proposition 1.3.

Proof. By (5.4) and definitions (5.1) and (5.2), we can and do assume that ‖ · ‖ is a
p-norm. In particular, this implies the inequality

(5.5) |Ek(f)− Ek(g)| ≤ Ek(f − g)

and the p-homogeneity of Ek and ωk with respect to f .
Assume to the contrary that (5.3) is not true. Then there exists a sequence {fn}n∈N

in X such that

(5.6) Ek(fn) = 1, ωk

(
fn;

diamQ

k

)
≤ 1

n
, n ∈ N;

here we use the p-homogeneity of these functionals.
Let pk(f) be an optimal polynomial of degree k−1 in (5.2). Setting gn := fn−pk(fn)

and observing that (τy − 1)k annihilates Pk−1, from (5.6) we deduce that

(5.7) ‖gn‖ = 1, ωk

(
gn;

diamQ

k

)
≤ 1

n
, n ∈ N.

Since ωk is monotone nondecreasing in t, the inequality implies that

(5.8) lim
t→0

sup
n

ωk(gn; t) = 0.

From this we derive that (5.8) is true for k = 1 as well.
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Lemma 5.3 (Marchaud inequality). There is a constant c = c(k, p) > 1 such that

(5.9) ω1(f ; t) ≤ ct

(∫ diamQ
k

t

ωk(f ; s)

s2
ds+ ‖f‖

)
, t ∈

(
0,

diamQ

k

)
.

For the Banach case (here p = 1) the proof is based on the Marchaud identity, triangle
inequality, and the homogeneity of the norm, see, e.g., [17, Subsection 2.8]. In our case,
‖ · ‖ is p-homogeneous and so the constant in (5.9) depends also on p.

Corollary 5.4.
lim
t→0

sup
n

ω1(gn; t) = 0.

Proof. Set
ηk(t) := sup

n
ωk(gn; t).

By (5.9),

η1(t) ≤ ct

(∫
s≥t

ηk(s)

s2
ds+ sup

n
‖gn‖

)
= ct+ ct

∫
s≥t

ηk(s)

s2
ds.

Since ηk(t) → 0 as t → 0, the second term tends to 0 as t → 0. �
This and the identity in (5.7) imply that {gn}n∈N is bounded and equicontinuous in

X ∈ AA, hence, is precompact. Changing enumeration, we may assume that {gn}n∈N

converges to some g in X. Using (5.5) and a similar inequality for ωk with g and gn and
passing to the limit in (5.7) as n → ∞, we get

(5.10) Ek(g) = ‖g‖ = 1 and ωk

(
g;

diamQ

k

)
= 0.

We show that the second identity here implies that g ∈ Pk−1, in contradiction to the
first identity.

Lemma 5.5. If ωk

(
g; diamQ

k

)
= 0, then g ∈ Pk−1|Q.

Proof. Since X ⊂ L0(Q), the assumption implies that

(5.11) Δk
hg(x) = 0 a.e. on Qkh

for every h. By the definition of Δk
h, this yields

(5.12) |g(y)| ≤
k∑

j=1

(
k

j

)
|g(y + jx)|

a.e. for x belonging to the set

(5.13) Q[k, y] := (k−1(Q− y)) ∩Q.

Now, by Kalton’s result [10, §8], every p-Banach lattice embeds continuously into the
Marcinkiewicz–Lorentz space Lp∞. Hence, X embeds continuously into any Lq(Q) with
0 < q < p; in particular, we can integrate (5.12) in x with power q. This implies

|g(y)| · ‖�Q[k,y]‖q ≤ c(q, k)
k∑

j=1

{∫
Q[k,y]

|g(y + jx)|q dx
} 1

q

.

Setting z = y + jx in the jth term and observing that z ∈ Q if x ∈ Q[k, y], we get

(5.14) ‖�Q[k,y]‖q|g(y)| ≤ c(q, k)

( k∑
j=1

j−d/q

)
‖g‖q ≤ c(q, k,X)

( k∑
j=1

j−d/q

)
‖g‖;

in the last inequality we have used the continuous embedding of X into Lq(Q).
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Next, assume without lost of generality that Q := [−1, 1]d. Given a vertex ε ∈
{−1, 1}d of this cube, let Qε be a subcube of Q containing 0 and ε as its vertices. Direct
computation shows that Q[k, y] contains a cube of volume k−d. Hence, the factor on the
left-hand side of (5.14) is at least k−d/q. Therefore, (5.14) implies

|g(y)| ≤ c(q, k,X)‖g‖, y ∈ Qε a.e.

Moreover, the union of the cubes Qε equals Q, whence g ∈ L∞(Q).
Finally, using this and (5.11), we write

‖Δk
hg;Qkh‖1 = sup

ϕ∈L∞(Qkh)

∣∣∣∣
∫
Qkh

(ϕΔk
hg) dx

∣∣∣∣ = 0.

Since inequality (5.3) is true for X = L(Q), see [3], we get

Ek(g) ≤ c(k, d) sup
h

‖Δk
hf ;Qkh‖1 = 0

for this space, i.e., g ∈ Pk−1|Q as required. �

Since the last lemma and (5.10) lead to a contradiction, Theorem 5.1 is proved. �
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