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TROPICAL SEMIMODULES OF DIMENSION TWO

YA. SHITOV

Abstract. The tropical arithmetic operations on R are defined as a⊕ b = min{a, b}
and a ⊗ b = a + b. In the paper, the concept of a semimodule is discussed, which
is rather ill-behaved in tropical mathematics. The semimodules S ⊂ R

n having
topological dimension two are studied and it is shown that any such S has a finite
weak dimension not exceeding n. For a fixed k, a polynomial time algorithm is
constructed that decides whether S is contained in some tropical semimodule of
weak dimension k or not. This result provides a solution of a problem that has been
open for eight years.

§1. Introduction

In tropical mathematics, the main object of study is the tropical semiring, that is,
the set R of real numbers equipped with the tropical arithmetic given by the operations
a ⊕ b = min{a, b} and a ⊗ b = a + b. The relationships between the usual and tropical
mathematics can be described in terms of the Maslov dequantization [11]. Tropical meth-
ods are useful in various applications related to algebraic geometry [13], combinatorial
optimization [2], discrete event systems [9], etc. In this paper, we study the concept of a
tropical semimodule, which is a tropical generalization of the classical notion of a linear
space over a field.

There are a number of different important but nonequivalent ways to define the di-
mension of a tropical semimodule. The topological approach leads to the notion of the
tropical rank, useful for various problems of geometry over fields with non-Archimedean
valuation [6]. One can also define the dimension as the smallest cardinality of a gener-
ating set, and this approach leads to the study of tropical matrix factorizations (which
are helpful for certain problems in combinatorial optimization [3]) and has interesting
applications in computational biology [4]. In the paper, we investigate these two concepts
of dimension and the relationships between them. To give a precise definitions of the
notions under discussion, let us specify the notation to be used throughout the paper.

We denote the (i, j)th entry of a matrix A by Aij , the submatrix of A formed by the
rows with labels r1, . . . , rp and columns with c1, . . . , cq by A[r1, . . . , rp|c1, . . . , cq], the ith
row vector of A by A(i), the jth column vector of A by A(j), and the transpose of A

by A�. We say that tropical matrices B,C ∈ R
m×n coincide modulo scaling if there

exist real numbers α1, . . . , αm, β1, . . . , βn such that Bij = Cij + αi + βj for all i and j.
The tropical operations with matrices and vectors are defined as the ordinary opera-

tions with + and · replaced by the tropical operations ⊕ and ⊗. In particular, a tropical
linear combination of vectors a1, . . . , an ∈ R

m is a vector of the form (λ1 ⊗ a1) ⊕ · · · ⊕
(λn ⊗ an), where λ1, . . . , λn ∈ R. The tropical linear span of vectors a1, . . . , an is the set
of all tropical linear combinations of these vectors.

A tropical semimodule S ∈ R
n (see [5]) is a subset closed under taking the tropical

linear combinations of vectors in S. The topological dimension [6] of S is the dimension
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of the set S ∈ R
n in the usual real topology. A finite subset B of S is called a weak

basis [14] of S if the tropical linear span of B is S and no vector in B can be expressed
as a tropical linear combination of the other vectors in B. If the tropical semimodule S
has a weak basis B, then every weak basis of S coincides with B up to scaling, and the
cardinality of B is then called the weak dimension of S (see [14]).

The concept of the topological dimension is always well defined and makes sense for
every tropical semimodule. Unfortunately, the same is not true for the weak dimension,
and the following example provides us with a semimodule whose weak dimension is
undefined.

Example 1.1 (see [1, Example 2.14]). The tropical semimodule generated by vectors
(−r, 0, r) ∈ R

3 (with r running over R) has no finite weak basis.

Example 1.1 shows that the concept of the weak dimension is rather ill-behaved, even
if the topological dimension does not exceed three. Since the case of dimension one is
trivial, we restrict our attention to semimodules of topological dimension not exceeding
two. It turns out that with such a restriction, the semimodules demonstrate a much better
behavior and their generating sets share a number of properties common with those of
linear spaces over fields. In particular, we shall show that every tropical semimodule
S ⊂ R

n has a weak basis of cardinality not exceeding n if the topological dimension of
S does not exceed two. We also discuss algorithmic issues in the present paper, and
we are interested in whether or not S is contained in some tropical semimodule of fixed
weak dimension k. We show that this problem can be solved in polynomial time, for any
fixed k. We also discuss the linear algebraic consequences of our results.

§2. Preliminaries

Now, we provide a linear algebraic background of our considerations. The weak ap-
proach to defining concepts of dimension is related to the problem of factoring tropical
matrices. This problem asks whether a given tropical matrix can be expressed as the
product of an m-by-k and a k-by-n tropical matrix, for a given integer k. We introduce
a precise definition of the concept of the factor rank, which emphasizes the essence of the
problem in question and is also known as the combinatorial rank [3] and the Barvinok
rank [6].

Definition 2.1 (see [1]). The factor rank of a tropical matrix A ∈ R
m×n is the smallest

integer k for which there exist tropical matrices B ∈ R
m×k and C ∈ R

k×n satisfying
B ⊗ C = A.

The following well-known characterization of the factor rank follows directly from the
definitions and will be useful for our considerations.

Lemma 2.2 (see [6]). The factor rank of a tropical matrix A ∈ R
m×n is the smallest

cardinality of a set α whose tropical linear span contains the columns of A.

In other words, the factor rank of a tropical matrix equals the smallest possible weak
dimension of a semimodule containing the columns of A. Note that the word columns in
Lemma 2.2 can be changed to rows because the factor rank is invariant under transposi-
tion. On the other hand, in general, the weak dimensions of the semimodules generated
by the rows and columns of a given matrix are not the same, as the following example
shows.
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Example 2.3 (see [1, Example 7.12]). The tropical semimodule spanned by the rows of
the matrix

A =

⎛
⎜⎜⎝
1 0 1
1 1 0
0 0 1
0 1 0

⎞
⎟⎟⎠

has weak dimension 4, while the columns of A span that of weak dimension 3.

The topological approach to defining the dimension leads one to the concept of the
tropical rank, equal (see [6]) to the topological dimension of the tropical linear span of
the rows of a matrix. The tropical rank admits a useful equivalent [6] combinatorial char-
acterization [6], which can be described as follows. First, define the tropical permanent
(also called the tropical determinant) of a tropical matrix D ∈ R

n×n as

(2.1) perm(D) = min
σ∈Sn

{
D1,σ(1) + · · ·+Dn,σ(n)

}
,

where Sn stands for the symmetric group on {1, . . . , n}. D is said to be tropically singular
if the minimum in (2.1) is attained at least twice. The tropical rank of a tropical matrix
A is the largest integer r such that A has a non-singular r-by-r submatrix.

It is easy to check that a tropical matrix has tropical rank one if and only if it has
factor rank one (see [6]). It was also shown in [6] that the factor rank of a tropical
matrix is always greater than or equal to its tropical rank. On the other hand, the
following example shows that the factor rank can be arbitrarily large even for matrices
with tropical rank two (in what follows, such matrices are simply called tropical rank-two
matrices). We denote by �x� the smallest integer greater than or equal to x and by �x	
the largest integer not exceeding x.

Example 2.4 (see [6, Proposition 2.2]). Let n ≥ 2 be an integer; consider the matrix

Cn =

⎛
⎜⎜⎜⎜⎜⎝

a 0 0 . . . 0
0 a 0 . . . 0
0 0 a . . . 0
...

...
...

. . .
...

0 0 0 . . . a

⎞
⎟⎟⎟⎟⎟⎠

with a > 0. Then the tropical rank of Cn equals 2, and the factor rank equals the smallest
integer k for which n ≤ k!

� k
2 �!�

k
2 �!

.

The computational problems related to tropical factorizations are also very interesting.
In [3], Barvinok asked a question about the existence of a polynomial algorithm checking
whether a given matrix has factor rank equal to a fixed integer k. In general, the answer
is “no” even for k = 7 (see [12]), and a version of this question restricted to matrices
of small tropical rank was proposed in [6]. The case of tropical rank-one matrices is
trivial [6], so in fact, the easiest interesting special case is that of matrices with tropical
rank two. Even in this special case, the problem remained open. Develin, Santos, and
Sturmfels ask Question (3b) in Section 8 of [6] as to whether a polynomial algorithm
for factor rank exists or not if a given matrix is restricted to be of tropical rank not
exceeding two.

Problem 2.5. Fix an integer k. Given a matrix A with tropical rank not exceeding two,
does there exist an algorithm deciding whether A has factor rank equal to k or not in
polynomial time?

In this paper we give a positive answer to this question. On the other hand, the
problem mentioned seems to be hard from a practical point of view. In particular, the
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algorithm presented in our paper for solving Problem 2.5 requires an amount of time
triply-exponential in k and is not indeed practical even for relatively small values of k.

The paper is organized as follows. In §3 we provide a useful characterization of rank-
two matrices up to scaling, and deduce a corollary that any tropical semimodule S ⊂ R

n

has a finite basis if S has topological dimension 2. In §4, we provide a lower bound for
the factor rank and discuss computational problems. In particular, we give a positive
solution to Problem 2.5. We also show that a decision of whether or not a tropical two-
dimensional semimodule S is contained in some tropical semimodule of weak dimension
k can be made in polynomial time, for every fixed k.

§3. A general form of rank-two matrices and bases of semimodules

In this section we describe a general form of a tropical rank-two matrix, and then
show that every tropical semimodule S ⊂ R

n with topological dimension not exceeding 2
has a generating set of cardinality at most n. Let us introduce the concept of a standard
tropical rank-two matrix, which will be important for our characterizations.

Definition 3.1. A tropical matrix A ∈ R
n×n is called a standard rank-two matrix if

either n = 1, or A is a block matrix
(
A′ J1

J2 A′′

)
with A′ and A′′ standard rank-two matrices

and J1 and J2 having all their entries equal to a real α which is the smallest entry in A.

Remark 3.2. It is not hard to check that standard rank-two matrices indeed have tropical
ranks equal to 2 (with the only exception for a matrix whose all entries are equal, which
is rank-one), but we do not present the proof because, in fact we do not need that result
in our further considerations.

We proceed with a key lemma of the present section. Our technique generalizes that
developed in Section 6 of [6] for dealing with tropical rank-two matrices. Recall that we
denote by A(i) and A(j) the ith row and jth column of a matrix A, respectively.

Lemma 3.3. Let A ∈ R
n×m be a matrix whose minimal entry appears in every row

and every column, and let J(t) denote the vector consisting of t zeros. Assume that

A(i)⊕ c⊗J(m) = A(i′) implies i = i′ for any c ∈ R, and also that A(j)⊕ c⊗J(n) = A(j′)

implies j = j′ for any c. If the tropical rank of A does not exceed two, then there are
permutations of rows and columns on A such that the resulting matrix A is a standard
rank-two matrix in which Aii is a unique maximal element of both the ith row and ith
column.

Proof. For n = 1, the result is trivial, so we assume that n > 1 and proceed by induction
on n. Let α be the smallest number appearing in A. Up to permutations of rows and
columns, we may assume that J1 = A[1, . . . , p | q + 1, . . . ,m] is a maximal by inclusion
submatrix consisting entirely of the α’s.

Step 1. If q = 0, then we have A(1) = A(2)⊕α⊗J(m), which contradicts the assumption
of the lemma. Therefore, we have q > 0 and, similarly, p < n.

Step 2. Suppose that Ai′j′ > α, for some i′ > p and j′ ≤ q. Since J1 is maximal by
inclusion, there are i′′ ≤ p and j′′ > q satisfying Ai′′j′ > α and Ai′j′′ > α. By the
assumption of the lemma, for some i′′′ and j′′′ we have Ai′′′j′ = Ai′j′′′ = α, in which case
the matrix A[i′, i′′, i′′′ | j′, j′′, j′′′] is tropically nonsingular, a contradiction.

So, we have A =
(
A′ J1

J2 A′′

)
with every entry of J1 and J2 equal to α.

Step 3. Assume that Ai1j1 = β is a minimal number appearing in A′ (that is, minimal
over all i1 ≤ p and j1 ≤ q). Suppose that there is i2 ≤ p such that Ai2j2 > β for every
j2 ≤ q. By the assumption of the lemma, there is j3 for which Ai1j3 �= Ai2j3 ⊕ β, so that
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j3 ≤ q and Ai1j3 > β. Now the matrix A[i1, i2, n|j1, j3,m] is tropically nonsingular, a
contradiction.

Therefore, every row (and, by a similar argument, every column) of A′ has an entry
equal to β.

Step 4. Assume that there are c ∈ R and different i1, i2 ∈ {1, . . . , p} such that Ai1j′ ⊕c =
Ai2j′ for every j′ ≤ q. Then c ≥ α because Ai2j′ ≥ α, and so Ai1j ⊕ c = Ai2j for all
j ∈ {1, . . . ,m}, because for j′′ > q we have Ai1j′′ = Ai2j′′ = α. This contradicts the
assumption of the lemma.

So, we see that A′
(i1)

⊕ c ⊗ J(q) = A′
(i2)

is possible only if i1 = i2. Similarly, we can

show that A′(j1) ⊕ c⊗ J(p) = A′(j2) can be satisfied only if j1 = j2.

Step 5. Steps 3–4 show that the matrix A′ (and thus also A′′, by symmetry) satisfies the
assumptions of the lemma. So we can use the inductive hypothesis for the matrices A′

and A′′. Therefore, we may assume that A′ and A′′ are standard rank-two matrices, and
also that Ai′i′ (for i′ ≤ p) is a unique maximum of the i′th row and i′th column of A′,
and that Ai′′i′′ (for i

′′ > p) is a unique maximum of the i′′th row and i′′th column of A′′.

Step 6. Step 5 completes the proof of the lemma unless either A′ or A′′ is a 1-by-1 matrix
with entry equal to α. If this happens for A′ (the case of A′′ is the same up to row and
column permutations), then we have A(1) = A(2) ⊕ α ⊗ J(m), which contradicts the
assumption of the lemma. �

Now we use Lemma 3.3 to obtain a characterization of general rank-two matrices.

Theorem 3.4. Let A ∈ R
n×m be a matrix with tropical rank not exceeding 2. Assume

that no row of A can be expressed as a tropical linear combination of other rows, and no
column of A is a tropical linear combination of other columns. Then there is a standard
rank-two matrix A equal to A up to scaling and permutations of rows and columns and
such that Aii is a unique maximal element of both the ith row and ith column of A.

Proof. Step 1. Over all j ∈ {1, . . . ,m}, we subtract A1j from every entry of the jth
column of A, and so assume without loss of generality that A1j = 0 for all j. Further, we
can assume also that A is nonnegative and that zero appears in every row, by subtracting
the minimal entry of the ith row of A from every entry of that row.

Step 2. In particular, for every i1 > 1 there is j1 = j1(i1) satisfying Ai1j1 = 0. If also
Ai2j1 > 0 for some i2, Step 1 allows us to find j2 for which Ai2j2 = 0.

Since the tropical sum of the rows from the second to last cannot be equal to the
first row by the assumption of the theorem, we see that there is a j3 for which Aij3 > 0
unless i = 1. Now we see that the matrix A[1, i1, i2|j1, j2, j3] is tropically nonsingular, a
contradiction.

Step 3. Therefore, the column with index j1 = j1(i1) consists entirely of zeros. Since the
columns of A are not allowed to coincide, we have Ai′j′ > 0 unless i′ = 1 or j′ = j1. In
other words, up to permutations of rows and columns we have

(3.1) A =

⎛
⎜⎜⎜⎝

a 0 . . . 0
0
... A′

0

⎞
⎟⎟⎟⎠ ,

where a = 0 and the entries of A′ are positive.
By adding a sufficiently small ε > 0 to every entry of the first row and then subtracting

ε from every entry outside the first column, we can further assume that in fact a > 0
in (3.1).
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Step 4. Consider some c ∈ R and a pair of different i′ and i′′. If i′′ = 1, then by (3.1) we
have Ai′1 < Ai′′1, so that Ai′1 ⊕ c ⊗ J(m) �= Ai′′1. Therefore, A(i′) ⊕ c ⊗ J(m) = A(i′′)

can be true only when i′′ �= 1, but then A(i′) ⊕ c ⊗ A(1) = A(i′′) which contradicts the
assumption of the theorem.

Similarly, we can show that A(j′) ⊕ c ⊗ J(n) = A(j′′) cannot occur for different j′

and j′′. Thus, the matrix A satisfies the assumptions of Lemma 3.3, and the result
follows. �

We point out an interesting corollary of Theorem 3.4.

Corollary 3.5. Let v1, . . . , vm be vectors in R
n whose tropical linear span has topological

dimension not exceeding two. If no vector among v1, . . . , vm can be expressed as a tropical
linear combination of the other vectors, then m ≤ n.

Proof. Let V be an n-by-m matrix whose ith column is the vector vi. Assume that the
rows of V with indices in a set I ⊂ {1, . . . , n} contain all the rows of V in their tropical
linear span; assume also that I is also a minimal set having this property. Then no row of
the matrix V ′ formed by the rows of V indexed with the elements of I is a tropical linear
combination of the other its rows. Next, if there is j such that

⊕
j′ 	=j(λj′ ⊗ Vij′) = Vij

for every i ∈ I, then these identities can be summed over I with certain coefficients
to obtain

⊕
j′ 	=j(λj′ ⊗ Vi′j′) = Vi′j for any i′ /∈ I as well. This means that vj is a

linear combination of other vectors among v1, . . . , vm, and this is impossible by the
assumption of the corollary. Therefore, no column of V ′ can be expressed as a tropical
linear combination of the other its columns. Finally, the tropical rank of a matrix equals
the topological dimension of the tropical linear span of its rows by [6, Theorem 4.2],
whence V ′ has tropical rank not exceeding 2. We see that V ′ satisfies the assumptions
of Theorem 3.4, so that m equals the cardinality of I. �

Now we can show that every tropical semimodule S ⊂ R
n has a basis of cardinality

not exceeding n if the topological dimension of S does not exceed 2.

Theorem 3.6. Let S ⊂ R
n be a finitely generated tropical semimodule whose topological

dimension does not exceed 2. Then S has a generating family of cardinality at most n.

Proof. Every such semimodule has a minimal generating set G, see [10, p. 153]. By
Corollary 3.5, G cannot have cardinality greater than n. �

§4. A lower bound for factor rank and computational issues

In this section we prove that the factor rank of a tropical n-by-n rank-two matrix A is
bounded from below by the minimal number k satisfying n ≤ 2(k+2)!, provided no row of
A is a tropical linear combination of the other its rows and no column of A is a tropical
linear combination of the other its columns. We also present an algorithm checking
whether or not the factor rank of a tropical rank-two matrix equals a fixed integer, and
moreover, doing this in time polynomial in the size of the matrix. For the proof of our
lower bound, the following special standard rank-two matrices will be helpful.

Definition 4.1. We say that a matrix U ∈ R
n×n is a uniform tropical rank-two matrix

if there is a real α such that Uij = α if i �= j and Uij > α otherwise.

Definition 4.2. Let α = (α1, . . . , αn) and β = (β1, . . . , βn) be two real sequences sat-
isfying α1 > · · · > αn and αi < βi for every i. With these sequences, we associate the
telescopic tropical rank-two matrix S = S(α, β) ∈ R

n×n defined by Sij = min{αi, αj} if
i �= j and Sij = βi otherwise.

First, we prove lower bounds on the factor rank for uniform and telescopic matrices.
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Lemma 4.3. Assume that the factor rank of a uniform rank-two matrix of order n does
not exceed k. Then n ≤ k!

� k
2 �!�

k
2 �!

.

Proof. For n = 1 the result is trivial, so we assume that n ≥ 2. Let U be a matrix as
in Definition 4.1; up to scaling we may assume that α = 0. Denote by a the minimal
diagonal entry of U and consider the matrix C occurring in Example 2.4. Let D be a
matrix such that Dij = a if i �= j and Dij = 0 otherwise. The relation D⊗U = C shows
that the factor rank of U is at least that of C, and the result follows. �

Lemma 4.4. Assume that the factor rank of a telescopic matrix of order n does not
exceed k. Then n ≤ k!

Proof. The result is easy for k = 1; we assume that k > 1 and proceed by induction.
Suppose by contradiction that our result is false, then there is a telescopic matrix S =
S(α, β) of order n = k! + 1 and with factor rank not exceeding k. In other words, then
we have S = A⊗B for some A ∈ R

n×k and B ∈ R
k×n.

Step 1. Let λt denote min{A1t, . . . , Ant} − α(n). Since the tropical sum of the rows of
S is the vector (α(n), . . . , α(n)), we have

(4.1) min{λ1 +B1j , . . . , λk +Bkj} = 0 for every j ∈ {1, . . . , n}.

For every t ∈ {1, . . . , k}, denote by Λt the set of all j ∈ {1, . . . , n} for which λt + Btj is
minimal over {λ1+B1j , . . . , λk+Bkj}; then Λ1∪· · ·∪Λk = {1, . . . , n}. By the pigeonhole
principle, there is Λτ of cardinality n′ ≥ (k − 1)! + 1. From (4.1) it also follows that
Bτ,j = −λτ for every j ∈ Λτ .

Step 2. Assume that mint	=τ{Ait + Btj} �= Sij for some different i, j ∈ Λτ . Then, since
S = A⊗B, we have Aiτ +Bτj = Sij = min{α(i), α(j)} ≤ α(i). By the result of Step 1,
we obtain Aiτ + Bτi ≤ α(i) < β(i) = Sii, a contradiction with S = A ⊗ B. So we see
that mint	=τ{Ait +Btj} = Sij for all different i and j in Λτ .

Step 3. Let A′ denote the matrix formed by the rows of A indexed with the elements
of Λτ and the columns having indices different from τ ; let B′ be the matrix formed by
the columns of B indexed with the elements of Λτ and the rows having indexes different
from τ ; and let S′ denote their tropical product A′ ⊗ B′. In these terms, the result of
Step 2 means that S′

i′j′ = min{α(i′), α(j′)}, for different i′ and j′. We also note that

Si′i′ = min
t	=τ

{Ait +Bti} ≥ min
t
{Ait +Bti} = Sii > α(i),

so that, in fact, S′ is a telescopic matrix. By the result of Step 1, the order of S′ is at
least (k − 1)! + 1, and since S′ = A′ ⊗ B′, the factor rank of S′ does not exceed k − 1.
This contradicts the inductive assumption, completing the proof. �

It will be useful to characterize the structure of standard rank-two matrices in terms
of telescopic and uniform submatrices.

Lemma 4.5. Suppose that A is a standard rank-two matrix having order n and satis-
fying Aii > max{Aij , Aji} for every different i and j. Assume A contains no uniform
submatrix of order greater than u and no telescopic submatrix of order greater than t.
Then n ≤ ut.
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Proof. By the definitions, we have

A =

⎛
⎜⎜⎜⎜⎜⎝

A1 J12 J13 . . . J1s
J21 A2 J23 . . . J2s
J31 J32 A3 . . . J3s
...

...
...

. . .
...

Js1 Js2 Js3 . . . As

⎞
⎟⎟⎟⎟⎟⎠

,

where every entry of the standard rank-two matrices A1, . . . , As is greater than a real α
and every entry outside A1, . . . , As is equal to α. Note that s ≤ u because otherwise A
has a uniform submatrix of order u + 1. If t = 1, then every Ai has size 1 × 1, and the
result follows. Otherwise, we assume that t > 1 and proceed by induction on t.

Should A[r1, . . . , rt | c1, . . . , ct] be a telescopic submatrix of Ai, we would take an i′ that
is not a row index for Ai, obtaining a telescopic submatrix A[r1, . . . , rt, i

′ | c1, . . . , ct, i′]
of A. Therefore, every Ai has no telescopic submatrix of order greater than t − 1, and
by induction, Ai has size not exceeding ut−1. �

Now we can prove a lower bound for the factor rank.

Theorem 4.6. Suppose a matrix A ∈ R
n×m has factor rank not exceeding k and tropical

rank not exceeding two. If no row of A can be expressed as a tropical linear combination of
the other rows, and no column of A is a tropical linear combination of the other columns,
then m = n ≤ 2(k+1)!.

Proof. By Theorem 3.4, there is no loss of generality in assuming that A is a standard
rank-two matrix such that Aii is a unique maximal element of both the ith row and
ith column of A. Next, should A have a telescopic submatrix of order greater than k!,
then A would have factor rank greater than k by Lemma 4.4. Similarly, A has no
uniform submatrix of order greater than 2k by Lemma 4.3. Now the result follows from
Lemma 4.5. �

The following corollary, relating the factor rank of submatrices to the factor rank of
the entire matrix will be a key for our algorithmic results.

Corollary 4.7. Let A be a matrix with tropical rank not exceeding two and factor rank
greater than k. Then A contains an n-by-m submatrix with factor rank exceeding k such
that max{n,m} ≤ 2(k+2)!.

Proof. By Lemma 2.2, removing the row of a matrix may either decrease the factor rank
by 1 or leave the factor rank unchanged. So, A has a submatrix A′ with factor rank
equal to k + 1. Note that removing a row that is a tropical linear combination of the
other rows of a matrix will not change the factor rank by Lemma 2.2. Therefore, we
can find a submatrix A′′ (with the same factor rank as that of A′) in which no row
can be expressed as a tropical linear combination of the other rows, and no column of
A′′ is a tropical linear combination of the other columns. Now the result follows from
Theorem 4.6. �

Now we are ready to provide a positive solution to Problem 2.5. We can construct an
algorithm which is given a tropical rank-two matrix A and checks whether or not A has
factor rank equal to an integer k in time polynomial in the size of a matrix, for every
fixed k.

Theorem 4.8. Fix an integer k. A decision whether or not a given matrix A ∈ R
m×n

with tropical rank not exceeding 2 has factor rank equal to k can be made by a polynomial-
time algorithm.



TROPICAL SEMIMODULES OF DIMENSION TWO 349

Proof. By Corollary 4.7, it suffices to compute the factor ranks of submatrices of A
having at most 2(k+2)! rows and at most 2(k+2)! columns, so that the number of those

submatrices does not exceed (mn +m + n + 1)2
(k+2)!

. The factor rank of each of those
submatrices can be computed in time bounded as a function of k thanks to the quantifier
elimination algorithm for the first-order theory of real addition with the order, see [8]. �

In the following corollary, we assume that a tropical semimodule is defined by its
generating family of cardinality not exceeding n. In fact, such a generating family exists
for any semimodule of topological dimension two, see Theorem 3.6.

Corollary 4.9. Fix an integer k. Given a family v1, . . . , vm of vectors generating a
tropical semimodule S of topological dimension not exceeding two, it can be decided in
polynomial time whether or not S is contained in a tropical semimodule of dimension k.

Proof. By Lemma 2.2, we need to check whether the matrix whose columns are v1, . . . , vm
has factor rank not exceeding k. Thus, the result follows from Theorem 4.8. �

As a final remark, we note that Theorem 4.8 admits no generalization to matrices of
arbitrary tropical rank. In fact, it is an NP-hard problem [12] to decide whether or not
the factor rank equals 7 even if a given matrix has tropical rank not exceeding 7.
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