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ABEL AND TAUBERIAN THEOREMS FOR INTEGRALS

A. F. GRISHIN AND I. V. POEDINTSEVA

ABSTRACT. A new method is suggested for obtaining Abel and Tauberian Theorems
for integrals of the form fooo K(%) du(t). Tt is based on properties of limit sets for
measures. Accordingly, a version of Azarin’s cluster set theory for Radon measures
on the half-line (0,00) is created. Theorems of new sort are proved, in which the
asymptotic behavior of the above integrals is described in terms of cluster sets for
. With the use of these results and a stronger version (also proved in the paper) of
Karleman’s well-known analytic continuation lemma, the second Tauberian theorem
by Wiener is refined considerably.
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§1. PREFACE

Since a proximate order occurs in the most part of the statements presented here, we
begin with some notation and relevant facts.

Proximate orders p(r) play an important part in the theory of Abel and Tauberian
theorems, in the growth theory for subharmonic functions, and in probability theory.
If p(r) is a proximate order, then the function V(r) = r#(") is a Karamata function of
slow regular variation. Some properties of a proximate order were discussed in [I]. The
more resent book [2] is an encyclopaedic treatise on regularly varying functions and their
applications.

Before the formal definition of a proximate order, the reader may assume that V(r) =
rPa(r),

(0%

o(r) = lna(fr), r>1,
n* e re(0,1),
where p and « are arbitrary real numbers.

Let p = p(00) = lim,_,o0 p(r). Putting

(1.1) ~(t) = sup ——+=
we clearly have V(rt) < tPv(¢t)V (r) for r > 0 and ¢ > 0.
2010 Mathematics Subject Classification. Primary 40E05; Secondary 30D20.
Key words and phrases. Valiron’s proximate order, Radon measure, Azarin’s cluster set for a measure,

Azarin’s regular measure, Wiener Tauberian theorem.

©2015 American Mathematical Society
357


http://www.ams.org/spmj/
http://www.ams.org/jourcgi/jour-getitem?pii=S1061-0022-2015-01343-5

358 A. F. GRISHIN AND I. V. POEDINTSEVA

In Theorem [@ (in the Preface we use the same enumeration of statements as in the
main text) it will be proved that (¢) is a continuous function with
In~(t Iny (1

— =0,

t—oo Int t—oo Int

This theorem is a slight refinement of Potter’s result in [3] and lightens its statement.
It is an important tool for handling proximate orders. In what follows, we do not denote
any other functions by ~(t) .

Now, we define two classes of Radon measures on (0,00). We shall mainly deal with
measures of these classes here.

Let M. (p(r)) denote the class of Radon measures on (0, 00) that obey the inequality

|l ([r, er])
Sup ————~— <
=1 V()
Next, M(p(r)) will denote the class of Radon measures on (0,00) that obey the in-
equality
lrer)) _

S0 V()
If
1i£11ﬁ$£p —|M|Ef[i;§r]) € (0,00),

then the proximate order p(r) will be called a prozimate order for the measure p, and the
number p = p(co) will be called the order of p. Thus, Radon measures of an arbitrary
real order can be considered.

In accordance with Azarin’s ideas, the cluster set Fr[u] = Fr[p(r),pu] of a Radon
measure is defined to be the set of all measures v of the form v = lim,,_, ¢, , where
t, — oo and p; is defined by the formula

p(tE)
The relation v = lim,,_, o p+, means that the sequence py, converges coarsely to v. The
coarse convergence will be defined in §3.

It can be shown that if u € M (p(r)), then the set Fr[u] possesses the properties
listed in the corresponding theorem by Azarin, see [4]. These properties are also listed
in Theorem of the present paper. Azarin only considered positive measures on R";
he defined a proximate order of a measure in a somewhat different way, applicable only
when p > 0. In this case, our definition of a proximate order is equivalent to Azarin’s
definition. It should also be noted that Azarin considered a convergence of measures
different from that used here.

A measure p is said to be (Azarin) regular if the cluster set Fru] consists of a unique
measure v. In this case, necessarily dv(t) = ct?~! dt (Theorem 27]).

The following notation will be adopted throughout the paper.

1. The function ¥(r) is defined by
e t
(1.2) U(r) = / K (L) du(r).
0

r
Sometimes a more informative notation (K, r) will be used in place of ¥(r).

2. J(r) = ﬁ\l’(r)

3. The measure s is defined by ds(t) = U(t) dt.

The symbol p(t) will denote the distribution function of a measure y, so that p((a,b]) =

p(b) — p(a).
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The cluster set of a function f in the direction r — oo (i.e., the set of limits
lim;, 00 f(n) as r, — o0) will be denoted by L(f, o).

A function f(r) is said to be compactly supported on (0, 00) if supp f C [a,b] C (0, 0).

The properties of Fr[u] have permitted us to prove several new theorems of Abel and
Tauberian type for integrals of the form (L2)).

Theorems of Abel type are those describing properties of W if y is given.

Theorems of Tauberian type are those describing properties of u on the basis of known
properties of W.

Many well-known theorems of Abel type claim that U(r) ~ BV (r) whenever p’'(t) ~
A@ (t = 00). See, for instance, the books [2] [5 [6] [7].

We state a simplest Abel type theorem of the present paper.

Theorem 31. Let u € Moo (p(r)), and let K be a continuous compactly supported kernel
on (0,00). Then

L(J,00) = {/OOO K@) dv(t) : ve Fr[,u]}.

Other Abel type theorems obtained here are analogs of Theorem [3T] which are proved
under various restrictions on K and u. Sometimes we lift the requirement that K be
compactly supported. In other, more complicated cases, we also lift the requirement that
K be continuous. In the general case, K is a Borel function on (0, c0).

An important distinction of the above results from the results known before should be
mentioned. In the latter, the case of a regular measure p was treated. In our results, a
much wider class of measures is studied. In particular, this is M. (p(r)) in Theorem [311

Without the assumption of continuity for K, the cluster set Fr[u] with an arbitrary
Radon measure p does not determine the set L(.J,00) any longer, as can be seen from
Theorem

An important new result is the statement that, for discontinuous K, the cluster set
Fr[u] determines the set Fr[s] uniquely. The involvement of the cluster set Fr[s] for the
measure s should be treated as an achievement of the paper. The next statement is
among our principal results. Recall that () is defined by (I1J).

Theorem 38. Let p(r) be an arbitrary prozimate order, and let i € M(p(r)). Suppose
that K is a Borel function on (0,00) such that t"~1y(t)K(t) € L1(0,00), and let ¥ be
defined by (L2). Then the measure s, ds(t) = ¥(t)dt, belongs to M(p(r) + 1), and

its cluster set Fr[p(r) + 1, s] consists of absolutely continuous measures whose densities

constitute the set
> t
K(—)dv(t) : F .
{[7&(E)avte) s v e miin}

In the case where our results yield L(J,00) = {0}, the question about the order of
growth of ¥(r) at infinity remains open.

Consider the case where the kernel K is infinitely differentiable on (0, c0) and com-
pactly supported. Then, along with ([2]), we have the following formulas for ¥(r):

(1.3) (1)L () = /oo K("H)(E)Fn(t) dt, n=0,1,...,
0 T
(t).

where Fy(t) = p(t), Fy (1) = F,

The question arises as to whether Theorem BIland formulas (3] allow us to determine
the order of growth of ¥(r) at infinity. This question will be treated in §4. The answer
is as follows. Often, the order can be determined, but there are various exceptional cases
in which the question lies beyond the scope of the present paper.

Now, we turn to Tauberian theorems. We recall the important Tauberian theorems
proved by Wiener.
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Theorem 1. Suppose F(z) € Li(—o00,00) with [ F(z)e~ "% dx # 0 for A € (—00,00),
and let g(x) be a bounded measurable function on the real axis. Let

oo

lim F(z—y)g(y)dy = A /jo F(y) dy.

r——+00 oo

Then for every H € Li(—00,00) we have

oo

lim H(z —y)g(y)dy = A [o H(y) dy.

r—r+00 oo

Denote by M the space of continuous functions F' on (—oo, 00) with the mixed norm

o

1Pl = Y max{|F(z)| : z € [n,n+1]}.

The next statement is often called Wiener’s second Tauberian theorem.
Theorem 2. Suppose that F' € M and ffooo F(x)e™*dx # 0 for A € (—o00,00). Let v

be a Radon measure on the real azis such that |v|([n,n + 1]) < B for every n, with B
independent of n. Let

Jim [ Pe-ya) =4[ P
Then for every H € M we have
oo [ee]
lim H(z—y)dv(y) = A/ H(y) dy.
T—+00 o o

It will be convenient for us to deal with the multiplicative version of Theorem
resulting from it by the change of variables y = Int in the integrals. We use also the
notation z = Inr, K(t) = 1F(—Int), du(t) = tdv(Int).

Let M; denote he space of function K continuous on (0, 00) and such that the series
S Kpe™ converges, where K,, = max{|K(x)| : z € [e",e" ]}

n—=—oo

Theorem 3. Suppose that K(t) € My satisfies [~ K(t)t*dt # 0, X € (—00,00). Let p
be a Radon measure on (0,00) such that |u|([e™, e"T1]) < Be™ for all integers n, with B
independent of n. Suppose that

1 (o)

lim K(f)dﬂ(t) :A/oo K(t) dt.
r 0

r—oo T Jo
Then for every Q € My we have
1 [ t o
lim - Q(-) du(t) = A/ Q(t) dt.
r 0

r—oo 1T Jq

The wording of Theorem [Blinherits Wiener’s wording of Tauberian theorems. However,
Theorem [ is equivalent to a statement in a more standard form specific for Tauberian
theorems.

Theorem 4. Suppose that K (t) € My satisfies [, K(t)t"™* dt # 0 for A € (—o0,00). Let
u be a Radon measure on (0,00) such that |u|([e",e"T1]) < Be™ for all integers n, with
B independent of n. Suppose also that the following limit exists:

r—00 T r

lim ! OOOK(t> du(t) = c.

Then the cluster set Fr[u] consists of a unique measure v, specifically, dv(x) = ﬁda:,
o = [0 K(t)dt.
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Theorem Ml is a trivial consequence of Theorems [ (it suffices to look at the precise
definition of the cluster set in the present paper, namely, at the explanation of the
meaning of the relation p;, — v). At the same time, Theorem [B] is a consequence of
Theorem @] and the corresponding Abel-type theorem.

Now, we analyze a Tauberian theorem proved in this paper.

Theorem 52. Let p(r) be an arbitrary prozimate order. Suppose that p is a Radon mea-
sure on (0, 00) belonging to M(p(r)) and K a Borel function on (0, 00) with "~ y(t)K (t)
€ L1(0,00). Suppose also that the function fooo K (t)tP=1+2 dt does not vanish on the real
azis. Let U(r) be defined by ([L2). If the measure s, ds(t) = U(t)dt, is regular with re-
spect to the prozimate order p(r)+ 1, then u is regular with respect to p(r). Moreover, if
Fr[s] consists of only one measure whose density is ct?, then Fr[u] reduces to the measure
whose density is ét”‘l, where ¢; = fooo K(t)tr—1at.

1. Theorem Hlis about the case of p(r) = 1, Theorem 52 is about a general proximate
order. However, even the partial case of Theorem 52 with p(r) = 1 is much stronger than
Theorem [l We comment on this case in detail.

2. The assumptions about K are relaxed considerably. We permit discontinuities and
local unboundedness of K. In Theorem ] it was required that K be continuous and the
series Zf;foo K,e" converge. In the partial case in question of Theorem 52, the last
requirement is relaxed to K (t) € L1(0, c0).

3. The requirement that the limit lim,_, o %\I'(r) should exist is replaced in the version
in quastion of Theorem 52 by, roughly speaking, the requirement that the limit

1 T
lim — /1 w(t) dt

r—oo T

should exist (see Theorem 29 and B0 for precise statements).

However, the conclusions of Theorem M and of the version in question of Theorem 52
are the same.

Also, Theorem 52 is a refinement of the result by Bingham, Goldie, and Teugels (see
[2, Subsection 4.9, Theorem 4.9.1]; it was also quoted in [7, Chapter 4, Theorem 9.3]).
Like Theorem 52, the theorem of Bingham, Goldie, and Teugels treats an arbitrary
proximate order. But, unlike Theorem 52, it treats only positive measures and requires
the finiteness of the mixed norm for K.

We say a few words about the proof of Theorem 52 and the proof of the uniqueness
of a solution of the integral equation

/Ooo K(;) dv(t) = cr?

with an unknown measure v. This is done by the Carleman method, but we must improve
Carleman’s analytic continuation lemma.

Also, a version of Theorem 52 will be proved where the function fooo K(ttP— 1+ qdt is
permitted to vanish on a finite set on the real axis.

Resorting to some repetition, we emphasize once again the following. We consider

integrals of the form
> t > t
/O K(5) ry . /O K (L) dutr).

Such integrals occur in the theory of growth of entire and subharmonic functions, in
probability theory, in the proofs Abel-type and Tauberian theorems, in operator theory.

In the majority of the preceding Abel-type theorems for such integrals, it was assumed
that f(t) ~ $V (1), u(t) ~ CV(t) (t — oo). We prove Abel-type theorems under the basic
assumption that u € Moo (p(r)).
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In the previous results of Abel and Tauberian type for the integrals fooo K (%) du(t),
the kernel K was subject to fairly strong restrictions. For instance, in Theorems 4.4.2
and 4.9.1 in [2] (which are most close to our results), it was required that K be continuous

and
o0

Z min (e 7", e”™) max |K(t)| < oo,
[em,ent1]

n=—oo
where o and 7 satisfy ¢ < p < 7 and p is the order of u. We relax this requirement to
K(t)tP~15(t) € L1(0,00). In their comments to Theorem 4.9.1 (Subsection. 4.9, item 2),
the authors of [2] wrote: “As to the continuity of K, no clear general method of lifting

this condition is apparent”.
In the majority of our proofs, we use the properties of cluster sets for measures. Earlier,

similar properties were used in the theory of growth for subharmonic functions.

§2. ON PROXIMATE ORDERS

Let f(r) be a positive function on (0, 00). Suppose we want to describe its asymptotic
behavior at infinity. An important numerical characteristic of f is its order p defined

by the formula
p = limsup m
r—00 nr
In general, p is an element of the extended real line [—o00, 00]. The relation p € (—o0, 00)
distinguishes an important class of functions called the functions of finite order. In the
sequel, we consider the functions of finite order only.
If p is the order of f and ¢ is an arbitrary strictly positive number, then

f(r)y <rPte r > R(e),
fry>rP=%, rekE,
where E is a certain unbounded set depending on ¢ and f. If, in a specific problem,

inequalities (24 are too rough, finer growth characteristics should be introduced.
The type of f at the order p is the quantity

o = limsup &
r—oo TP

(2.4)

The example of f(r) = Ar?(In(e+7))?, A > 0, 8 € (—o0, c0), shows that, for functions
of order p, the quantity ¢ can be an arbitrary element of the set [0, oc].

The functions f is said to be of minimal, normal, or maximal type at the order p if|
respectively, 0 = 0, o € (0,00), and 0 = c0. If 0 < oo, then for every £ > 0 we have

fr) <(o+e)?, r=R),

fry>(c—¢e)y?, rek,

where E is a certain unbounded set depending on f and e. Inequalities (2] are much
sharper than (24]).

We say that a function f(r) grows at infinity as ¢(r) if there are two constants a and b,
0 < a < b, with

(2.5)

f(r) <be(r), r>R,

f(r)>ap(r), rek,
where E is an unbounded set. If f(r) is of minimal type at the order p, then inequali-
ties (21 show that f(r) grows at infinity as .

The following problem, to be called Problem A, arises naturally in connection with
the said above. Indicate a class 2 that consists of fairly simple functions resembling r?
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and has the property that for every f of finite order there exists a function o(r) in A
such that f(r) grows at infinity as o(r).

We already know that the class consisting of only one function 7” does not fit. Let
Ing 7 be the kth iteration of the logarithm (for example, Inp 7 = Inlnr). We denote by
er the sequence defined by e; = e, exy1 = e*. It can be shown that the class consisting
of the functions

(2.6) o(r) =r"(In(r + ) ... (Ing(r + ex))**,

where k is an arbitrary positive integer, also does not fit. Clearly, the problem stated
above is nontrivial. A way to its solution was indicated by Valiron, see [§].

A locally absolutely continuous function p(r) on (0, 00) is called a prozimate order (in
the sense of Valiron) if

1) Timy., o p(r) = p(00) = p € (=00, 00);

2) lim, , yoorInrp’(r) = 0.

Note that p/(r) is understood as a derivation number of maximal absolute value.

We shall use the following property of a proximate order (see, e.g., [I, Chapter 1,
§12]).

Theorem 5. Let p(r) be an arbitrary proximate order, and let p = p(co0). Then for
every t > 0 the following limit exists:

. V(tr) o
Jim Vi)

Moreover, the convergence is uniform on every segment [a,b] C (0, 00).

A proximate order p(r) is called a proximate order of a function f(r) if

. f(r)
hﬁgp Vi)~ o € (0,00).
This relation is equivalent to the statement that f(r) grows at infinity as V(r). Note
also that if p(r) is a proximate order for f(r), then p = p(co) is the order of f(r).
The notion of a proximate order is important because the class 2 consisting of the
functions V(1) = r#(") is a solution of Problem A stated above. This is a consequence of

the following statement.

Theorem 6. Let f(r) be a function of finite order p. Then there exists a proximate
order p(r) such that the following conditions are satisfied:

1) limy, 00 p(7) = p;

2) p(r) is a monotonic function on [1,00);

3) we have
(r+e)n(r+e)p'(r) <lp(r)—pl, r=1
4) we have
liﬁsip % =0 € (0,00).

The proof of this theorem can be found in [9]. However, in [9] the continuity of f(r)
was assumed. We are going to show that this additional requirement is inessential.

Let f(r) be an arbitrary function of order p. There is no loss of generality in assuming
that f(r) is bounded on any segment [0, N]. Taking an integer n > 0, we denote m,, =
inf{f(z) : € [n,n+ 1]}, M,, =sup{f(z) : 2 € [n,n+ 1]}, oy =n+ 1, B, =n+ 2.
We construct a function fi(r) in the following way. It is linear on every segment [n, a,],
[Oé,“ﬁn], [Bnan + 1] and fl(n) = f(n)’ fl(an) = Mn, fl(ﬁn) = Mn~ Then fl(r) is
continuous on [0, 00). Clearly, every proximate order for fi(r) is also a proximate order

for f(r).
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We note that the function p(r) whose existence is claimed in Theorem [6] possesses
some additional properties that may be absent for arbitrary proximate orders. First,
this is the condition for p(r) to be monotonic, and second, condition 3) in the theorem
is a stronger restriction on p(r) than the requirement lim, 4o rInrp’(r) = 0 in the
definition of a proximate order. For this reason, Theorem [6] does not follow from similar
statements in [T}, 2].

We also note the relationship of proximate orders with regularly varying functions in
the sense of Karamata.

A positive function f on (0, 00) is said to be regularly varying in the sense of Karamata
if for every A > 0 the limit

o)

ree f(r)

exists and is finite. We have the following statement.

Theorem 7. If f(r) is a measurable function regularly varying in the sense of Karamata,
then there exists a function C(r) — 1 (as r — o0) and a prozimate order p(r) with
flr)=C(r)V(r).

This is a well-known theorem about representation of regularly varying functions (see,
e.g., [2, Theorem 1.3.1]).

A proximate order p(r) is said to be a zero prozimate order if lim,_, o p(r) = 0.

If p(r) is an arbitrary proximate order, then p(r) = p + p(r), where p = lim, o, p(1)
and p(r) is a zero proximate order.

The introduction of proximate orders is aimed at the possibility for every function f(r)
of finite order to find a function V(r) = 7?(") such that f(r) grows at infinity as V(r).
In this setting, the behavior of p(r) near zero plays no role. However, specific problems
of various origins often lead to integrals of the form [ K (t,r)V(t)dt. In the study of
such integrals, the behavior of p(t) near zero is as important as its behavior near infinity.
Thus, in this paper we shall assume in addition to the above that any zero proximate
order p(t) satisfies p(1) = —p(r), which is equivalent to the relation V(1) = V/(r). For
instance, the function V(r) = 1+ |Inr|*, a > 1, is such. The corresponding proximate
order is given by the formula

In(1+ |Inr|%)
p(r) = TS

Note that for o < 1 the function given by this formula is not a proximate order because,
by definition, a proximate order p(r) must be absolutely continuous on (0, c0).

We also note that the relation p(%) = —p(r) singles out the point 1 among other
points on (0,00). In particular, we see that p(1) = 0.

In the study of a proximate order, along with p(r) it is useful to employ the function
n(r) = p(r) + rinrp’ (r). We have

2.7) V(r) = exp (/1 @ dt).

The proof of this relation reduces to taking the logarithms of the two sides followed by
differentiation.

If p(r) is zero proximate order, then n(r) — 0 as r — oco. If, moreover, p(1) = —p(r),
then n(1) = —n(r) and, by @), it easily follows that
(2.8) V(r) < M(r®4+7r7°)

on (0, 00) for every € > 0. Though rough, this inequality turns out to be useful sometimes.
If n(t) is a locally integrable function on [1, 00) tending to zero at infinity, then there
exists an infinitely differentiable function 7;(¢) on [1,00) tending to zero at infinity
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and such that the integral f M dt converges. Moreover, we can require that
= M dt = 0. Then the function V (r) defined by (271) satisfies

V(r) = C(r)Vi(r),

Vl(r):exp</1rn17(t)dt), C(r)zexp(/rmwdt).

These comments imply the following statement.

where

Theorem 8. Let p(r) be an arbitrary zero prozimate order such that p(+) = —p(r).
Then
(2.9) V(r) = C(r)Vi(r),

where Vi (r)=rP1") pi(r) is a zero prozimate order infinitely differentiable on (0,00)\{1}
and satisfying p1(+) = —p1(r), and C(r) is a function continuous on (0,00) and such
that C(r) = 1 as r — oo or r — 0. Moreover, the infinitesimal order of C(r) — 1 as
r— oo and as T — 0 can be prescribed arbitrarily.

Next, we shall explore the function ~y(¢) mentioned in the Preface. The following
lemma contains some easy properties of (t).

Lemma 1. Let p(r) be a zero prozimate order satisfying p(+) = —p(r), and let

V(rt) . . V(rt)
V(8 =(p(-), 1) =sup s A(8) = 3(p(-), 1) = fnf 7725
Then the following statements hold true.
1) (1), 7(#) € (0, 00);
2) y(t) <~(t ) (1) =~y(1) =1L
3) ’Y(%) fy(t)’ (_) = ’Y(P( )7%) = 'Y(_P( ),t)a
4) y(tata) < y(t1)v(t2), Y(tat2) = y(t1)y(t2);
5) 7(15) V(t), 7(t) < V(#);
6) the functions ~(t) and 7(t) are continuous on (0, 00).
Proof. Statement 2) is obvious. Next, we have
N LYE o v o1 1
(2 =3 V) = 3 viem = infpso VB~ (1)’
1 V(R) RP(R) (tR)—P(tH)
(0 =38 ey 3% e 00

This proves 3).

Since V(1) = 1, property 5) follows.

Since lim, o, “//((Tt)) = 1 and lim,_,q “//((Tt)) = 1, there exist r; and 70, 0 < 11 < 79,

such that V(( )) < 2 for r € (0,71) U (r2,00). Since the function “//((T)) is continuous for

r € [r1,rs], there exists M > 0 such that “/,(:t)) < M for r € [r1,ro]. If follows that

~(t) < max(M,2). Together with the inequality v(t) > V(¢), this yields v(¢) € (0, c0).
Next, v(t) € (0,00) by 3). This proves statement 1).

Statement 4) is obvious.

Put
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Let [a,b] be an arbitrary segment in (0, 00), and let & be an arbitrary strictly positive
number. Since, by Theorem [l the limits

lim V(rt)
r—00 V(r)

B . V(rt) B
=1 Im ey =1

are attained uniformly on [a, b], we can find r3 and r4, 0 < r3 < 74, such that for all ¢,
ts € [a,b] and all r € (0,73) U (r4,00) we have

(2.10) —e < A(r,ta) —y(r,t1) <e.

Since ~y(r,t) is continuous on the rectangle [rs,r4] x [a,b], by the Cantor theorem it
is uniformly continuous on this rectangle. Thus, there exists 6 > 0 such that (ZI0)
is fulfilled whenever t1,t2 € [a,b] and |t; — ta] < §. Together with the facts proved
earlier, this implies that (ZI0) is fulfilled with arbitrary » > 0 whenever ¢,t3 € [a,b]
and |t2 —t1| < 6.

Let t1,¢2 € [a,b] and |ta — t1] < 6. Then for every r > 0 we have

Y(t2) = y(t1) < A(t2) = (r,ta).

There exists 7 > 0 such that y(t3) < y(r,t2) + . Together with (ZI0), this yields
v(t2) —v(t1) < 2e. Interchanging the roles of ¢t; and t2, we arrive at |y(t2) —y(t1)| < 2e.
This implies the continuity of v(¢) on the segment [a,b] and, consequently, on (0, 00).

Thus, statement 6) and, with it, the lemma, are proved. O
Theorem 9. Let p(r) be an arbitrary zero proximate order with p(%) = —p(r), and let
V(tr)
2.11 t) = su .
(2.11) V(1) e ey
Then
1 1
hl’}/(t) :07 hm nry(t) —
t—oco Int t—oco  Int
Proof. We define Vi (r) by ([29). Then
1 Vl (T’)
— < < M.
M~ V(r) —
Next, we have
V(rt) Vi(rt) V(rt) Vi(r) 2. Vi(rt) 2
t) =su =su <M< sup —=M ), ).
M=) SR Ve e v =M SR TR — M0

Therefore, it suffices to prove the theorem in the case where the proximate order p(r) is
differentiable on the set (0,00) \ {1}. In the rest of the proof, we assume this.

Put h(x) = InV(e®). Then h(z) is a continuous even function differentiable every-
where except, maybe, at zero. The fact that p(r) is a zero proximate order implies

(2.12) lim M)

Tr—+00 €T

=0.

The condition lim,_, 7 Inrp’(r) = 0, which is equivalent to lim, TXES)") =0, leads to
the relation
(2.13) lim A'(z)=0.

r—+00

We have
o(y) =Invy(eY) =  sup (h(m +y)— h(x))

z€(—00,00)
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The first statement of the theorem is equivalent to the relation

(2.14) im £W)

y—+oo Yy

=0.

If [2I4) fails, then there exists a > 0, a sequence y, — 400, and a sequence x,, €
(—00,00) such that

(2.15) |h(zn + Yn) — h(zn)| > ayn.

Moreover, we may also assume that there exists a € [—o00, 00] with z, — a as n — oc.
Let € be an arbitrary number in the interval (O7 %a).
Suppose that a € (—o00,00). Then the inequalities

[h(@n +yn) = han)] < e(@n +yn) + [(a)[ + 1 < eyn +(lal + 1) + [p()| +1

are fulfilled for all sufficiently large n. This contradicts (Z.13]).

Suppose that o = +o00. Then there exists &, € (zn, Tn + yn) such that h(z, + y,) —
h(zyn) = B (&1)Yn. Now, [2ZI3) shows that |h(x, + yn) — h(zn)| < ey, for all sufficiently
large n. This contradicts 2I5]).

Now, suppose that a = —oco. We may assume additionally that there exists 8 €
[—00, 00] with =, +y, — [ as n — oo.

Suppose that § € (=00, 00). Then for all sufficiently large n we have

|h(zn + yn) — h(zn)| < [R(B)| + 1 +elzn] < [R(B)] + 1+ €lzn + Yn| + €Y
S [RB)+1+e(Bl+1) + eyn.
This contradicts (ZI5]).

Suppose that 5 = —oco. Then there exists &, € (z,, Tn+yn) with h(z, +y,) —h(x,) =
B (&) Yn. Since h is even, (2.13) shows that |h(z, +yn) — h(zy)| < ey, for all sufficiently
large n. This contradicts (2.15).

Now, suppose that 8 = +00. Then for all n sufficiently large we have

|h(n + yn) — h(2n)| < e(@n + yn) + €lan| = yn.

This contradicts (2.13]).
The contradictions obtained above prove (ZI4]) and, with it, the formula

Iny(t)

2.1 li =
(2.16) tﬁlgloo Int 0
Together with statement 3) of Lemma [I], this yields the relation
1 1
(2.17) i 20 O
t—+oo Int
Let p(r) be a proximate order representable in the form p(r) = p + p(r), where p(r)
is a zero proximate order satisfying ﬁ(%) = —p(%). Then for » > 0 and ¢t > 0 we have
(2.18) V(rt) <tPy(t)V(r),

where the continuous function v(t) satisfies [2I6) and 2I7). As was mentioned in
the Preface, this inequality is a refinement of Potter’s result [3] with a much simpler
statement. Potter’s result was cited and used in [2]. Inequality (ZI8]) will be employed
fairly often in this paper. In particular, the proof of the following lemma shows why this
inequality is important.

Lemma 2. Let p(r) be an arbitrary zero proximate order satisfying p(%) = —p(r), and
let
2r [ V(1)

v L\
1(7) m Jo 24712

dt.
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Then the following statements are true:
1) Vi(r) admits a holomorphic extension from (0,00) to the half-plane Re z > 0;

2) Vi(r) = r”(") where pi(r) is a zero prozimate order satisfying p1 (%) = —p1(r);
3) we have
. V()
1 =1
rHo V(r)

Proof. The fact that the function
2z [ V(b)
Vi(z) = — —
1(2) T Jo t2 +Z2

is holomorphic in the half-plane Re z > 0 is an easy consequence of the inequality V(t) <
M(tz +t~2) (see ([ZR)). This proves statement 1).
We split the semiaxis [0, 00) into three parts, namely, [0,er], [er, Nr], and [Nr, 00).
Accordingly, Vi (r) splits into the sum of three integrals:
Vl(T) = Il(’f’) + 12(7“) =+ Ig(T').
We have

Iy(r) E/N V(ur) du
Viry wJ). V() u2+1
Theorem [B] shows that

(2.19)

I 2 (N
lim 2(r) / du

r—oo V(1) o

oy =2 [ 1)

u? +1 U= T

Next, we obtain

U
[\
=
=
ﬁ
=2
&
u
IS

implying the inequality

: Lr) _ 2 / © (W)
2.20 1 < — du.
(220) ey Vir) = mJo u?+1 “
Similarly, we see that
I 2 [
(2.21) lim sup 3(r) < —/ 7 (u) du.
r—00 V('f") ™ JN u? +1

Formulas (2.19)—-(2.21) imply
Vi 2 [° 2 (N a 2 [
1(r) g—/ 7 (u) du+1__/ u +_/ (W
V(r) T Jo ur+1 m). v+l wfy ur+1
Passing to the limit as e — 0, N — oo, we prove statement 3) of the lemma.
We define p;(r) by the relation Vi (r) = r#*("). By statement 3), we obtain

(2.22) rli>nolo p1(r) =0.

lim sup
r—00

Next, we have o ,
V() = 2;7—7'/0 (;;7:2)21/(15) dt.
Repeating the arguments that prove 3), we arrive at
/ oo
Iy
/
A Tx‘/?(g))

(2.23)
=0.
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Formulas (Z22) and (223) show that p;(r) is a zero proximate order. Next,

Vl(l>: 2 /0°° V(e) 2 /0°° V(i) du _2r [ V(u) = V(7).

P 2 1 . 1 1,2 2 2
T wr t—i—r—z r F+T—2u T Jo ut+r

This shows that p1(L) = —pi(r). Thus, statement 2) and, with it, the Lemma [ are
proved. O

In particular, Lemma [2 shows that, when solving Problem A (see the beginning of this
section), we need not consider the class of all functions V(r) = 7°(") where p(r) is an
arbitrary proximate order. Instead, we can take the much smaller class of all functions
V(r) for which p(r) is analytic on (0, 00) and is representable in the form p(r) = p+ p(r),
where p(r) is a zero proximate order satisfying p(1) = —p(r).

Theorem [0 says that the function ~(t) satisfies [2I6) and (ZIT). Much sharper
estimates hold true for a fairly large class of functions of the form V (r) = r*("). Lemmalll
says that v(t) > V(t). The following theorem provides us with a large class of proximate
orders such that the corresponding functions v(t) satisfy v(t) < MV (¢t) for ¢ > 1 with
some constant.

Theorem 10. Let p(r) be a zero prozimate order differentiable two times on (0,00)\ {1}
and satisfying p(L) = —p(r). Let V(r) =", V(r) = oo (r — o0), and let the function
h(z) = InV(e®) be concave in some neighborhood of infinity. Define v(t) by (ZI1). Then
there exists a constant M such that v(t) < MV (t) fort > 1. If h(z) is concave on (0, 00),
then y(t) =V (t) fort > 1.

Proof. Consider the function a(z) = h(xz) — zh/(z). We have d/(z) = —ah’(z). By

assumption, a(z) is monotone increasing in a neighborhood of infinity. For z > 1, we
have

(2.24) h(z) = —x(/j % dt + c), ¢ = —h(1).

We claim that the integral
= a(t
(2.25) / @ dt
1

converges. Otherwise, if a(t) < 0 in a neighborhood of infinity, we arrive at a con-
tradiction with (ZI2]), and the assumption that a(t) > 0 in a neighborhood of infinity
contradicts the relation V(r) — oo (as r — 00). Thus, the integral ([2:25)) does converge.
Now, (Z24) can be rewritten in the form

(2.26) h(z) = x/oo a(t) dt.

2

By ([212), the supplementary summand c¢;z on the right arising in the passage from

229) to (220) is absent.

We show that
(2.27) tli>rrolo a(t) = +o0.

Indeed, otherwise, h(x) and, with it, V(r) are bounded in a neighborhood of 400,
which contradicts the assumptions of the theorem.

Let zo > 0 be such that the function h(z) is concave a for > xy. The equation of
the tangent to the curve y = h(x) at zy has the form

Y (z) = h(zo) — woh/(z0) + b/ (z0)x.
If xq is sufficiently large, we have Y (0) > 0. Then there exists a function hs (z) with the
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following properties:

1) hi(x) is an even function continuous on (—oo,o0) that is concave and differentiable
on (0, 00);

2) hi(xz) > 0 for x > 0, hy(0) = 0;

3) hi(z) = h(z) for x > xo.

These properties imply the following supplementary properties:

4) there exists a constant My such that |h(z) — hi(z)| < M7 on the entire real axis;

5) hi(x) is monotone increasing on [0, 00);

6) hi(z+y) < hi(x)+ hi(y) for z > 0 and y > 0.

Next, for y > 0 we have

Iny(eV)=  sup (h(z+y)—h(x)) <2Mi+ saup  (ha(z+y) —hi(z))

z€(—00,00) z€(—00,00)

=2M;+ sup  (hi(Jz+yl) — hi(|z]))

z€(—00,00)
§2M1+ (Sup )(h1(|x\+y)—h1(|x\))
re(—00,00

It follows that v(¢) < e3M1V (¢) for ¢t > 1 . If h(z) is concave on the semiaxis [0, 00), we
have hi(z) = h(x), My = 0, y(t) < V(t). Together with the inequality v(t) > V(¢), this
yields v(t) = V (¢). O

Quite often, the principal role is played by the function V(r) = rP(") rather than by
a proximate order p(r). Sometimes, not only the properties of V(r) near infinity are
important, but also its behavior near zero (for instance, the knowledge of this behavior
required in the study of the integral fooo K(t,r)V(t)dt). So, as has already been said, in
what follows we assume that zero proximate orders satisfy the relation p(%) = —p(r).
This is equivalent to the relation V(%) = V(r). By Theorem B the requirement that
p(r) be differentiable on (0,00) \ {1} is often not an essential restriction. The relation

p(r) = InV(r)

Inr

shows that the requirement of differentiability for p(r) at 1 is fairly restrictive. For
instance, this condition eliminates the functions p(r) = 22" " € (0,1), for which

V(r) has the form V(r) = exp(A|Inr|®). Since these functiolrrllsr are simple, they are used
as “patterns for comparison”. Also, for them we have v(t) = V(¢) for ¢t > 1.

Surely, by Lemma [ also the requirement of the existence of p’(1) is inessential: it
suffices to replace V(r) by Vi(r). However, the use of V;(r) presents some difficulties
because this function is somewhat complicated.

In the rest of the paper, by a zero prozimate order we mean a function p(r) with the
following properties:

1) lim, o0 p(r) = 0;

2) p(1) = —p(r);

3) p(r) is continuously differentiable on the set (0,00) \ {1};

4) limy 00 7 Inrp'(r) = 0;

5) the function V(r) = r?(") extends by continuity to the point 1 and V(1) = 1 (the
function p(r) itself may fail to be defined at 1).

Other proximate orders p(r) have the form p(r) = p + p(r), whee p(r) is a zero
proximate order satisfying the above conditions.
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§3. MEASURES; LIMIT SETS OF MEASURES

In this section we present the theory of limit sets for Radon measures of finite order
on the semiaxis (0,00). For the reader’s convenience, we define the terms and state the
results to be used. The omitted proofs can be found in [10, [IT], [12].

We start with some information from the “abstract” measure theory.

A measure space with a real measure p is a triple (X, A, u), where X is a set, A
is a o-algebra of subsets of X, and y is a function on A with values in [—oo, c0] that
is countably additive: p(Up—; Ex) = > pey #(Ex) whenever the Ej, € A are pairwise
disjoint (Ex N E; = @ if k # j).

The measure p is said to be positive if u(E) > 0 for every E € A.

A positive measure is said to be finite if u(X) < co.

Let A € A. The restriction of p to A (denoted by pa) is the measure defined by
1a(E) = p(AN B).

A measure p is said to be supported on A if ua = p.

Let py and po be two measures defined on the same o-algebra A. They are said to be
mutually singular if they are supported on disjoint sets A; and Ay. The Hahn theorem
says that if p is a real measure, then there exist two sets A; and A, in A such that
A1NAs =9, X = A; U Ay, the restriction of  to Ay is positive and the restriction of
1 to As is negative.

This pair of sets Ay, Az is called a Hahn decomposition for p. The measure py = pa,
is called the positive component of p, and the measure p_ = —p 4, is called its negative
component. Thus, an arbitrary real measure p is the difference of two mutually singular
positive measures.

The representation p = py — p— of p as a difference of two mutually singular positive
measures is called the Jordan decomposition of .

Though a Hahn decomposition X = A; U Ay is not unique, the Jordan decomposition
u = py — p— is unique. The measures p4 and p_ are uniquely determined by p. If
u = pq — p— is the Jordan decomposition of a measure u, then at least one of the
measures is finite (otherwise, the formula p(X) = 4 (X) — p—(X) has no sense).

The measure |pu| = gy + p— is called the modulus or the total variation of p.

In the important case where X is a topological space and A is the o-algebra of its
Borel sets, p is called a Borel measure.

Let X = K be a compact metric space. Then the set of all finite real Borel measures
on K is a Banach space. This space can be identified with the space dual to C(K), i.e.,
to the space of real continuous functions on K with the norm || f|| = maxgex |f(z)|. This
follows from the Riesz theorem that says that every continuous linear functional 7' on
C(K) has the form

(ﬂﬁ:Lﬂ@wm,

where p is a finite Borel measure on K.

In the sequel, we write (u, f) in place of (T, f). We have ||u| = |p|(K) (||p] is the
norm of the linear functional p, ||p|| = sup ¢ <1 (1, f))-

The Banach space of all finite real Borel measures on K will be denoted by M.,.(K).
In M, (K), convergence in norm is less important than weak convergence. By the gen-
erally adopted terminology, a sequence p, converges weakly to p (in symbols: p =
w-lim,, 00 fn) if the numerical sequence (p,, f) converges to (u, f) for every f € C(K).

By the Alaogly theorem, if H C M,.(K) and sup{|u|(K) : p € H} < oo, then every
sequence i, € H has a weakly convergent subsequence.

Along with the real space M,.(K), the complex Banach space M (K) of all complex
measures p = 1 + ipe (p1, po being finite real Borel measures) is also considered. The



372 A. F. GRISHIN AND I. V. POEDINTSEVA

space M (K) can be identified with the dual to the Banach space C(K) of all complex
continuous functions on K, where || f|| = max,ex |f(z)|. In the space M. (K), we also
have [|pl| = supy <1 [(, f)] = |l (K).

In the complex case, the definition of the measure |u| is more involved, but we have
the following simple inequalities. If p = py + ips, then |u1] < |p|, |u2| < |u|, and
il < fpa| + |-

Now, we pass to the analysis of an object important for our study, namely, the space
of Radon measures on the semiaxis (0, 00).

First, we introduce the space ® of test functions on (0, 00) (we have borrowed the term
from the theory of distributions and the notation from Landkof’s book [12]). A function
f belongs to @ if f is continuous on (0,00) and there exists a segment [a,b] such that
supp f C [a,b] C (0,00). We shall consider either the real or the complex space P.

The notion of convergence in ® is introduced in a well-known way. A sequence f, is
said to converge to f in the space ® if there exists a segment [a,b] C (0,00) such that
supp fn C [a,b] for every n and the sequence f, converges uniformly to f(z) on (0, 0).

For a function f € ®, we use the notation | f|| = max |f(z)|.

A Borel measure p on (0,00) is said to be locally finite if |u|([a,b]) < oo for every
segment [a,b] C (0, 00).

A set function p is called a real Radon measure on (0,00) if it is representable in
the form p = py — po, where 1 and py are mutually singular positive Borel measures
on (0, 00).

For every Borel set A C (0,00), the restriction of u to A is defined by the formula
pa = (p1)a— (p2)a. Though the set function u defined above is not a Borel measure on
(0,00) (it is not defined on the Borel sets E for which either p;(E) = ua(E) = +o0 or
p1(E) = p2(E) = —oc0), the restriction pq ) is a finite Borel measure for every segment
[a,b] C (0, 00).

Thus, for every f € ® the expression (u, f) = fooo f(z) du(x) makes sense. Clearly,
the function (u, f) defined in this way is a linear functional on ®. It is also clear that
this functional is continuous, i.e., (i, fn) — (i, f) whenever f,, — f in ®.

The converse is also well known. If T is a continuous linear functional on &, then
there exists a Radon measure p such that (7T, f) = (u, f) for every f € ®. Moreover, a
Radon measure p with this property is unique.

The initial definition of Radon measures was given by Bourbaki for an arbitrary locally
compact space. In accordance with that definition, Radon measures are continuous linear
functionals on the space of compactly supported continuous functions f. A functional
T is said to be positive if (T, f) > 0 for every f > 0. An adaptation of Bourbaki’s
result to metric locally compact underlying spaces says that in this case every continuous
positive functional coincides with a positive locally finite Borel measure. Next, every
continuous linear functional is representable as the difference of two positive continuous
linear functionals.

Thus, if the locally compact space in question is the semiaxis (0, c0), the definition of
a Radon measure given in this paper is equivalent to Bourbaki’s definition.

The set of real Radon measures on (0, 00) is a real linear space, to be denoted by fR.

We shall also consider the complex linear space R, of complex Radon measures p =
w1 + ipo, where p; and po are real Radon measures.

We introduce the notion of coarse convergence in the spaces R and R.. The terminol-
ogy is due to Bourbaki. A sequence pu,, of Radon measures is said to converge coarsely to
a Radon measure p (notation: g = lim, 0 iy, OF i, —p) if for every f € ® the numerical
sequence (p,,, f) converges to (p, f). The term “coarse convergence” plays a privileged
role in our paper. The formula u,, — @, when used without explanations, always means
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coarse convergence. However, we also use other types of convergence for sequences p,, of
measures.

A set E is said to be Jordan measurable with respect to a Radon measure p if
Hl(9B) = 0.

The following statements are well known.

Theorem 11. Suppose that pu, — u and |p,| = f. If E is Jordan measurable with
respect to [i, then (tin)p — UE.

Theorem 12. Suppose that p, — p and |p,| — f. Let K C (0,00) be a compact set
Jordan measurable with respect to fi. Then the sequence () k converges weakly to pg .

For sequences of positive measures, the proofs of these statements can be found in
[12, Introduction, §1]. In the general case, it suffices to apply these statements to the
measures (f,)+ and (u,)— separately. We shall need the following statement, which can
be deduced from Theorem [T}

Theorem 13. Suppose that a sequence p, of Radon measures on (0,00) converges
coarsely to a Radon measure v. Suppose, moreover, that |p,| — U and D({{}) = 0.
Then for every ¢ € ® we have

[ exea®din = [ eOxoa )
0 0
Jm [ Oxem (i) = [ e0xem (1) ().
Proof. Tt suffices to take (0,¢] and (£, 00) for the role of E in Theorem [1] O

A set H C R.(R) is said to be coarsely bounded if for every ¢ € ® the set {(y, f) :
€ H} is bounded.

A set H is said to be strongly bounded if for every segment [a,b] C (0,00) the set
{Ju|([a,b]) : p € H} is bounded.

A set H is said to be compact if every sequence u, € H has a coarsely convergent
subsequence.

The next statement is the main result of measure theory to be used in this paper.

Theorem 14. The classes of coarsely bounded, strongly bounded, and compact subsets
of R (R.) coincide.
The proof can be found in [I0, Chapter 3, §1, Theorem 15, Remark].

Note that the following statement is an easy consequence of the above theorem.

Theorem 15. The mapping (1, @) : Re X & — C is a continuous mapping of two
variables.

Proof. Let p,, = u, ¢, — ¢. Thereis a segment [a, b] C (0, 00) such that supp ¢,, C [a, b],
supp ¢ C [a,b]. Since p, — p, the sequence p, is coarsely bounded and, consequently,
strongly bounded. Therefore, there exists a constant M such that |u,,|([a,b]) < M. Next,
we have

|(kns o) — (11, 0)| < tn| ([a, O] l0m — @Il + (1t = ), @) < Ml — ol + (1 — 1), 0l
This implies the claim. O

Theorem 16. A sequence of positive Radon measures u, converges coarsely to a Radon
measure p if (in, f) = (u, f) for f in a dense subset of ®.

Theorem 17. Suppose that Radon measures p and v are such that (p, f) = (v, f) for f
in a dense subset of ®. Then p = v.
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The proofs of Theorems [I6] and [I7] can be found in [I2] Introduction, §1].

Though we usually employ coarse convergence, sometimes it is more convenient to
argue in metric spaces. For this reason, we shall use the following well-known metrics
in R.. Let {¢n, : n=1,2,...} be a countable dense subset of ®. This means that for
every ¢ € ® there exists a subsequence ¢, such that ¢,, — ¢. Next, we introduce the
function

oo

- (1 = p2) (n)]
(3.28) (s iz) = 20 (1 + [ (p1 = p2) (0n))’

1, o € Re. It can easily be checked that d is a metric on fR..
Moreover, it is easily seen that d(ug, ) — 0 whenever up — p. However, the converse
is not true. Let, for example, all functions ¢,, be continuously differentiable, and let

Mk:k(é(x—l—%)—5(x_”%>)

—ﬁk(&(m—l—ﬁ)—é(x—l—i—ﬁ)),

where 6(x — a) is the Dirac measure at a. Then d(ux,0) — 0 but the relation pp — 0
fails. Yet, the following theorem holds.

n=1

Theorem 18. If . is a compact sequence in R, and d(ug, n) — 0, then i tends to u
coarsely.

Proof. If not, there exists ¢ € ® and two subsequences it s fe2 of the sequence pj such
that

Jim (g, 0) # Hm (s, ).

Let v, = Pkt =12 and let ¢,, be the sequence of functions in ¢ that determines the metric
d. Since the sequence ¢,, is dense in @, there exists its subsequence v,, that converges
to ¢ in ®. There is a segment [a, b] on the semiaxis (0, 00) such that supp v, C [a,b] for
every n. Therefore, limsup,,_, ., [,(p)| < M|¢—1n| with some constant M independent
of n. Thus, v,(¢) — 0, which contradicts the choice of ¢. O

Thus, generally speaking, convergence in the metric d is weaker than coarse conver-
gence, whereas the two types of convergence coincide on compact sets. The metric d is
determined by a countable dense sequence ,,. Thus, there are infinitely many metrics
of this type. In general, convergence in one metric does not imply convergence in an-
other one. However, on compact sets, convergence in any metric is equivalent to coarse
convergence, so all they are equivalent.

Next, for u € R., we shall consider the integrals fooo f(z) du(x) not necessarily with
f € ®. In this connection we note that, if f € ®, then the integral in question can be
viewed as the Riemann—Stiltjes integral of f against the distribution function p(z) for p.
However, we shall also need the case of an arbitrary Borel function f on (0, 00). Suppose
first that supp f C [a,b] C (0,00). The restriction of y to [a, b] is a finite Borel measure,
and f; f(z)du(x) is viewed as the Lebesgue integral of f against p. Surely, not every
such function is p-integrable.

Now, let f(z) be an arbitrary Borel function on (0,00) that is locally integrable
against p. Than we put

/000 f(z)dp(e) = lim /ab (@) du(z).

b——+oo
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So, fooo f(z)du(x) is viewed as an improper integral with singularities at zero and at
infinity. For some f, this integral may converge.
Let p(t) be an arbitrary proximate order. On the space R., we introduce the one-
parameter family of Azarin transformations Ay: R. — Re, t € (0,00), by the formulas
p(tE)

pe = Agp, i (E) = Ve

If p(x) is the distribution function for a measure u, then the distribution function for

fir is gy p(te).
Let f € ®. A change of variables yields

@ i) = 55 [ £ (2) dutw

and, in particular,

(3.29) / " f () dyae () = ol T (Y) antw)

Formula (3:29) and Theorem [I7] easily imply that the function p; : . x (0,00) = R,
is continuous in the totality of variables, that is, (un):, — pr whenever ¢, — 7 and
fin = [

Classical dynamical systems in a metric space X are defined (see [13]) as one-
parametric families of mappings B;: X — X, t € (—00,00), satisfying the following
conditions:

1) Boz = z (the initial condition);

2) the mapping B; : X x (—00,00) — X is continuous in the totality of variables (the
continuity condition);

3) By, By, = Bt 41, (the group condition).

If p(r) = p, then the Azarin system A, is a dynamical system in fR. with the coarse
convergence, where the additive group of reals is replaced by the multiplicative group of
strictly positive reals, the initial condition reads as A;u = u, and the group condition
looks like this: Ay Ay, = Ag i, pt

For positive measures p on R™, the system A;u was introduced by Azarin (see [4, [14]),
who efficiently applied it to the theory of subharmonic functions.

In the classical theory of dynamical systems, the set

{y €X :y= lim By z, lim ¢, = +oo}
n—oo n—oo

is called the w-cluster set of the trajectory Bix.
To avoid terminological complications, we shall refer to a system A:;u as an Azarin
dynamical system even in the case of an arbitrary proximate order. The set

{veR.:v=lim A p, lim ¢, = +oo}
n—roo n—roo

will be called the Azarin cluster set for p, and Azarin’s notation Fru] will be used for it.
Nothing definite can be said about Fr[u] without knowledge of the relationship between
w and p(r). So, we shall assume that p € Mo (p(r)). The set Mo (p(r)) was defined in
the Preface. Since a Radon measure is locally finite, we see that p € Moo (p(r)) if and
only if

: |l ([r; er])

hirisolip Vi) < 00.
As we shall see, if u € Moo (p(r)), the properties of set Fr[u] are similar to those of cluster
sets in the theory of dynamical systems.
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The relation u € M (p(r)) easily implies that the positive semitrajectory p, (the set
{pt : t € [1,00)}) is compact. We state this as a separate lemma.

Lemma 3. Let p(r) be an arbitrary proximate order, and let p € Moo (p(r)). Then the
semitrajectory u, t > 1, is a compact set of Radon measures.

Proof. Let 0 < a < b < co. By ([2I1)) and (2I8), we obtain
_ |ul(lat, bt]) V(at) o1l ([at, gat])

bl) = < < M(a,b).

|ut|([a’ ]) V(at) V(t) = 7(0‘)0‘ V((lt) = (av )
The last inequality is true by the definition of M, (p(r)) and because p is locally finite.
Now, the claim of the lemma follows by Theorem [I4] |

Our next goal is a description of the properties of cluster sets for measures belonging
to Moo (p(r)). We start with a theorem that reduces this problem to the simpler case
where p(r) = p.

Theorem 19. Let p1(r) and pa(r) be prozimate orders such that impi(r) = p1 and
lim po(r) = pa (r = 00). Taking p € Moo (p1(r)), we put
V)

Vi(t)
Then A € Moo (p2(r)), and the relation py, — v is equivalent to the relation Ay, — vy,
where dvy(t) = tP2~P1dv(t). Here
 ultE) AE)

Y0

du(t).

E) = E) = — pp1(7) — pp2(r) tn )
:ut( ) Vl(t) ) >‘t( ) Vg(t) ’ ‘/1(7") r ) V2(T) r ) — 00
Proof. We have
er V t
N(irerl) = [ 20

wl(t).
r L 1 (t) | |( )
Theorem [ shows that

: [A[([r,er]) - : |pl([r; er])
lim su < (elP2=P)+) lim su
r;)oop va (T) - ( ) r—)oop Vl (T)

whence A € My (p2(r)). Suppose that p, — v, then for ¢ € & we obtain

| / o)
L 1 < ruy Va(u) L o Va(tt,) Vi(ty)
=l ity 2G40 = Jom, [ g G )

Since the sequence

(ay = max{a,0}),

oo

lim o(t) dA, (t) = lim

n—oo Jq n—00 V2(tn

V2 (Ttn) V1 (tn
Vl (Ttn) V2 (tn)
converges to 772 P1p(7) in @, and since py, — v, by Theorem [I5l we obtain

~—

o(7)

[ee] oo
im [ ()i, () = / P21 () di (7).
Thus, we have proved that A;, — v;. Finally, the roles of p and v can be interchanged
in the above argument. ([l
A similar theorem for measures on the plane can be found in [I5, Theorem 4].
Remark 1. If p; = po, then the measures v and v; coincide.

In the case where p(r) = p, the mapping A¢, Ay = pe, will be denoted by F; or Fi(p).
In the following statement, some properties of the cluster set Fr[u] are collected.
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Theorem 20. Let p(r) be an arbitrary prozimate order, and let p € Moo (p(r)). Then:
1) Fr[u] is a nonempty compact set;
2) Fr[u] is a connected set in the metric space (R, d);
3) Fr[y] is invariant under Fy, moreover, Fy is a bijection of Fr[u] onto itself.

Proof. By the remark to Theorem [[9 there is no loss of generality in assuming that
p(r) = p. By Lemma [ the semitrajectory u, t > 1, is a compact set. In the language
of the theory of dynamical systems, this can be restated as follows: the movement p is
positively Lagrange stable. On compact subsets in fR., coarse convergence is equivalent to
the convergence in the metric space (R, d). Thus, the Azarin cluster set Fr[u] coincides
with the w-cluster set of the trajectory p; in the metric space (R, d). Now, we can employ
the fairly well developed theory of dynamical systems in metric spaces. Theorem 10 in
Chapter 5, §3 of the book [I3] says that Fr[u] is a nonempty compact set taken by F}
onto itself bijectively, and Theorem 14 is the same book says that Fr[u] is connected. O

The following theorems are a useful supplement to the preceding one.

Theorem 21. Suppose that i € My (p(1)), a sequence t, — oo satisfies py, — v, and
a sequence T, converges to T > 0. Then the sequence i, ;, converges to v;.

Proof. Let ¢ be an arbitrary function belonging to ®. We have

(@ ptyr,) = ﬁ /OOO w(tnuTn) du(u) = % /Ooo @(f—n) dp,, (€)-

Since p¢, — v and the sequence %gp(%) converges to T%(p(%) in @, by Theorem [T5]
we obtain
. L[ /£
lim (o, 10,7,) = = | 9(2) dv(©) = (pvr).
n—oo T 0 T
Thus, -, = vr. O

Theorem 22. Suppose that pn € Moo (p(r)) and a sequence t,, — oo is such that p:, — v
and ||y, — V. Then |v| < D.

Proof. For arbitrary ¢ in ®, we have
(@) = Tim |G, 0)] < lim (Jul,. [ = (7. |,
and it easily follows that |v|(E) < U(E). O

In the next theorem we show that some asymptotic estimates for p imply certain
global estimates for the measures v in Fr[u]. As a preliminary, we introduce some new
notions.

If a Radon measure p is real, then, along with the Azarin cluster set, there are two
other important asymptotic characteristics of u, namely, its upper and lower densities
N(a) and N(a). These are functions on [0,00), so, mathematically, these two objects
are simpler than Fr[u]. This is an advantage of density functions. On the other hand, as
we shall see later, generally speaking, the set Fr[u] gives much more information about
u than N(a) and N(«).

Let p be a real Radon measure on (0, 00) whose distribution function is p(r), and let
p(r) be a proximate order. The upper density of u with respect to p(r) is defined to be
the quantity

) ()
(3.30) N(a) =1 m sup Vi
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For v > 0 we can also write

. w(r,r + ar]
3.31 N(a) =limsup ——————
(3.31) (@) = timsup A7

Observe that formula (330) defines N(«) for o > —1, and formula (331 defines it for
a > 0. In the sequel, we agree that N(0) = 0.
The lower density of p with respect to p(r) is defined similarly:

i £+ ar) — )
N(a) = lT_mof Vi .

The properties of limits and those of a proximate order p(r) imply the following inequal-
ities for N(«a) and N(«):

(3.32) N(a+B) < N(a)+(1+a)PN(1fa),
(3.33) Nla+5) 2 N+ (1 +a)yN(72-),
(334 N+ §) 2 N(@) + (1L+ )N (12-),
(3.35) N+ 8) < N(@) + (L+ )N (12-),

where p = p(00) = lim, o, p(r). We agree that if the right-hand side in some of these in-
equalities is 0o — 0o, then this particular inequality is a void statement. If u € M, (p(r)),
we always have —oo < N(a) < N(«) < oco. However, N(«) and N(a) may happen to be
finite for measures not belonging to M., (p(r)). This emphasizes the importance of N(«)
and N(«) in the study of measures u. Recall that the theorem about the properties of
Fr[p] was proved under the assumption that p € Moo (p(r)).

Theorem 23. Let € Mo (p(r)) be a real measure, let Fr[u] be its cluster set, and let
N(&) and N () be its upper and lower densities. Then for every measure v € Fr{u| there
exists an at most countable set E(v) such that for a, b¢ E(v), 0 < a < b < 00, we have

b b
N2 _ en(Z —
v([a,b]) <a N(a 1), v([a,b]) > a H(a 1).
For every a and b, 0 < a < b < oo, we have
b b
< a”limi 2 > a” i - - .
v([a,b]) < a lérgi%fN(a 1+5), v([a,b]) > a herii%pﬁ(a 1+5)

Proof. Let v = limy, o0 f41,,. Assume, moreover, that the limit 7 = lim, o |uls, . Put
E(v) = {z € (0,00) : U({z}) > 0}. The set E(v) is at most countable. Now, let
[a,b] C (0,00), a, b ¢ E(v). By Theorem [I2 we obtain
v(lab]) = lm g, (1a,b]).
Since v({a}) = 0, the same theorem implies lim,,_,o p¢, ({a}) = 0. Therefore,
b
v(ab]) = limpu, ((a,6]) < limsup o, ((a,8]) = a”N (= = 1).
n—00 r—00 a
The inequality v([a,b]) > a’N (g — 1) is proved similarly. Consider the general case.
Suppose that ax — a, ax < a, and by, — b, by, > b, where ag, b ¢ E(v) and

Tim N(b—’“ _ 1) :limian(g —1+a).

k— o0 ag e—+0
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We have
bi b
— < p r — P R
v([a,b]) = hm v([ag, br]) hm akN(ak 1) a hag}ran(a 1+ 5)

Similarly,

. b
V([a,b])za”hmsupﬁ(——l—i—a). O

e—+40 a

We observe the following consequence of the above statement.
Remark 2. Let pn € Moo (p(r)), and let N(a) = N(«) = 0. Then Fr{u] = {0}.
It should be noted that the relations N(«) = N(a) =0 and

o (o, br)

r—oo V(r) >0

are compatible.

A measure p is said to be continuous if © v({z}) = 0 for every z. Sometimes, it
is important that the measures in the cluster set Fr[u] be continuous. We present a
condition sufficient for continuity.

Theorem 24. Let N(a) and N(«) be the density functions with respect to a proximate
order p(r) for a measure p € Mo (p(r)). If N(a) and N(«) are continuous on [0, 00),
then every measure v in the set Frlu] is continuous.

Proof. Let v € Fr[u], and let « € (0, 00). Take a strictly monotone increasing sequence a,,
and a strictly monotone decreasing sequence b,, that converge to x and have the property
that ay,, b, ¢ E(v). Theorem 23] yields

v({z}) = lim v(fan,bs]) < lim apN(b— - 1) =0,

n—roo n—roo an
v({z}) = lim v([an,b,]) > lim apN(b— - 1) =0. O
n—00 e n—00 an

For positive measures i, we have a criterion for the continuity of all measures in Fr[u].

Theorem 25. Suppose that p is a positive measure and p € Mo (p(r)). Let N(«) be
the upper density of p with respect to the prozimate order p(r). All measures in Fr[u] are
continuous if and only if N(a) — 0 as o — +0.

Proof. Suppose that N(a) — 0 as & — +0. Then also N(a) — 0 as a — +0. In
this case, the functions N(«) and N(«) are continuous. By the preceding theorem, an
arbitrary measure in Fr[u] is continuous.

To prove the necessity of the condition N(a) — 0 as @ — +0, we suppose the contrary:
N(«a) — 2a with a > 0 as @« — +0. Then there exist sequences r,, — oo and €, | 0
such that p((rn, (1 4+ en)rs]) > aV(r,). We may assume that, moreover, u,, — v. Let
0<ap<l<bg ar—1,by =1, v({ax}) =0, v({br}) = 0. By Theorem[I2 we see that

L B p((agrn, brry))
v({1}) = lim v(lay, by]) = hm lim g, ((ar,be]) = lm lim T Vi

If k is fixed and n is sufficiently large, then (ry,, (1 4+ €,)r,] C (arrn, biry). Therefore,

. ,LL((CLM",L, kan]) . ,LL((T,L, (1 + En>7‘n])
1 —_— >
wse Vi) T omae V()

Consequently, v({1}) > a. This contradicts the continuity of all measures in Fr[y]. O
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We denote by M(p, o) the set of real or complex Radon measures p with

|| ((0,7]) < or? for 0 <r <oo, p>0,
b
|u|([a,b])§alna for 0<a<b<oo, p=0,
| ((r, 00)) < o1 for 0 <r <oo, p<O0.

Theorem 26. Let pn € Mo, (p(r)). Then there exists o > 0 such that Fr[u] C M(p,0).

Proof. Denote by Nj(a) the upper density of |u| with respect to the proximate order
p(r). Since p € M (p(r)), we have Ni(a) < oco. Take ¢ > 1 arbitrarily. Applying
Theorems 22| and 23] we obtain

(oo}
~ N roor
(0. 71) < 20,7 = 3 2 ( (o )
n=0
> 1 Ni(g—140)
14 _ — P
<N (q 1+0)Zq<n+1>p i
n=0
provided p > 0. Similarly, for p < 0 we obtain
[v[((r,00)) < D((r,00)) = > D((q"r,q" 7))
n=0
- Ni(g—1+40)
p _ np _ P
<7r”Ni(q 1+0)nz:%q = = rP.
The case of p = 0 is treated in the same way. ([l

Remark 3. The above proof shows that the relation Fr[u] C M (p, o) is ensured with
o = inf Mlg=1+0)
q>1 lgP — 1

in the role of o.

Note that, by Theorems 6 and 14 in [I6], for p > 0 we have

Ni(g—1 1
q—00 q* —1 00 Vir)

The case of p < 0 was also considered in [16].

We present some examples of calculation of Fr{u].

Lemma 4. Let p(r) be a prozimate order, and let u be a measure on (0,00) with the
density @ Then the cluster set Fru] for u with respect to p(r) consists of only one

measure v with dv(z) = 2P~ 1dx.

Proof. Let ¢ € ®. Using Theorem B we obtain

[ 1 o V(xt)
(o) = [ pl@) (o) = g [ ole) L da,
Jim (o) = [ pl)ar do = (o). 0

Lemma 5. Let p(r) be a prozimate order, and let  be a measure on (0,00) with the
density PR ACIR y P

Frip] = {v : dv(u) = U0t~ dy : ¢ € (—00,00)}.
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Proof. Let ¢ € ®. We have
1 < rxN o Vi) e [ e Viur) 1
(o, pr) = / 90(—)251)‘0— dx = r'*° / o(u)u*o = du.
Vi(r) Jo x 0 V(r)

r

and the claim easily follows by Theorem ([l

A measure p is said to be periodic of order p with period T' > 1 if for this 7" and an
arbitrary Borel set ¥ we have

(3.36) ((TE) = T u(E).

Lemma 6. Let p be a locally finite periodic measure of order p and with period T > 1.
Then p € Moo (p) and Frip] = {ps : 1 <t < T}.

Proof. The relation p € My (p) is obvious. Let ¢ € [1,T), and let ¢, = tT™. Then
pe, = pe by B36). Consequently, p;, = p. Thus, we have proved the inclusion
{pe + t € [1,7)} C Frlu].

Now, if ¢, be a sequence with p; — v, then there is an integer m(n) such that
tn = 7, 7™ and 7, € [1,T). By [B.38)), we have p;, = i, . By the Bolzano- Weierstrass
theorem, there is a convergent subsequence 7, with limy_,. 7, = 7 and 7 € [1,T].
Surely, P, = M- Then v = limy_, Pt,, = limg_ oo Prn, = r- Together with the
relations p = p1 = pr, this yields Fr{p] C {p : t € [1,T)}. O
Remark 4. Let o be an arbitrary strictly positive number, and let n be an integer. Under
the assumptions of Lemma [ we have

Fr[u] = {,ut (te [aT”,aT”Jrl)}.
The case of & = 1, n = 0 corresponds to the claim of Lemma

Lemma 7. Suppose that p > 0 and R,, is a strictly monotone increasing sequence such
that Ry > 1 and lim,, o RR—: = 0o. Define a measure u by the formula

o= Z RPo(z — R,).
n=1

Then the cluster set of p with respect to the proxzimate order Fr[u] has the form
(3.37) Fr[p] = {t’6(x —t) : t € (0,00)} U {0}.
Proof. By the Stolz theorem, from the condition R,,—1 = o(R,,) we easily deduce that

n
D R ~RL(n— o).
k=1
Let » > R; be arbitrary, and let n be the maximal number with R,, < r. Then
p((0,7]) =Y RE = (L4 o(1))Rf, < (1+0(1))r”  (r— o).
k=1

Consequently, © € M (p).
Now, let ¢t > 0 be arbitrary, and let ¢,, = %Rn. Let ¢ be an arbitrary function in ®.
Then for all n sufficiently large we have

) = [ (o) ) = 76(6) = (75— ), ()
M, ,®) = RZ 0 @ Rn 1% - @ - y P .
It follows that py, — t?d(x —t). Similarly, we prove that if ¢, = }Rn, where 7, is a

sequence satisfying 7, — oo, T’"g#*l — 0, then p;, — 0.

We denote by H the right—hannd side of (B37). We have proved that H C Fr[u].
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Now, let v be an arbitrary measure in Fr[u]. Then v = lim y;, , where t,, — oo. We
may assume that, moreover, every segment [Rj_1, Rj1] contains at most one point t,.
We find a number m(n) such that In R, is the closest point to Int, in the sequence
In Ry, (if there are two points with this property, we take the smaller index for m(n)).
The additional restriction on the sequence ¢, ensures that m(ni) # m(nz) for ny # no.
Thus, there is a unique representation of ¢,, in the form
(3.38) t, = iRm(n).

Tn
In addition, we may assume that the sequence 7,, converges either to a finite limit or to
infinity. Suppose that

(3.39) le Ty = 0O.
We have
Ry (s
Ity —In Ringy—1 2 By —Intn, o 24 /5 )
m(n)—1
(3.40) o - (n) .
Tn m(n)—1 m(n)—1 . Tn m(n)—1
T = A/ By -1 By, < o qim tma=l g
Rm(n) Rm(n) n—00 Rm(n)

By (338)-([3.40), we see that u;, — 0. Hence, v = 0 in the case in question.
Similarly, we prove that if 7, — 0, then also p;, — 0. This follows from the easy
relation
Tan n
(3.41) lim —mF o

Now, let 7, — 7 € (0,00). We have already proved that y; — 7°§(z — 7), where
tp = %Rm(n). Applying Theorem 211 to the sequence t,,, we obtain p,, — 7°8(x — 7).
Consequently, v = 7°6(x — 7) in this case. Thus, we have proved that always v € H. So,
the inclusion Fr[u] C H is established and the lemma follows. O

Note that the proof of this lemma can be extracted from [17].

From a cluster set theory viewpoint, the simplest measures u € My (p(r)) are those
for which Fr[u] consists of only one measure v. Such measures are said to be regular
(or regular in the sense of Azarin). We study possible forms of the limit measure for a
regular measure p.

Theorem 27. Let p(r) be a proximate order, let p = lim,, o p(r), and let p € Moo (p(1)).
Suppose that p is reqular and {v} = Fr{u]. Then there exists a complex number ¢ such
that dv(r) = cr?~tdr.

Proof. If a complex Radon measure y = u1 + iuo is regular, then u; and po are also
regular. So, it suffices to prove the theorem for real Radon measures. Since Fr[y] is
invariant under Iy, we have v = Fiv. Let 0 < a < b < oco. In particular, then v((a,b]) =
(Fw)((a,b]) = t=Pv((at,bt]). Taking t = 1, we obtain v((a,b]) = a’v((1, g]) Denote
N(s)=v((1,1+s]), s > 0. Then
s
N(sn 32) = W((L 1+ s2) (14 81,14 81 % sa]) = N(s2) + (13N (722,
1

The functions N satisfying this identity were called p-additive in [16]. Since v is a locally
finite measure on (0, 00), we see that N is bounded on (0, 1]. By [16, Theorem 4], there
exists a unique real number ¢ such that

N<s>:§<<1+s)f’—1>, p#0, N(s)=cln(l+s), p=0.
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We have proved that
v((1,0]) = E(b” —1), p#0, v((1,b]) =clndb, p=0,
p

for b > 1. There identities easily imply the claim. O

The next property of regular measures is an easy consequence of definitions.
We shall say that a net pp (R € (0, 00)) of measures converges coarsely to y as R — oo
if for every ¢ € ® we have limp_,o (tr, ) = (4, @).

Theorem 28. Let p(r) be a prozimate order, and let p € Moo (p(1)) be a reqular measure
with {v} = Frlu]. Then

(3.42) v= lim pg.
R—o00
Proof. We start with proving that the limit
(3.43) im [ () dup(z) = a(e)
R—oo Jg

exists for every ¢ € ®. If this is not the case, there exists a function ¢ € ® and two
sequences r,, — oo and R,, — oo such that

oo oo

(3.44) lim e(x) dpr, (z) # lim ¢(z) dpr, (2).

Since the family of measures ugr, R > 1, is compact, without loss of generality we may
assume that the sequences i, and g, converge coarsely. Since there is only one measure
v in the cluster set, we have u,, — v and pr, — v. The definition of coarse convergence
shows that

i [ @) @) = [ pla)avia)
(3.45) 0 o
T [ (e dn, (0) = [ ola) dv(o).
0 0

This contradicts [8:44). Thus, [B:43) is proved, implying that a(y) = fooo o(z)dv(z). O
In the following theorem, the positive regular measures are described.

Theorem 29. Let p(r) be an arbitrary prozimate order, and let p be a positive measure
on the semiazis (0,00) with pn € Moo (p(r)). Then w is regular with respect to p(r) if and
only if one of the following conditions (depending on the sign of p) is fulfilled:

(3.46) Rli_r)rloo %’}g]) =c, p>0
(3.47) Jim_ ”(&(’S)) —c, p<O;
(3.48) Jim “((3}?}3}%]) —em? p-0,

for every a and b, 0 < a < b < 0.

Writing the corresponding Riemann—Stiltjes integral sums, it is easy to check that

identities (3.46)—(B.48) imply the identity

oo

(3.49) lim o(x)dpg(x) = /OOO o(x) dv(x),

R—o0 [

where dv(z) = c|p|lzP~dx if p # 0, and dv(z) = £dx if p = 0. Clearly, ([3:49) implies
the regularity of pu.
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Conversely, let i be a regular measure. Then by Theorem 28 we have limpg_so ptr = v.
By Theorem 28] v is a continuous measure. Theorem [[2 shows that limg_,o g ([a,b]) =
v([a,b]). This is equivalent to (340)—-(B-48)).

Theorem 29 fails for real Radon measures. By Theorem 27 and Lemmal@l in order to
describe the real regular measures, it suffices to describe the real regular measures with
zero cluster set. This is done in the following theorem.

Theorem 30. Let p € Moo(p(r)). Then Frju] = {0} if and only if there exists a
monotone increasing sequence 1y, tending to infinity and such that

. Tn+1 1
i r: =L m TR V(R) > |1((ry, Trga])] = 0.
(rn,rng1]N[R,2R]#2

We know the proof, but it is much harder than that of Theorem [30] and falls out the
scope of the present paper. (However, it should be noted that the “if” part is fairly easy.)
We have presented the statement for completeness only.

§4. ABEL THEOREMS FOR INTEGRALS

We proceed to the exposition of results that can be called Abel theorems for integrals.
The main objects of our study are the functions ¥(r), J(r), the measure s, and the set
L(J,0) (see formula (I2)) and the text after it).

Our goal in this section is to describe how the properties of J(r) depend on restrictions
on the kernel K and the measure p.

We start with a simple statement involving nevertheless the main idea of the method:
to use the cluster set Fr[u] in the study of the properties of J(r).

Theorem 31. Let p(r) be a proxzimate order, let 1 € Moo (p(r)), and let K be a contin-
uous compactly supported kernel on (0,00). Then

(4.50) {/ K (u) dv(u) : I/EFr[u]}.

Proof. Let H denote the right-hand side of [@350), and let v be an arbitrary measure
in Fr[u]. There exists a sequence r, — oo such that u, — v. By the definition of
coarse convergence, we have J(r,) — fooo K(u)dv(u). We have proved the inclusion
H C L(J,00).

Now, let r, — oo be such that the sequence J(r,) converges (in a proper or an
improper sense; the latter means that it converges to infinity). By Lemma [ the semi-
trajectory p,, r > 1, is compact, so we may assume without loss of generality that the
sequence fi,, converges coarsely to a measure v. Now, v € Fr[u] by the definition of Fr[u].
By the above, J(r,) — [~ K(u)dv(u). We have proved the inclusion L(J,00) C H and,
with it, the theorem. (]

Many further results in this section will be certain versions of Theorem BTl We shall
consider various restrictions on the kernel K and the measure p. To begin with, we
understand what happens if we renounce the continuity of K. In this case, the set Fr[y]
does not determine L(.J, c0) any longer.

Let 1 € Moo (p(r)). The extended cluster set Isr[,u] for u is defined to be the set of pairs
(v1,12) of measures such that there exists a sequence 7, — oo with . — v, ,ulrn — v,
and uzrn — v, where ,u}nn is the restriction of p,, to (0, 1], and uf is the restriction of

. to (1, 00).
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Theorem 32. Let p(r) be an arbitrary proximate order, let u € Moo (p(r)), and let
K be a compactly supported function on (0,00) continuous everywhere except the point 1.
Moreover, suppose that K(t) has a jump and is continuous from the left at 1. Then

L(J,0) = { K(t) duy (t) + K(t)du(t) : (v,1) € PA‘r[u]},
(0,1] [1,00)
where K is the continuous extension of K(t) from (1,00) to [1,00).

Note that, though the measure ,u%n has no mass at 1, the measure v5 may have some
mass at this point. This is why K (£) cannot be replaced by K(t) in this statement.

Proof. We argue as in Theorem The difference is that we must use identities of the
following kind. Let K(t) be a continuous compactly supported extension of K (t) from
(0,1] to (0,00). Then

/K (t)dv (t /K1 ) du (t / Ky (t) dvi(t) = lim Kl(t)duin(t).

n—oo
0
Under some restrictions on p, the requirement of continuity for K becomes redundant.
If K is discontinuous and 4 is absolutely continuous, the integral [ K (t) dyu(t) should
be understood as [~ K (t)p'(t) dt. O

Theorem 33. Suppose that p(r) is an arbitrary prozimate order, u is a Radon measure
on (0, 00) with density p'(r) such that |u (r)] < MV(T), r € [1,00), and K is a compactly
supported kernel belonging to L1(0,00). Then

(4.51) {/ K (u) dv(u) : ueFr[u]}.

Proof. Let Ni(t) be the upper density for |u|. We have

(14a)r
Ny(a) = limsup AT OITD 6y LV

r—o00 V(r) T, tV(r)
14+« 1 1 p _ 1
— M lim 1V(ur) o gt =1
S R0 ;

By Theorem 25] all measures in the set Fr[|u|] are continuous. All measures in Fru] are
also continuous. By Theorem [I2] it follows that if v = lim,, o pit,,, then

v(la,b]) = Tim_ g, ([a,8])

for every segment [a,b] C (0,00). Therefore,

b
(o) < timsup [ dlul, () < 01t [

r—00 n—oo .,

b
1V(tpt b — a”
1V gy g0
t V(tn) P
This shows that every measure v belonging to Fr[u] is absolutely continuous and |v/(z)| <

Mazr~t. Let 7, — oo be a sequence with ,, — v. Let € be a strictly positive number
and K and compactly supported function on (0, c0) such that

/OO|K(t)—K1(t)\dt <e

[T E@ 00— [T K@) < | [0 - K@) dn, 1)
[T w0 - x| +| ["miwan. 0~ [~ mwa|

Then

(4.52)
_|_
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We have

‘/0 (K () = K1 () dpo (¢ ‘<M/ — K0 f
< 2M/ |K(t) — Ky (t)[tP~dt <2M max {t"~" : t € [a,b]}e,
0

where [a,b] C (0,00) is a segment such that supp K, supp K1 C [a,b]. The second
summand on the right in [@.52]) admits a similar estimate. The third summand tends to
zero as n — oo. If follows that

lim J(ry,) / K(u)dv(u
n—oo

Thus, we have proved the inclusion H C L(J, 00), where H is the right-hand side of ([@.5T]).
The proof is finished by an argument similar to that in the proof of Theorem [311 O

In what follows, we replace the assumption that K is compactly supported in Theorem
BIH33 by a weaker restriction on K, which will not influence the claims. However, stronger
restrictions should be imposed on p for this.

We start with some definitions.

A triple (K, p(r), 1) is said to admit neutralization of zero if

lim lim sup ‘/ K(t) d,ur(t)‘ = 0.
0

e=>+0 rsoo

This triple is said to admit neutralization of infinity if

hm lim sup ‘/ K(t)dp,(t ‘ =0.
N—oo rooo

Note that if K is a compactly supported kernel, then the triple (K, p(r), ) admits
neutralization both of zero and of infinity for every proximate order p(r) and every
Radon measure p on (0, 00).

These definitions make it possible to simplify many statements because they permit
us not to detalize conditions on K and p that ensure neutralization of zero or of infinity.
Detalization of such conditions can be described in separate statements.

Lemma 8. If a triple (K, p(r), n) admits neutralization of zero, then

lim hmsup‘/ K(t) du,(t ‘—O
E1—>+0 r—o00
go0—+

Lemma 9. If a triple (K, p(r), 1) admits neutralization of infinity, then

lim limsup ’ t) dp(t )} =0.
N1—00 rsoo
N2*>

Lemmas Bl and [@] are obvious.

Theorem 34. Let p(r) be an arbitrary prozimate order, let pn € M(p(r)), and let K be
a continuous kernel on (0,00). If the triple (K, p(r), u) admits neutralization of zero and
of infinity, then for every measure v the integral fooo K(t)dv(t) exists as an improper
integral with singular points 0 and co.

Proof. Let v be an arbitrary measure belonging to Fr[u]. There is a sequence r, — oo
such that p,, — v. We may assume that, moreover, |u|., — U. Since the triple
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(K, p(r), u) admits neutralization of zero, Lemma [ shows that for every § > 0 there

exists €9 > 0 such that
€2
| KOduo)] <
€1

whenever 0 < g7 < g2 < g¢. In particular,

[ K@,

Let E be the set of points that carry a mass of . Then F is at most countable. We may
assume that €1, €2 ¢ E. Using Theorem [[2] we can rewrite (53] as follows:

(4.54) ‘ / K(t) dv(t)

Here we assume that €1, e5 ¢ E. But the relation

/8 K(t) du(t)’ = hlinlo / - K(t) dy(t)‘

1—h

shows that this restriction can be dropped. Then (£54) means that the Cauchy con-
vergence condition at the singular point zero is fulfilled for the integral [;° K (t) dv(t).
Consequently, this integral converges at zero. The proof of convergence at infinity is
similar. |

lim sup
T—>00

(4.53) lim sup

n—o0

<.

<.

Now, we can prove a version of Theorem [B]for a not necessarily compactly supported
kernel K.

Theorem 35. Let p(r) be an arbitrary prozimate order, let yu € Moo (p(r)), and let K be
a continuous kernel on (0,00). If the triple (K, p(r), 1) admits neutralization of zero and
of infinity, then

(4.55) L(J,00) = {/OOO K(w)dv(u) : ve Fr[u]}.

Proof. Let v be an arbitrary measure belonging to the cluster set Fr[u]. There exists
a sequence r,, — oo such that w,, — v and |u|,, — V. Let § be an arbitrary positive
number. The assumption about neutralization and Theorem [B4] imply that there exist
numbers g9 > 0 and Ny > 0 such that for € € (0,e9) and N > Ny we have

hinfip‘ /0 K(t) du(t)] < / K(t) duy(t ’ 5,
/:K(t)dz/(t) /N K(t)du(t)] < 6.

We assume that, moreover, the points € and N do not carry a mass of . Then

/OK ) duy, (£) /K ) dult /K ) dur, (1) ‘/K d,/'
‘/K )dpy, (t ‘ ‘/K £) du(t /K )dpy, ( )—/EK(t)dy(t)‘.

By Theorem [I2] the very last summand tends to zero as n — oco. Combining this with

(£56) and (45T), we see that
lim sup ’ /000 K(t)du,, () — /000 K(t) du(t)' < 46.

6, limsup
T—>00

(4.56)
< 6,

(4.57)

n—oo

In its turn, this relation implies the inclusion H C L(J, 00), where H is the right-hand
side of (L5H). The rest of the proof is the same as for Theorem Bl O
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Next, we present versions of Theorems [32] and B3] for K not necessarily having compact
support. The proofs fit into the same pattern as that of Theorem

Theorem 36. Let p(r) be an arbitrary proximate order, and let y € Moo (p(r)). Suppose
that K (t) is a kernel on (0,00) continuous everywhere except the point 1 at which it has
a jump and is continuous from the left. Suppose also that the triple (K, p(r), pn) admits
neutralization of zero and of infinity. Then

L(J,00) = {/OIK(t) dul(t)+/loo Rt)dvs(t) : (1, ) eﬁ«[ﬂ]},

where K (t) is the continuous extension of K from (1,00) to [1,00).

Theorem 37. Let p(r) be an arbitrary proximate order, and let p be a Radon mea-
sure on (0,00) with density p/'(r) that satisfies the inequality |1 (r)] < M@ Suppose
that K (t) is a locally integrable kernel on (0,00) and that the triple (K, p(r), ) admits
neutralization of zero and of infinity. Then

L(J,00) = {/OOO K@) dv(t) : ve Fr[,u]}.

In connection with Theorems B5H3T, it becomes important to know under what re-
strictions on K and p the triple (K, p(r), 1) admits neutralization of zero or of infinity.
We shall prove two results on this subject. Recall that the function () occurring in the
next statements was defined by formula (IT]).

Lemma 10. Suppose that p(r) is an arbitrary proximate order, p is a Radon measure

on (0,00) with a density p'(r) such that |p' (r)] < M@ (r € (0,00)). Suppose also that

tP=1y(t)K(t) € L1(0,00). Then the triple (K, p(r), ) admits neutralization of zero and
of infinity.

Proof. Using inequality (2I8]), we obtain
c © V(rt)
K(t)du,(t)| < M K(t

[ KOano] <x [0

Since tP~1v(t)| K (t)| € L1(0,00), it follows that the triple (K, p(r), #) admits neutraliza-
tion of zero. Neutralization of infinity is ensured similarly. ]

dt < M/ tP Ly (4)| K ()] dt.
0

Remark 5. In the statement of Lemma [0l the function ~y(¢) occurred, the study of which
presents some difficulties. However, this study becomes redundant if tp’“t—ﬁng (t) €
L1(0,00) for some € > 0. Combined with Theorem [9 this relation implies that

tP~ Iy (t) K (t) € L1(0, 00).

The next result goes back to Wiener.
Let K(t) be a kernel on (0,00). Put

K, =sup {|K(t)| : t € (", "]}, n € (—00,00).
The set M(p(r)) occurring in the following statement was defined in the Preface.

Lemma 11. Suppose that p(r) is an arbitrary proximate order and p € M(p(r)). Let
K(t) be a Borel function on (0,00) such that the series

o

(4.58) > ey(e)Kn,  p=p(co),

n=—oo

converges. Then the triple (K, p(r), n) admits neutralization of zero and of infinity.
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Proof. Since p € M(p(r)), there exists A > 0 such that |u|((r,er]) < AV (r) for every
A > 0. Next, we have

i (o] gty 85 7 ()t

Z Kn|,u|((e”r,e”+1r])§ Z K, V(e"r)< A Z Kpe"y(e™),

n=—oo n=—oo n=—oo

1
Vi(r)

<

where ng = [Ineg]. Combined with the convergence of the series ([A58]), this implies
neutralization of zero for the triple (K, p(r), ). Neutralization of infinity is ensured
similarly. |

Remark 6. The convergence of the series (58] can be replaced by a stronger restriction,
namely, by the requirement that the series

oo

1 + eQen

E 7enpKn
een

n=-—oo

converge for some 7(t). Then there will be no need in the study of the function ~(t).

Consider the function
> z
v(z) = / In ‘1 - —‘ dp(t)
0 t

where p is a positive measure on (0, 00) that belongs to M. (p(r)) with p = p(co) € (0,1)
and p is such that the above integral converges at zero. This function is well known in
the growth theory for subharmonic functions and has been the subject of numerous
investigations. If the measure p is regular, v(z) belongs to a special class of subharmonic
functions of completely regular growth (with respect to the proximate order p(r)) in the
sense of Levin and Pfluger. In this case, the limit of v(r)/V(r) as r — oo may fail to
exist, but the limit

. 1 "
(4.59) rlggo rV(r)/o v(t)dt

exists. The proofs of the above statements about v(z) can be found in [I§].

The existence of the limit [@5) does not follow from the theorems proved above, but
will be a consequence of the statement below. Consequently, we shall obtain a result as
strong as those in the theory of subharmonic functions, but valid for kernels much more
general than the kernel In ’1 — ﬂ involved in the definition of v(r). It should also be
noted that, as is seen from Theorem B2 and the properties of v(r) mentioned above, in
the case of discontinuous kernels the cluster set Fru] does not determine the asymptotic
behavior of the function ¥. However, as we shall see, this set determines the cluster set
of the measure s. In the Preface we already characterized the next theorem as a principal
result of the paper.

Theorem 38. Let p(r) be an arbitrary proximate order, and let p € M(p(r)). Suppose
that K (t) is a Borel function on (0,00) such that t*~1(t)K(t) € L1(0,00) (p = p(c0)).
Then the measure s, ds(u) = U(u) du, where U was defined by ([[L2)), belongs to the class
M(p(r)+1), and its cluster set Fr[p(r)+1, s] consists of absolutely continuous measures
whose densities constitute the set

{/OOOKG) du(t) - VEFr[u}}.
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Proof. First, we prove this theorem under the additional assumption p > 0. Let u(t) and

fi(t) be the distribution functions for p and |u| normalized by the conditions p(4+0) =

A(4+0) = 0. Since u € M(p(r)), there exists a constant Ay such that |u|([r,er]) < A1V (r)
n (0,00). If p > 0, it follows that

0

|4]((0, 7)) Z\ul 7"67“]<A12V"1)

e’r 0 e"r
(4.60) - A Z / V (t) dt < Ay max*y Z / V
r 1 P
:Az/ @dt:Az/ Viur) duSA2/ Mdu:Av(r).
o 1 0o u 0 u

We have used (ZI8)) in these estimates. Next, we have

sren) = [ e [ [ (L) awl
- [ L‘K& aran) = [~ / )| duda(t)

Integration by parts yields
/ / 2 | K (u)| dupi(t) dt

BMRwRDS{‘/: K ()] dut }

R
—R/ t‘K ‘u dt—l—eR/ t‘K )‘,u

We need to estimate the positive summands on the right in (£61]). We shall use inequality
[2I8). Observe that

B L R EVE) e Y@
[, il = e [ R

< %(t)/j(L)”ﬂy(i)IK(uﬂviu) du < %C;J(;)ﬁy j'K(uNVfLU) du,

(4.61)

where 4 = max{y(z) : = € [1,e]}. Since V(¢) < t?v(¢) and t*~1y(t)K(t) € L1(0,00), it
follows that ( ) K K(t) € L1(0,00). Now ([62) implies that the integrated term in (L6
vanishes.

We estimate the fourth term on the right in (£.61]):

eR/ ‘K ]u dt<AeR/ ‘K )‘V t) dt
t t
= AeR/ —|K(u)|V(eRu) du < AeRV(eR)/ u "y (u) | K (u)| du.
o U 0

Thus, we have proved that

SI([R, eR]) < A/OOO w=(w)| K (u)| du eRV (eR)

for R > 0. This means that s € M(p(r) + 1).
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Let ¢ € ®. We have

ﬁ
Sl
-
c\
8
S
—
=
N
QL
)
—~
<
S—
I
=
i
=
S~—
h
3
S
—
REES
~—
—~
<
S—
QU
IS

v
= er(T) /OOO /Ooo‘p(%)K@) dpu(t) du
(4.63) - er(r) /OOO /OOOSO(%)K(%> dudp(?)

= er(r) /000 x—IQK(x) /000 tga(%) du(t) de.

From the above arguments it easily follows that all integrals in ([£63)) converge abso-
lutely. This justifies the interchanges of the order of integration done in the course of

the proof of ([L.G3).

Now, let 7, = oo be a sequence such that p, — v. We have

) 1 ° t . ° u Y e u
s v /0 to( ) dutt) = Jim, ; () da, () = /0 wp( ) dvu).
Suppose that supp ¢ C [a, ] C (0, oo). Then

rnvl(rn) /OOO tw(wm) du(t )‘ (
< Allell (b

lpllbar,) < ﬁging<bxrn)

)"y (br) < Allpl|b iy (b)a" Ty ().

We have used the estimate y(bx) < v(b)y(x). It follows that

L K@) —

2

raV(ra) /ooo e (50) d““)‘ < Aljplb (D)2 y (@) K ()]

Now, the Lebesgue dominated convergence theorem implies

nl;rréo Tn%(rn) /000 %K(x) /000 tcp( ) du(t) dx

K(z
:/OOO/OOOK(Q £) dt dv(u / / (w)p(t) dt.

Putting r = r,, in [@63) and passing to the limit as n — oo, we obtain

nh_)ngo ; t)ds,, (t) / / (u)p(t) dt.

This means that the sequence s, of measures converges and its limit is the absolutely
continuous measure with the density [;~ K (%)dv(u). So, we have proved that Fr[s]
contains all absolutely continuous measures with densities of the form fooo K (%) dv(u),
where v € Fr[y].

Now, let v; be an arbitrary measure in Fr[s], and let R,, — oo be a sequence such
that sg, — v1. We put r = R,, in ([@.63]). There is no loss of generality in assuming that
R, — v € Fr[u]. Then the above proof shows that vy is absolutely continuous and its
density is [;° K (%) dv(u). This proves the theorem for p > 0.
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Let p(r) be an arbitrary proximate order, and let p = p(c0). We take a real number
p such that py = p+p > 0 and put p1(r) = p(r) + p. Along with the formula

° t
U(r) = K-
(r) /0 (T) dp(t),
we also have the formula

n) =) = [ () E(ran = [ x(2) duo.

where K7 (t) =t PK(t), dui (t) = tPdu(t). Next,
1L (1)K (1) = 1P (P () = 0y (DK (1)

Applying Theorem [[9] it is easy to show that the proximate order p;(r), the kernel K,
and the measures p1 and s1, dsi(t) = ¥1(t)dt, satisfy the assumptions of Theorem
and, furthermore, p; > 0. By what has already been proved, the set Fr[s;] consists of
absolutely continuous measures whose densities are of the form

([T i)

Now, it remains to apply Theorem |
In Theorem [35] the behavior of the function

(4.64) W(r) = /OOOK(E) dut)

r

was described in terms of the cluster set Fr[u]. The applicability of that theorem is
restricted by the possibility to verify neutralization of zero and of infinity for the triple
(K, p(r), ).

However, there are other obstructions to the study of ¥(r). We shall consider the case
of an infinitely differentiable compactly supported kernel K on (0,00) in detail. This
restriction on K is very strong. In particular, for such K the triple (K, p(r), 1) admits
neutralization of zero and of infinity for every proximate order p(r) and every Radon
measure g on (0,00).

Suppose that K is an infinitely differentiable kernel on the semiaxis (0, 00) and p is a
Radon measure on this semiaxis. Then we have infinitely many identities

o0
(4.65) (—1)"+1T"+1\II(T)=/ K(n+1>(3)Fn(t) dt, n=0,1,...,
0 T

where Fy(t) = p(t) is the distribution function for p and F)_,(t) = F.(t), n =0,1,....
The question arises as to whether identities (.63 and Theorem BTl allow us to deter-
mine the order of growth for ¥(r) at infinity. The answer given below is: “Yes in many
cases, but there are some exceptions”.
Consider a Radon measure p; on (0, 00) supported on (0, 1] and a compactly supported

kernel K on (0,00). We put
e t
u(r) = /0 K(;) dpq ().

Then u(r) vanishes in a neighborhood of infinity. So, if we are interested in the behavior of
the function ¥(r) given by (£64]) near infinity, we may assume without loss of generality
that the measure p in ([@64]) is supported on (1,00). In the sequel, we assume this
tacitly. Then the function Fy(¢) is bounded on every interval (0, N), and all functions
Fi(t), k > 1, can be taken continuous on [0, 00). At least, we may assume that the Fj(t)
are locally integrable on (0, c0) and the integral fol Fy.(t) dt exists for every k > 0.
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Suppose that a function f(t) is locally integrable on (0, c0) and the 1ntegra1 fo dt
exists, at least as an improper integral The function F'(t) defined by F(t) = — ft

if this integral converges and by F fo x) dz otherwise will be called the canomcal
primitive for f on (0,00). The canonlcal prlmltlve is determined by f uniquely. Every lo-
cally integrable function f on (0, c0) possesses a primitive F', but the canonical primitive
may fail to exist. For example, the canonical primitive does not exist for the function
f(t) =1 on (0, 00).

The function Fy(t) in formula ([@635) will be defined uniquely in the following way.
We put Fy(t) = —u((¢,00)) if Fy(t) is finite (we remind the reader that p is a Radon
measure on (0,00), so the quantity u(E) may fail to exist for some Borel sets E), and
Fo(t) = 1((0,¢]) otherwise. This definition always makes sense because y is supported

n (1,00). After that, we define F, ;1 (¢) to be the canonical primitive for F;,(¢). Then
the sequence F,,(t) in (£63]) is defined uniquely.

In §2, an order and a proximate order were introduced for positive functions. Now we
extend these definitions to complex-valued functions.

Let f(t) be a complex-valued function on (0,00). The order p of f is defined by the

formula
1
p = lim sup nlf(r)| .

r—00 Inr
If p is a real number, then f is called a function of finite order p.
We shall say that a proximate order p(r) is a prozimate order for the function f(r) if

£l
fimsup e
If p(r) is a proximate order for the function f(r), we say that f(r) grows at infinity
as V(r).
Theorem [6 implies that if f(r) is of finite order, then it also possesses a proximate
order p(r) (surely, there are infinitely many such orders).
In many problems (in particular, in connection with formula ([@65])) the question about
estimates of a primitive F' for f arises. We dwell on some details of this.

=0 € (0,00).

Lemma 12. Let f be a locally integrable function of finite order on (0,00) such that the

integral fo t)dt exists. Let p(r) be a proximate order for f, and let F be the canonical
primitive for F Then there exist constants My and ro such that
1) |F(r+ar)— F(r)] <M1a1"V(7‘), r>ry, ac€l0,1];
) |[F(r)| < Ma(1+ [{ V(t)dt), r > 1;
) |F(r)] SMng V(t)dt, r > 1;
B 1] S MV a9t # 9= ploo) £ -1
) the orders p(f) and p(F) for f and F satisfy the inequality p(F) < p(f) + 1.

Note that if the integral [ V(t) dt diverges, then 3) is the trivial inequality |F(r)| < co.

Proof. Let o be the type of f with respect to the proximate order p(r). Then for all
sufficiently large r and « € [0, 1] we have

(14a)r (14a)r 14«
|F(r+ar)—F(r)| = ‘ / f(®) dt‘ < 20/ V(t)dt = 20r/ V(ur) du
T T 1

14+«
< 2arV(r)/ uPy(u) du < 20v10rV (1),
1

where v; = max{ufvy(u) : u € [1,2]}. This proves statement 1). Statements 2)-4) are
easy consequences of 1) and the properties of a proximate order. Indeed, let us verify 2)
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for instance. Let r > 2ry. We define ng by the condition 27"y € [rg,2rg) and put
ry = 27", Then

no
F()| =[P+ (F@'r) - FE" ')
n=1
10 2"y
IR+ 00 Y vt = el ean S [ Ve

27"1

= ‘F(T1)| + M; /r V(t) dt.

n— 1,,,1 1

<‘F7‘1 |+M5Z/

This implies 2) immediately. The inequality p(F) < p(f) + 1 is an easy consequence of
statement 4) if p # —1 and of statement 2 if p = —1. O

Lemma [12] motivates the following definition.
Let f(r ) be a locally integrable function of finite order on (0,00). Suppose that the

integral fo t) dt exists, and let F'(r) be the canonical primitive for f on (0, c0).
A prox1mate order p(r) for f is said to be stable if p = p(c0) # —1 and
F
lim sup |E(r)

rooo TV(T)

We observe that the functions cosr, sinr, and e do not possess a stable proximate
order.

Theorem 39. Let f( ) be a locally integrable function of finite order on (0,00). Suppose
that the integral fo t) dt exists, and let F(r) be the canonical primitive for f on (0,00).
Let p(r), p(oco) # —1, =2, be a stable proximate order for f. Then p(r) + 1 is a stable
prozimate order for F.

Proof. The fact that p(r) + 1 is a proximate order for F' follows from the definition and

statement 4) in Lemma[I2l Tt remains to prove that this proximate order is stable for F.

But if not, then, by Lemma [[2] and the definition of a stable proximate order, we have
Fi(r)

rlggo r2V(r)

where F(r) is the canonical primitive for F'(r) on (0, co).

Suppose first that p(cc) > —2. We show that then the integral [~ F(t)dt diverges.
Since p(r) + 1 is a proximate order for F', we may assume that there exists a number
m > 0 and a sequence 1, — oo such that Re F(r,,) > 2mr,V (ry,). This can be ensured
by replacement of f with —f or +if if necessary. Statement 1) of Lemma implies
that there exists o > 0 such that Re F(r) > mr,V(r,) for all n sufficiently large and
all € [ryp, (14 ag)ry]. Then

(1+O(0)7”n
Tt

Since lim, o 72V (r) = oo, the Cauchy criterion shows that the integral f:o F(t)dt
diverges. Thus, by the definition of a canonical primitive, formula ([4.60) takes the form

. 1 "

A function g(r) is said to be of slow variation relative to a prozimate order p(r) if

g(r+ar) —g(r)
300 V(’I’)

(4.66)

(1+ao)rm (1+ao)rn
‘/ Re F(t )dt’:/ Re F(t) dt > magr2V(r,).

n

=0.
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Statement 1) of Lemma [[2] implies that F(r) is of slow variation relative to p(r) + 1.
The following statement is a consequence of [19, Theorem 2].
Let g be of show variation relative to a proximate order p(r) with p(oo) > —1. If

1 T
1. _— =
Rl TV(T)/O g(t)dt =a,
then

.g(r)
. V(r)

Together with (4.60), this statement yields

=a(p+1).

L ()
(4.68) rlggo V) 0

This contradicts the fact that p(r) is a proximate order for f.
Thus, ([AG6]) leads to a contradiction, which proves the theorem for p(co) > —2. Now,
assume that p(co) < —2. Then ([A60]) takes the form

1 o0
lim —— F(t)dt =0.
TLH;Q 7'2V(7°) /T ( )d 0

Now, the additional statement for the justification of ({G8) looks like this.
Let g be a function of slow variation relative to a proximate order p(r) with p(c0) < —1.
If

1 oo
lim —— t)dt =
R ) / glt)dt =a,
then
lim 9(r) =—a(p+1).
r—oo V(r)

This is also a consequence of the results of [I9]. So, we have proved that, also for
p(oo) < —2, formula (£66) implies (L6S), which contradicts the assumption of the
theorem. In any case, the assumption that p(r) 4+ 1 is not a stable proximate order for
F(r) leads to a contradiction. O

The theorem proved above is fairly peculiar. It can be viewed as a statement about the
stabilization under consecutive integration for the property to have a stable proximate
order. Let Fy(r) be the consecutive canonical primitives on (0, 00) for f(r). The theorem
shows that if F},(r) has a stable proximate order py(r) and pi(c0) is not a negative integer,
then the proximate order pi(r) + m is stable for Fj,,(r) for every m > 1.

Theorem 40. Suppose that f is a locally integrable function of finite order on (0,00)
and the integral fol f(t)dt exists. Suppose that f does not possess a stable prorimate

order, and let p(r) be a proximate order for f with p(co) # —1. Let A be the measure
whose density is f. Then A € Moo (p(r) + 1) and Fr[p(r) + 1, A] = {0}.

Proof. Since p(r) is a proximate order for f(r), it follows that A € M (p(r) + 1). Let
F be the canonical primitive for f on (0,00). Since f has no stable proximate order, we
have

(4.69) lim L)

=0.
r—oo 'V (r)
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Let ¢ be an arbitrary infinitely differentiable compactly supported function on (0, co)
with supp ¢ C [a,b] C (0,00). Then

), ()0 =g [ e

_ 1 /OO ’(E)F(t) dt = — L /b "(u)F(ur) du
O r2V(r) Jo 7 \r V() /. v '
Together with ([d.69), this yields

. 1 st
(4.70) R O] /0 o) a0 =
Let v be an arbitrary measure in Fr[\]. There is a sequence r, — oo such that
Ar, = v. Taking r = r,, in @I0), we obtain [, ¢(u)dv(u) = 0. Therefore, v = 0 by
Theorem [[71 Thus, Fr[A] = {0}. O

Theorem 41. Suppose that f is a locally integrable function of finite order on (0,00) and
the integral fo t)dt exists. Let F be the canonical primitive for f on (0,00). Suppose
that f does not possess a stable proximate order. Let p(r) be some proximate order for
f with p(co) # —1. If the order of F is not equal to —oco, then there exists a proximate
order p1 for F with
im Va(r) =
r—o0 1V (1)

Proof. The claim is obvious if the order of F satisfies p; < p(c0) + 1, so we assume
that p; = p(co) + 1. Since there is no stable proximate order for f, [@63) is true. In
combination with [0 Theorem 5], this yields a proximate order po(r) with

. F(r) . Va(r)
1 =0 1 =0
oo Va(r) 0 roee 7V (1)
The function Fy(r) = 52 ((Z)) is of zero order and it tends to zero at infinity. By

Theorem [ it has a proximate order ps(r) that grows monotonically on (1,00) and
satisfies p3(co) = 0 (the case of p3(r) = 0 is not excluded). The proximate order
p1(r) = p2(r) + p3(r) is a proximate order for F(r). We have

Va(r)Va(r)

rlgrolo rV(r) =0
Thus, p1(r) is a required proximate order. a

Now, we return to determining the order of growth of a function ¥(r) defined as in
EBd). If p € Moo (p(r)), then L(J, 00) has the form

{/ K () di(u :ueFr[u}}

by Theorem [Tl If L(J, 00) # {0}, then ¥ grows as V(r) at infinity. But if L(.J, c0) = {0},
we have ¥(r) = o(V (r)), which does not determine the order of growth of ¥(r) at infinity.

The relation L(J,00) = {0} may be fulfilled for various reasons. First, we consider the
case where Fr[u] # {0}, but K is such that [~ K (u) dv(u) = 0 for every v € Fr[y]. In this
case, Theorem [Tl does not allow us to determlne the order of growth for ¥(r) at infinity.
For example, it may happen that Fr[u] = {v~ldu}, fooo K(u)uP~tdu = 0. In the case
in question, not merely our method fails, but in general the available information about
K and i (we know that [~ K (u)dv(u) = 0 for v € Fr[u]) is insufficient for determining
the order of growth of ¥ at mﬁnlty. Some additional information is required, and the
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complexity of the problem depends on this information. In the particular case where
du(t) = tP~1 dt, we have ¥(r) = 0.

Now, consider the case where Fr[u] = {0}. Then we can use ([@65) to improve the
estimate ¥(r) = o(V(r)).

Let F,,,(t) have a proximate order p,,(r). Then the measure A, d\,(t) = Fp,,(t) dt,
belongs to Mo (prm(r) +1). Put

H,, = {/ K+ (4) du(u) - ueFr[pm(r)H,Am}}.

By Theorem [B1] the cluster set for the function (—1)™*1r™* W (r) /rV,,(r) in the direc-

tion r — oo coincides with H,,. If H,, # {0}, if follows that ¥(r) grows at infinity as
VT—(T) But if H,,, = {0}, we obtain ¥(r) = O(VT—(T))

If H,, = {0} and Fr[\,;] # {0}, we again obtain a case where Theorem BTl does not
answer the question about the order of growth of ¥(r) at infinity.

Now, suppose that F}, (r) does not possess a stable proximate order. Then, application

of Theorems Bl and [0 to function F,,1(r) and the proximate order p,,(r) + 1 shows

that b s <M> |

By Theorem HI] there exists a proximate order pp,41(r) for Fyqq(r) with Vi, 1(r) =
o(rVm(r)). Applying TheoremBIlto Fy,41(r) and pp,41(7), we obtain the relation ¥(r) =
O(r=™=V,,41(r)), which is stronger than the relation W(r) = o(r="V,,(r)).

Denote by p,, a proximate order for F, (r). The following theorem holds.

Theorem 42. Let K(t) be a compactly supported infinitely differentiable kernel, and let
w be a Radon measure on (0,00) having no mass on (0,1]. We define ¥(r) by (L64) and
define uniquely the functions F,(t) in [LE5) by the algorithm described above. Let p,, be
the order of F,,. If

lirgriiglof(pm —m) = —o0,

then W(r) decays at infinity faster than an arbitrary power of r.
Proof. When applied to Fp,(r) and pp,(r), Theorem BTl yields

=0 (ta2)

This proves the claim. ([l

It is possible that p, = —oc for some n (for example, this is so if du(t) = Te™® dt).
Then ([@65]) and Theorem B imply that ¥(r) decays at infinity faster than an arbitrary
power of r.

Now, we consider the case where
(4.71) lim inf(p,, — m) > —o0.

m—0o0

Since pp+1 < pn + 1 by Lemma [I2] it follows that p,+1 = pn + 1 — &,, where &, > 0.
Inequality (E7T) shows that the series > &, converges. In its turn, this implies the
convergence of the sequence p, — n. Then p, = n + p + d,, where §, — 0, p, > 0 for
n > ng. If F,,(r) has a stable proximate order p,,(r) for some m > ng, then Theorem
shows that for every k > 0 the function pm4x(r) = pm(r) + k is a stable proximate
order for ¥ T,,L ) if E,, # {0}, but otherwise the method gives nothing beyond the relation
U(r) = oY),

But if for all m > ng there is no stable proximate order for F,,(r), then, by Theorem [41]

the functions F,, () possess some proximate orders p,,(r) such that ¥(r) = o(v”;%ir(f)),
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Vi (7"))

which is a refinement of the preceding relation ¥(r) = 0( o

nothing beyond this in the case in question.

We have discussed the possibilities of our method for a compactly supported infinitely
differentiable kernel K. Under some conditions, these results can be extended to not
necessarily compactly supported kernels.

In Theorem B3] it was required that the triple (K, p(r), 1) admit neutralization of zero
and of infinity. There are also results about the asymptotic behavior of ¥ in which this
assumption is violated.

The method gives

Theorem 43. Let p(r) be a zero proximate order, and let u € M(p(r)) be such that the
limit lime_,o u([e, 1]) = p((0,1]) exists. Let K(t) be a continuous function on [0,00). Put
Ki(t) = K(t) — K(0)x0,1)(t) and suppose that the triple (K1, p(r), u) admits neutraliza-
tion of zero and of infinity. Then

/OOO K(f) du(t) = K(0)u((0,7]) + ¢ (r);

r

moreover, the cluster set of the function ‘ﬁ%r)) as v — oo has the form

1 A~
{/ (K(t) — K(0)) dv(t / K(t) dva(t) = (v1,12) EFr(u)}.
0
Proof. We have

/OOOK(;) dﬂ(t)=K(0)u([0,rD+/0 Kl(;) dp(t).

The function K3 and the measure p obey all assumptions of Theorem Applying
it, we complete the proof. O

Many theorems involve the following assumption:
e t
(4.72) U(r) = / K(;) du(t) ~ MV (r), r— oo.
0

Under some restrictions on K and ju, we have ¥(r) = r°1(") where p;(r) is a proximate
order.

Theorem 44. Let p(r) be a zero prozimate order, p a positive locally finite measure

n (0,00), and K(t) a continuously differentiable function strictly monotone decreasing
on (0,00) and such that the triple (tK'(t), p(t), 1) admits neutralization of zero and of
infinity. Assume that [L12) holds true and that the derivative V'(r) can be calculated by

the Leibnitz rule:
:——/ tK’ du t).

If we define py(r) by the formulas v°*(") = W(r) for r > 1 and p1(2) = —pi(r), then
p1(r) is a zero prozimate order.

Proof. We remind the reader that the relation p; (%) = —p1(r) is a part of our definition
of a zero proximate order (see §2). We have

W(2r) = U(r) = /Ooo (K(%) _ K(%)) du(t)
> [ (r() - 50 (L) ) dute) 2 w2,

where m = min {K (%) — K(u) : u € [1,2]} > 0. By @T2), it follows that Fr[p(r), u] =
{0}.

(4.73)
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Now, by assumption and by Theorem [35] we obtain

r¥'(r) ¥’ (r)
li =0, U =0.
e Vir) i U(r)
This argument shows also that the function pi(r) defined in the theorem is a zero
proximate order. O

Remark 7. Let us dwell on Theorem 108 in Hardy’s book [6]. It claims that if p(r) is
a zero proximate order and p is a positive locally finite measure on [0,00), then the
relations

U(r) = /Ooo e du(t) ~V(r), p((0,7]) ~V(r) (r— o0)
are equivalent.

We want to apply our theorems to this case and to look at the results. Theorem [44]
implies that ¥(r) is representable in the form W(r) = r71(") = V;(r), where p;(r) is a
zero proximate order. There exists a zero proximate order pa(r) such that

. Vi(2r) — Vi(r) . Va(r)
1 e~ lim 22 — .
Rk VAT B e

The simplest choice is to define po(r) by the relation ?2(") = V;(2r) — Vi(r), provided
this function is a proximate order.
We have

W) Vi) = [ e (- e dutt)

ar t t 1
> / e 2 (1—e2r)du(t) > 671(1 —e 2)p((r,2r]).

It follows that pu € My (p2(r)). Now, applying Theorem Bfl to the second summand on
the right in the formula

¥(r) = u((0.7]) + / T (et = o) dult),

we obtain
u([0,7]) = ¥ (r) + O(Va(r)).
This is stronger than Theorem 108.

§5. TAUBERIAN THEOREMS FOR INTEGRALS

We start with a definition.

Let 1 be a Radon measure on the real axis satisfying the condition |u|([—t,t]) <
M(1 4+ t*) with some o > 0. The Carleman transform of p is defined to be the pair
G(z) = (G4(2), G_(z)) of functions given by

/oo
Gi(z) = /0 e du(t), Imz >0,

10
G_(z) =— / e du(t), Imz <O0.
Primes near the integral signs means that we integrate against the measure pu —
$14({0})d (6 is the Dirac unit point mass at zero) rather than against p. If p({0}) = 0,
the primes can be omitted.
Clearly, G(z) is a locally holomorphic function on C\ R (C is the complex plane and
R is the real axis).
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Our exposition of Tauberian theorems depends rather essentially on the following
statement about analytic continuation.

Theorem 45. Let M > 0 be a fixred number and i a Radon measure on the real axis
such that |p|([a, B]) < M if 8 — a < 1. Suppose that a Borel function K(t) belongs to
Li(—00,00) and K(\) = [*_K(t)e=dt # 0 for A € (a,b). Suppose also that

(5.74) /fo K(t—u)du(t) =0, u e (—o0,00),

and let G(z) = (G4(2),G_(2)) be the Carleman transform of u. Then the following is
true:

1)
(5.75) |G(= )|<M(1—|—| ‘) z=x+1y;

2) G4 (z) admits analytic continuation through (a,b) to G_(z).

Proof. First, we show that if d — ¢ = 1, then there exists M; such that

(5.76) I(c,d) / / K (t —w)| d|ul(t) du < M,

for every ¢ € (—o00, 00). We have

I<c,d>—/ /|Kt—u|dud|m // o) dr dlpa (1
> " / o)\ dr dlul().

n—=—oo
By the mean value theorem, there exist points t,, € [n,n + 1] with

-3 [ e [ anio,

n—=—oo

By the restrictions on u, we obtain

tn—c
I(c,d) <MZ/ \dT—M/ )| dr,

n=—oo
where a(7) is the number of segments [t,, — d, t,, — ¢| that contain 7. Now, (5.70]) follows
because a(7) < 3.
Next, we estimate G(z). Let [i(t) be the distribution function for |u| normalized by
the condition fi(0) = 0. By assumption, |fi(¢)] < M (1 + |¢|). Therefore,

Gi(2)] < / e*tydﬁ(ﬂ:e*tyﬁ(t)]“w / Ji(t)e "t dt.
0 0 0

Using the estimate for [i(t), we arrive at the inequality |G (z)] < M (1+ i) The function
G _(z) is estimated similarly. This proves statement 1).

We denote T (t) = (sin %t/%t)2 and define a measure p. by du.(t) = T.(t)du(t). Let
G¢(z) be the Carleman transform of u.. We observe that the measure p. is finite and
that, by the inequality T.(¢) < 1, the function G can be replaced by G in (B.75]).

Assuming that ¢ is sufficiently small, let [aq, b1] be a segment such that a +¢ < a1 <
by < b—e. Let £ be an arbitrary point of the segment [a;,b;]. We find a function
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K; € Li(—00,00) such that

(5.77) / K (WK (t — ) du = T ()",

If such a function exists, we have

(5.78) /Oo /Oo Ky(wK(t — u)e™ ™ dudt = T(¢, ),
where

oo
T(¢x) = / T.(t)ete "t gt

It is well known that the integral on the left in (B.78) converges absolutely, so we can
change the order of integration. This yields

/ / K(t—u)e ™ dtKy (v) du = K (2) K, (),
(5.79)

Now we forget the way in which (5279) was deduced and consider the function Ki(z)
determined by this formula. The support of f(e, x) is included in [§ — €, & + €], which is
a part of (a,b). The function K (z) does not vanish on (a,b). So, Ki(z) is well defined
on [ —¢e,& +¢]. We agree that K () vanishes outside this segment. Thus, K (z) is a
continuous compactly supported function.

By the Wiener division theorem, it follows that if I?l(x) is defined by (E.79), then
there exists a function K; € Li(—o0, 00) whose Fourier transform coincides with K 1(x).
Now, ([B.77) follows from the identity K (x)f? (x) = f(e,x) by taking inverse Fourier
transforms. The existence of K is proved.

We multiply the two sides of (5.74) by Ki(u) and then integrate over (—oo, 00), ob-
taining

(5.80) /:)O /jo Ky (u)K(t —u) du(t) du = 0.

We want to estimate the integral

I=/O;/O;IK1(u)IK(t—u>|dudlu|(t)-

‘We have

=3 [T st - ol o

< Z max {|Ky(u)| : u € nn—|—1}/ / K(t —u)| dud|p|(t).
Applying (570), we arrive at the inequality
I< M Z max {|Ky(u)| : u € [n,n+1]}.

The function K; € Ly(—00,00) is the Fourier transform of a continuous compactly
supported function. By Lemma 67 in [20, Chapter 2, §11], the above series converges for
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such functions. Thus, I < co. Now by the Tonelli and Fubini theorems, we see that the
order of integration on the left in (580) can be interchanged. By (.71, this yields

(5.81) / ST (t) du(t) =0, € € [ar, ).

Since p. is finite, we see that G (z) is holomorphic in the upper half-plane and is
continuous up to the boundary. Then (5.81]) can be rewritten in the form G () = G= (),
¢ € [a1,b1]. By the theorem of the elimination of singularities (see [2I, Theorem 2.2,
Chapter 4]), the functions G (z) and G° (z) are analytic continuation for one another
through (a1, b1).

Next, in the complex plane, we consider the square ()1 for which the segment [aq, b1]
is a diagonal. Consider also the family of functions

Fy(2) = (2 —a1)(z = 0))G"(2), n€(0,¢],

in this square. Some edge of ()1 has the parametrization z = a; + te%, t e [O, bl\;gl].

On this edge, we have

1+ Y2

Fa(e(0)] < Mthor = + 167 |1+ 3| <

Clearly, |F;(z)| < M on the boundary of the square.

Let 0 € (O, bl;’“), and let Q2 be the square whose diagonal is [a; + J,b; — 6]. On the
boundary of @3, we have |G"(z)| < M5(8) with some quantity M3 depending on 6.

By the Montel theorem, the family G"(z) is compact inside Q2. So, there exists a
function H(z) holomorphic in @2 and a sequence 1, — 0 such that the sequence G (z)
converges to H(z) uniformly on compact sets inside Q3. For Imz > 0, the sequence
G (z) converges to G4(z), and for Imz < 0 it converges to G_(z). It follows that
G_(2) is an analytic continuation for G*(z) through (a; + d,b; — ), and, consequently,
through (a,b) because € and J are arbitrary. O

Remark 8. Theorem is a refinement of Carleman’s analytic continuation lemma. In
Carleman’s original statement (Carleman’s proof can also be found in [23]), measures
with bounded density were considered. The above proof of Theorem (3] involves some
arguments of Carleman.

Let pu be a Radon measure of finite order on the real axis, and let G(z) = (G4 (z), G_(2))
be the Carleman transform of ;. We remove from the real axis all intervals (a, b) such
that G (z) continues analytically into G_(z) through (a,b). The remaining part of the
real axis is called the Carleman spectrum of .

It should be noted that it may happen that G (z2) is continuable analytically through
(a,b), but the result is not G_(z). In this case, (a, b) is included in the Carleman spectrum
of p.

In connection with Theorem and the definition of the Carleman spectrum, it is
interesting to mention the following statement pertaining to harmonic synthesis (see [24]
23] for the discussion of this subject).

Theorem 46. Let i be a Radon measure on the real axis with bounded Carleman spec-
trum. Then u is absolutely continuous and its density g(t) is the restriction of an entire
function of exponential type to the real axis.

Proof. Let G(z) = (G4+(z), G_(z)) be the Carleman transform of p. Since u is of finite
order, there exist numbers M > 0 and a > 0 such that fi(r) (the distribution function
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for |u|) satisfies |fi(r)| < M(1+ r®). Assuming that fi(r) is normalized by the condition
[(+0) = 0, we obtain

1
3 luopl+ [

(0,00)

G+ (2)]

IN

e dii(t) = 3lu({0))] + / T Ht)e dt

A

1 o0
< gl + 0ty [ e tvar < an (14
0
The function G_(z) is estimated similarly. Therefore, G(z) satisfies the estimate

(5.82) G(z)| < M, (1 + %) .
Since the spectrum of p is bounded, the point oo is an isolated singularity for G(z).
Arguing as in the proof of Theorem [3] (see the text involving the squares @1 and @) for
the function (z — a1)™(z — b1)"G(2), we arrive at the conclusion that there exist o > 0,
B > 0, and M > 0 such that |G(2)| < My on the set {z =z + iy : || > a, Jy| < B}
Together with (5:82)), this implies that oo is a removable singularity for G(z).

It is easily seen that

loo

1
. . . . —ty _
A Giliy) = Im oc du(t) = 5pu({0}),
0 1
1'[[ _ (7 = — 1'[[] ty = ——= .
yifooG (1y) yifoo /Oo e du(t) 2/1({0})

These identities allow us to conclude that the relation p({0}) # 0 would contradict the
fact that oo is a removable singularity for G. Thus, p({0}) = 0, and we have proved that
G(00) = 0. Consequently, there exist numbers M3 > 0 and Ry > 0 such that

M.
(5.83) 1G(2)] < ITT
for |z| > R;.
Now, we define the function
1 ,
(5.84) g(t) = ——/ G(w)e "™ dw,
2T e

where £ is a closed smooth positively oriented Jordan curve encompassing the spectrum
of p. Note that G(w) is holomorphic in the closure of the unbounded domain whose
boundary is £ and that g(t) is an entire function of exponential type.

Next, for Im z > 0 we introduce the function

Gi(z) = / g(t)e'* dt = ——/ / et ) d1G(w) dw.
0 21 Je Jo

Let Imz > 2h, where h > 0 is arbitrary. Since the spectrum of u lies on the real axis,
the contour £ can be chosen in such a way that Imw < h for every w € £. Then

Gi(z) = —L,/Q:de.

w—z
Now, inequality (.83) and the Cauchy theorem imply that G1(z) = G(z) for Im z > 2h,
and, consequently, for Im z > 0.

We have proved that the Carleman transforms of the measures uq, du;(t) = g(t) dt,
and p coincide in the half-plane Im z > 0. In a similar way, it can be verified that they
coincide for Imz < 0. Thus, p and p; have the same Carleman transforms, therefore

W= pia. U
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Theorem 47. Let p be a Radon measure of order p on the real axis. Suppose that the
Carleman spectrum of p is finite. Then there exist polynomials Py(t), A € A, deg Py(t) <
p— 1, such that

dp(t) = Pa(t)e ™ dt.
AEA

Proof. Let G(z) be the Carleman transform of u. The spectrum of p is finite and, conse-
quently, bounded. The proof of Theorem @] shows that in this case G(z) is holomorphic
in a neighborhood of infinity and G(co) = 0. It was also proved that du(t) = g(¢t) dt
in the case in question, where g is an entire function of exponential type. Denote
g1(t) = fg |g(w)| du. Integration by parts shows that

Grl=| [Teawa < [ emgan =)y [T e tm
0 0 0

If p < 0, we have |g1(t)] < M. If p > 0, for every € > 0 we have |g1(t)| < M_[t|?"¢ for
t>1. Thus, |G(2)] < M if p < 0, and |G(2)| < M. ()" if |y| < 1 and p > 0.

Since the spectrum is finite, its points are proper isolated singularities for G(z), and the
estimates for G(z) obtained above show that for p < 1 these singularities are removable.
In this case, G(z) = 0 and p = 0. But if p > 1, then the points of the spectrum of G can

be poles of order at most p for G(z). Therefore,
p
an,\
G =) > —
faanm (=X
Now, the theorem follows from (B.84]) and the formula
1 —it o m—iAt
————e "dw = 2mi(—it)"e”" O
o=

Theorem 48. Let M > 0 be a fized number, and let p be a Radon measure on the
real azis satisfying |p|([a, B]) < M whenever 8 —«a < 1. Let K be a Borel function in
Li(—00,00) such that the set A = {\ € (—o0,00) : K(\) =0} is finite. Suppose that

/_OO K(t—u)du(t) =0, ue (—o0,00).

Then there exist members cx, A € A, such that du(t) =\ exe— Mt

Proof. By assumption and by Theorem 5] the Carleman spectrum of p is included in
the finite set A. Now, Theorem HT and the inequality p < 1 for the order p of p imply
the claim. ]

Statements similar to theorems [6H4] were earlier proved by Korenblum, see [25].
Next, we state a multiplicative version of the last theorem.

Theorem 49. Let M > 0 be a fized number, and let p be a Radon measure on (0, 00)
satisfying |u|([e, B]) < M whenever g <e. Let K be a Borel function on (0,00) such that
1K (t) € L1(0,00). Suppose that the set A = {\ € (—o0,00) : [ $+K(t)t~*dt =0} is
finite. Suppose also that

/000 K(E) du(t) =0, r € (0,00).

r

Then there exist numbers cx, A € A, with du(t) = 13,5 et~ dt.
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Proof. We introduce a Radon measure v on the real axis in the following way: v([a,b]) =
([e”, €®]). If b < a + 1, we have
[vI(la,0]) = |l (le®,€"]) < [pl([e, ™) < M.

Put K;(x) = K(e*). Then K; is a Borel function on the real axis belonging to the space
Li(—00,00). We have
;K(t)tﬂ')‘ dt = / Ky (x)e " d,
0 —00

(o9} t oo
/ K(—) d,u(t):/ Ki(z—u)dv(z) =0, uw=Inr
0 r —o0
The kernel K and the measure v enjoy all the assumptions of Theorem @8 Therefore,
—ilx 1 —1
dv(z) = Z cxe M dr,  du(t) = : Z ext~ N dt. O
AEA AEA

In the next statement, we describe the measures p for which the function ¥(r) defined
by ([[2) is the density of a regular measure. We remind the reader that v(t) was defined

in (CI).
Theorem 50. Let p(r) be an arbitrary proximate order, u a Radon measure on (0,00)

of class M(p(r)), and K a Borel function on (0,00) such that t*~1y(t)K(t) € L1(0,00)
and ¢y = [;° K(t)t*~'dt # 0. Suppose that the set

A= {/\ € (—00,00) : /OOO Kt)tr—1 =" at = 0}

is finite. Define U by ([L2). If the measure s, ds(t) = U(t)dt, is regular with respect
to the prozimate order p(r) + 1 and, moreover, Fr[s] = {c}, where do(t) = ct? dt, then
the cluster set Fr[u] consists of absolutely continuous measures v and the density h(t) of
every such measure is of the form

h(t) = (i + Z c,\t_i)‘)tp_l,

A€A

where the cy are some complex numbers.

Proof. By Theorem B8] for every v € Fr[u] we have
o t
5.85 K(—)dv(t) = cu”.
(5.85) | () = e
If va(t) = v(t) — vi(t), where duvy (t) = ét”fl dt for p # 0 and dvy (t) = =+ dt for p =0,

C1
then

(5.86) /OOO K(f) dvs(t) = 0.

u

Let K1(t) = tPK(t), and let v5 be the measure defined by dvs(t) = t~*dvs(t). Then
formula (5.86) can be rewritten in the form

/Ooo K (%) dvs(t) = 0.

Since p € M(p(r)), we see that the function

it an i)
N(a) =1 T—)oop V(T) ’
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where [i(r) is the distribution function for |u|, is bounded on [0,e]. By Theorem 25 it
follows that for any v € Fr[u], on the set (0,00) x [1,e] we have |v|([r,qr]) < Mr? with
some constant M. Clearly, a similar estimate (possibly, with a different M) is fulfilled
for vs.

There exists £ € [a, ] such that

B B
/ dlus|(t) = / £ dls|(£) = €| ([0 ).
Now if 8 < ea, then
3| ([, B]) = € |va| ([, B]) < M(%)p < Mel!.

Also, we have 1K1 (t) € L1(0,00). Thus, the kernel K; and the measure v3 satisfy the
assumptions of Theorem Therefore, dvs(t) = %Z AeA ext~* dt, which is equivalent
to the claim of the theorem. O

There is also a version of Theorem [50l in which the restriction ¢; # 0 is absent.

Theorem 51. Let p(r) be an arbitrary prozimate order, p a Radon measure on (0,00) of
class M(p(r)), and K a Borel function on (0,00) with tP~1~(t)K(t) € L1(0,00). Suppose
that the set

A= {/\ € (—00,00) : /Ooo K@t)tr— 1= dt = 0}

is finite and 0 € A. Define ¥ by formula [L2)). If the measure s, ds(t) = ¥(t)dt,
is reqular with respect to the proxzimate order p(r) + 1, then Fr[s] = {0}, the set Fr[u]
consists of absolutely continuous measures v, and the density of every such measure is of

the form
h(t) = ( > cAt_i’\)tp_l,

AEA
where the cy are some complex numbers.

Proof. Since the measure s is regular, we obtain (.85 as in the proof of the preceding
theorem. After that we argue as follows. Let v and o be two measures in Fr[u], and let
v3 = v —o. We have fOOOK(%) dvs(t) = 0. Repeating the arguments in the previous
theorem, we obtain dvs(t) = (3 ,cpcat™™*)tP"1dt. We have proved that for every
v € Fr[u] there exists a collection of complex numbers ¢y (which, generally speaking,
depend on v) such that dv = do + d7, where o is an arbitrary fixed measure in Fr[u] and
dr(t) = Y senleat= )t dt.
For every r > 0 we have dv,, = do, + dr,. Observe that

dr,(t) = ( > cAr_i’\t_“‘) P~ dt.
AEA
On the other hand, since v, € Fr[u], we have
dv,.(t) = do(t) + ( Z c)\(r)t“‘)tpl dt.
AEA
If A={X\,..., \n}, from the above it follows that

(5.87) doy(t) — do(t) = (i(ck(ﬂ — ckr‘“k)t—“k)tp—l dt.

k=1
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From (B87) we deduce the formula

n

(5.88) /000 F(O)(dor(t) = do(t)) =D (en(r) — eur™™) / FrP = gg.

k=1
The choice of f(t) will be specified later. Next, we have

/ f(t)tp*l*i)"C dt = / 6pzf(ez)efM’“z dx.
0 —00

Now, choose f(z) = fi(z) in such a way that the function ¢,,(x) = e® f,,(e*) satisfy

[w @m(«r>€7i)‘x dr = H ()\ _ )\k)(Sin)\CV)\)P,

k#m

where p is a sufficiently large integer, and the real number « is such that sin a),, # 0 if
Am # 0 and a = 1 if A,;; = 0. The definition of ¢,,, and the Paley—Wiener theorem show
that ,, is compactly supported. The inversion formula for the Fourier transformation
easily shows that ¢, has p — n — 3 continuous derivatives. In its turn, this implies that
supp fm is a compact subset of (0,00) and f,, has continuous derivative up to the order
p—n—3 (inclusive) Under this choice of f, formula (5.88) takes the form

i fm / fm(t) do(t ( (r)—cmrﬂ‘)‘m),

" Jo
where A,, # 0. This 1dent1ty easily implies that every function cg(r) is infinitely dif-
ferentiable on (0,00) and ¢, (1) = ¢y,. In what follows, we assume for definiteness that
p > 0. We also agree to normalize the distribution function o(t) for the measure o by
the condition o(0) = 0. Then o,(t) = % Next, integrating the two sides of (587
over [0, 1], we arrive at the formula
o(r) _ - —iXp 1
7(1) = 3 (erlr) = e ™M)

k=1

rP

This shows that ¢ has an infinitely differentiable density, to be denoted by h(t). Then
(E31) can be rewritten in the form

h(rt) h(t) Zn: A A
- oT= ck —ckr““)tlk
(rt)p=1  tr- po

Denoting by H(r,t) the right-hand side of this identity, we deduce that H(r,t) satisfies
the differential equation

rH (r,t) —tH{(r,t) = t(lf;(—tz)/.

This yields

n | . /
> et + ) =1 (5)

Since the functions t~*** are linearly independent, it follows that there exist numbers
dy, such that rcj (r) + iAger(r) = di. Then (t’f,(t)l)/ =Y b, dit~ 71 Assuming that
A1 =0, we obtain h(t) = (dyInt+ >, _, ~% -1 Xk 4 d)tP~t. Since h(t) is the density of
a measure o € Fr[u], Theorem 28] shows that the measure o must satisfy the inequality
lo([r,er])] < ar? with some constant «. Therefore, d; = 0. We have proved that the
density h(t) of an arbitrary measure o € Fr[u] has the form indicated in the theorem.

Next, Fr[s] = {0} by Theorem O
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In connection with Theorem Bl we consider the following example. Let K be a kernel
on (0,00) such that $+K(t), BLK(t) € L1(0,00), and [~ $+K(t)dt = 0. We have

\I/(r):/ K(—)ln—tdt /K h”‘“”du_/ K(u ln—“du
0

Let p(r) = 0. The measure s, ds(t) = U(t) dt, is regular with respect to the proximate
order identically equal to 1. The measure p, du(t) = h‘Tt dt, does not belong to M, (0)
and, a fortiori, to 9M(0).

The particular case of Theorem in which A = @ yields the following Tauberian
theorem.

Theorem 52. Let p(r) be an arbitrary proximate order, 1 a Radon measure on (0,00)
of class M(p(r)), and K a Borel function on (0,00) such that t*~~y(t) K(t) € L1(0,00).
Suppose that the function fooo K(t)tP~1=* dt does not vanish on the real axis. Define
U by ([L2). If the measure s, ds(t) = W(t)dt, is reqular with respect to the proximate
order p(r) + 1, then p is regular with respect to p(r), and if Fr[s] consists of only one
measure with density ct?, then Fr{u] consists of only one measure with density ét’)’l,

where ¢y = [ K (t)t°~* dt.

Proof. By Theorem B0} the set Fr[u] consists of a unique measure. Therefore, this mea-
sure is regular. Its cluster set was described in Theorem O

As was shown by Theorem [29] a positive measure p is regular with respect to a
proximate order p(r) if and only if that
w([ar, br]) b? — af

li = , 0<a<b<oo,
rggo V(r) ¢ p “ e

with some constant c¢. Moreover, p can be an arbitrary real number (for p = 0, the right-
hand side is defined by continuity and is equal to c¢In g) If p > 0, the above identity

is equivalent to the identity lim, .o £ al@r) — %, and if p < 0, it is equivalent to the

V()
identity lim, oo ”((r(oi’)) %.
Regular signed measures were described in Theorem
In Theorem [52] an arbitrary proximate order is considered. As was mentioned in the
Preface, already the particular case of Theorem when p(r) = 1 is a refinement of

Wiener’s second Tauberian theorems in various respects.
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