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DISCRETE SPECTRUM OF A PERIODIC SCHRÖDINGER

OPERATOR WITH VARIABLE METRIC PERTURBED

BY A NONNEGATIVE RAPIDLY DECAYING POTENTIAL

V. A. SLOUSHCH

To the memory of M. Sh. Birman

Abstract. The discrete spectrum is investigated that emerges in spectral gaps of
the elliptic periodic operator A = −diva(x)grad + b(x), x ∈ Rd, perturbed by a
nonnegative, “rapidly” decaying potential

0 ≤ V (x) ∼ v(x/|x|)|x|−�, |x| → +∞, � ≥ d.

The asymptotics of the number of eigenvalues for the perturbed operator B(t) =
A+ tV , t > 0, that have crossed a fixed point of the gap, is established with respect
to the large coupling constant t.

§0. Introduction

In the present paper, we study the discrete spectrum that emerges in spectral gaps of
an elliptic periodic selfadjoint second order differential operator perturbed by a nonneg-
ative decaying potential. It is assumed that the unperturbed operator A acts in L2(R

d)
and has the form

(0.1) A = − div a(x) grad+b(x).

Here the real-valued symmetric (d×d)-matrix-valued function a(x), x ∈ Rd, is bounded,
Zd-periodic, and uniformly elliptic; the function b(x), x ∈ Rd, is real-valued, bounded,
and Z

d-periodic. The operator A is perturbed by a nonnegative bounded potential V (x),
x ∈ Rd, with power-like decay at infinity,

(0.2) V (x) ∼ v(x/|x|)|x|−�, |x| → +∞, � > 0.

It is assumed that the spectrum of A possesses an internal gap (α, β). The spectrum of
the perturbed operator B(t) = A+tV , t > 0 in the gap (α, β) is discrete. The eigenvalues
of B(t) inside the gap (α, β) move from left to right as t increases. The principal object
of investigation is the counting function N(λ, τ, V ) equal to the number of eigenvalues
of the operator B(t) that have passed through a fixed “observation point” λ ∈ (α, β)
as t grew from 0 to τ . At the left endpoint of the gap the counting function is defined
by N(α, τ, V ) := limλ→α+0 N(λ, τ, V ); the quantity N(α, τ, V ) can be interpreted as the
number of eigenvalues that have been “born” at the left endpoint of the gap as t increased
from 0 to τ .

In a nutshell, the main result of the paper (see Theorems 1.2 and 1.3) is the following
statement: if the perturbation admits a power-like asymptotics (0.2), then for the counting
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function we have

(0.3) N(λ, τ, V ) ∼ Γ�(λ)τ
d/�, τ → +∞, λ ∈ (α, β).

The coefficient Γ�(λ) can be determined in terms of band functions of the operator A
and the perturbation V . Under certain conditions, the asymptotics (0.3) remains valid
also in the case where λ = α.

The sign of the perturbation affects significantly both the result and the technique
utilized. The negative perturbations are in a certain sense better studied than the non-
negative ones (see, e.g., [1]). The present paper deals with the case of nonnegative
perturbations.

For the first time, the asymptotics (0.3) was obtained in the paper [2] for the case
A = −Δ+ b(x). There, the potential b(x) was not assumed to be periodic; instead, the
restriction that the operator A possesses an integrated density of states was imposed.
In [2], the asymptotics (0.3) was only established inside the gap. The validity of (0.3) at
the left endpoint of the gap was discussed in [3] for the case of A = −Δ + b(x), where
b(x) is a periodic function. In the survey [1], it was conjectured that the asymptotics
(0.3) occurs in the case where A admits the form (0.1); the conditions for the asymptotics
(0.3) to be valid with λ = α were also discussed. This conjecture was proved in [4] in the
case of a “slow” decay of the potential V (in the case where � ∈ (0, d)). In the present
paper, we continue the investigation started in [4]. Namely, the asymptotics (0.3) is
ascertained for the operator (0.1) perturbed by a potential (0.2) in the case where � ≥ d.
Moreover, conditions are given under which the asymptotics (0.3) holds true for λ = α.
No smoothness conditions on the coefficients of the operator A or the potential V are
imposed.

The case of a “fast” decay of the potential V (with � ≥ d) is technically more involved
than the “slow” case. The required results pertaining to the estimates and asymptotics
for singular values of compact operators admitting the form ϕ(A)W (x) were obtained
in [5, 6]; the results of [5, 6] allows us to reduce the case of a “fast” decay to that of a
“slow” decay and then to utilize the relevant results of [4] (cf. Proposition 2.6).

Let us agree on the notation. Let (X , dρ) be a measurable space; for a measurable
function f : X → C the symbol [f(x)] denotes the operator of multiplication by f in the
space L2(X , dρ). The norm in a (quasi)normed space X is denoted by ‖ · ‖X ; if the spaces
X, Y are (quasi)normed, the standard norm of a bounded linear operator T : X → Y
is denoted either by ‖T‖X→Y or by ‖T‖ (with no subscript), provided that the latter
does not lead to a confusion. For a separable measurable space with a σ-finite measure
(Z, dν), the notation Lp(Z, dν) means the standard class Lp; if Z is a countable set, we
employ the notation Lp(Z, dν) =: lp(Z, dν). Moreover, 1 is a (d × d)-matrix identity;
〈 · , · 〉 is the standard inner product in Cd; Zd is the lattice of integers in Rd; H1(Ω)
is the standard Sobolev class in the domain Ω ⊂ Rd; H1

loc(Ω) is the class of functions
u(x), x ∈ Ω, such that uϕ ∈ H1(Ω) for any function ϕ ∈ C∞

0 (Ω); Δ is the Laplacian in
Rd. For a densely defined closed operator A in a Hilbert space, its spectrum is denoted
by σ(A) and its adjoint by A∗. If A is selfadjoint, EA( · ) is its spectral measure. For a
Borel set δ ⊂ R we put πA(δ) := rankEA(δ). Next, n±(s, A) := π±A(s,+∞), s > 0, are
the distribution functions of the positive and negative spectra of the operator A. The
symbols B and S∞ stand for the classes of all bounded and all compact linear operators,
respectively.

The paper consists of the Introduction and three sections. In §1 we pose the problem
and describe the main results. In §2 we collect of essential information pertaining to
estimates and asymptotics for singular values of compact operators admitting the form
ϕ(A)[W (x)]. The proofs of the main results are contained in §3.
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§1. The problem and main result

1. The unperturbed operator. Let a be a real-valued symmetric (d × d)-matrix-
valued function, and let b be a real-valued function such that

a, b ∈ L∞(Rd), a(x) ≥ c01, c0 > 0,(1.1)

a(x+ n) = a(x), b(x+ n) = b(x), x ∈ R
d, n ∈ Z

d.(1.2)

The operator (0.1) acts in L2(R
d), d ≥ 1, and is generated by the closed semibounded

quadratic form

a[u, u] :=

∫
Rd

(
〈a(x)∇u,∇u〉+ b(x)|u|2

)
dx, u ∈ H1(Rd).

The operator A is Z
d-periodic. In order to describe the spectrum of A, we introduce

the standard objects that are linked with the spectral resolution of a periodic elliptic
operator (see, e.g., [7, XIII.16]; [8]). Let Ω := [0, 1)d be the periodicity cell of Zd, and

let Ω̃ := [−π, π)d be the cell of the dual lattice (2πZ)d. In L2(Ω), consider the family of

selfadjoint operators A(k), k ∈ Ω̃, generated by the quadratic forms

a(k)[u, u] :=

∫
Ω

(
〈a(x)∇u,∇u〉+ b(x)|u|2

)
dx, u ∈ dom a(k), k ∈ Ω̃.

The domain dom a(k), k ∈ Ω̃, consists of functions u ∈ H1(Ω) such that the product
e−ikxu(x) is periodically extendible to a function of class H1

loc(R
d). In other words, these

are functions that belong to H1(Ω) and satisfy k-quasiperiodic boundary conditions. The
spectra of operators A(k) are discrete. Denote by

(1.3) E1(k) ≤ E2(k) ≤ · · · ≤ En(k) ≤ . . .

the consecutive eigenvalues of the operators A(k), counting multiplicities. The maps

Es : Ω̃ → R (band functions) can be periodically (with respect to the lattice (2πZ)d)
extended up to continuous functions in R

d. Let {ψs(k, · )}∞s=1 denote orthonormal in

L2(Ω) eigenfunctions of the operators A(k), k ∈ Ω̃, corresponding to the eigenvalues (1.3).
We extend the definition of ψs(k, x) to all x ∈ Rd so that the products e−ikxψs(k, x) be

Zd-periodic in x ∈ Rd for all k ∈ Ω̃, s ∈ N. We single out the property (see, e.g., [9])

(1.4) ψs( · , · ) ∈ L∞(Ω̃× R
d).

We introduce the operators Φs that partially diagonalize the operator A:

(1.5) (Φsu)(k) = (2π)−d/2

∫
Rd

ψs(k, x)u(x) dx, u ∈ S(Rd), s ∈ N.

Here S(Rd) is the Schwartz class. The operators (1.5) extend by continuity up to partial

isometries of L2(R
d) onto L2(Ω̃). The products Φ

∗
sΦs =: Ps, s ∈ N, are pairwise orthogo-

nal projections in L2(R
d), and moreover,

∑
s∈N

Ps = I. The operator A is decomposable
into the sum (the Floquet decomposition)

A =
∑
s∈N

Φ∗
s [Es(k)]Φs.

The spectrum of the operator A is the union of bands , which are the ranges of the
continuous mappings Es:

σ(A) =
∞⋃
s=1

ImEs.
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The spectrum σ(A) may contain gaps. Henceforth it is assumed that (α, β) is a gap in
σ(A) such that

(1.6) α = max
k∈˜Ω

El−1(k) < β = min
k∈˜Ω

El(k)

for some l ≥ 2.

2. Perturbation. The operator (0.1) is perturbed by a real-valued potential V (x).
Assume that the potential V (x) is such that

V (x) ≥ 0, V ∈ L∞(Rd),(1.7)

V (x) = v(x/|x|)|x|−ρ + o(|x|−ρ), |x| → +∞, ρ > 0.(1.8)

Define the perturbed operator B(t) := A + tV , t > 0. It is easily seen (see, e.g.,
[4]) that, under conditions (1.1), (1.7), and (1.8), the perturbation is nonnegative and
relatively compact:

B(t) ≥ A; (B(t)− iI)−1 − (A− iI)−1 ∈ S∞(H), t > 0.

Therefore, the spectrum of B(t), t > 0, within the gap (α, β) is discrete and does not
accumulate to the right endpoint of the gap. Consider the counting function

(1.9) N(λ, τ, V ) :=
∑

t∈(0,τ)

dimKer(B(t)− λI), τ > 0, λ ∈ (α, β).

It is natural to assume that the right-hand side in (1.9) is infinite if there exist infinitely
many points t ∈ (0, τ ) for which dimKer(B(t)−λI) > 0. Variational considerations yield
the following statement (the Birman–Schwinger principle; see, e.g., [10]).

Proposition 1.1. Assume that conditions (1.1), (1.7), (1.8) and σ(A) ∩ (α, β) = ∅ are
fulfilled. Then

Z(λ) := V 1/2(λI −A)−1V 1/2 ∈ S∞, λ ∈ (α, β),

N(λ, τ, V ) = n+(τ
−1, Z(λ)), τ > 0, λ ∈ (α, β).

(1.10)

Proposition 1.1 implies that the quantity N(λ, τ, V ) is finite for all τ > 0, λ ∈ (α, β),
and is monotone nonincreasing as λ grows (for a fixed τ > 0). Therefore, the (either
finite or infinite) value of the counting function at the left endpoint of the gap can be
defined as

N(α, τ, V ) := lim
λ→α+0

N(λ, τ, V ), τ > 0.

3. The main result. We describe the asymptotics of the function N(λ, τ, V ) as τ →
+∞. Consider the quantity

Γρ(λ) := (2π)−dd−1
l−1∑
s=1

∫
˜Ω

(λ− Es(k))
−d/ρ dk

∫
Sd−1

vd/ρ(θ) dS(θ), λ ∈ [α, β].

Obviously, Γρ(λ) is finite for λ ∈ (α, β); Γρ(α) is finite provided that

(1.11) (α− Es( · ))−1 ∈ Ld/ρ(Ω̃), s = 1, . . . , l − 1.

The following result was proved in [4].

Theorem 1.2. Assume the conditions (1.1), (1.2), (1.6), (1.7), and (1.8), and let ρ ∈
(0, d), d ≥ 1. Then for all λ ∈ (α, β) we have

(1.12) lim
τ→+∞

τ−d/ρN(λ, τ, V ) = Γρ(λ).

If, moreover, relations (1.11) are valid, then the asymptotics (1.12) holds true for λ = α
as well.
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Our goal in the present paper is to investigate the case where ρ ≥ d ≥ 1, λ ∈ [α, β).
In doing this, we replace condition (1.11) by a more restrictive one:

(1.13) (α− Es( · ))−1 ∈ Lσ(Ω̃), s = 1, . . . , l − 1, where

{
σ = 1, ρ > d,

σ > 1, ρ = d.

In the sequel (see §3) we shall establish the following.

Theorem 1.3. Under conditions (1.1), (1.2), (1.6), (1.7), and (1.8), suppose that ρ ≥
d ≥ 1. Then for all λ ∈ (α, β) the asymptotics (1.12) is valid. If, moreover, (1.13) is
true, then (1.12) is fulfilled for λ = α as well.

The left endpoint of the gap (α, β) is said to be regular if maxk∈˜ΩEl−2(k) < α, and

the identity El−1(k) = α is attained at finitely many points kj ∈ Ω̃, j = 1, . . . ,M , where
each of the points kj is a nondegenerate maximum for El−1, i.e.,

α− El−1(k) = qj(k − kj) +O(|k − kj |3), k → kj , j = 1, . . . ,M,

where qj is a positive definite quadratic form.
If the left endpoint of a gap is regular, then

(α− Es( · ))−1 ∈ Lσ(Ω̃), s = 1, . . . , l − 1, ∀σ < d/2.

Thus, Theorem 1.3 implies the following claim.

Corollary 1.4. Let ρ ≥ d ≥ 3, and assume conditions (1.1), (1.2), (1.6), (1.7), and
(1.8). Next, suppose that the left endpoint of the gap is regular. Then the asymptotics
(1.12) holds true for λ = α.

Commentary. The order of the asymptotics (1.12) differs from the “standard” τd/2.
The asymptotic coefficient depends on the observation point λ. The “Weyl nature”
of the asymptotics (1.12) becomes clear if one swaps the rôles of the coordinates and
quasiimpulses. A statement similar to Corollary 1.4 is also valid in the case where
� ∈ (0, d) (see [4, Corollary 1.4]). If d = 2 and the left endpoint of the gap is regular,
Theorems 1.2 and 1.3 yield nothing, because conditions (1.11) and (1.13) are violated a
priori.

§2. Preliminaries

1. Compact operators: necessary information. For an arbitrary compact operator
T acting from a Hilbert space H1 to a Hilbert space H2, denote by sm(T), m ∈ N, the
singular values of T (i.e., consecutive eigenvalues of the operator (T∗T)1/2); let n(s,T) :=
#{m ∈ N : sm(T) > s} be the distribution function of the singular values. A number
of evident relations are true: n(s,T∗T) = n(

√
s,T) = n(

√
s,T∗) = n(s,TT∗), s > 0;

n(s,T) = n+(s,T) + n−(s,T), s > 0, T = T
∗; n(s,T) = n+(s,T), s > 0, T ≥ 0. We

single out the “variational” property of the distribution function n+(s,T) of a selfadjoint
compact operator T in the Hilbert space H, which will be used below (see, e.g., [11],
§10.2, Subsection 2):

(2.1) n+(s,T) = sup {dimF , F ⊂ H : (Tu, u) > s‖u‖2, ∀u ∈ F \ {0}}.
The class Sp,∞(H1,H2) (see, e.g., [12]) is singled out by the condition that the func-

tional ‖T‖Sp,∞ := sups>0 sn
1/p(s,T) is finite. The space Sp,∞ is complete with respect

to the quasinorm ‖ · ‖Sp,∞ ; it is, in general, nonseparable and contains the separa-

ble subspace S0
p,∞ := {T ∈ Sp,∞ : n(s,T) = o(s−p), s → +0}, in which the set of

finite rank operators is dense. The continuous (see, e.g., [13]) functionals Δp(T) :=
lim sups→0 s

pn(s,T); δp(T) := lim infs→0 s
pn(s,T) are defined on the space Sp,∞. The



322 V. A. SLOUSHCH

functionals Δ±
p (T) := lim sups→+0 s

pn±(s,T), δ
±
p (T) := lim infs→+0 s

pn±(s,T) are con-
tinuous on the set of selfadjoint operators in Sp,∞. In certain formulations, the following
notation will be used: Dp(T) for any one of the functionals Δp(T), Δ

±
p (T), δp(T), δ

±
p (T).

Here the case where Dp(T) = Δ±
p (T), δ

±
p (T) automatically implies that T = T

∗. It

is easily seen that, for an operator T ∈ Sp,∞, the fact that T ∈ S0
p,∞ is equivalent to

Δp(T) = 0. We single out the following property (see, e.g., [13]), to be used in the sequel:

(2.2) Dp(T+K) = Dp(T), D = Δ,Δ±, δ, δ±, T ∈ Sp,∞, K ∈ S0
p,∞.

We shall also make use of the following claim (see, e.g., [11, §11.6, Subsection 3]).

Proposition 2.1. If T1 ∈ Sp,∞ and T2 ∈ Sq,∞, then T1T2 ∈ Sr,∞, where r−1 =
p−1 + q−1; moreover, we have

‖T1T2‖Sr,∞ ≤ C(p, q)‖T1‖Sp,∞‖T2‖Sq,∞ , r−1 = p−1 + q−1.

If, moreover, either T1 ∈ S0
p,∞ or T2 ∈ S0

q,∞, then T1T2 ∈ S0
r,∞.

2. Required estimates for the singular values of compact operators. Suppose
that a real-valued (d × d)-matrix-valued function a(x) and a real-valued function b(x)
satisfy condition (1.1), let the operator A in L2(R

d) be defined by (0.1), let ϕ(λ), λ ∈ R,
be a bounded Borel function, and let W ∈ L∞(Rd). Assume that for some p > 0 and
ε > 0 the following conditions are met:

(2.3) ϕ(λ) = O(λ− d
2p−ε), λ → +∞; W (x) = O(|x|−d/p), |x| → +∞.

The following statement is true (see [5, Proposition 3.2]).

Proposition 2.2. If for some p > 0 and ε > 0 conditions (2.3) are satisfied, then
ϕ(A)[W (x)] ∈ Sp,∞. If, moreover, W (x) = o(|x|−d/p), |x| → +∞, then ϕ(A)[W (x)] ∈
S0

p,∞.

Assume that for some p ∈ (0,+∞) the function W ∈ L∞(Rd) admits the asymptotics

W (x) = ω(x/|x|)|x|−d/p + o(|x|−d/p), |x| → +∞.(2.4)

Let ϕ(λ), λ ∈ R, be a continuous function with compact support. By Proposition 2.2,
we have ϕ(A)W ∈ Sp,∞. By [6, Theorems 0.4 and 0.5], the following is true.

Proposition 2.3. Suppose that, for some p ∈ (0,+∞), the function W ∈ L∞(Rd)
admits the asymptotics (2.4); let ϕ(λ), λ ∈ R, be a continuous compactly supported
function. Then

ϕ(A)W −Wϕ(A) ∈ S0
p,∞

and
Dp(ϕ(A)W ) = Dp/n(ϕ

n(A)Wn), n ∈ N, D = Δ, δ.

Let (K, dμ) be a separable measurable space with a σ-finite measure, and suppose
that T : L2(R

d) → L2(K, dμ) is a bounded integral linear operator with a bounded kernel
t( · , · ) ∈ L∞(K × Rd, dμdx) (dx is Lebesque measure in Rd). Assume that there exists
a measurable function h : K → C such that, for all σ > 0, the inclusion u ∈ dom eσA

implies that Tu ∈ Dom[eσh(k)] and the following condition is fulfilled:

(2.5) TeσAu =
[
eσh(k)

]
Tu, u ∈ dom eσA, σ > 0.

For brevity, we denote a0 := min{0, inf σ(A)}, aj := 2j , j ∈ N. Put Kj := {k ∈ K :
|h(k)| ∈ [aj , aj+1)}, j ∈ Z+. With every measurable function f : K → C we associate

the sequence u(f) := {uj(f)}∞j=0, uj(f) := a
−d/4
j+1 ‖f‖L2(Kj), j ∈ Z+. Define the measure

dτ (j) = 2
d
2 (j+1)dj (dj is the counting measure on Z+) on the set Z+.

The next statement is taken from [5], see Proposition 3.3 therein.
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Proposition 2.4. Let a function W ∈ L∞(Rd) admit the estimate W (x) = O(|x|−d/p),
|x| → +∞, p > 0, and let f : K → C be a measurable function satisfying any of the
following three conditions:

a) if p > 2, then f ∈ Lp(K, dμ);
b) if p ∈ (0, 2), then u(f) ∈ lp(Z+, dτ );
c) if p = 2, then for some α ∈ (1, 2) we have

u(f) ∈ lα(Z+, dτ ), f ∈ Lβ(K, dμ), 1/α+ 1/β = 1.

Then [f(k)]T [W (x)] ∈ Sp,∞ and ‖[f(k)]T [W (x)]‖Sp,∞ ≤ C‖f‖. Here it is implied that

‖f‖ := ‖f‖Lp
, C := C(A, d, p, T,W ), p > 2;

‖f‖ := ‖u(f)‖lp , C := C(A, d, p, T,W ), p ∈ (0, 2);

‖f‖ := ‖f‖1/2Lβ
‖u(f)‖1/2lα

, C := C(A, d, α, T,W ), p = 2.

Under the additional condition W (x) = o(|x|−d/p) as |x| → +∞ we have fTW ∈ S0
p,∞.

Commentary. Strictly speaking, Propositions 2.2–2.4 were proved in the papers [5, 6]
under the condition that the semigroup e−σA is an integral operator in L2(R

d) with the
kernel K(σ, x, y), x, y ∈ Rd, σ > 0, and

(2.6) |K(σ, x, y)| ≤ M1σ
−d/2eM2σ− |x−y|2

M3σ , x, y ∈ R
d, σ > 0,

where the Mi > 0, i = 1, 2, 3, are independent of x, y ∈ Rd, σ > 0. Estimate (2.6) holds
true automatically as long as condition (1.1) is satisfied (cf. [5, Theorem 0.1]).

Now, suppose that a real (d×d)-matrix-valued function a(x) and a real-valued function
b(x) satisfy (1.2) along with condition (1.1), i.e., the operator A is Zd-periodic. Moreover,

the operator Φs : L2(R
d) → L2(Ω̃), s ∈ N, is a bounded linear operator with a bounded

kernel (see (1.4)). The operator Φs, s ∈ N, satisfies (2.5); here h(k) = Es(k), s ∈ N, is

the corresponding band function. Under the choice h(k) = Es(k), k ∈ Ω̃, for an arbitrary

measurable function f : Ω̃ → C we have ‖u(f)‖lp ≤ C(s, p)‖f‖L2
. Proposition 2.4 yields

the following claim.

Corollary 2.5. Suppose that the function W ∈ L∞(Rd) admit the estimate W (x) =

O(|x|−d/p), |x| → +∞, p > 0, and let f : Ω̃ → C be a measurable function satisfying any
of the following three conditions:

a) if p > 2, then f ∈ Lp(Ω̃);

b) if p ∈ (0, 2), then f ∈ L2(Ω̃);

c) if p = 2, then f ∈ Lβ(Ω̃) for some β > 2.

Then [f(k)]Φs[W (x)] ∈ Sp,∞ and ‖[f(k)]Φs[W (x)]‖Sp,∞ ≤ C‖f‖. Here it is implied that

‖f‖ := ‖f‖Lp
, C := C(A, d, p, s,W ), p > 2;

‖f‖ := ‖f‖L2
, C := C(A, d, p, s,W ), p ∈ (0, 2);

‖f‖ := ‖f‖Lβ
, C := C(A, d, β, s,W ), p = 2.

Under the additional condition W (x) = o(|x|−d/p) as |x| → +∞, we have fΦsW ∈ S0
p,∞.

3. In the sequel, we shall need the singular values asymptotics for some specially chosen
integral operators, which was obtained in [4]. As above, we assume that a is a real
symmetric (d × d)-matrix-valued function, b is a real-valued function, and conditions
(1.1), (1.2) are satisfied. Suppose that, for some p ∈ (1,+∞), the function W ∈ L∞(Rd)
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admits the asymptotics (2.4). Let fs, hs ∈ L2p(Ω̃), s = 1, . . . , l − 1. Denote for brevity

Y :=
l−1∑
s,t=1

Φ∗
s[fs(k)]Φs[W (x)]Φ∗

t [ht(k)]Φt.

The following statement was proved in [4, Corollary 2.4].

Proposition 2.6. Suppose that, for some p ∈ (1,+∞), the function W ∈ L∞(Rd)

admits the asymptotics (2.4), and let fs, hs ∈ L2p(Ω̃), s = 1, . . . , l − 1. Then Y ∈ Sp,∞,
and

δp(Y ) = Δp(Y ) = d−1(2π)−d
l−1∑
s=1

∫
˜Ω

|fs(k)hs(k)|p dk
∫
Sd−1

|ω(θ)|p dS(θ).

§3. Proof of Theorem 1.3

1. Proof of Theorem 1.3 “inside the gap”. By Proposition 1.1, in order to establish
the asymptotics (1.12) for λ ∈ (α, β), we need to prove that

(3.1) lim
s→+0

sqn+(s, V
1/2(λI −A)−1V 1/2) = Γρ(λ), λ ∈ (α, β), qρ = d.

For brevity, denote E1 := EA((−∞, α]), E2 := EA([β,+∞)). The variational property
(2.1) implies the two-sided estimate

n+(s, E1V
1/2(λI −A)−1V 1/2E1) ≤ n+(s, V

1/2(λI −A)−1V 1/2)

≤ n+(s, V
1/2E1(λI −A)−1E1V

1/2).
(3.2)

Since the operator A is lower bounded and condition (1.6) is fulfilled, there exists a
continuous compactly supported function ϕ(λ), λ ∈ R, such that E1 = ϕ(A). By Propo-
sition 2.2, we have V 1/2E1 ∈ S2q,∞, q� = d. Therefore, to obtain the asymptotics (1.12)
for λ ∈ (α, β) it suffices to check that

(3.3) δ+q (E1V
1/2(λI−A)−1V 1/2E1) = Δ+

q (V
1/2E1(λI−A)−1E1V

1/2) = Γ�(λ), q� = d.

Proposition 2.3 shows that V 1/2E1 − E1V
1/2 ∈ S0

2q,∞, q� = d, whence

E1V
1/2(λI −A)−1V 1/2E1 − V 1/2E1(λI −A)−1E1V

1/2 ∈ S
0
q,∞, q� = d.

Therefore, by (2.2), identities (3.3) are equivalent to

(3.4) δq(V
1/2E1(λI−A)−1E1V

1/2) = Δq(V
1/2E1(λI−A)−1E1V

1/2) = Γ�(λ), q� = d.

Since [inf σ(A), α] is an isolated part of the spectrum of the operator A, we can find a
continuous compactly supported function ϕ1(λ), λ ∈ R, such that E1(λI − A)−1/2E1 =
ϕ1(A). By Proposition 2.3, for an arbitrary n ∈ N and all λ ∈ (α, β) we have

Dq(V
1/2E1(λI − A)−1E1V

1/2) = D2q(E1(λI −A)−1/2E1V
1/2)

= D2qn(E1(λI −A)−1/2nE1V
1/2n)

= Dqn(E1(λI −A)−1/2nE1V
1/nE1(λI −A)−1/2nE1),

D = δ,Δ, q� = d.

Thus, for any n ∈ N, identities (3.4) are equivalent to the fact that

(3.5) Dqn(E1(λI −A)−1/2nE1V
1/nE1(λI −A)−1/2nE1) = Γ�(λ), D = δ,Δ, q� = d.
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We pick n ∈ N in (3.5) sufficiently large to ensure that �/n ∈ (0, d). Now, (3.5) is true
by Proposition 2.6 and the identity

E1(λI −A)−1/2nE1V
1/nE1(λI −A)−1/2nE1

=

l−1∑
s,t=1

Φ∗
s[(λ− Es(k))

−1/2n]ΦsV
1/nΦ∗

t [(λ− Et(k))
−1/2n]Φt.

�

2. Proof of Theorem 1.3 “at the edge of the gap”.

Lemma 3.1. Under conditions (1.1), (1.2), (1.6), (1.7), and (1.8), let ρ ≥ d ≥ 1,
and let condition (1.13) be satisfied. Then for all s = 1, . . . , l − 1 the operator [(λ −
Es(k))

−1/2]ΦsV
1/2 converges to the operator [(α−Es(k))

−1/2]ΦsV
1/2 in S2q,∞, q� = d,

as λ → α+0, and the quasinorm ‖[(λ−Es(k))
−1/2]ΦsV

1/2‖S2q,∞ , λ ∈ (α, β), is uniformly
bounded.

Proof of Lemma 3.1. Since 0 < (λ − Es(k))
−1 ≤ (α − Es(k))

−1, λ ∈ (α, β), k ∈ Ω̃,
s = 1, . . . , l − 1, condition (1.13) implies that the relations

‖(λ− Es( · ))−1/2‖L2σ
≤ ‖(α− Es( · ))−1/2‖L2σ

, λ ∈ (α, β),

‖(λ− Es( · ))−1/2 − (α− Es( · ))−1/2‖L2σ
→ 0, λ → α+ 0,

where

{
2σ = 2, 2q ∈ (0, 2),

2σ > 2, 2q = 2,
qρ = d, s = 1, . . . , l − 1.

(3.6)

By Corollary 2.5, relation (3.6) and the estimate V 1/2(x) = O(|x|−d/2q), |x| → ∞, q� = d
(see conditions (1.7) (1.8)) yield all the required assertions:

‖[(λ− Es(k))
−1/2]ΦsV

1/2‖S2q,∞ ≤ C‖(α− Es( · ))−1/2‖L2σ
, λ ∈ (α, β);

‖[(λ− Es(k))
−1/2 − (α− Es(k))

−1/2]ΦsV
1/2‖S2q,∞

≤ C‖(λ− Es( · ))−1/2 − (α− Es( · ))−1/2‖L2σ
→ 0, λ → α+ 0,

where C = C(A, d, q, σ, s, V ), q� = d, s = 1, . . . , l − 1. �

Proof of formula (1.12) with λ = α. By condition (1.13), we have Γ�(λ) → Γ�(α), λ →
α+ 0. Moreover, by Lemma 3.1, the operator

Υ(λ) := E1(λI −A)−1/2E1V
1/2 =

l−1∑
s=1

Φ∗
s[(λ− Es(k))

−1/2]ΦsV
1/2

converges in S2q,∞, as λ → α+ 0, q� = d, to the operator

Υ(α) :=

l−1∑
s=1

Φ∗
s[(α− Es(k))

−1/2]ΦsV
1/2,

the quasinorm ‖Υ(λ)‖S2q,∞ , λ ∈ (α, β), is uniformly bounded. Therefore (see Proposi-

tion 2.1), the operator Z1(λ) := V 1/2E1(λI − A)−1E1V
1/2 = Υ∗(λ)Υ(λ) converges in

Sq,∞, q� = d, as λ → α + 0, to the operator Z1(α) := Υ∗(α)Υ(α), whence δq(Z1(α)) =
Δq(Z1(α)) = Γ�(α).

By monotonicity, we have Z1(λ) ≤ Z1(α), λ ∈ (α, β). Therefore (cf. (1.10), (3.2)),
the following relation is true:

N(λ, τ, V ) ≤ n+(τ
−1, Z1(λ)) ≤ n(τ−1, Z1(α)), λ ∈ (α, β).
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Passing to the limit as λ → α + 0 on the left-hand side, we obtain N(α, τ, V ) ≤
n(τ−1, Z1(α)). By the monotonicity of N( · , τ, V )), we obtain

(3.7) N(λ, τ, V ) ≤ N(α, τ, V ) ≤ n(τ−1, Z1(α)), λ ∈ (α, β)

for each λ ∈ (α, β). Now, (3.7) yields the relations

Γ�(λ) ≤ lim inf
τ→+∞

τ−d/�N(α, τ, V ) ≤ lim sup
τ→+∞

τ−d/�N(α, τ, V ) ≤ Γ�(α), λ ∈ (α, β).

Passing to the limit as λ → α+ 0, we finally see that

lim
τ→+∞

τ−d/�N(α, τ, V ) = Γ�(α). �
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