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ULTRASOLVABLE EMBEDDING PROBLEMS FOR NUMBER FIELDS

A. V. YAKOVLEV

Dedicated to Sergĕı Vladimirovich Vostokov on the occasion of his anniversary

Abstract. It is proved that the existence of an ultrasolvable embedding problem
(K/k,ϕ) for finite extensions of the field of p-adic numbers implies the existence of an
ultrasolvable embedding problem (K/k,ϕ) for finite extensions of the field of rational
numbers.

Let K/k be a finite Galois extension with the Galois group F , and let ϕ : G → F be an
epimorphism of finite groups. The embedding problem (K/k, ϕ) consists of construction
of a Galois algebra L/k with the Galois group G such that L ⊃ K and the restriction
of any automorphism g ∈ G = Gal(L/k) to K coincides with ϕ(g). Let G0 �= G be
a subgroup of G such that ϕ(G0) = F , and let ϕ0 be the restriction of ϕ to G0. We
say that the embedding problem (K/k, ϕ0) is adjoined to the initial embedding problem.
An embedding problem is said to be ultrasolvable (see [3]) if it has a solution, but all
problems adjoined to it are unsolvable. In other words, this means that the problem has
a solution, and all of its solutions are fields. Below p is always a prime integer, and Q

and Qp are the fields of rational and p-adic numbers. Our purpose in this paper is to
prove the following theorem.

Theorem 1. Let ϕ : G → F be an epimorphism of finite groups. If there exist finite

extensions ˜k ⊂ ˜K of the field Qp such that ˜K/˜k is a Galois extension with the Galois

group F and the embedding problem ( ˜K/˜k, ϕ) is ultrasolvable, then there exist finite
extensions k ⊂ K of the field Q, such that K/k is a Galois extension with the Galois
group F and the embedding problem (K/k, ϕ) is ultrasolvable.

Lemma. Let ˜k be a finite extension of the field Qp, and let ˜L be its finite Galois extension

with the Galois group G. Then there exist finite extensions k ⊂ ˜k, L ⊂ ˜L of the field

Q such that L˜k = ˜L, L is a normal extension of the field k, and restriction to L of

the automorphisms belonging to the Galois group G of the extension ˜L/˜k determines an
isomorphism onto the Galois group of the extension L/k.

Proof. Let k′ and L′ denote the fields of all algebraic numbers contained respectively in ˜k

and in ˜L. Obviously, L′/k′ is a Galois extension with the Galois group G. Let α ∈ L′ be
an element that generates this extension, and let f(x) = a0 + a1x+ · · ·+ an−1x

n−1 + xn

be the irreducible polynomial with the coefficients ai ∈ k′ such that α is a root of f(x)

(of course, n = (L′ : k′) = (˜L : ˜k)). The elements 1, α, . . . , αn−1 form a basis of L′ over
k′; for each g ∈ G the element αg is contained in L′; consequently, it can be represented
in the form

αg = bg.0 + bg,1α+ · · ·+ bg,n−1α
n−1, bg,j ∈ k′.
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Let k be the field obtained by adjoining all coefficients ai, bg,i (0 ≤ i < n, g ∈ G)
to the field Q. The field k is finite over Q because we have adjoined only finitely many

algebraic numbers to Q. Next, set L = k(α); by construction we have k ⊂ k′ ⊂ ˜k,

L˜k = ˜k(α) = ˜L. The number α is a root of the irreducible polynomial f(x) ∈ k[x] (it is

irreducible even over ˜k), and all the other roots αg of this polynomial can be represented
as polynomials in α with coefficients from k; therefore, all roots are contained in L. Thus,
the extension L/k is a normal extension, and it is obvious that the restrictions to L of

the automorphisms belonging to the Galois group G of the extension ˜L/˜k constitute the
Galois group of the extension L/k. �

Proof of Theorem 1. Let ˜L be a solution of the problem ( ˜K/˜k, ϕ), and let L/k be the
Galois extension of number fields with the Galois group G that was constructed in the

lemma. Let K = ˜K ∩ L = LKerϕ. Then K/k is the extension with the Galois group F ,
and the embedding problem (K/k, ϕ) is solvable (for example, the field L is a solution
of this problem). But all embedding problems adjoined to this problem are unsolvable
because they do not become solvable even if we extend the ground field k up to the

field ˜k. �

To illustrate the applications of Theorem 1, consider two examples of local ultrasolv-
able embedding problems, due to D. D. Kiselev. The following notation will be used till
the end of the paper:

• p is a prime integer, n ≥ 1 if p is odd and n ≥ 2 if p = 2;

• G1 is the group generated by a, b with the defining relations ap
n+1

= [a, b] = e,

bp
n+1

= ap
n

;

• G2 is the group generated by a, b, c with the defining relations ap
n+1

= bp = cp =
[a, b] = [a, c] = ap

n

[b, c] = e;
• Fi are the quotient groups of the groups Gi by the subgroups generated by a, and

ϕi : Gi → Fi are the canonical epimorphisms of the groups onto the quotient groups
(i = 1, 2).

Next, let k be a finite extension of the field Qp that contains a primitive pnth, but not
pn+1th root of unity. The Galois group D of the maximal p-extension M of the field k is
generated as pro-p-group by the elements x1, x2, . . . , xm with the only defining relation

xpn

1 [x1, x2][x3, x4] . . . [xm−1, xm] = e,

where m = (k : Qp) + 2 is an even integer (see [1, 2]). Let Ψi : D → Gi be epimorphisms
given by the formulas

Ψ1(x1) = abp, Ψ1(x2) = b, Ψ1(xi) = e if i �= 1, 2;

Ψ2(x1) = a, Ψ2(x3) = b, Ψ2(x4) = c, Ψ2(xi) = e if i �= 1, 3, 4.

Set Φi = ϕiΨi; let Li, Ki be the subfields of the field M belonging to the subgroups
KerΨi, KerΦi of the Galois group D of the extension M/k. Then the Li/k are Galois
extensions with the Galois groups Gi, and the Ki/k are Galois extensions with the Galois
groups Fi. Obviously, the embedding problems (Ki/k, ϕi) are solvable: the fields Li are
their solutions.

We show that these embedding problems are ultrasolvable. If this is not the case, then
for i = 1 or for i = 2 there is a solution of the problem (Ki/k, ϕi) that is not a field. Then
there is a homomorphism Ψ′

i : D → Gi such that ϕiΨ
′
i = Φi and the image of Ψ′

i is not
equal to Gi. We show that in both cases this assumption implies the wrong statement
e �= e. First, let i = 1. Then Ψ′

1(x1) = asbp, Ψ′
1(x2) = atb, and the homomorphism

Ψ′
1 sends all commutators [x1, x2], . . . , [xm−1, xm] to e (here and below s, t, u, v are some
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integers). The image of Ψ′
1 contains asbp and atb; it follows that if p does not divide s,

then this image coincides with the entire group G1. Hence, s = up, and we have

e = Ψ′
1(x

pn

1 [x1, x2] . . . [xm−1, xm]) = (ap
n+1

)ubp
n+1

= bp
n+1

= ap
n �= e.

Now, let i = 2. Then Ψ′
2(x1) = as, Ψ′

2(x3) = atb, Ψ′
2(x4) = avc, and the homomorphism

Ψ′
2 sends all commutators [x1, x2], [x5, x6], . . . , [xm−1, xm] to e. The image of Ψ′

2 contains
as, atb, and avc; it follows that if p does not divide s, then this image coincides with the
entire group G2. Hence, s = up, and we have

e = Ψ′
2(x

pn

1 [x1, x2] . . . [xm−1, xm]) = (ap
n+1

)u[atb, avc] = [b, c] �= e.

Due to Theorem 1, from these examples of local ultrasolvable embedding problems it
follows immediately that the corresponding examples can be constructed also for global
fields.

Theorem 2. There exist finite extensions k1, k2 of the field Q, a Galois extension K1/k1
with the Galois group F1, and a Galois extension K2/k2 with the Galois group F2 such
that the embedding problems (K1/k1, ϕ1) and (K2/k2, ϕ2) are ultrasolvable.
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