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ALMOST STANDING WAVES IN A PERIODIC WAVEGUIDE

WITH RESONATOR, AND NEAR-THRESHOLD EIGENVALUES

S. A. NAZAROV

Abstract. The definition and an existence criterion are given for the standing waves
at the threshold of the continuous spectrum for a periodic quantum waveguide with
a resonator (the Dirichlet problem for the Laplace operator). Such waves and their
linear combinations do not transfer energy to infinity, and they only differ from the
standing waves with the zero Floquet parameter by an exponentially decaying term.
It is shown that the almost standing and trapped waves at the threshold generate
eigenvalues in the discrete spectrum of a waveguide with a regular sloping local
perturbation of the wall.

§1. Introduction

1.1. Setting of the problem. Let Ξ = Π− ∪ Θ ∪ Π+ be a waveguide (see Figure 1)
with two semi-infinite periodic trunks

(1.1) Π± = {x = (y, z) ∈ Π : ±z = ±xd > l > 0} ⊂ Rd, d ≥ 2.

Here Π is a quasicylinder, i.e., a 1-periodic domain

(1.2) Π = {(y, z) ∈ Rd−1 × R : (y, z ± 1) ∈ Π}
with a (d−1)-dimensional boundary ∂Π (of class C4 – to simplify justification of asymp-
totics; cf. items 4 and 5 in §6 and also item 1 in §2), and Θ is a resonator (shaded in
Figure 1), i.e., a set lying in the layer {(y, z) : y = (x1, . . . , xd−1) ∈ Rd−1, |z| ≤ l} that
links the trunks (1.1) and turns Ξ into a domain with piecewise smooth boundary ∂Ξ.

Viewing Ξ as a quantum waveguide, consider the spectral Dirichlet problem

(1.3) −Δxu(x) = λu(x), x ∈ Ξ, u(x) = 0, x ∈ ∂Ξ.

The variational statement of problem (1.3) invokes the symmetric closed bilinear form
(∇xu,∇xv)Ξ in the Sobolev space H1

0 (Ξ) of functions that vanish on ∂Ξ; here ∇x = grad
and ( , )Ξ is the scalar product in L2(Ξ). Thus, with problem (1.3) we associate (see
[1, Chapter 10]) an unbounded positive self-adjoint operator A in L2(Ξ) with a domain
D(A) ⊂ H1

0 (Ξ). Its essential spectrum σes has a positive lower bound λ† (see Lemma 2.1),
and the discrete spectrum may be located in the interval (0, λ†).

The classical result of [2] shows (cf. Subsection 6.1) that the full multiplicity #σd of
the discrete spectrum grows unboundedly if, e.g., the middle part Π0 of the waveguide is
blown out in all directions. The discrete spectrum points of the Dirichlet problem move
downward when the domain grows, so that the increment of the multiplicity #σd happens
exclusively when eigenvalues drop down from the edge λ† of the essential spectrum.
Precisely this phenomenon is studied in the present paper.

2010 Mathematics Subject Classification. Primary 81Q10.
Key words and phrases. Periodic waveguide, resonator, discrete spectrum, almost standing waves,

threshold scattering matrix, asymptotics.
Supported by RFBR (project no. 15-01-02175).

c©2017 American Mathematical Society

377

http://www.ams.org/spmj/
http://dx.doi.org/10.1090/spmj/1455


378 S. A. NAZAROV

+
_

z

y

Figure 1. A waveguide with periodic sleeves and a resonator.

1.2. The content of the paper. In §2 we collect the general, mostly known, results
on the structure of the continuous spectrum near its lower edge, and at the beginning of
§3 we state the diffraction problem at the threshold λ = λ† and introduce the threshold
scattering matrix, which is unitary and symmetric. After that, in Subsections 3.3 and
3.4, we establish the fact that, when an eigenvalue drops down, this possess is necessarily
accompanied by the arising of an “almost-standing” wave at the threshold, while in
Subsection 3.5 we present a criterion for the arising of such waves, expressed in terms
of the threshold scattering matrix. In §4, the traditional asymptotic analysis of the
spectrum of cylindrical waveguides is adapted to periodic outlets to infinity, and we
check that the truly chosen small regular perturbation of the wall results in the arising
of near-threshold discrete spectrum eigenvalues the number of which is equal to the
dimension of the subspace of standing and trapped waves. Finally, in the last section we
analyze examples and pose open questions.

1.3. On terminology. Some objects that arise at the threshold values of the spectral
parameter will be used throughout the paper and need clarification. First of all, the
thresholds themselves are the points of the continuous spectrum at which the linear
space of oscillatory Floquet waves (the spectral solutions of the problem in a periodic
quasicylinder Π that decay neither as z → +∞, nor as z → −∞) changes dimension.
A characteristic peculiarity of the thresholds consists in the arising, besides bounded
Floguet waves, of polynomial ones, in particular, those linearly depending on z. Then
the role of the leading term is played by standing waves, and if no quadratic waves occur,
then the linear waves are said to be resonance. In the case where quadratic (in z) Floquet
waves do occur, no stable terminology exists up to now.

In the paper, we only deal with one threshold, the lower bound λ† of the essential
spectrum. As is checked in §2, this threshold gives rise to one standing and one resonance
Floquet waves, and in the vicinity of the threshold the essential spectrum turns out to
be continuous.

Solutions of problem (1.3) in a waveguide Ξ with resonator Θ are also called waves, and
those among them that decay in each of the two sleeves, and, therefore, are eigenfunctions
of the operator A, are called trapped waves. Each point of the discrete spectrum in the
interval (0, λ†) gives rise to a trapped wave belonging to the Sobolev space H1

0 (Ξ) and
therefore decaying exponentially at infinity. For λ = λ†, the space of trapped waves,
necessarily finite-dimensional, is denoted by Ltr. The almost standing waves are the
solutions of the same problem at the threshold that differ from standing waves in each
of the trunks Π± by only exponentially decaying terms as z → ±∞; they form the space
Lst, and only the zero standing wave falls into the space H1

0 (Ξ). Denoting by Lbo the
space of all bounded solutions of the problem with λ = λ†, we see that the subspace Lst

is a direct complement of Ltr in Lbo, i.e.,

(1.4) Lst = Lbo 
 Ltr.
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Since the almost standing waves are defined up to summands belonging to Ltr, they
should be viewed more consistently as equivalence classes in the factor-space Lbo/Ltr,
but we shall not go into such pettifoggery.

§2. Floquet waves

2.1. Jordan chain. In accordance with the Eloquet–Bloch–Gelfand theory (see, e.g.,
[3, 4] and [5, 6]), the following model problem on the periodicity cell � = {x ∈ Π : 0 <
z < 1} is associated with the Dirichlet problem in the quasicylinder (1.2) (without a
resonator):

−ΔyU(η;x)− (∂z + iη)2U(η;x) = Λ(η)U(η, x), x ∈ �,(2.1)

U(η;x) = 0, x ∈ γ = ∂� \ (sτ × {0, 1}),(2.2)

U(η; y, 1) = U(η; y, 0), ∂zU(η; y, 1) = ∂zU(η; y, 0), y ∈ τ.(2.3)

Here η ∈ [−π, π] is the Floquet parameter (the dual variable of the Gelfand transfor-
mation), and Λ(η) is the new notation for the spectral parameter. The Dirichlet condi-
tion (2.2) is kept on the lateral surface of the cell, but on its ends τ (0) = τ × {0} and
τ (1) = τ × {1} the periodicity conditions are prescribed. The variational statement of
(2.1)–(2.3) invokes the integral identify

(2.4) (∇yU,∇yV )� +
(
(∂z + iη)U, (∂z + isη)V

)
�

= Λ(U, V )�, V ∈ H1
0 per(�),

where H1
0 per(�) is the Sobolev space of functions that satisfy the first periodicity con-

ditions (2.3) and the Dirichlet condition (2.2).
The spectral boundary-value problem (2.1)–(2.3) or the variational problem (2.4) can

be seen from two viewpoints. First, for a fixed Floque parameter η ∈ [−π, π] (assumed
to be real: the complex conjugation sign on the left-hand side in (2.4) is not needed as
yet), since the embedding H1(�) ⊂ L2(�) is compact, the problem has a purely discrete
spectrum formed by the unbounded positive sequence of eigenvalues

0 < Λ1(η) ≤ Λ2(η) ≤ Λ3(η) ≤ · · · ≤ Λn(η) ≤ · · · → +∞.

The functions η �→ Λn(η) are continuous and 2π-periodic, and the union of the spectral
segments (connected, bounded, and closed sets){

Λn(η)
∣∣ η ∈ [−π, π]

}
, n ∈ N = {1, 2, 3, . . . },

coincides with the essential spectrum σes of the Dirichlet problems in Π and in Ξ.
As a result,

(2.5) λ† = min
{
Λ1(η)

∣∣ η ∈ [−π, π]
}
.

The author knows no the origin of the next statement. Regarding it as a “mathematical
folklore”, we present a brief proof for the reader’s convenience.

Lemma 2.1. For |η| ∈ (0, π] we have Λ1(0) < Λ1(η), i.e., λ
† = Λ1(0).

Proof. For η = 0, the operator on the left in (2.1) becomes the Laplace operator (with
the minus sign), so that Λ0

1 = Λ1(0) is a simple eigenvalue, in particular, we have Λ0
1 <

Λ2(0). The eigenfunction U0
1 = U1(0; · ) ∈ C3

per(s�) can be taken positive in s� \ sγ,

and ∂nU
0
1 (x) < 0 on sγ, where ∂n is the exterior normal derivative on the smooth (by

assumption) surface sγ. We put Uη
1 (x) = U1(η;x), observing that ∇xU

η
1 ∈ C2

per(s�)

and, as before, Uη
1 (x) = O(dist(x, γ)). Thus, the ratio Rη = Uη

1 /U
0
1 is continuously

differentiable in sϕ and certainly belongs to the Sobolev space H1
per(�) (this function
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fails to vanish on γ). After easy transformations (differentiation and integration by
parts), identify (2.4) with Λ = Λ1(η) and U = V = Uη

1 becomes

0 = ‖∇y(R
ηU0

1 );L
2(�)‖2 + ‖(∂z + iη)(RηU0

1 );L
2(�)‖2 − Λ1(η)‖RηU0

1 ;L
2(�)‖2

= ‖U0
1∇yR

η;L2(�)‖2 + ‖U0
1 (∂z + iη)Rη;L2(�)‖2 + (Λ1(0)− Λ1(η))‖Uη

1 ;L
2(�)‖2,

which finishes the proof of the lemma, because the identify Rη(x) = eizη is impossible
for |η| ∈ (0, π], in view of the periodicity of the functions Uη

1 and U0
1 . �

Now, we fix λ ∈ R+, allow the Floquet parameter η to be complex, and interpreter
problem (2.4) as a quadratic pencil (see, e.g., [7, Chapter 1])

(2.6) C  η �→
(
Aλ(η) : H1

0 per(�) → H1
0 per(�)∗

)
.

Here the adjoint space H1
0 per(�)∗ occurs; since the Dirichlet problem for the Laplace

operator on the cell � with identified ends is uniquely solvable, this space is formed by
the functionals F (V ) = (∇xU

F ,∇xV )� with UF ∈ H1
0 per(�)∗.

If λ = Λn(ηn) for some n ∈ N and ηn ∈ [−π, π], then ηn is an eigenvalue of the
pencil (2.6). Note that, for pencils, eigenspaces can be more involved, compared to the
case of usual self-adjoint operators: besides the eigenvectors, pencils may have associated
vectors, which form Jordan chains (the details can be found, e.g., in [5, Chapters 1 and 5]).
In what follows, we shall need full information about the Jordan chain of the pencil Aλ†

that corresponds to its eigenvalue η = 0.

Lemma 2.2. The chain {U0, U1} mentioned above consists of the eigenfunction U0 =
U1(0; · ) and the solution U1 ∈ H1

0 per(�) ∩H2(�) of the variational problem

(2.7) (∇xU
1,∇xV )�−λ†(U1, V )�= F 1(V ) := i(∂zU

0, V )�−i(U0, ∂zV ), V ∈ H1
0 per(�).

This chain is unextendible and is unique for the eigenvalue η = 0 of the pencil Aλ† .

Proof. By definition, a first order associated vector is a solution of the abstract equation

Aλ†(0)U1 = −∂ηAλ†(0)U0,

which takes the form (2.4) in view of the integral identify (2.7). Note that the fact that
η = 0 allows us to use the full gradient ∇x = (∇y, ∂z) in (2.7).

Since λ† = Λ1(0) is a simple eigenvalue, the Fredholm alternative provides a single
compatibility condition F 1(U0) = 0 for problem (2.7). Since the eigenfunction U0 =
U1(0; · ) is real, the above identity is obvious, and the orthogonality condition

(2.8) (U1, U0)� = 0

makes the solution U1 unique and, moreover, pure imaginary.
We cheek that no second order associated vector may exist. By definition, such a

vector U2 satisfies the abstract equation

Aλ†(0)U2 = −∂ηAλ†(0)U1 − 1

2
∂2
ηAλ†(0)U0,

which turns into the integral identify

(∇xU
2,∇xV )� − λ†(U2, V )� = F 2(V ) := i(∂zU

1, V )� − i(U1, ∂zV )� − (U0, V )�,

V ∈ H1
0 per(�).

We must verify that F 2(U0) �= 0. Using (2.7) with V = U1, we get

J = −i(∂zU
1, U0)� + i(U1, ∂zU

0)� + (U0, U0)�

=
(
‖∇xU

1;L2(�)‖2 − λ†‖U1;L2(�)‖2
)
+ ‖U0;L2(�)‖2 > 0.

(2.9)
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Here we have used the Poincaré inequality

‖U1;L2(�)‖ ≤ (λ†)−1/2‖∇xU
1;L2(�)‖,

which follows from (2.8) and shows that the difference in brackets in (2.9) is nonnegative.
�

2.2. Floquet waves. Extending the elements U0 and U1 that form the Jordan chain
in Lemma 2.2 by periodicity to the quasicylinder Π, we get two Floque waves

(2.10) w0(y, z) = U0(y, z) and w1(y, z) = izU0(y, z) + U1(y, z),

which satisfy the Dirichlet problem for the Helmholtz operator Δx + λ† in Π (this is
checked by direct calculations) and are called, respectively, the standing wave and the
resonance wave (cf. Subsection 1.3), because the former corresponds to the zero Floquet
parameter, and the latter has a linearly growing amplitude. The problem in question
admits no other solutions that are bounded or have polynomial growth.

In the sequel we shall need the Floquet waves that correspond to the spectral param-
eter

(2.11) λδ = λ† + δ

located above (δ > 0) or below (δ < 0) the threshold (2.5). The theorem on the stability
of the total multiplicity of the spectrum (see [7, Theorem 1.3.1]) shows that the pencil
Aλδ has precisely two eigenvalues ηδ± in a neighborhood of the point η = 0 ∈ C.

In accordance with the general procedure1 [8, Chapter 9]), the asymptotics of these
eigenvalues, as well as of the corresponding eigenfunctions, can be sought in the form

ηδ± = 0± |δ|1/2ξ + |δ|ξ± + rη δ
±,

Uδ
±(x) = U0(x)± |δ|1/2ξU1(x) + |δ|Z1(x) + rUδ

±(x),
(2.12)

where U0 and U1 are the elements of the Jordan chain occurring in Lemma 2.2, and the
quantities ξ, ξ± and the function Z1 are to be determined. We substitute the expressions
(2.12) in problem (2.4) with Λ = λδ and collect the coefficients of 1 = |δ|0, |δ|1/2, and |δ|.
As a result, we arrive at three problems of the form (2.4) with the same parameter
Λ = Λ1(0) = λ†, the first two of which are satisfied automatically due to the definition
of an eigenvector and an adjoined vector. For the third problem, the usual compatibility
condition (the Fredholm alternative)

(∇xZ1,∇xV )� − λ†(Z1, V )�

= sgn(δ)(U0, V )� + ξ±
(
i(∂zU

0, V )� − i(U0, ∂zV )�
)

+ ξ2
(
i(∂zU

1, V )� − i(U1, ∂zV )� − (U0, V )�
)
, V ∈ H1

0 per(�),

turns into the quadratic equation

(2.13) Jξ2 = sgn(δ)‖U0;L2(�)‖2,
(we have used formulas from the proof of Lemma 2.2). This equation has a nonzero root

(2.14) ξ =

{
|ξ| for δ > 0,

i|ξ| for δ < 0,
|ξ| = J−1/2‖U0;L2(�)‖,

where J > 0 is the quantity (2.9).
The correction terms in the expansions (2.12) have been found. We present the esti-

mates of remainders ensured by the general results of [8, Chapter 9].

1In this book, the linear but nonselfadjoint pencils are studied, and reduction of a quadratic pencil
to a linear nonselfadjoint one is easy.
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Lemma 2.3. There exist positive numbers δ� and ρ, c such that for any δ ∈ (−δ�, 0)∪
(0, δ�), in the rectangle

(2.15) Qρ =
{
η ∈ C : |Re η| ≤ π, | Im η| < ρ

}
,

the pencil Aλ†+δ has only two eigenvalues, which are geometrically and algebraically
simple and, together with the corresponding eigenfunctions, obey the asymptotic formulas

(2.16)
∣∣ηδ± ∓ |δ|1/2ξ

∣∣ ≤ c|δ|,
∥∥Uδ

± − U0 ∓ |δ|1/2ξU1;H2(�)
∥∥ ≤ c|δ|,

where {U0, U1} is the Jordan chain from Lemma 2.2, and ξ is the root (2.14) of equa-
tion (2.13).

It should be noted that, in Lemma 2.3, the eigenfunctions Uε
± are in no way normal-

ized. Precisely for that reason, the second estimate in (2.16) may involve an arbitrary
associated vector U1, not necessarily the one satisfying (2.8).

The Floquet waves

(2.17) wδ
±(y, z) = eiη

δ
±zUδ

±(y, z)

constructed by the eigenpairs {ηδ±, Uδ
±} behave differently above and below the threshold.

In case δ > 0, both waves (2.17) are oscillating and bounded, but if δ < 0, the wave
wδ

±(y, z) grows exponentially as z → ∓∞, but decays as z → ±∞.

§3. Scattering problem at the threshold

3.1. Operator setting of the problem. We describe the well-known settings of the
diffraction problem (1.1) in a waveguide Ξ with periodic trunks. For this, we introduce
the weighted Lebesgue space L2

β(Ξ) and Sobolev space W 1
β (Ξ) as the completion of the

linear set C∞
c (Ξ) (infinitely differentiable functions with compact support) respectively

in the norms

(3.1) ‖v;L2
β(Ξ)‖ = ‖eβ|z|v;L2(Ξ)‖ and ‖v;W 1

β (Ξ)‖ = ‖eβ|z|v;H1(Ξ)‖.

The number β ∈ R is called the weight index. The subspace W 1
β,0(Ξ) is formed by the

functions v ∈ W 1
β (Ξ) that vanish on the boundary ∂Ξ. It should be noted that the

spaces introduced above are characterized by identical behavior “decay/growh” in the
two trunks Π± and are applied mostly in the description of the properties of problem (1.3)
in the waveguide Ξ with a resonator Θ. The use of the Gelfand transformation when
passing from the problem in a periodic quasicylinder Π to the model problem (2.1)–(2.3)
in the cell � requires introduction of other weighted spaces with norms like (3.1) in which
the weight factor eβ|z| is replaced with eβz (see [3] and also [5, §3.4] and [9]).

The generalized setting of the nonhomogeneous (with source f) problem (1.1) in a
weighted class consists in the search of a function u ∈ W 1

−β,0(Ξ) that satisfies the integral
identify

(3.2) (∇xu,∇xv)Ξ − λ(u, v)Ξ = f(v), v ∈ W 1
β,0(Ξ),

where f ∈ W 1
β,0(Ξ)

∗ is an (anti)linear functional on W 1
β,0(Ξ), for example, f(v) = (f, v)Ξ

with f ∈ L2
−β(Ξ), and the operation ( , )Ξ on the left in (3.2) is understood as the

extension of the scalar product in L2(Ξ) up to duality between the spaces L2
−β(Ξ) and

L2
β(Ξ). Observe that each element f of the space W 1

β,0(Ξ)
∗ can be described, e.g., by

the formula f(v) = (∇xu
f ,∇xv)Ξ + k2β(u

f , v)Ξ, where uf ∈ W 1
−β,0(Ξ), and the number

kβ > 0 is chosen so that the Dirichlet problem for the Helmholtz operator −Δx + k2β in

the unbounded domain Ξ is uniquely solvable in the space W 1
−β,0(Ξ).
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Problem (3.2) gives rise to the mapping

B−β(λ) : W
1
−β,0(Ξ) → W 1

β,0(Ξ)
∗,

which is continuous for all β ∈ R, but acquires useful properties only under certain
restrictions on the weight index. We state a pair of claims borrowed from [3] (see also
the book [5, §3.3, §5.1] and the survey [9]).

Proposition 3.1. 1) The mutually adjoint operators B−β(λ) and Bβ(λ) are Fredholm if
and only if the segment {η ∈ C : |Re η| ≤ π, Im η = β} is free from the spectrum of the
pencil Aλ. If this condition is fulfilled, then the solution u ∈ W 1

−β,0(Ξ) of problem (3.2)
satisfies the estimate

(3.3) ‖u;W 1
−β,0(Ξ)‖ ≤ cK(λ)(‖f ;W 1

β,0(Ξ)
∗‖+ ‖u;L2(K)‖),

where K is an arbitrary compact set in sΞ containing a ball of positive radius, and the
factor cK(λ) depends on the choice of K and, of course, on the spectral parameter λ.

2) Let λ = λ†, and let β ∈ (0, ρ), where ρ > 0 is a fixed number such that only one
eigenvalue η = 0 of the pencil Aλ† lies in the rectangle (2.15). If u ∈ W 1

−β,0(Ξ) is a

solution of problem (3.2) with λ = λ† and f ∈ W 1
−β,0(Ξ)

∗ ⊂ W 1
β,0(Ξ)

∗, then we have

(3.4) u =
∑
±

χ±
∑
j=0,1

a±j wj + ru,

where χ± ∈ C∞(R) are cut-off functions,

(3.5) χ±(z) = 0 for ± z < L, χ±(z) = 1 for ± z > L+ 1,

with L ∈ N and L ∈ (l, l + l]. Also, w0 and w1 are the Floquet waves (2.10), and the
coefficients a±j and the remainder term ru ∈ W 1

β,0(Ξ) obey the inequality

(3.6)
∑
±

∑
j=0,1

|a±j |+ ‖ru;W 1
β (Ξ)‖ ≤ cβ

(
‖f ;W 1

−β,0(Ξ)
∗‖+ ‖u;W 1

−β,0(Ξ)‖
)
.

Note that the relation f ∈ W 1
−β,0(Ξ)

∗, valid, e.g., for f ∈ L2
β(Ξ), means in some sense

that the functional f decays exponentially.

3.2. Radiation conditions and scattering matrix at the threshold. By Propo-
sition 3.1, the operator B0(λ

†) at the threshold is not Fredholm. At the same time, for
β ∈ (0, ρ), the kernel of Bβ(λ

†) consists of the solutions of (1.3) that decay exponen-
tially at infinity, i.e., the trapped waves in the waveguide Ξ which form the subspace
Ltr = kerBβ(λ

†) (cf. Subsection 1.3). The asymptotic formula (3.4), involving the
four coefficients a±j , shows that the dimension of the kernel of the adjoint operator

B−β(λ
†) = Bβ(λ

†)∗ is equal to 2 + dimLtr. This means that the realization of prob-
lem (3.2) as a Fredholm operator with zero index requires posing two radiation conditions
involving the coefficients in the expansion (3.4). Since neither the Sommerfeld radiation
principle, nor the limit absorption principle work at the threshold (see [10, Chapter 1]
and [11]), we invoke Mandelshtam’s energy radiation conditions (see [12] and, e.g., [10,
Sec. 1], [5, Sec. 5], [13, 11]), which employs the symplectic, i.e., sesquilenear and anti-
Hermitian, form

(3.7) q(u, v) =

∫
v(R)

(
v(y,R) ∂zu(y,R)− u(y,R) ∂zv(y,R)

)
dy,

where v(R) = {x ∈ Π : z = R} is a cross-section of the quasicylinder (1.2). The
expression (3.7) arises as a surface integral in the Green formula for the Helmholtz
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operator, and hence, does not depend on the parameter R for the Floquet waves (2.10),
(2.17), or others. In particular, after integration of (3.7) over R ∈ (0, 1), we find

(3.8) q(u, v) =

∫
�

(
v(x) ∂zu(x)− u(x) ∂zv(x)

)
dx.

As was checked in [5, §5.6] (see also [11, §3]), the quantity Im q(w,w) is proportional to
the z projection of the Umov–Pointing vector (see [14, 15]) calculated for the wave w,
and, therefore, is called the form of energy transfer. Since w0 and iw1 are real functions,
we have q(wp, wp) = 0, so that the standing and resonance waves (2.10) themselves do
not transfer energy.

Following [16, 17] (see also [5, Sec. 5]), we introduce the following combined waves
(wave packet) in the quasicylinder Π:

(3.9) w± = 2−1/2i(w1 ± J−1w0).

It should be noted that the limits w0
± of the functions wδ

± (see (2.17)) differ from the
wave packets (3.9); this observation will play an important role in the construction of
asymptotics in §4.

Lemma 3.4. We have

(3.10) q(w±, w±) = ±i, q(w±, w∓) = 0.

Proof. The definitions (2.10) and (3.8) show that

q(w1, w0) = i

∫
�

z
(
U0∂zU

0 − U0∂zU0
)
dx+

∫
�

(
U0∂zU

1 − U1 ∂zU0 + i|U0|2
)
dx

= 0 + iJ,
(3.11)

because the eigenfunction U0 is real; we have used formula (2.9). Now the verification
of (3.10) is obvious. �

The energy radiation principle identifies the propagation direction “from ∓∞ to ±∞”
for the wave w± by the sign of the quantity Im q(w±, w±), i.e., the rows

(3.12) wout = (χ+w+, χ−w−), win = (χ+w−, χ−w+)

yield the outgoing (out) and ingoing (in) waves. The cut-off functions χ± are introduced
for localizing the waves in the sleeves Π±; despite their presence, we call the products in
(3.12) waves as before. Observe the important relation

(3.13) win(y, z) = wout(y, z),

ensured by the definition (3.9) because the functions w0 and iw1 are real.
Consider the preimage Wβ(Ξ;λ

†) = B−β(λ
†)−1W 1

−β,0(Ξ)
∗; by Proposition 3.1 (2), this

space consists of functions representable as in (3.4), or equivalently,

(3.14) u = winain + woutaout + ru

with an exponentially decaying remainder ru and the columns of coefficients ain, aout ∈ C2.
Estimate (3.6) turns Wβ(Ξ;λ

†) into a Hilbert space with the norm(
|ain|2 + |aout|2 + ‖ru;W 1

β (Ξ)‖2
)1/2

.

However, we shall not need this Hilbert structure in this paper. Note that the factor-
space Wβ(Ξ;λ

†)/W 1
β (Ξ) has dimension 4 and can be identified with the linear space of

Floquet waves in the trunks Π+ and Π−.
Problem (3.2) with energy radiation conditions is set on the subspace

Wout
β (Ξ;λ†) = {u ∈ Wβ(Ξ;λ

†) : ain = 0 ∈ C2 in the expansion (3.14)}.
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The above constructions erase the specifics of periodic trunks and the threshold sit-
uation, reducing the proofs to the algebraic operations described in detail, e.g., in [5,
Chapter 5] for the case of general formally selfadjoint elliptic problems or in [18] for the
case of Dirichlet problems for the Laplace operator.

Proposition 3.2. 1) For any f ∈ W 1
−β,0(Ξ)

∗ satisfying

(3.15) f(v) = 0, v ∈ Ltr = kerBβ(λ
†),

problem (3.2) admits a solution u ∈ Wout
β (Ξ;λ†) that is determined up to an element of

the subspace Ltr, i.e., up to a trapped wave. The orthogonality conditions

(u, v)Ξ = 0, v ∈ Ltr,

make the solution unique and ensure the estimate

‖u;Wβ(Ξ;λ
†)‖ ≤ cβ‖f ;W 1

β,0(Ξ)
∗‖.

2) The subspace kerB−β(λ
†) 
 Ltr has dimension two and is spanned by the two

solutions ζ± ∈ W 1
−β,0(Ξ) of the homogeneous (f = 0) problem (3.2), the row of which

can be written as
ζ = (ζ+, ζ−) = win + woutS + rζ,

where rζ ∈ W 1
β,0(Ξ)

2, and S is the threshold scattering matrix of size 2 × 2, unitary and

symmetric2, i.e., S∗ = S−1 and S = S�, where S� and S∗ = (sS)� are, respectively, the
transposed matrix and the adjoint matrix.

3.3. Almost standing waves as limits of trapped ones. Consider a waveguide
Ξε with regularly perturbed boundary, namely, on a smooth (as before, of class C4 for
simplicity) open part Γ of the surface ∂Θ ∩ ∂Π we define a profile function h ∈ C2

c (Γ)
and put

(3.16) Γε = {x ∈ V : s ∈ Γ, n = εh(s)},
where V is a d-dimensional neighborhood of Γ, V ∩ ∂Θ = Γ, n is the oriented distance to
∂Θ, n < 0 inside Θ, and s is an atlas of charts on sΓ. In the waveguide with the boundary

(3.17) ∂Ξε = (∂Ξ \ Γ) ∪ Γε,

we consider the following spectral Dirichlet problem similar to (1.3):

−Δxu
ε(x) = λεuε(x), x ∈ Ξε, uε(x) = 0, x ∈ ∂Ξε.(3.18)

(∇xu
ε,∇xv

ε) = λε(uε, vε), vε ∈ H1
0 (Ξ

ε),(3.19)

The variational setting of this problem gives rise (see [1, Chapter 10]) to a self-adjoint
positive definite operator Aε. Since the boundary is perturbed locally (see [19, §7.6.5]),
the essential spectra σε

es and σes of the operators Aε and A = A0 coincide, but the
discrete spectra may differ, first, because of small variations of isolated eigenvalues in
the discrete spectrum σε

di, and second, because of the possible dropping of eigenvalues
from the edge of the essential spectrum σdi. The latter phenomenon is the subject of
study in the present paper.

Suppose that, for some positive infinitely small sequence {εk}, k ∈ N, the variational
problem (3.19) (or (3.18) in the differential setting) has eigenvalues λεk ∈ (0, λ†), and
that

(3.20) λεk → λ† − 0 as εk → +0.

The corresponding eigenfunctions will be normalized by the condition

(3.21) ‖uεk ;L2(ΠL
#)‖ = 1,

2These two properties are implied by formulas (3.10) and (3.13); see, e.g., [18].
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a) b) c)

Figure 2. The resonator’s perturbation: regular (a), singular (b), and
step (c). The volume increment is shown by dark color, and volume
reduction by light color.

where ΠL
# = {x ∈ Ξ : L < |z| < L+ 3} is the union of the bounded parts of the trunks

Π± not intersecting the resonator Θ, because L > l (see comments on the definition of
the cut-off functions (3.5)). Each part comprises three periodicity cells.

Theorem 3.1. Under condition (3.20), problem (3.2) at the threshold λ = λ† admits a
nontrivial solution u0 ∈ Wβ(Ξ;λ

†) with the following coefficients (in the expansion (3.4)):

(3.22) a+1 = a−1 = 0.

The solution ust described in Theorem 3.1 will be called an almost standing wave,
because in each of the trunks Π± it only differs from the true standing waves a±0 w0(y, z)
by summands that decay exponentially as z → ±∞: identities (3.22) mean precisely
that the expansion (3.4) of this solution has no resonance components. At the threshold
we also have a resonance wave w1(y, z) which, in contrast to w0(y, z), grows linearly
as z → ∞. Therefore, the question on the existence of almost standing waves, the
subspace of which will be denoted by Lst (cf. Subsection 1.3), requires separate study,
see Theorem 3.2 below.

3.4. Proof of Theorem 3.1. We start with constructing a coordinate change x �→ xε

that transforms Ξε into Ξ, differs little from the identical mapping Id and coincides with
it for |z| > L. Namely, we perform the change of the local coordinates

(n, s) �→ (nε, sε) = (n− εh(s), s),

which rectifies the perturbed part Γε of the boundary (3.17) and yields the mapping
x �→ xε in a neighborhood of ε, and then glue this mapping with the identical one via
a suitable partition of unity. The resulting coordinate change is nonsingular for small ε,
and its Jacobi matrix satisfies

|Jε(x)− I2| ≤ cε, |∇xJ
ε(x)| ≤ cε, x ∈ Θ(L),

J
ε(x) = I2 = diag{1, 1}, x ∈ Ξ \Θ(L).

(3.23)

In other words, xε = x for |z| > L, i.e., outside of the extended resonator Θ(L) = {x ∈
Ξ : |z| < L} (recall that L > l; cf. the definition (1.1)).

Now we omit the index k at the parameter εk. The function uε given by uε(xε) = uε(x)
remains in the Sobolev space H1

0 (Ξ) and satisfies the integral identify

(3.24) aε(uε,vε) = λεbε(uε,vε), vε ∈ C∞
c (Ξ),

where, by (3.23), the bilinear forms aε and bε, obtained by the change x �→ xε from the
forms (∇xu

ε,∇xv
ε)Ξε and (uε, vε)Ξε respectively, obey the estimate

|aε(uε,vε)− (∇xu
ε,∇xv

ε)Ξ|+ |bε(uε,vε)− (uε,vε)Ξ|
≤ cε‖uε;H1(Θ(L))‖ ‖vε;H1(Θ(L))‖.

(3.25)

Note that the direct limit passage as ε → +0 in (3.24) is illegal, because the Sobolev
norms ‖uε;H1(Ξε)‖ grow unboundedly whenever the expansions of the eigenfunctions



ALMOST STANDING WAVES IN A PERIODIC WAVEGUIDE 387

uε involve slowly decaying exponential Floquet waves (2.17). This forces us to make a
workaround.

First, we apply the following local estimate for solutions of the Dirichlet problem for
the Helmholtz operator (see, e.g., [20]):

‖uε;H2(�L+1
± )‖ ≤ c

(∥∥Δuε + λεuε;L2(�̂L+1
± )

∥∥2 + ∥∥uε;L2(�̂L+1
± )

∥∥2)
≤ c(0 + 1) = c.

(3.26)

Here the �L+1
± = {x ∈ Π : ±z ∈ (L + 1, L + 2)} are shifted periodicity cells, and the

�̂L+1
± = {x ∈ Π : ±z ∈ (L − 1/2, L + 5/2)} ⊂ ΠL

# are expanded (at double length)

periodicity cells. At the end of formula (3.26) we have used the normalization (3.21).
Now we multiply uε by the cut-off functions χ± and observe that the products χ±u

ε ∈
H1

0 (Π±) ⊂ W 1
−β,0(Π±) satisfy problems similar to (3.2) in the clipped trunks Π± with

the parameter λ = λε and compactly supported right-hand sides fε
±,

‖fε
±;W

1
β,0(Π±)

∗‖ ≤ ‖uε;H1(�L+1
± )‖ ≤ C.

On the truncating surfaces {x ∈ Π : z = ±l}, the Dirichlet conditions can be prescribed.
As a result, rewriting estimate (3.3) for the problem stated in Π±, we get

‖χ±u
ε;W 1

−β(Π±)‖
≤ c

(
‖fε

±;W
1
β,0(Π±)

∗‖+ |λε − λ†| ‖χ±u
ε;L2

−β(Π±)‖+ ‖χ±u
ε;L2(�L+1

± )‖
)

≤ C + c|λε − λ†| ‖χ±u
ε;L2

−β(Π±)‖.

Since the factor |λε−λ†| is small, these inequalities establish the uniform boundedness of
the norms ‖χ±u

ε;W 1
−β(Π±)‖ for small ε. Finally, we plug the test function vε = X2uε,

where X = 1− χ+ − χ− ∈ C∞
c (sΞ), in the integral identify (3.18). Recalling (3.26), after

simple calculations we get

‖∇x(Xuε);L2(Ξε)‖2 ≤ λε‖Xuε;L2(Ξε)‖2 + c‖uε;H1(�L+1
+ ∪�L+1

− )‖2 ≤ λ† + c2.

Thus,
‖uε;W 1

−β(Ξ)‖ ≤ c‖uε;W 1
−β(Ξ

ε)‖ ≤ C, ‖uε;H2(�L+1
+ )‖ ≤ c,

and we can choose a subsequence {εk} (we keep the previous notation) along which

(3.27) uε → u0 weekly in W 1
−β,0(Ξ) and strongly in L2(ΠL

#),

because, clearly, the limit passage preserves the zero trace on the boundary ∂Ξ, and the
domains ΠL

# and �L+1
± are bounded.

The week convergence in (3.27), together with formulas (3.20) and (3.25) ensures that
(3.24) turns into the integral identify

(∇xu
0,∇xv)Ξ = λ†(u0, v)Ξ,

and, by closure, the test functions can be taken from the weighted Sobolev spaceW 1
β,0(Ξ),

rather than from the linear set C∞
c (Ξ). The strong convergence in L2(ΠL

#) and formu-

las (3.21), (3.23) show that

1 = ‖uε;L2(ΠεL
# )‖ → ‖u0;L2(ΠL

#)‖ = 1

(recall that, by definition, ΠL
# = ΠεL

# ). Thus, u0 ∈ W 1
−β,0(Ξ) is a nontrivial solution of

problem (3.2) with λ = λ† and f = 0. It admits expansion as in (3.4), i.e., it remains to
check identifies (3.22) themselves.

For λε < λ†, the Dirichlet problem in Π acquires an exponentially decaying (as z →
+∞) Floquet wave

(3.28) wδ
+(y, z) = eiη

δ
+zUδ

+(y, z),
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where δ := λ† − λε > 0, and

(3.29) ηδ± = ±iδ1/2ζ +O(δ), ζ > 0, Uδ
±(y, z) = U0(y, z)± δ1/2ζU1(y, z) +O(δ)

(see Lemma 2.3 and the second estimate in (2.16), which interprets the last relation in
(3.29)). We substitute the wave (3.28) together with the exponentially decaying eigen-
function uε in the Green formula on the semicylinder Π+(R) = {x ∈ Π : z > R} with
the end τ (R), and then integrate additionally over R ∈ (L+ 1, L+ 2):

0 =

∫ L+2

L+1

∫
τ(R)

(
Ğwδ
+(y,R) ∂zu

ε(y,R)− uε(y,R) ∂zwδ
+(y,R)

)
dy dR

=

∫
�L+1

+

(
wδ

+ ∂zu
ε − uε ∂z

Ěwδ
+

)
dx →

∫
�L+1

+

(
Ďw0 ∂zu

0 − u0 ∂zw0

)
dx

as ε → +0.

(3.30)

The limit passage is justified by the asymptotic representations (3.29) and the strong

convergence in the space H1(�L+1
+ ); the latter is ensured by the following local estimate

of the solution of the Dirichlet problem for the Poisson equation with the right-hand side
λεuε:

‖uε;H1(ωL+1
± )‖ ≤ c

(
‖λεuε;L2(ΠL

#)‖+ ‖uε;L2(ΠL
#)‖

)
= c(1 + λε) ≤ C.

Recalling that, by the definition (3.8) and calculation (3.11), the last integral is equal to
iJa+1 , we see that a+1 = 0. The identify a−1 = 0 is checked similarly, but with the use of
the Floquet wave wδ

− instead of (3.28). Theorem 3.1 is proved. �
The limit passage uεk → u0 shows that, at the threshold λ = λ†, problem (1.3)

admits solutions bounded at infinity, the subspace of which will be denoted by Lbo (see
Subsection 1.3). The trapped waves u0 ∈ Ltr ⊂ W 1

β,0(Ξ) are certainly in this subspace.

A nontrivial element of the subspace (1.4) can be written as

(3.31) ust =
∑
±

χ±K±w0 + rust

with a nontrivial column of coefficients K = (K+,K−)
� ∈ C2, i.e., (1.4) is indeed the

subspace of almost standing waves.
The result established in Theorem 3.1 does not allow us to distinguish between the

elements of Lst and Ltr. We present two statements that follow from the calculations
made above and give different characterizations for the almost standing and trapped
waves in the waveguide Ξ.

Corollary 3.1. Suppose that, in the situation (3.20), (3.21), the limit of at least one of
the integrals over the ends of the trunks Π±

(3.32) lim
ε→+0

∫
τ(±l)

(
U1 ∂zu

εk +
(
iU0 − ∂zU1

)
uεk

)
dy

is nonzero. Then the limit u0 of the eigenfunctions uεk in the space W 1
−β,0(Ξ) falls into

the set Lst \ {0}.

Corollary 3.2. Suppose that there is a positive infinitely small sequence {εk} of values
of the parameter ε for which problem (3.19) (or (3.18) in the differential setting) has
eigenvalues λεk > λ† above the threshold, and

(3.33) λεk → λ† + 0 as εk → +0.

Then the eigenfunctions uεk normalized as in (3.21) converge weekly in W 1
−β,0(Ξ) to an

eigenfunction u0 ∈ Ltr \ {0} of problem (1.3) at the threshold λ = λ†.
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Comments on these two corollaries are in order. The situation (3.33), (3.21) differs
only little from that treated in Theorem 3.1. However, at the end of the proof, the
exponential decay of the functions uεk in the Green formula on Π±(R) allows us to
use in (3.30) two bounded Floquet waves wδ

± defined, in accordance with (2.17), by

the positive parameter δ = λε − λ† and the real root (2.14) of equation (2.13); more
precisely, there waves are the linear combinations wδ

++wδ
− and δ−1/2(wδ

+−wδ
−), which,

by Lemma 2.3, have limits 2w0 and 2ξw1. As a result, all four coefficients a±j in the

representation (3.4) of the function u0 vanish.
Finally, for z = ±l we have

w1 ∓ ilw0 = U1, ∂z(w1 ∓ ilw0) = iU0 + ∂zU
1,

whence, since we know that a±1 = 0, the limit (3.32) is equal to∫
τ(±l)

((
w1 ± ilw0

)
∂zu

0 + u0
(
∂zw1 ± il∂zw0

))
dy = q(u0, w1 ± ilw0) = iJa±0 .

by the assumptions in Corollary 3.1, at least one of the coefficients a±0 of the standing
wave w0 in the expansion(3.4) of the limit function u0 is nonzero.

3.5. Criterion for the arising of almost standing waves. A criterion for the ex-
istence of trapped waves, in particular, at thresholds of the continuous spectrum of
cylindrical waveguides, was developed in [21, 22]. This criterion describes the subspace
Ltr = kerBβ(λ

†) of exponentially decaying solutions of problem (1.3) in the case of
cylindrical outlets Π± = {(y, z) : y ∈ ω,±z > l} to infinity in terms of a root subspace
of the operator S + Id, where S is a unitary operator, called the fictitious scattering
operator, which is defined with the help of solutions of a special boundary-value problem
in the bounded resonator Θ of the waveguide Ξ. No similar results are known in the
case of periodic exist to infinity; the author has not been able so far to find conditions
ensuring the arising of trapped waves at the threshold (cf. Subsection 6.7). Note that
the subspace Lst of almost standing waves is closely related to the threshold scattering
matrix occurring in Proposition 3.2.

Theorem 3.2. We have dimLst = dimker(S + I2), where the right-hand side is the
multiplicity of the eigenvalue −1 of the threshold scattering matrix S. Moreover,

(3.34) Lst =
{
ust = ζb : Sb+ b = 0, b ∈ C2

}
.

Proof. Any function ust ∈ Lst = kerB−β(λ
†) 
 kerBβ(λ

†) can be written as the linear
combination ζb with a coefficient column b ∈ C2 \{(0, 0)} and the row of solutions (3.18).
Hence, by the definitions (3.9) and (3.12), we have

ust = winb+ woutSb+ rust

= 2−1/2i(χ+w1, χ−w1)(b+ Sb)− J−1i(χ+w0,−χ−w0)(b− Sb) + rust.
(3.35)

In (3.35), the resonance wave w1 is absent if and only if b + Sb = 0. In this case,
b − Sb = 2b �= 0, i.e., ust cannot become a trapped wave. Finally, obviously, we have
ζb ∈ Lst whenever b ∈ ker(S + I2). �

§4. Asymptotics of near-threshold eigenvalues

4.1. Perturbation of trapped waves. To start with, suppose that det(S+I2) �= 0, but
at the threshold λ = λ† problem (1.3) in the waveguide Ξ has (real) linearly independent
eigenfunctions utr

1 , . . . , u
tr
N , where N = dimLtr. We shall show that, by choosing an
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appropriate profile h of a regular perturbation (3.16) of a part Γ of the waveguide’s wall,
we can form the following N eigenvalues in the discrete spectrum σε

di:

(4.1) λε
j = λ† − ελ′

j +
rλ ε
j , λ′

j > 0, j = 1, . . . , N.

The corresponding eigenfunctions will be sought in the form

uε
j = u0

j + εu′
j + ruε

j ,(4.2)

u0
j = utrbj , bj ∈ RN , (bk)�bj = δj,k, j, k = 1, . . . , N,(4.3)

where δj,k is the Kronecker symbol, utr = (utr
1 , . . . , u

tr
N ) is a row of trapped waves subject

to the orthogonality and normalization conditions

(4.4) (utr
j , u

tr
k )Ξ = δj,k, j, k = 1, . . . , N.

The quality of the small remainders rλ ε
j and ruε

j in (4.1) and (4.2) will be described in §5.
The functions u0

j and u′
j on the right-hand side in (4.2), defined initially on Ξ, are

extended with preservation of smoothness to a neighborhood V of the set sΓ ⊂ ∂Ξ; in
particular, they are defined everywhere on the perturbed waveguide Ξε.

We plug the expressions (4.1), (4.2) in (3.18) and collect the coefficients of ε. As a
result, we see that the correction terms u′

j and λ′
j , the factors of ε in (4.1) and (4.2)

independent of the small parameter, must satisfy the differential equation

(4.5) −Δxu
′
j(x)− λ†u′

j(x) = −λ′
ju

0
j (x), x ∈ Ξ,

and the homogeneous Dirichlet condition on ∂Ξ \ Γ. To deduce the boundary condition
on the smooth part Γ of the boundary, we employ the Taylor formula, obtaining

uε
j(εh(s), s) = u0

j (εh(s), s) + εu′
j(εh(s), s) + . . .

= u0
j (0, s) + ε

(
u′
j(0, s) + h(s)∂nu

0
y(0, s)

)
+ . . . ,

(4.6)

where v(n, s) is the function v written in the local coordinates (n, s) (see Subsection 3.3),
and the dots hide the lower terms unessential for our formal asymptotic analysis. To kill
the factor of ε on the right in (4.6), we prescribe the boundary condition

(4.7) u′
j(x) = g′j(x), x ∈ ∂Ξ,

where

(4.8) g′j(x) =

{
0, if x ∈ ∂Ξ \ sΓ,

−h(s)∂nu
0
j (x), if x ∈ Γ.

As usual, the smooth nonhomogeneity (4.8) in the Dirichlet condition (4.7) will be re-

moved with the help of an extension G′
j ∈ H1(Ξ) with support in the set Θ(L). As a

result, for the difference u′
j − G′

j we obtain problem (3.2) with the ingredients λ = λ†

and

(4.9) f(v) = λ(u0
j , v)Ξ − (∇xG

′
j ,∇xv)Ξ + λ†(G′

j , v)Ξ.

Since u0
j decays exponentially at infinity and G′

j vanishes for |z| > L, the functional (4.9)

belongs to W 1
−β,0(Ξ)

∗ and Proposition 3.2(1) provides N compatibility conditions (3.15)

in the resulting problem in the space Wout
β (Ξ;λ†). Thus, after integration by parts, we

deduce the following compatibility conditions for problem (4.5), (4.7):

λ′
j

∫
Ξ

u0
ju

tr
p dx = −

∫
∂Ξ

u′
j∂nu

tr
p dsx, j = 1, . . . , N.
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Using (4.3), (4.4), and (4.7), we turn these conditions into the system of algebraic equa-
tions

(4.10) λ′
jb

j = P (h)bj

with a symmetric (N ×N)-matrix P (h) = (Ppq(h)), where

(4.11) Ppq(h) =

∫
Γ

h(s)∂nu
tr
p (0, s)∂nu

tr
q (0, s) dsx.

The theorem on a unique extension3 implies that neither normal derivatives of the func-
tions utr

p , nor their nontrivial linear combinations can vanish identically on Γ. Therefore,
if h ≥ 0, h �≡ 0, then the matrix P (h) is positive definite. Thus, system (4.10) has posi-
tive eigenvalues λ′

1, . . . , λ
′
N , and the corresponding eigenvectors b1, . . . , bN ∈ RN obey the

orthogonality and normalization conditions as in (4.3). There is no need to require that
the volume increment be positive, which is ensured by the nonnegativity of the nontrivial
profile h in (3.16) (cf. Remark 4.2). Therefore, in what follows we only assume that the
function h is fixed in such a way that the matrix P is positive definite.

The above calculations specify the asymptotic formulas (4.1) and (4.2), the justifica-
tion of which will be postponed till §5. We only note that the solution of problem (4.5),
(4.7) is taken in the form

(4.12) u′ = uout + ζc =
∑
±

χ±K
′
±w0 + ru′.

The particular solution uout, satisfying the energy radiation conditions, and the elements
ζ± are subject to the orthogonality conditions, and the expansion (3.18) free of the
resonance waves is achieved by choosing the coefficient column c = (c+, c−)

� ∈ C2. By
the calculation (3.35), the last is possible because dimLst = 0 by assumption, and the
matrix S + I2 is nonsingular by Theorem 3.2.

4.2. Perturbation of almost standing waves. Now, let dimLtr = 0, but dimLst > 0,
i.e., there are no trapped waves, but almost standing ones do exist.

First, we consider the case of one bounded solution ust
1 , which, of course, can be

fixed real and admitting formula (3.31) with a coefficient column K(1) = (K1+,K1−)
� ∈

R2, |K(1)| = 1. The other, unbounded, basis element in the two-dimensional (we have

dimkerBβ(λ
†) = 0 by assumption) subspace kerB−β(λ

†) can be chosen so that

(4.13) ures
1 =

∑
±

χ±K1∓ (w1 ∓K0w0) + ru res
1 .

The specific form of the coefficients of the Floquet waves (2.10) is explained as follows.
The coefficients a±1 = K1∓ of w1 in formula (3.4) for ures

1 can be found with the help of
normalization and the Green formula, together with relation (3.11):

0 = lim
R+∞

∑
±

∫
v(±R)

(
ust
1 (y,±R) ∂zu

res
1 (y,±R)− ures

1 (y,±R) ∂zu
st
1 (y,±R)

)
dy

=
∑
±

±q(a±1 w1 + a±0 w0,K1±w0) = K1+a
+
1 −K1−a

−
1 ,

(4.14)

and the coefficients a±0 = ∓K0K1∓ are obtained via the change ures
1 �→ ures

1 −c0u
st
1 , while

the quantities c0 and K0 are determined by an algebraic system with the orthogonal

3The homogeneous Cauchy problem for the Helmholtz equation has only zero solution (see, e.g., [23,
Part 1, Chapter 3]).
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matrix K+:

K+

(
c0
K0

)
=

(
a+0
a−0

)
⇔

(
c0
K0

)
= K−

(
a+0
a−0

)
,

K± =

(
K1+ ∓K1−
±K1− K1+

)
.

We shall use the method of matched asymptotic expansions (see [24, 25], etc.) in the
version of [26, 18]. Namely, for the eigenvalue we assume the asymptotic Ansatz

(4.15) λε
m = λ† − ε2λ′

m + rλ ε
m, λ′

m > 0,

and the Ansatz

(4.16) uε
m = u0

m + εu′
m + . . . ,

similar to (4.2), for the eigenfunction will be viewed as the inner expansion valid is a finite
but long part of the waveguide Ξ. As in (4.2), the functions u0

m and u′
m are extended

with preservation of smoothness from Ξ to the perturbed waveguide Ξε.
Formulas (4.15) and (4.16) will also be needed in the sequel; now we assume that

m = 1 and u0
1 = ust

1 . Two exterior expansions available for large ±z, are of the form

uε
m(x) = Kε

m±w
δm
± (y, z) + · · · = Kε

m±e
iηδm

± zUε
±(y, z) + . . .

= K0
m±U

0
0 (y, z) + ε

(
∓K0

m±i
√

λ′
m|ξ|

(
izU0(y, z)+ U1(y, z)

)
+K ′

m±U0(y, z)
)
+. . .

= K0
m±w0(y, z) + ε

(
∓K0

m±i
√
λ′
m |ξ|w1(y, z) +K ′

m±w0(y, z)
)
+ . . .

(4.17)

Here, Kε
m± = K0

m± + εK ′
m± + . . . is an unknown coefficient, and the wδm

± (y, z) are the
Floquet waves as in (2.17), exponentially decaying as z → ±∞, with δm = −ε2λ′

m < 0

(see (2.11) and (4.15)), |δm|1/2 = ε
√

λ′
m, and ξ ∈ iR+ is the root (2.14) of equation (2.13).

In accordance with the general matching procedure, the exterior expansions (4.17)
prescribe the behavior as z → ±∞ of the terms of the inner expansions (4.16). Therefore,
recalling (3.31), we put at once

K0
m± = Km±.

The problem

−Δxu
′
m(x)− λ†u′

m(x) = 0, x ∈ Ξ,

u′
m(x) = 0, x ∈ ∂Ξ \ Γ, u′

m(x) = −h(s)∂nu
0
m(x), x ∈ Γ,

(4.18)

for the correction term u′
m is deduced like problem (4.5), (4.7), with the exception that,

since the variation of the spectral parameter (see (4.15)) is of order of ε2, the term
λ′
mu0

m(x) disappeared from the differential equation. Due to Proposition 3.2 and the
requirement dimLtr = 0, problem (4.18) with the energy radiation conditions has a
unique particular solution uout

1 , and the general solution in the space W 1
−β(Ξ) looks like

this:

(4.19) u′
1 = uout

1 + cst1 u
st
1 + cres1 ures

1 .

The coefficients in formula (3.4) for uout
1 will be denoted by a±j , as before. Repeating the

calculation (4.14), we get

iJ(K1+a
+
1 −K1−a

−
1 ) = lim

R→+∞
±
∫
v(±R)

(ust
1 ∂zu

out
1 − uout

1 ∂zu
st
1 ) dx

= −
∫
Γ

(ust
1 ∂nu

out
1 − uout

1 ∂nu
st
1 ) ds =

∫
Γ

h(s)|∂nust
1 (0, s)|2 dsx.

(4.20)
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Comparison of (4.17) with (3.4), (3.31), and (4.13) shows that the matching procedure
requires that at least the following identities be fulfilled:

−K1+i
√
λ′
1 |ξ| = a+1 +K1−c

res
1 ,

K1−i
√
λ′
1 |ξ| = a−1 +K1+c

res
1 .

(4.21)

Solving this system, we find√
λ′
1|ξ| = i(K1+a

+
1 −K1−a

−
1 ) = J−1I11(h).

Here I11(h) is the last integral in (4.20). Since, like in Subsection 4.1, the normal de-
rivative ∂nu

st
1 cannot vanish everywhere on Γ, the proper choice of a profile function h

allows us to give this integral any prescribed value, in particular, a positive value (e.g.,
for h ≥ 0, h �≡ 0). Thus, using (2.14), we see that

(4.22) I11(h) > 0 ⇒ λ′
1 = |ξ|−2J−2I11(h)

2 = J−1I11(h)
2‖U0;L2(�)‖2,

completing thereby the calculation of the terms of the Ansätze (4.15) and (4.16).
It remains to consider the case of two linearly independent almost standing waves,

because if no such waves exist, then, by assumption dimLst = 0, the near-threshold
eigenvalues are absent by Theorem 3.1. The almost standing waves ust

1 and ust
2 can be

fixed so that the coefficient columns in (3.31) take the form

(4.23) K(1) = (1, 0)�, K(2) = (0, 1)�.

Now we describe the necessary modifications to be made in the asymptotic procedure
above.

The Ansätze (4.15)–(4.17) with m = 1, 2 preserve with the exception that

(4.24) u0
m = bm1 ust

1 + bm2 ust
2 , m = 1, 2,

where the bm = (bm1 , bm2 )� ∈ C2 are orthonormal columns to be determined. The correc-
tion terms u′

1 and u′
2 can be found from problem (4.18) as before, but formula (4.19) for

the general solution is replaced with the relation

(4.25) u′
m = uout

m + cstm1u
st
1 + cstm2u

st
2 , m = 1, 2.

Since the last two summands are bounded, the linear growth at infinity of the func-
tions (4.25) is only caused by the terms uout

m ; the coefficients of the expansion (3.4) for
these terms will be denoted by a±mj . By (4.23). the calculation (4.20) yields the identifies

a+m1 = −iJ−1

∫
Γ

h(s) ∂nu
0
m(0, s) ∂nu

st
1 (0, s) ds,

a−m1 = iJ−1

∫
Γ

h(s) ∂nu
0
m(0, s) ∂nu

st
2 (0, s) ds.

(4.26)

The matching procedure for the exterior expansions (4.17) and the inner expan-
sion (4.16) refined by formulas (3.31), (4.23) for u0

m and formulas (4.25), (3.4), and
(4.26) for u′

m result in the relations

(4.27) K0
m+ = bm1 , K0

m− = bm0

and

−K0
m+i

√
λ′
m |ξ| = −iJ−1 (I11(h)b

m
1 + I12(h)b

m
2 ) ,

K0
m−i

√
λ′
m |ξ| = iJ−1 (I21(h)b

m
1 + I22(h)b

m
2 )

or, in the vector form, √
λ′
m bm = Q(h)bm.
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Here Q(h) and I(h) are symmetric (2× 2)-matrices with the entries

Qjk(h) = |ξ|−1J−1Ijk(h) = ‖U0;L2(�)‖J−1/2Ijk(h),(4.28)

Ijk(h) =

∫
Γ

h(s) ∂nu
st
j (0, s) ∂nu

st
k (0, s) dsx.(4.29)

Both matrices can be made positive definite by choosing an appropriate profile function
h. This follows from formula (4.29) itself and the next simple claim.

Lemma 4.5. The traces of the functions (∂nu
st
1 )

2, ∂nu
st
1 ∂nu

st
2 , and (∂nu

st
2 )

2 on Γ are
linearly independent.

Proof. By a unique extension theorem, the functions ∂nu
st
1 , ∂nu

st
2 and their nontrivial

linear combinations cannot vanish on a subset γ ⊂ Γ of positive (d− 1)-measure. Conse-
quently, the products like ∂nu

st
1 ∂nu

st
2 also possess this property. Therefore, the identify

(4.30) 0 = α11(∂nu
st
1 )

2 + 2α12∂nu
st
1 ∂nu

st
2 + α22(∂nu

st
2 )

2 on γ

implies that α2
11 + α2

22 �= 0. Suppose α11 = 1 (we can multiply (4.30) by α−1
11 ); then

0 = (∂nu
st
1 + α12∂nu

st
2 )

2 + (α22 − α2
12)(∂nu

st
2 )

2.

Thus, α2
0 = α2

12 − α22 > 0 and

0 = (∂nu
st
1 + (α12 − α0)∂nu

st
2 )(∂nu

st
1 + (α12 + α0)∂nu

st
2 ) on γ,

but above it was explained that this is impossible. �

So, the Ansätze (4.10) and (4.16) with m = 1, 2 will be fixed as follows: the positive
corrections λ′

m are the squares of (necessarily positive) eigenvalues of the matrix Q(h),
and the coefficients of the linear combinations (4.24) form the corresponding orthonormal
eigenvector-rows.

Remark 4.1. As in Subsection 4.1, the matrix Q(h) will certainly be positive definite
whenever the profile h of wall’s distortion (see (3.16)) is nonnegative and nontrivial,
which leads to the enlargement of the volume of the waveguide. Lemma 4.5 shows that
the needed property of the matrix Q(h) can be kept even if the profile function h changes
its sign on Γ, i.e., in principle, the total volume’s increment can be made negative.

4.3. The general case. Suppose that at the threshold λ = λ† we have N = dimLtr

trapped waves and M = dimLst almost standing waves. The perturbation (3.16) of the
waveguide’s wall, ensuring the arising of M + N near-threshold eigenvalues (4.1) and
(4.15), is constructed as earlier, but requires new arguments.

First of all, by Theorem 3.2, the presence of almost standing waves (M = 1 or M = 2)
makes it impossible to achieve the boundedness of the correction terms (4.12) for for-
mula (4.2), which is necessary for constructing the global asymptotic approximations
to the eigenvalues of problem (3.18) (see Subsection 5.3). The integral representations
(4.20), (4.14), and (4.26) show that the coefficients a±1 of the linearly growing terms will
vanish under the following conditions:

(4.31)

∫
Γ

h(s) ∂nu
tr
j (0, s) ∂nu

st
k (0, s) dsx = 0, j = 1, . . . , N, k = 1, . . . ,M.

By Proposition 3.2.1, the same orthogonality conditions establish the existence of a
component uout

m that is involved in the correction terms (4.19) or (4.25) of the inner
expansion (4.16) and solves problem (4.18) with the energy radiation conditions.

Of course, we can find a profile function h satisfying (4.31), but it is difficult to arrange
that h ≥ 0, h �≡ 0, which ensures the positive definiteness of the matrix P (h) with the
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entries (4.11). The conditions needed for the construction of the eigenvalues (4.1) and
(4.15) can easily be satisfied in the case where the products

∂nu
tr
j ∂nu

tr
p , ∂nu

tr
j ∂nu

st
k , ∂nu

st
k ∂nu

st
q ,

j, p = 1, . . . , N, p ≤ j, k, q = 1, . . . ,M, q ≤ k,
(4.32)

(in total, 1
2 (N +M +1)(N +M) functions) are linearly independent in L2(Γ). Assuming

this (cf. the discussion in Subsection 6.6), we choose a profile h in such a way that the
two matrices P (h) and Q(h) are positive definite and relations (4.31) are fulfilled. As a
result, we find all ingredients of the Ansätze adopted, completing the formal asymptotic
analysis.

Remark 4.2. If the requirements imposed on the matrices P (h) and Q(h) cannot be
respected completely, then the asymptotic Ansätze can be kept as before, but they provide
fewer good approximations to eigenvalues in the discrete spectrum eigenvalues.

§5. Justification of asymptotics

5.1. Abstract setting. Because of variation of the waveguide’s boundary, the Lebesgue
norm estimates of the discrepancies left by the approximate eigenvalues in problem fε do
not give any acceptable accuracy in handling the asymptotic remainders (cf. Remark 5.3).
It is convenient to relax the norm of the space where the discrepancy in question lie. In
the space Hε = H1

0 (Ξ
ε) we introduce the scalar product

(5.1) 〈uε, vε〉 = (∇xu
ε,∇xv

ε)Ξε

and the continuous positive self-adjoint operator Kε given by the identify

(5.2) 〈Kεuε, vε〉 = (uε, vε)Ξε , uε, vε ∈ Hε.

Comparing formulas (5.1), (5.2), and (3.19), we see that the variational problem (3.18)
is equivalent to the abstract equation

(5.3) Kεuε = κεuε in Hε

with the new spectral parameter

(5.4) κε = (λε)−1.

The link (5.4) shows that the essential spectrum ςεes of the operator Kε lies on the
(closed) segment [0, κ†], while on the ray (κ†,+∞) we may find only points of the discrete
spectrum ςεdi, which will be the object of study in what follows.

The one-dimensional Hardy inequality yields the relation

(5.5) ‖�−1
ε uε;L2(Ξε)‖ ≤ C�‖∇xu

ε;L2(Ξε)‖ = C�‖uε;Hε‖,
where �ε = dist(x, ∂Ξε) and C� is a constant independent of ε and uε. As a result,
the discrepancy fε should be estimated in the adjoint space H−1(Ξε) = (Hε)∗ or in the
weighted Lebesgue space with the norm ‖�εfε;L2(Ξε)‖ (cf. the left hand side in (5.5)).
The weight factor �ε becomes small in a narrow neighborhood of the perturbed part Γε

of the waveguide’s wall, and the errors of asymptotic analysis caused by the boundary’s
variation are concentrated precisely there. Note that, in a neighborhood of the mentioned
smooth part (3.16) of ∂Ξε, the above inequality takes the form∫ εh(s)

−d

(n− εh(s))−2|uε(n, s)|2 dn ≤ 4

∫ εh(s)

−d

∣∣∣∣∂uε

∂n
(n, s)

∣∣∣∣2 dn
and is true in the case where uε(εh(s), s) = 0 for s ∈ Γ. In fact, inequality (5.5) is valid
for Lipschitz boundaries.
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5.2. Spectral measure. In order to verify the existence of a single near-threshold
eigenvalue, it suffices to possess the asymptotic constructions of approximate “eigenpairs”
of problem (3.18) or equation (5.3), as presented in the preceding section. In particular,
these constructions provide a lower estimate for the norm of the resolvent of the operator
Aε or Kε, and, thus, an upper estimate for the distance from the spectrum (see comments
in Remark 5.3). Since the eigenvalues in question can be multiple, we are forced to deal
also with eigenfunctions, for which we need elementary information from the theory of
spectral measure (see, e.g., [1, Chapter 6]).

The positive self-adjoint operator Kε gives rise to a spectral measure Eε, which in its
turn generates a nonnegative scalar measure

με
U = 〈EεUε,Uε〉

for each U ε ∈ Hε. We have ∫
R

dμε
U (t) = ‖U ε;Hε‖2,∫

R

(t− kε)2dμε
U (t) = ‖KεU ε − kεU ε;Hε‖2.

(5.6)

(cf. the proof of Theorem 6.1.3 in [1]). Also, assuming that the segment

(5.7) θε = [kε − γε, k
ε + γε]

is free of the spectrum ςε, we get

(5.8)

∫
R

(t− kε)2dμε
U (t) =

∫
R\θε

(t− kε)2dμε
U (t) ≥ γ2

ε

∫
R\θε

dμε
U (t) = γ2

ε

∫
R

dμε
U (t).

In what follows, on the basis of the asymptotic procedures of §4, we shall find pairs{
kεj ,U ε

j

}
, j = 1, . . . , J , such that

(5.9) ‖KεU ε
j − kεjU ε

j ;Hε‖ < γε‖U ε
j ;Hε‖

with some small γε. Relation (5.9) contradicts formulas (5.6), (5.8); hence, the seg-
ment (5.7) includes points of the spectrum ςε of the operator Kε, and if we know addi-
tionally that kε − γε > κ†, then this segment necessarily includes at least one point of
the discrete spectrum σε

di.

Remark 5.3. Inequality (5.9) means that the norm of the resolvent (Kε−kε Id)−1 exceeds
γ−1
ε . Consequently, the well-known relation

dist(kε, ςε) = ‖(Kε − kε Id)−1‖−1,

implied by the spectral expansion of the resolvent (see, e.g., [1, Chapter 6]) shows that
θε ∩ ςε �= ∅. If, moreover, θε ∩ ςεes = ∅, then on the segment (5.7) we have at least one
eigenvalue. However, in this way we cannot check that the spectrum ςεdi has many point.

Suppose that the factor γε on the right in (5.9), playing the role of approximation
error, is so small that the segment (5.8) with center kεj contains, among kε1, . . . , k

ε
J , only

the quantities

kεj = · · · = kεj+κ−1

with some j ≥ 1 and κ ≥ 1. We check that, under some additional requirement (see (5.12)
below) imposed on the pairs

{
kεp,U ε

p

}
, p = j, . . . , j + κ − 1, the wider segment

(5.10) Θε
j = [kεj − γ′

ε, k
ε
j + γ′

ε], γ′
ε = Tγε ≥ γε,

includes at least κ eigenvalues of Kε. This result will allow us to identify the required
number of points in the discrete spectrum.
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We normalize the approximate eigenfunctions,

(5.11) Wε
p = ‖U ε

p ;Hε‖−1 U ε
p , p = j, . . . , j + κ − 1,

and suppose that

(5.12) |〈W ε
p ,W ε

q 〉 − δp,q| ≤ τε, p, q = j, . . . , j + κ − 1,

(in fact, defining the number τε). Introducing the orthogonal projection

(5.13) P ε
j =

∫
Θε

j

dEε(t),

we verify that, for small τε in (5.12) and large T in (5.10), the projections P ε
j W ε

j , . . . ,

P ε
j W ε

j+κ−1 are linearly independent, i.e., on the segment Θε
j ⊂ (κ†,+∞) we have at

least κ eigenvalues of the operator Kε.
By formulas (5.9), (5.11) and (5.13), (5.10), we have

‖U ε
p − P ε

j U ε
p ;Hε‖2 = ‖U ε

p ;Hε‖2 − ‖P ε
j U ε

p ;Hε‖2 =

∫
R

dμε
Up
(t)−

∫
Θε

j

dμε
Up
(t)

=

∫
R\Θε

j

dμε
Up
(t) ≤ 1

(γ′
ε)

2

∫
R\Θε

j

(t− kεj )
2 dμε

Up
(t) =

1

(γ′
ε)

2
‖KεU ε

p − kεjU ε
p ;Hε‖2

=
(γε
γ′
ε

)2

‖U ε
p ;Hε‖2 ⇒ ‖W ε

p − P ε
j W ε

p ;Hε‖ ≤ 1

T
.

Now we deduce the inequalities

|〈P ε
j W ε

p ,P ε
j W ε

q 〉 − δp,q| ≤ |〈W ε
p ,W ε

q 〉 − δp,q|+ |〈P ε
j W ε

p ,P ε
j W ε

q 〉 − 〈W ε
p ,W ε

q 〉|
≤ τε + |〈P ε

j W ε
p −W ε

p ,P ε
j W ε

q 〉|+ |〈W ε
p ,P ε

j W ε
q −W ε

q 〉|
≤ τε + 2T−1.

Thus, indeed, the projections P ε
j W ε

j , . . . ,P ε
j W ε

j+κ−1 are “almost orthonormal” for small
τε and 1/T , i.e., the dimension of the subspace P ε

j Hε is at least κ, as claimed.
We shall not formulate the general form of the resulting simple statement, known as

the lemma on “near eigenvalues and eigenvectors” (precisely this property is given to the
pairs {kεp,W ε

p } by inequalities (5.9) and (5.12)) for small γε and τε; instead, we shall
deal with the specific situations as in §4.

5.3. No almost standing waves. Consider the case treated in Subsection 4.1. In
accordance with (5.4) and (4.1), the role of the approximate eigenvalues of the operator
Kε (see (5.2)) is given to the quantities

(5.14) kεj = (λ† − ελ′
j)

−1 ∈ (κ†,+∞), j = 1, . . . , N,

where λ′
1, . . . , λ

′
N are positive (by construction) eigenvalues of the (N ×N)-matrix P (h)

with the entries (4.11). Starting with the asymptotic formula (4.2), we build global
approximations Uε

1 , . . . ,Uε
N to eigenfunctions of problem (3.18). First, we ensure the

Dirichlet boundary condition on the perturbed wall (3.16).
Both terms u0

j and u′
j of formula (4.2) are smooth in the neighborhood V of the

set sΓ where the local coordinates (n, s) are introduced (recall the extension outside Ξ).
Therefore, we have the Taylor formulas

u0
j(x) = 0 + n∂nu

0
j (0, s) + û 0

j (x), u′
j(x) = u′

j(0, s) + û′
j(x),

|û 0
J (x)| ≤ cn2, |∇xû

0
j (x)| ≤ cn, |û′

j(x)| ≤ cn, |∇xû′
j(x)| ≤ c, x ∈ V .

(5.15)
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Figure 3. The graphs of the cut-off functions χ± and Xε
∞.

Let χΓ ∈ C∞
c (Γ) and χε

Γ ∈ C∞
c (R) be cut-off functions such that χΓ = 1 on the support

of the profile h, and

χε
Γ(n) = 1 for |n| ≤ 2εh0, χε

Γ(n) = 0 for |n| ≥ 3εh0,

h0 = max{|h(s)| : s ∈ Γ}, |∇q
xχ

ε
Γ(n)| ≤ cqε

−q, q = 0, 1, 2, . . . .
(5.16)

Suppose also that X ε
Γ = 1 outside of V and X ε

Γ(x) = 1 − χΓ(s)χ
ε
Γ(n) inside V . By the

boundary conditions in problem (1.3) and (4.5), (4.7), the function

(5.17) Uε
Γj(x) = X ε

Γ(x)
(
u0
j (x) + εu′

j(x)
)
+ χε

Γ(n)χΓ(s)
(
n∂nu

0
j(0, s) + εu′

j(0, s)
)

vanishes everywhere on the boundary ∂Ξε.
Since the correction term (4.12) may fail to decay, so that it does not belong toH1(Ξε),

the function (5.17) need modification near infinity. Namely, we match it with the Floquet

waves w
δj
± (y, z) that decay exponentially as z → ±∞ and are defined by (2.17) with

δj = (kεj )
−1 − λ† = −ελ′

j < 0 (cf. (2.11) and (5.14), (5.4)). We introduce yet another
cut-off function Xε

∞ ∈ C∞(R),

(5.18) Xε
∞(z) = 1 for |z| ≤ ε−1, Xε

∞(z) = 0 for |z| ≥ 1 + ε−1, |∂q
zX

ε
∞(z)| ≤ cq,

the support of which overlaps those of the cut-off functions (3.5) used before (see the
graphs in Figure 3).

We apply the asymptotic constructions that combine the methods of composite and
matched expansions (see, e.g., [27, Chapter 2] and [28]). Set

(5.19) Uε
j = Xε

∞U ε
Γj + ε

∑
±

χ±K
′
j±

(
wδj

± −Xε
∞w0

)
,

where the coefficients K ′
j± are taken from the expansion (4.12) of the function u′

j .
We calculate the scalar products 〈U ε

p ,U ε
q 〉 = (∇x U ε

p ,∇x U ε
q )Ξε . On the central part

Θε(l) = {x ∈ Ξε : |z| < l} of the waveguide we have

∇x Uε
j = ∇x

(
u0
j + εu′

j − χε
ΓχΓ(û

0
j + εû′

j)
)

= ∇xu
0
j + ε∇xu

′
j − χε

ΓχΓ∇x

(
û 0
j + εû′

j

)
−
(
û 0
j + εû′

j

)
∇x(χ

ε
ΓχΓ).

(5.20)

As always, the functions u0
j and u′

j are assumed to be smoothly extended from Ξ to Ξ∪V .
Estimating the remainders in the Taylor formulas (5.15) and using the definition (5.16)
of the cut-off functions, we see that the last two summands in (5.20) are concentrated
on a set of volume O(ε), and that their modules do not exceed cε. Consequently, since
the small factor ε is present in the second term on the right in (5.20), we have

(5.21) ‖∇x U ε
j −∇xu

0
j ;L

2(Θε(l))‖ ≤ cε3/2.

Since X ε
Γ = 1 and χε

ΓχΓ = 0 on the trunks Π± of the waveguide Ξ, recalling the
expansion (4.12) of the solution u′

j of problem (4.5), (4.7) and formula (5.19), we get the
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identity

(5.22) ∇x U ε
j = Xε

∞∇x

(
u0
j + εru′

j

)
+
(
u0
j + εru′

j

)
∇xX

ε
∞ + ε

∑
±

K ′
j±∇±

(
χ±w

δj
±
)
.

Due to the exponential decay of the trapped wave u0
j and the remainder ru′

j = u′
j −∑

± χ±K
′
j±w0 in the expansion (4.12), we have

‖Xε
∞∇x(u

0
j + εru′

j)−∇xu
0
j ;L

2(Π±)‖ ≤ cε,

and the L2(Π±)-norm of last but one term in (5.22) is exponentially small as ε → +0,
because the gradient ∇xX

ε
∞ can be nonzero only for |z| ∈ [ε−1, ε−1 + 1]. Finally, since

the Floquet waves w
δj
± (y, z) decay slowly as z → ±∞, we have

ε
∥∥∇x

(
χ±w

δj
±
)
;L2(Π±)

∥∥ ≤ cε

(∫ +∞

l

e−2ξj
√
εz dz

)1/2

≤ cε3/4.

Thus, we have obtained the formulas

(5.23) |(∇x U ε
p ,∇x U ε

q )Ξε − (∇xu
0
p,∇xu

0
q)Ξ| ≤ cε3/4, p, q = 1, . . . , N.

The subtrahend under the module sign is equal to λ†(u0
p, u

0
q)Ξ = λ†δp,q, because the

functions u0
p, u

0
q ∈ Ltr solve problem (1.3) at the threshold λ = λ† and the orthogonality

and normalization conditions (4.4) and (4.3) are fulfilled. As a result, the normalized
asymptotic approximations (5.11) satisfy the requirement (5.12) with the infinitely small
quantity τε = Cε3/4 on the right-hand side.

Now we estimate the factor γε occurring in (5.9). Using formulas (5.1), (5.3) and one
of the definitions of the Hilbert norm, we get

‖KεU ε
j − kεjU ε

j ;Hε‖ = sup |〈KεU ε
j − kεjU ε

j ,Zε〉|
= (λ† − ελ′

j)
−1 sup

∣∣(λ† − ελ′
j)(U ε

j ,Zε)Ξε − (∇xU ε
j ,∇zZε)Ξε

∣∣
= (λ† − ελ′

j)
−1 sup

∣∣((Δx + λ† − ελ′
j)U ε

j ,Zε)Ξε

∣∣ ,(5.24)

where the supremum is computed over all Zε ∈ Hε such that ‖Zε;Hε‖ = 1, and hence,
by (5.5), we have

‖�−1
ε Zε;L2(Ξε)‖ ≤ Cρ.

To process the last scalar product in (5.24), first we note that on the sleeves Π± its
first factor takes the form

Xε
∞(Δx + λ† − ελ′

j)(u
0
j + εu′

j) + [Δx, X
ε
∞](u0

j + εru′
j)

+ ε
∑
±

χ±K
′
j±(Δx + λ† − ελ′

j)w
δj
± + ε

∑
±

K ′
j±[Δx, χ±]

(
w

δj
± − w0

)
.(5.25)

Here, the first term is equal to −ε2λ′
jX

ε
∞u′

j , and admits the estimate

ε2λ′
j‖Xε

∞u′
j ;L

2(Π±)‖ ≤ cε2
(∫ 1+ε−1

l

dz

)1/2

≤ cε3/2.

because the function (4.12) is bounded.
The supports of the coefficients of the commutators [Δx, X

ε
∞] = 2∇xX

ε
∞·∇x+(ΔxX

ε
∞)

lie in the set {x ∈ sΠ : |z| ∈ [ε−1, 1+ε−1]} where the functions u0
j and ru′

j are exponentially
small (see (5.18)). Each term of the last but one sum in (5.25) vanishes by the definition
of the Floquet waves (2.17). The supports of the coefficients of the commutator [Δz, χ±]

lie in the set �L
± = {x ∈ sΠ : ±z ∈ [L,L + 1]} (see (3.5)). Hence, by estimate (2.16) in



400 S. A. NAZAROV

Lemma 2.3, we have ‖wδj
± − w0;H

1(�L
±)‖ ≤ cδj ≤ cj

√
ε, so that the L2(Π±)-norms of

the last two summands do not exceed cε3/2. As a result, we get∣∣((Δx + λ† − ελ′
j)U ε

j ,Zε)Π±

∣∣ ≤ cε3/2.

On the middle part Θε(l) of the perturbed waveguide, the expression (Δx+λ†−ελ′
j)U ε

j

can be written as a sum:

X ε
Γ

(
Δx + λ† − ελ′

j

)
(u0

j + εu′
j) + χε

ΓχΓ

(
Δx + λ† − ελ′

j

) (
n∂nu

0
j

∣∣
n=0

+ εu′
j

∣∣
n=0

)
−[Δx, χ

ε
ΓχΓ]

(
û 0
j + εû′

j

)
= : Yε

1 + Yε
2 + Yε

3 .
(5.26)

The differential equation (4.5) shows that the first term Yε
1 takes the form −ε2λ′

jX ε
Γu

′
j

on Ξ and becomes O(ε) on the narrow set Θε(l) \ Ξ, because of the smooth extension of
the functions u0

j and u′
j . Hence, using the Hardy inequality (5.5), we obtain

|(Yε
1 ,Zε)Ξε | ≤ c(ε2‖Zε;L2(Ξ)‖+ ε‖Zε;L2(Θε(l) \ Ξ)‖)

≤ cε2‖�−1
ε Zε;L2(Ξε)‖ ≤ cε2.

(5.27)

The second term Yε
2 is bounded uniformly in ε and is supported in the set Tε = {x ∈ V :

s ∈ sΓ, |n| ≤ 2εh0} (see (5.16)); the volume measd Tε is O(ε), and for x ∈ Tε the weight
factor �ε is at most 2εh0. Thus, we have

|(Yε
2 ,Zε)Θε(l)| ≤ ‖Yε

2 ;L
2(Tε)‖ ‖Zε;L2(Tε)‖

≤ cε1/2ε‖�−1
ε Zε;L2(Θε(l))‖ ≤ cε3/2.

(5.28)

Finally, we apply the first order differential operator [Δx, χ
ε
ΓχΓ] (its coefficients are sup-

ported in Tε) to the remainder terms û 0
j and û′

j of the Taylor formulas (5.15), obtaining
the estimate

‖(Yε
3 ,Zε)Θε(l)‖
≤ c

(
ε−2‖û 0

j + εû′
j ;L

2(T ε)‖+ ε−1‖∇xû
0
j + ε∇xû′

j ;L
2(Tε)‖

)
‖Zε;L2(Tε)‖

≤ cε1/2
(
ε−2ε2 + ε−1ε

)
ε ‖�−1

ε Zε;L2(Θε(l))‖ ≤ cε3/2.

(5.29)

The factors ε−2 and ε−1 have arisen from estimating the second and first derivative of the
cut-off function χε

Γ (see (5.16)), and the factor ε1/2, as usual, is related to the smallness

order of the quantity (measd Tε)1/2.
Remark 5.4. Should we use the standard (not weighted) Lebesgue norm of the test
function Zε, none of estimates (5.27)–(5.29) would acquire the desired majorant cε3/2.

Thus, we have verified the two requirements (5.9) and (5.12) of the abstract method
described in Subsection 5.2, and the norm (5.24) does not exceed cε3/2, so that γε ≤ cε3/2

because ‖Uε
j ;Hε‖ ≥ c > 0 by (5.23). It remains to state the theorem on the asymptotics

of eigenvalues.

Theorem 5.3. In the situation of Subsection 4.1, there exist positive numbers ε0 and
c0 such that, for ε ∈ (0, ε0), the interval (0, λ†) contains N points λε

1, . . . , λ
ε
N of the

spectrum σε
di. These points obey the asymptotic formulas (4.1), where λ′

1, . . . , λ
′
N are

positive eigenvalues of the symmetric positive definite (N × N)-matrix P (h) with the
entries (4.11), and the remainder terms satisfy

(5.30)
∣∣rλε

j

∣∣ ≤ c0ε
3/2, j = 1, . . . , N.

It should be noted that the membership relation

(5.31) (λε
j)

−1 = κε
j ∈

[
kεj − Cjε

3/2, kεj + Cjε
3/2

]
,

ensured by the inequality γε ≤ Cε3/2 established above, together with the arguments of
Subsection 5.2, can easily be reshaped into estimate (5.30).
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5.4. No trapped waves. We restrict our arguments to the case whereM = dimLst= 2,
because, by Remark 5.3, the case of M = 1 (only one standing wave) is considerably sim-
pler.

So, suppose that problem (1.3) at the threshold λ = λ† admits no trapped waves, but
has two almost standing waves (3.31) with coefficient columns as in (4.23). We follow
the same pattern as in Subsection 5.3 and refer to formulas already written. First of all,
in accordance with (4.15) and (5.1), the role of approximate eigenvalues of the operator
Kε will be played by the quantities

(5.32) kεm = (λ† − ε2λ′
m)−1 ∈ (κ†,+∞), m = 1, 2.

However, for several reasons, the asymptotic constructions (5.17) and (5.19) need modi-
fication. First, to the inner expansion (4.2), a correction term ε2u′′

m(x) of the next order
should be added. It could be found from a boundary-value problem similar to (4.5), (4.7),
but, aiming at justification of the asymptotics constructed, for the role of u′′

m we may
take any smooth function supported in Θ(l) ∪ Γ and satisfying the boundary condition

u′′
m(x) = −1

2
h(s)2∂2

nu
0
m(0, s)− h(s) ∂nu

′
m(0, s), x ∈ Γ,

(cf. the deduction (4.6) of relation (4.7)). Since the surface Γ is smooth, the Taylor
formulas (5.15) admit the following refinement:

u0
m(x) = n∂nu

0
m(0, s) +

1

2
n2∂2

nu
0
m(0, s) + û 0

m(x),

u′
m(x) = u′

m(0, s) + n∂nu
′
m(0, s) + û′

m(x), u′′
m(x) = u′′

m(0, s) + û′′
m(x),∣∣∇p

xû
0
m(x)

∣∣ ≤ cn3−p, p = 0, 1, 2, 3,
∣∣∇p

xû
′
m(x)

∣∣ ≤ cn2−p, p = 0, 1, 2,∣∣∇p
xû

′′
m(x)

∣∣ ≤ cn1−p, p = 0, 1.

(5.33)

Using the same cut-off functions χΓ and χε
Γ as before, we put

U ε
Γm(x) = X ε

Γ(x)
(
u0
m(x) + εu′

m(x) + ε2u′′
m(x)

)
+ χε

Γ(n)χΓ(s)
(
n∂nu

0
m(0, s)

+
1

2
n2∂2

nu
0
j(0, s) + ε(u′

m(0, s) + n∂nu
′
m(0, s)) + ε2u′′

m(0, s)
)
.

(5.34)

by analogy with (5.17).
Using this new notation, we get a sum similar to (5.26):

(Δx + λ† − ελ′
m)U ε

m = X ε
Γ(Δx + λ† − ε2λ′

m)(u0
m + εu′

m + ε2u′′
m)

+ χε
ΓχΓ(Δx + λ† − ελ′

m)
(
n∂nu

0
m +

1

2
n2∂2

nu
0
m + ε (u′

m + n∂nu
′
m) + ε2u′′

m

)
− [Δx, χ

ε
ΓχΓ]

(
û 0
m + εû′

m + ε2û′′
m

)
=: Yε

1 + Yε
2 + Yε

3 .

(5.35)

On the initial waveguide Ξ, the first term Yε
1 on the right takes the form

ε2λ′
m(u0

m + εu′
m + ε2u′′

m) + ε2(Δx + λ†)u′′
m,

and on the thin set Θε(l) \ Ξ we have

|Yε
1(x)| ≤ c(|n|+ ε) ≤ c(1 + h0)ε.

Recall that the functions u0
m, u′

m, and u′′
m are smoothly extended outside of Ξ and, in

particular,
∣∣(Δx + λ†)u0

m(x)
∣∣ ≤ c|n|. Thus, estimate (5.27) is preserved completely.
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The third and second terms in (5.35) are concentrated on the set Tε of thickness 2εh0.
Since the quadratic terms are detached in the first Taylor formula (5.33), we have

Yε
2 = χε

ΓχΓ(Δx + λ†)u0
m(x) + εŶε

2 ,

|Ŷε
2(x)| ≤ c ⇒ |Yε

2(x)| ≤ c(|n|+ ε) ≤ c(1 + h0)ε.

As a result, relation (5.28) is replaced with

(5.36) |(Yε
2 ,Zε)Θε(l)| ≤ cεε1/2‖Zε;L2(Tε)‖ ≤ cε3/2 ε‖ρ−1

ε Zε;L2(Θε(l))‖ ≤ cε5/2.

The refinement (5.33) of the Taylor formula (5.15) reduces the remainders and improves
estimate (5.29) as follows:∣∣(Yε

3 ,Zε)Θε(l)

∣∣ ≤ c
(
ε−2‖û 0

m + εû′
m + εû′

m + ε2û′′
m;L2(Tε)‖

+ ε−1‖∇xû
0
m + ε∇xû′

m + ε2∇xû′′
m;L2(Tε)‖

)
‖Zε;L2(Tε)‖

≤ c(ε−2ε3 + ε−1ε2) ε1/2 ε‖ρ−1
ε Zε;L2(Θε(l))‖ ≤ cε5/2.

(5.37)

The modification (see Subsection 4.2) of the asymptotic construction for the eigen-
functions generated by almost standing waves forces us to complicate the structure (5.19)
of the global asymptotic approximation. Namely, using the “overlapping” cut-off func-
tions (5.18) and (3.5) (see Figure 3 and also [27, Chapter 2], [28], as well as [18, 29] as
applied to cylindrical waveguides), we put

(5.38) U ε
m = Xε

∞U ε
Γm

+
∑
±

χ±K
0
m±w

δm
± −Xε

∞
∑
±

χ±K
0
m±

(
w0 ∓ εi

√
λ′
m|ξ|w1

)
.

Here U ε
Γm is the function (5.34), the K0

m± are the coefficients (4.27), and the w
δ±
± are

the Floquet waves (2.17) the expansion (4.17) of which involves the terms collected in
the last sum in (5.38). There terms were subject to matching in Subsection 4.2, and
they are present simultaneously in the first two summands on the right in (5.26), i.e.,
the subtrahend removes doubling.

Since χ± = 0 on Θε(l), formulas (5.27), (5.36), and (5.37) provide estimates for a
fragment of the last scalar product in an identity similar to (5.24):

‖KεU ε
m − κε

mU ε
m;Hε‖ = (λ† − ε2λ′

m)−1 sup
∣∣((Δx + λ† − ε2λ′

m)U ε
m,Zε)Ξε

∣∣ .
It remains to handle the scalar product restricted to the trunks Π±, where we have

(Δx + λ† − λ′
m)U ε

m = Xε
∞(Δx + λ† − ε2λ′

m)(u0
m + εu′

m)

+ [Δx, X
ε
∞]

(
u0
m + εu′

m −
∑
±

χ±K
0
m±

(
w0 ∓ εi

√
λ′
m |ξ|w1

))
−Xε

∞
∑
±

χ±K
0
m±(Δx + λ† − ε2λ′

m)
(
w0 ∓ εi

√
λ′
m |ξ|w1

)
+
∑
±

χ±K
0
m±(Δx + λ′ − ε2λ′

m)wδm
±

−
∑
±

K0
m±[Δx, χ±]

(
wδm

± − w0 ± εi
√
λ′
m |ξ|w1

)
=: Fε

1 + Fε
2 + Fε

3 + Fε
4 + Fε

5 .

Observe at once that Fε
4 = 0 by the definition (2.17) of the Floquet waves wδm

± with

δm = (kεm)−1−λ† = −ε2λ′
m < 0 (cf. (2.11) and (5.32), (5.4)). The functions u0

m, u′
m and
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w0, w1 satisfy the Helmholtz equation in Π±, i.e.,

Fε
1 + Fε

3 = −Xε
∞ε2λ′

m

(
u0
m + εu′

m −
∑
±

χ±K
0
m±

(
w0 ∓ εi

√
λ′
m |ξ|w1

))
= −Xε

∞ε2λ′
m(ru 0

m + εru′
m).

(5.39)

We have used the terms of the expansions (3.4) of the solutions u0
m and u′

m, obtained
by the matching procedure in Subsection 4.2; at the end of formula (5.39) we have

exponentially decaying remainders ru 0
m and ru′

m. Thus,

|(Fε
1 + Fε

3 ,Zε)Π± | ≤ cε2.

Also, the expression Fε
2 = [Δx, X

ε
∞](ru 0

m+εru′
m) may be nonzero only if ±z ∈ [ε−1, ε−1+1],

and the functions ru 0
m and ru′

m decay exponentially as z → ±∞. Therefore,

|(Fε
2 ,Zε)Π± | ≤ ce−β/ε, β > 0.

Finally, the coefficients of the commutators [Δx, χ±] are supported in the sets {x ∈ sΠ :

±z ∈ [L,L + 1]}; therefore, using formula (2.17) for wδm
± and inequality (2.16) from

Lemma 2.3 with the parameter |δm| = O(ε2), we see that

|(Fε
5 ,Zε)Π± | ≤ c|δm| ≤ Cε2.

Collecting the estimates, we conclude that

‖KεU ε
m − kεmU ε

m;Hε‖ ≤ Cε2.

In the sequel, we shall verify the formulas

(5.40) |〈U ε
m,U ε

p 〉 − ε−1μmδm,p| ≤ c, m, p = 1, 2,

with a positive quantity μm, see (5.42) below. Consequently, ‖U ε
m;Hε‖ ≥ cε−1/2, c > 0.

Thus we have γε ≤ cε5/2 and τε ≤ cε1/2 under conditions (5.9) and (5.12), respectively.
This conclusion completes the verification of the theorem on the asymptotics of eigen-
values. We state this theorem for both cases, M = 2 and M = 1 – as has been already
mentioned, the latter case is much simpler than the former.

Theorem 5.4. Suppose that dimLtr = 0 and M = dimLtr > 0 (see Subsection 4.2).
Then there exist positive numbers ε0 and c0 such that for any ε ∈ (0, ε0) there exist
M points of the spectrum σε

di of problem (3.18), and these points admit the asymptotic
representations (4.15) with

(5.41)
∣∣rλε

m

∣∣ ≤ c0ε
5/2,

and λ′
1 > 0 is the quantity (4.22) in the case where M = 1, and

√
λ′
1,

√
λ′
2 are the

(positive) eigenvalues of the symmetric positive definite (2 × 2)-matrix Q(h) with the
entries (4.28) in the case where M = 2.

We refer to the commentary to Theorem 5.3 and establish the simple result announced
above.

Lemma 5.6. Inequality (5.40) is valid with

(5.42) μm = (4λ′
m)−1/2J1/2λ†‖U0;L2(�)‖ > 0,

where J is as in (2.9).
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Proof. Like in (5.39), we write the restrictions U ε±
m of the global approximations (5.38)

to the trunks Π± as follows:

U ε±
m =

∑
±

K0
m±w

δm
± +Xε

∞
(
ru 0
m + εru′

m

)
.

The last summand decays exponentially at infinity and has finite Sobolev H1(Π±)-norm.
Moreover, the calculations in Subsection 5.3 that resulted in formula (5.21), which per-
tained to the function (5.17) but remain valid for the function (5.21) because the added
terms are small, show that the norm ‖Uε

m;H1(Ξε(l))‖ is also bounded uniformly in ε.

Simultaneously, the norms wδm
± (y, z) grow unboundedly as z → ±∞, because the Floquet

waves ‖∇xw
δm
± ;L2(Π±)‖ decay slowly as ε → +0. We calculate the asymptotics of there

waves, recalling that

δm = −ε2λ′
m ⇒ |δm|1/2 = ε(λ′

m)1/2,

βm := (λ′
m)1/2|ξ| = (λ′

m)1/2J−1/2‖U0;L2(�)‖.

In accordance with (2.12) and (2.17), the last quantity indicates the leading term of the

asymptotics of the exponent iηδm± = ∓εβm +O(ε) in the Floquet waves wδm
± (cf. (2.17)).

We have

‖wδm
+ ;L2(Π+)‖2 =

+∞∑
n=l

∫
�n

+

e2ε(−βm+O(ε))z
(
|∇xU

0(y, z)|2 +O(ε)
)
dy dz

=
(
‖∇xU

0;L2(�)‖2 +O(ε)
)+∞∑
n=l

e2ε(−βm+O(ε))n(1 +O(ε))

=
(
λ†‖U0;L2(�)‖2 +O(ε)

) ∫ +∞

l

e2ε(−βm+O(ε))z dz (1 +O(ε))

=
1

ε

1

2βm
λ†‖U0;L2(�)‖2(1 +O(ε)).

(5.43)

In (5.43), we can replace the formal O(ε) with infinitely small quantities c ε or −c ε
with appropriate c, and the equality sign “=” with the signs “≤” or “≥” respectively,
obtaining a two-sided estimate of the form

(5.44) −c ≤ ‖w0m
± ;L2(Π±)‖2 − ε−1μm ≤ c, c > 0,

(the norm ‖w0m
− ;L2(Π−)‖ is listed in (5.44) due to the symmetry of the waveguide).

It remains to observe that, by (4.27) and (4.24), the expansion (3.31) of the al-
most standing waves ust

1 and ust
2 involves the orthonormal columns (K0

1+,K
0
1−)

� and

(K0
2+,K

0
2−)

�. �

5.5. Asymptotics of eigenvalues in the general case. Suppose that the prod-
ucts (4.32) are linearly independent in L2(Γ) and that the profile function h is chosen
so that, first, identities (4.31) are true, and second, the matrices P (h) and Q(h) (the
latter is a scalar if M = 1) with the entries (4.11) and (4.28) are positive definite. The
formal asymptotic Ansätze (4.1) and (4.15) differ substantially: the approximate eigen-
values (5.14) caused by the trapped waves lie at a distance of O(ε) from the threshold κ†,
and the approximate eigenvalues caused by the almost standing waves lie at a distance
of O(ε2) from the same threshold (cf. Subsection 6.7). This observation allows us, when
implementing the abstract approach of Subsection 5.2, to treat the groups of approxima-
tions mentioned above separately. Therefore the calculations of Subsections 5.3 and 5.4
lead to the following statement.
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c)

b)

a)

Figure 4. The halves (a and b) of symmetric waveguides, and a peri-
odic waveguide with notches (c).

Theorem 5.5. Under the restrictions indicated above (see Subsection 4.3), there ex-
ist positive numbers ε0 and c0 such that for any ε ∈ (0, ε0) the interval (0, λ†) carries
N +M = dimLtr + dimLst eigenvalues of problem (3.18) with the asymptotic represen-
tations (4.1), (5.30) and (4.15), (5.41).

If the choice of the profile h (see (3.16)) of wall’s perturbation ensures a smaller number
of positive (of course, nonzero) eigenvalues of the matrices P (h) and Q(h), then, as was
said in Remark 4.2, the number of the points of the discrete spectrum σε

di detected in
(0, λ†) also becomes smaller. However, the modifications needed in Theorems 5.5, 5.3,
and 5.4 are clear, and we shall not state the corresponding new claims.

§6. Examples, remarks, and open questions

6.1. Existence of almost standing and trapped waves at the threshold. Suppose
that the domain Ξ is symmetric relative to the plane {x : z = 0}. On its half Ξ+ = {x ∈
Ξ : z > 0} (see Figure 4,a) we pose the boundary-value problem

(6.1) −Δxu(x) = λu(x), x ∈ Ξ+, u(x) = 0, x ∈ ∂Ξ+ \ sΥ,

with the fictitious Dirichlet or Neumann conditions

(6.2) uD(x) = 0, x ∈ Υ, or − ∂zu
N (x) = 0, x ∈ Υ,

on the cross-section Υ = {x ∈ Ξ : z = 0} of the waveguide. Denoting by Π±(l) the
trunks ((1.1)), we consider the family (L ≥ l) of the waveguides ΠL

± = Π−(L) ∪Θ(L) ∪
Π+(L) with the resonators Θ(L) = {x : L−1lx ∈ Θ} obtained from Θ by uniform Ll−1

times stretching. Problem (6.1), (6.2) is also considered in Ξ+(L). If the domain Θ is
star-shaped relative to the origin, then Ξ+(L2) ⊃ Ξ+(L1) whenever L2 > L1, so that the
classical result [2] based on the maximin principle (see, e.g., [1, Theorem 10.2.2]) shows
that the total multiplicity #σdi(L) of the discrete spectrum on the interval (0, λ†) grows
unboundedly as L → +∞ for each problem (6.1), (6.2). Since the eigenvalues λk(L) are
monotone decreasing functions of the variable L, the increment of the discrete spectrum
may only happen as a result of dropping eigenvalues down from the lower edge λ† of the
essential spectrum. Since Theorem 3.1 can easily be adapted to the two problems (6.1),
(6.2), we see that there are two (D and N) unbounded sequences

(6.3) l < L
D/N
1 ≤ L

D/N
2 ≤ · · · ≤ L

D/N
j ≤ · · · → +∞
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of critical values of the parameter L for which the Diriclet/Neumann problem (6.1), (6.2)

in Ξ+(L
D/N
j ) at the threshold λ = λ† admits an almost standing wave or a trapped wave.

Unfortunately, the author was not able to find techniques for distinguishing these two
types of waves. Corollary 3.1 can only help for realizing computational or asymptotic
algorithms. Yet another open question is related to the simultaneous arising of two
standing waves at the threshold. Such waves, odd and even in the variable z, come into
being, e.g., whenever some terms LD

j and LN
k of the two sequences (6.3) coincide, but

the possibility of such coincidence is an open question.
It is not difficult to give an example of an almost standing wave: such is the Floquet

wave w0 itself in the quasicylinder Π (formally: Θ = {x ∈ Π : |z| ≤ l}). An example of
a trapped wave at the threshold frequency is built with the help of an elegant trick [30]:
fictitions Dirichlet conditions are posed on the longitudinal cross-section Σ = {x ∈ Ξ :
y1 = 0} of a symmetric waveguide

Ξ = {x : (−y1, y2, . . . , yd−1, z) ∈ Ξ}.

The Dirichlet conditions on Σ admit smooth odd extension of solutions from the half
Ξ∧ = {x ∈ Ξ : y1 > 0} (see Figure 4, b) to the entire waveguide Ξ. In particular,
the lower bound λ∧ of the essential spectrum of the Dirichlet problem in Ξ∧ lies strictly
above the previous threshold λ†; indeed, by Lemma 2.1, the new threshold λ∧ = Λ∧

1 (0) is
the first eigenvalue of problem (2.1)–(2.3) on the half-cell �∧, which coincides with
some eigenvalue Λq(0) of the same problem on the entire cell �, but then, necessarily,
we have q > 1, because the eigenfunction U1(0;x) vanishes for y1 = 0. Then, like in
Subsection 6.1, we dilate the resonator Θ∧(L), watching the eigenvalue that drops down
from threshold λ∧. This eigenvalue is infinitely small as L → +∞ (by the maximin
principle and a similar property of the eigenvalues of the Dirichlet problem in Θ∧(L) =
{x : lL−1x ∈ Θ, y1 > 0}). Since the dependence on L ∈ (l,+∞) is continuous and
monotone (this is yet another consequence of the maximin principle), the eigenvalue
under discussion turns into λ† ∈ (0, λ∧) at a certain point L = L†. The odd y1-extension
from the half Ξ∧(L†) to the entire waveguide Ξ(L†) yields a trapped wave.

6.2. Absence of almost standing and trapped waves at the threshold. If the
resonator is contained inside the part {x ∈ Π : |z| ≤ l} of the quasicylinder (1.2)
(Figure 4,c), then the waves mentioned in the heading are absent. Indeed, acting as in
§4 we can construct a perturbed waveguide Ξε contained in Π as before, but yielding an
eigenvalue λε ∈ (0, λ†) of the Dirichlet problem. We plug the corresponding eigenfunction
uε ∈ H1

0 (Ξ
ε), extended by zero to the entire quasicylinder Π, into the minimal principle

(see, e.g., [1, Theorem 10.2.1]) for the operator AΠ of the Dirichlet problem in Π. This
gives us the inequality

inf
u∈H1

0 (Π)

(∇xu,∇xu)

(u, u)Π
≤ (∇xu

ε,∇xu
ε)Ξε

(uε, uε)Ξε

= λε < λ†,

which means that the discrete spectrum of AΠ is nonempty, but this is well known to be
impossible (see, e.g., [3], or [5, §3.4]).

6.3. Instability of almost standing waves. Since a trapped wave at the threshold
λ = λ† corresponds to an eigenvalue impregnated in the continuous spectrum, a small
perturbation of the operator A of problem (1.3), e.g., a regular perturbation of the bound-
ary (see [19, §7.6.5] and Subsection 3.3), can lead the eigenvalue out of the spectrum,
turning it into a point of complex resonance (see the papers [30, 31], the survey [32], and
other publications). However, certain asymptotic procedures including a “fine tuning”
of one or several parameters t = (t1, . . . , tN ) in the profile function h(s; t) defined as
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in (3.16), ensure the enforced stability (see [31, 29]) of the eigenvalue in question, i.e., it
keeps staying in the spectrum.

The intrinsic instability is also inherent to almost standing waves at least for the reason
that the criterion given by Theorem 3.2, in particular, formula (3.34), relates the arising
of them to the eigenspace ker(S + I2) of the threshold scattering matrix, depending
analytically on the parameters t occurring in the profile function h(s; t). Thus, the
quantity dim ker(S(t) + I2) rarely remains stable when the (vector) parameter t varies –
stability requires fine turning, as in [18, 31, 29].

In Subsection 4.2, everything was ready for the deduction of a simple condition ensur-
ing the disappearance of a single almost standing wave under a regular perturbation of
the waveguide’s wall. Assuming that λε

1 = λ†, in particular, λ′
1 = 0, we seek a solution of

problem (3.18) in the form (4.16), arriving at problem (4.18) for the correction term u′
1.

If the last integral I11(h) in (4.20) is nonzero, then the solution (4.19) cannot be bounded,
because system (4.21) with zero (λ′

1 = 0) left hand sides is unsolvable. Thus, in the case
where I11(h) �= 0, problem (3.18) with sufficiently small ε > 0 admits no almost standing
wave at the threshold.

6.4. Irregular variation of the waveguide’s form. The dropping of an eigenvalue
down from the threshold λ = λ† may be ensured by not only regular, but also other
perturbations of the wall ∂Ξ, in particular, by forming juts with small diameter or
shallow steps (Figure 2,b and 2,c, respectively). The asymptotic methods that work in
the case of an irregular variation of the boundary were fully elaborated in [27, Chapters 2,
4, 5, 9].

Specifics of the Dirichlet boundary conditions (narrowing the domain causes the
growth of eigenvalues) show that the required effect cannot be achieved by forming
cavities or inner holes, but volume’s reduction in one part of the waveguide can be
compensated for by growth in another part (cf. Figure 2). Similarly, matrices with en-
tries (4.11) or (4.28) can become positive definite not only when the profile function in
formula (3.16) is nonnegative.

If the surfaces ∂Π and Γ, or the profile function h are not as smooth as required in
Subsections 1.1 and 3.3, but are only piecewise smooth, then the methods of the book [27]
allow us to obtain the same results as in §§4, 5, but the required asymptotic analysis
complicates considerably.

6.5. Variational method. We reproduce an observation made in [33] in a similar sit-
uation: the smallness requirement imposed on the parameter ε > 0 in Theorem 5.3–5.5
in the part concerning the existence of eigenvalues is not essential provided h ≥ 0. In-
deed, if ε grows, then so does the domain Ξε, and the maximum principle finds at least
N eigenvalues on the interval (0, λ†) for any ε such that the surface (3.16) lies inside
the neighborhood V on which we have the local coordinates (n, s). As has already been
mentioned, the construction of asymptotics allows us to identity the eigenvalues also in
the case of profile functions of variable sign.

A more detailed comparison of the variational and asymptotic methods can be found
in [26]. We mention, e.g. the publications [33, 34, 35, 36, 18, 37], where the search of
eigenvalues is done via asymptotic constructions, and, e.g., [2, 30, 38, 39, 40], where the
fact that the discrete spectrum is nonempty was proved via calculating the Rayleigh ratio
and finding an appropriate test function that places this ratio below the cut-off point of
the continuous spectrum.

It should be noted that, usually, smoothness requirements needed in the variational
approach are weaker than those in the asymptotic methods.



408 S. A. NAZAROV

6.6. On the choice of the profile of perturbation. In constructing the asymptotics
of the set of eigenvalues lying an the interval (0, λ†), one of the principal points is the
linear independence of the products (4.32) of the traces on Γ of normal derivatives of
trapped and almost standing waves. Lemma 4.5 verifies independence only if N+M = 2,
but in the general case this question remains open.

It should be noted that oscillating waves may fail to possess this property. For example,
for λ ∈ (π2, 4π2), the Dirichlet problem on the unit strip Π = (0, 1)×R admits two pairs
of propagating waves

(6.4) v1±(y, z) = e±iz
√
λ−π2

sin(πy), v2±(y, z) = e±iz
√
λ−4π2

sin(2πy),

and if λ = 25
8 π2, we have

(6.5) ∂yv2−(y, z)∂yv
2
+(y, z) = 2∂yv2+(y, z)∂yv

1
+(y, z) for y = 0

(we may also pass to real functions). Thus, the products in question are linearly de-
pendent on the lower base Γ0{0} × R of the strip Π. However, for y = 1 (on the upper
base Γ1) identity (6.5) fails. An example of linear dependence on the entire boundary
∂Π = Γ0 ∪ Γ1 is obtained for λ ∈ (9π2, 16π2), when yet another wave

v3±(y, z) = e±iz
√
λ−9π2

sin(3πy)

is added to the waves (6.4), and for λ = 10π2 we have

∂yv3−(y, z)∂yv
3
+(y, z) = 3∂yv3+(y, z)∂yv

1
+(y, z) for y = 0, 1.

It is highly plansible that the absence of oscillation in trapped and almost standing
waves still results in the linear independence of the traces (4.32).

6.7. One more characteristic of trapped waves. The rates O(ε) and O(ε2) at
which the threshold is approached by the eigenvalues (4.1) and (4.15) generated by the
trapped and the almost standing waves (respectively), differ in order. This observation
supports the following conjecture, which unfortunately has remained unproved in the
present paper: if there is a positive infinitely small sequence {εk}, k ∈ N, of values
of the small parameter ε for which problem (3.18) in the perturbed waveguide Ξε has
eigenvalues λεk ∈ (0, λ†) such that

(6.6) cε ≤ λ† − λεk ≤ Cε, c > 0,

then dimLtr > 0, and, at the threshold λ = λ†, problem (1.3) in the initial waveguide Ξ
admits a trapped wave.

It should be noted that the change ε �→ ε2 in inequalities (6.6) does not yield a
sufficient condition for the existence of a standing wave at the threshold, because in no
way does the relation λ′

j = 0 mean that the eigenvalue (4.1) cannot move downward

from the cut-off point λ†, e.g., at the expense of the lower asymptotic term −ε2λ′′
j , not

touched on in Subsection 4.1.

6.8. Discrete spectrum inside spectral gaps. In some situations, the asymptotics
analysis presented above fits also for the study of near-threshold eigenvalues inside spec-
tral gaps, not only below the essential spectrum (cf. [41]). However, the spectrum’s
nature near the ends of a spectral gap may differ substantially from that described in
Lemma 2.1, which requires complication of the asymptotic procedure and leads to new
conditions for dropping an eigenvalue down from the threshold.
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