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NISNEVICH SHEAFIFICATION OF A HOMOTOPY
INVARIANT PRESHEAF WITH TRANSFERS

A. DRUZHININ

ABSTRACT. The definitions of the category of finite Witt-correspondences and of a
presheaf with Witt-transfers are given. The injectivity on the affine line, the excision
isomorphism on the affine line, and the excision isomorphism for an étale morphism
of curves are proved. The homotopy invariance of the Nisnevich sheafification Fy;s of
a homotopy invariant presheave with Witt-transfers F is proved, and the Nisnevich
cohomologies H?. (U, Fpis) are shown to be trivial for any U C Al and i > 0.

nis

§1. INTRODUCTION

The triangulated category of motives DM ~ (k) over a perfect field k was constructed by
Voevodsky in [4] [6] by the method that we shall call Voevodsky’s method. The category
of Voevodsky’s motives DM~ (k) equipped with the functor Smy — SM~(k) is in a
sense a universal object, and a certain class of cohomology theories on algebraic varieties
can be passed through DM~ (k). Thus, the higher Chow groups, the étale cohomologies
with coefficients p,,, and the motivic cohomologies H*(—,Z(k)) are well defined on the
category DM~ (k).

I. A. Panin posed the following problem: to construct the triangulated category of
Witt-motives DW M (k) over a perfect filed k, chark # 2, by the Voevodsky method,
using the category of the so-called finite Witt-correspondences as an initial object. This
paper belongs to a series of publications where the category of Witt-motives DW M (k)
will be constructed, see [7]. It is expected that with rational coefficients the category
DW M (k) is equivalent to the minus part of DA (k)g. Like in the category of Voevodsky’s
motives, many Hom-groups will be actually computable in the category DW M (k).

Moreover, it is expected that the category DW M (k), which will be constructed
ultimately, will be equivalent to the category of Witt-motives constructed in [2] by
Ananievsky, Levine, and Panin. The latter category with rational coefficients is equiva-
lent to the minus part of DA" (k). The category in [2] was constructed as some A'-derived
category of the category of Nisnevich sheaves over the Nisnevich sheaf of Witt rings
W(-).

As an initial object, the Voevodsky method employs the preadditive category of corre-
spondences Cory. The objects of Cory are smooth varieties, and the functor Smy — Cory,
is identity on objects. This method is based on the fundamental theorem proved by Vo-
evodsky in [5] about homotopy invariant presheaves of Abelian groups on the category
Cory, which are called the homotopy invariant presheaves with transfers. This theorem
states in particular that the Nisnevich sheaf .%#,;s associated with a homotopy invari-
ant presheaf .# with transfers is homotopy invariant, and that %, is equipped with
transfers in a canonical way. Our aim in the present paper is to define presheaves with
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Witt-transfers and to prove an analog the first part of Voevodsky’s theorem mentioned
above.

For this, we use the following definition of the category of Witt-correspondences
WCorj. The objects of WCory are smooth affine varieties over a perfect field £ with
char(k) # 2. The morphism group WCor;(X,Y") for smooth affine varieties X and Y is
the Witt group of some category with involution related to X and Y. Often, a morphism
from X to Y is determined by a quadratic space (P, gp), where P is a k[X x Y]-module
that is finitely generated and projective over k[X] and gp: P — Homyx (P, k[X]) is a
symmetric k[X X Y]-linear isomorphism. Like Coryg, the category WCory, is additive, and
it is equipped with a functor Smy — WCory. A presheaf with Witt-transfers is simply
an additive functor from WCor, to the category of Abelian groups. A presheaf with
Witt-transfers .% is homotopy invariant if for any smooth affine X we have isomorphism
F(X) ~ Z(X x A'). The main result of the paper is the following theorem (published
without proof in [9]).

Theorem (main theorem). Suppose .Z is a homotopy invariant presheaf with Witt-trans-
fers, then the Nisnevich sheafification Fnis is also homotopy invariant.

The proof is based on the following properties of presheaves with Witt-transfers proved
in this paper: the injectivity on local schemes (proved in [I2] by Chepurkin), injectivity
on affine lines, Zariski excision on affine lines, and étale excision in dimension 1. Namely,
the following statements hold true.

Theorem (injectivity on local schemes; see Chepurkin [12]). Suppose .F is a homotopy
invariant presheaf with Witt-transfers, and U is a local scheme that is the localization of
a smooth variety over k at some point. Then the restriction homomorphism F(U) —
F(n), where n € U is a generic point, is injective.

Theorem (injectivity on the affine line). Suppose & is a homotopy invariant presheaf
with Witt-transfers, and U C V C A'k is a pair of open subschemes on the affine line,
over a filed K = k(S) of fractions of some variety S over k.

Then the restriction homomorphism n*: F (V) — F(U) is injective.

Theorem (excision on the affine line). Suppose .7 is a homotopy invariant presheaf with
Witt-transfers, and U C V C Ak is a pair of open subschemes on the affine line, over
a filed K = k(S) of fractions of some variety over k, and z € U is a closed point.
Then the restriction homomorphism
FV-—z) FU-2)
Fv) 70

is an isomorphism (the factor groups are well defined due to the preceding theorem).

* .

Theorem (étale excision in dimension 1). Suppose F is a homotopy invariant presheaf
with Witt-transfers, w: X' — X 1is an étale morphism of smooth curves over k, and
z € X, 2 € X' are closed points such that 7 induces isomorphism 2z’ ~ w(z') ~ z. Let
U = Speck[X], and U" = Spec k[X'],..

Then the inverse image homomorphism
F(U — 2) F (U -2

FO) T FW)

is an isomorphism (the factor groups are well defined due to the Chepurkin theorem).

* .

The last two theorems were published in [§] without proofs.
Proofs of the theorems listed above are based on constructions of some special mor-
phisms in WCory, which are inverse to the regular maps described in the theorems.
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In more detail, to prove injectivity on the affine line, which is the injectivity of the
homomorphism i*: #(V) — % (U) for an open embedding i: U < V, it suffices to con-
struct a morphism ® € WCor(V,U) that is the left inverse to the morphism ¢ up to an
A'-homotopy. To prove the excision isomorphisms it suffices to construct some morphism
in the category of pairs that is inverse to the morphism i up to an A'-homotopy.
Moreover, the injectivity and excision theorems stated above yield the following fact.

Theorem. Suppose ¥ is a homotopy invariant presheaf with Witt-transfers over K =
k(X) for some smooth variety X over k. Then for any open subscheme U C Al we
have

Inis(U) = Fzae (U) = Z(U),

Hﬁris(U, <QNiS) = H%ar(Uﬂ <gZar) =0.

The author thanks I. Panin for formulation of the problem and help with its solution.

§2. THE CATEGORY OF WITT-CORRESPONDENCES

Let k be a field, char k # 2. Denote by SmAff; the category of smooth varieties
over k.

For any pair of affine varieties X and Y, let Proj(X,Y) denote the full subcategory
in the category of k[X x Y]-modules spanned by all P that are finitely generated and
projective over k[X]. The functor P — D(P) = Homyx)(P, k[X]) determines a duality
on Proj(X,Y’), where the structure of a k[X x Y]-module on Homy,x}(P, k[X]) is induced
by the structure of k[X x Y]-module on P. So, for any pair of smooth affine varieties we
get an exact category with duality (Proj(X,Y), D).

Definition 1 (WCory).

O Ob WCor, = Ob SmAffy;

O WCor,(X,Y) = W(Proj(X,Y), D) (see [3] for the definition of the Witt group
of an exact category with duality).

A typical example of a morphism from X to Y is determined by a quadratic

space ( k[y)Pr[x), qp), where 1y Prix] is a k[Y x X]-module that is finitely gen-
erated and projective as a k[X]-module and gp: P — Homyx|(P, k[X]) is a
E[Y x X]-linear isomorphism.

e The composition of

® € WCori(X,Y) and ¥ e WCor(Y,Z2)

is defined in terms of the tensor product of quadratic spaces.
e The identity morphism is determined by the diagonal. Precisely, for a smooth
variety X, idx € WCor(X, X) is defined as the class of the quadratic space

( k[X]k[X]k;[X]a (1)), where
(Dx = (kX 1t R[X]) ~ Homy x) (k[X], k(X))
denotes the quadratic form on ;[ xk[X ]k[ x] given by the canonical isomorphism
KIX] 2 Homygx (K[X], K[X]).

There is a useful functor
SmAffk — VVCOI‘]C7

which takes a regular map f: X — Y to the morphism determined by the bi-module
k[v1k[X];x; and the canonical isomorphism

k[Y]k[X} ~ Homyx (k[Y]k[X] a(k[X])'
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This functor gives the restriction of a presheaf defined on the category WCory, to the
category SmAffy, and, in this paper, talking about such a restriction we always mean
this functor.

Example 1. In this example we describe a certain class of morphisms on the category
WCorj. Most of morphisms constructed and used in this paper belong to this class.

(1) Let X, S be k-smooth affine schemes, let X <~ Y : 7 be a finite flat morphism of
affine k-schemes, and let I: k[Y] — k[X] be a k[X]-linear homomorphism such that the
homomorphism

q: kY] — Homy,x(k[Y], k[X])

defined by the rule b — ¢, where ¢,(b) = I(bb'), is an isomorphism. The homomor-
phism ¢ is k[Y]-linear, because for any 1 € Homyx)(k[Y], k[X]) by definition we have
(& - )(b) = (b'b). Moreover, g determines a symmetric quadratic form due to the
commutativity of k[Y]. Let f: Y — S be a morphism of k-schemes. Consider the
homomorphism of k-algebras

(idx xf)*: k[X x S] = k[X x Y].

We view E[Y] and Homyx)(k[Y], k[X]) as k[X x S]-modules via the homomorphism
(idx x f)*. Then the morphism ¢; is a k[X x S]-linear symmetric isomorphism. Thus, we
have the class [k[Y], q;] of the quadratic space (k[Y],q) in the Witt group WCor(X, S).
In other words, we get a morphism [k[Y], ¢;] in WCor(X,S). We denote this morphism
by (m, 1, f): X — S.

(2) If g: S — S’ is a morphism of k-smooth affine schemes, then go(w,1, f) = (7,1, gof)
in WCor(X,S’). Suppose j: X' — X is a morphism of k-smooth affine schemes; then
(m,l, f)oj = ("', foj') in WCor(X’,S), where n’: Y/ — X' is the base change of a
morphism 7 along j, and j': Y — Y is the base change of j along m and I’ = k[X'|®yxl.

(3) Let i: S — S be a smooth embedding of k-smooth affine schemes, and let
j: X’ = X be a morphism of k-smooth affine schemes. As above,

(m,1,f)oj=(x"l', foj') € WCor(X', S).

Suppose that (f o j’)(Y”) is contained in S/, and let f': Y’ — S’ be a unique morphism
of schemes such that o0 f' = foj': Y' — S. Then a morphism (7',I’, f'): X’ — S’ in
WCor(X',S’) arises, and

(m,0, f)oj=1io(x",l',f") € WCor(X',S).
Definition 2 (Presheaves and sheaves with Witt-transfers). A presheaf with Witt-
transfers is a presheaf F': WCor; — Ab such that
F (X, [[X2) = Z(X1) @ F(Xa)

for any X; and X5. A sheaf with Witt-transfers is a presheaf with Witt-transfers that is
a sheaf as a functor on SmAff;. A homotopy invariant presheaf with Witt-transfers is a
presheaf with Witt-transfers that is homotopy invariant as a presheaf on SmAffy.

Now we define a certain subcategory in the category of arrows. It will be used in the
proofs for excision isomorphisms.

Definition 3 (The category WCor ™). The objects of the category WCorj, ’" are pairs
(X1, X2), where X; is a smooth variety and X5 is an open subscheme. A morphism
® € WCor;, " ((X1,X2),(Y1,Y2)) is a pair of morphisms ®; € WCor(X;,Y;), i = 1,2,
such that ®; oix =iy o @, where ix: Xy — X, iy : Y5 — Y7 are inclusions.
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Example 2. Let (w,1, f): X — S be the morphism in WCor(X,S) occurring in item
(1) of Example [l Let i: S” < S be a morphism of k-smooth affine schemes, and let
j: X’ — X be a morphism of k-smooth affine schemes as in item (3) of Example[Il Let
(", ', f'): X’ = S’ be the morphism in WCor(X’, S") occurring in item (3) of Example[Il
Suppose j is an open embedding. Then the pair of morphisms

b= (ml,f): X =S and & =1 f):X =5
is a morphism

(®,9): (X,X')— (5,9

in the category WCor ™.

Definition 4 (The category of pairs WCorP**). The additive category VVCorEair is the
factorcategory of the additive category WCor;, " relative to the ideal generated by the
identity morphism of objects (X, X) for all varieties X.

Remark 1. More explicitly, the Hom-groups in V\/'Corl,zair are defined as
WCorp™ (X1, Xs), (Y1, Y2))
L H(WCor (X1, Ya) 22222, WCory (X1, Y1) @ WCorg (Xs, Ya)
SO, WCorg (Xa, 1)),

where H denotes the homology group in the middle term of the complex of length 3.
Thus, any morphism ®: (X7, X5) — (Y7,Y3) in the category of pairs is determined by
a pair ®; € WCor(X;,Y;), i = 1,2, such that the left diagram below is commutative.
A pair (P, Py) gives rise to the zero morphism whenever there is a morphism Q €
WCorg (X7,Ys) such that the right diagram is commutative.

XQ(L> X, XQCL> X,

lqh l@l, <I>2l/ Q/ l@g‘
’iy /iY

Yg(—> Yl YQ(—> Yl

Remark 2. To define a morphism
®: (X1, Xo) = (Y1,Ys) € WCork™ (X1, Xa), (Y1, Ya))
it suffices to construct a quadratic space
(P17qP1), qp; - Pl =~ Homk[Xl](Pla k[Xl])v
such that the homomorphism
a: Py ®px,) k[Xa] = E[Y2] @k, PL @pix,) k[X2] = P
of the form p® f— 1 ® p® f is an isomorphism.

The module P, has a canonical structure of a module over k[Y2] ® k[X3], which is
finitely generated and projective as a k[Xs]-module. Let = a~!. The symmetric
k[Y1 x Xs]-linear isomorphism

qp, ®pix,) k[Xa]: P @ppx,) k[X2] = Homyx,) (P @p1x,) k[X2], k[X2])
determines a symmetric k[Y5 x Xs]-linear isomorphism
qp, = B o (qp, @k(x,) k[X2]) 0 B: P2 — Homyx,] (P2, k[X2]).
Then @, oix =iy o ®5, where

O = (P1,qp,): X1 = Y1, @2=(Paqp,): Xo =Y.
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Therefore, the pair (®;, ®s) is a morphism of pairs (X1, X2) — (Y71,Ys). We define
D(pygpy) = (B1,D2): (X1, Xz) > (1, Y2) € WCorP™((X;, X3), (¥, Y2)).
Observe that not every morphism of the category of pairs WCor*" can be defined in
this way. However, we shall consider and employ only such morphisms.

Remark 3. For a presheaf with Witt-transfers 7, we introduce a presheaf .7 pair o the
category WCorP*"" such that

g7 pair _ y(X2)

TR =R ey
If

((PD(I)?): (leXQ) - (Ylvy2)u
then

(@1, ®2)": TP (Y1, Ya) = FPV (X1, X)
is defined as a unique homomorphism induced by the homomorphism
o 7 (Y1) —» F(X1).

Now we are going to discuss homotopy invariant presheaves and define the category
WCory,.

Definition 5 (The category WCor). The objects of the category WCory, are the same
as in WCory, and the morphisms are defined by the rule

WCor(X,Y) = coker(WCor; (A" x X,Y) (Zoio)=(zoh), WCor(X,Y)),
where 49,41 : X < A'x X denote the zero and unit section of the projection A x X — X.

pair

Define the category WCorP™. Tts objects are the same as the objects of WCorb™”,
and the morphisms are defined by the rule

WCorp™™ (X1, Xz), (Y1, Y2))
= coker[WCorP™ ((A! x X1, Al x X»), (Y1,Y2)))

A2t 20, Weorb T (X4, X), (Y3, Ya))-

Remark 4 (About homotopy invariance). The homotopy invariant presheaves with Witt-
transfers are precisely those on the category WCory, (i.e., the presheaves on WCory, that
can be passed through the functor WCor, — WCorg). If a presheaf .# with Witt-
transfers is homotopy invariant, then the presheaf .ZP" on the category WCorP®" can

be passed through the category WCorP.

§3. INJECTIVITY ON THE AFFINE LINE

Theorem 1. Suppose F is a homotopy invariant presheaf with Witt-transfers and U C
V C Ak is a pair of Zariski open subschemes of the affine line over a filed K that is
the field of rational functions of a smooth variety S. Let i: U — V' denote the injection.
Then the homomorphism

i F(V)—= F(U)
18 an injection.
Lemma 1. Suppose U C V C Al is an injection in a subscheme A, and i denotes
the injection of U into V'; then there is a morphism ® € WCor(V,U) such that

[i 0 @] = [idy]
in WCor(V, V).
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Proof of the theorem. Let a € # (V) be a section such that i*(a) = 0. By item 2 of
Remark [ the presheaf .# viewed as a functor form WCor to Ab can be passed through
WCor. Since [i o @] = [idy], we have a = ®*(i*(a) = 0. Thus, the injectivity of ¢* will
be proved if we prove Lemma [I]

Proof of Lemma Il To simplify the notation, we assume that K = k. (Actually, we can
use base change along the extension of the base filed K/k and the fact that a presheaf
defined on smooth schemes over k can be defined naturally on schemes over K, because
it is the residue filed of a generic point of a smooth scheme.) If suffices to construct
Witt-correspondences

® € WCor(V,U) and H € WCor(V x Ay, V)

such that Hy =70 ® and H; = idy .

Let T = A'\V, D=V \U. Weview V x U as a subset in V x A'. Let X be a
coordinate on A! and Y a coordinate on V.

For some sufficiently large odd integer n there is a polynomial of degree n whose leading
coefficient in X is 1 and such that

eV x A =k[VI[X] : degx(f)=n, [l .p=X=Y)"lvur, flvxp=1.

Let ¢ be a coordinate on the left factor A' in the product A' x V x Al. Consider the
polynomial

h=f - (1—-t)+ (X -Y)"-t € k[A' x V x Al].
Then h|A1vaT = (X —Y)™ is invertible. Consider the map

AV XV x A « A xV x A' ¢ (pryiyy,h) =11

Denote by (A! x V' x Al); the left copy of A' x V x Al and by (A' x V x Al), the right
one Al x V x AL, Put A = k[(A' x V x Al))], B=FK[(A' x V x A!),]. Let II*: A — B
be the homomorphism of k-algebras induced by II. Since h has the leading coefficient 1
with respect to X, it follows that B is a free A-module of rank n. By Proposition 2.1 in
[10], we have isomorphism of B-modules

wp/k @A wg/lk ~ Homy (B, A) = .

The B-module wp/;, and the A-module w,/;, are free and have rank one. Choosing
some trivializations of these modules, we get an isomorphism of B-modules Q: B —
Homyu (B, A). Consider the morphism of A-modules L = Q(1): B — A. Tt is easy to
check that, in the notation of item (1) of Example [l we have Q = qr. Now the triple
(I, L, pry) is a morphism (A!xV xAl); — Al in WCor(k). Denote by ¥; C (Al xV xAl),

the scheme preimage of the scheme A' x V x 0 along II. Since h}AlexT =(X-Y)
is invertible, it follows that ¥; C A' x V' x V and pr3(Y;) C V. Hence, by items (2) and

(3) of Example [ there is a morphism
Hy= (m,li,g): AV xV=A"XV x0—>V

in WCor(k), where m;: Y; — Al xV x0 is the restriction of IT to Yy, I; = k[A'xV x0]®4 L,
pry: Al x V x V — V is the projection to the first factor, and g; = pry |y,: ¥V; — V.

Consider the morphism ﬁo =0 0j0: 0xV =V, where jo: 0xV = Al xV is a
closed embedding. Since f|yxp = 1, the scheme preimage Yy := 7= 1(0 x V) is con-
tained in 0 x V' x U. By item (3) of Example [II we have ﬁl(’) = 4 o (mo,lo, g)), where
go: Yo — U is a unique morphism of schemes such that i o g, = go: Yy — V, and where
mo: Yo — 0 x V' is the restriction of m; to Yy and lp = k[0 X V] @pja1xv) le-

Consider the morphism ﬁl — o 0j1:1xV =V, where j1: 1 xV = Al xVisa
closed embedding. By item (3) of Example [[I we have Hy = (m1,11,91), where g1 =
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gioing: Yy =V, Vi =711 xV),in;: Y] = Y, m1: Y] — 1 x V is the restriction of m
to Y1, and Iy = k[l x V]®ga1xv)li. Observe the isomorphism k[Y1] = k[V x V]/(X =Y)"
of K[V x V]-modules.

Sublemma 1. For some A € K[V]* we have
Hy = X-idy
in WCor(V, V).

Proof. As was mentioned above, the morphism ﬁIl is the triple (71,11, g1), i.e., it is equal
to the class of the quadratic space (k[Y1],q,) in WCor(V, V), where
q1, ¢ k[Y1] — Homy v (k[Y1], k[V])

is the k[V x V]-linear isomorphism defined by the rule b — v, where 1, (b") = 11 (bb').
Let n = 2m + 1. Consider the ideal

J=(X-Y)") c K[v3].

It is clear that J is a sublagrangian subspace in (k[Y1],q). Hence, by Theorem 32 in
[3], the class of (k[Y1],q) in WCor(V,V) is equal to the class (J1/J, uew) for some
k[V x V]-linear isomorphism

Gnew : J*/J — Homypy) (J=/J, k[V]).
Since J1 coincides with the ideal
I'=((X-Y)")CK[MN],

it follows that J=+/J is a free module of rank 1 over K[V]. Since gyey is a k[V x V]-linear
isomorphism, ¢pew is simply the homomorphism of multiplication by an element A €
K[V]*. |

Now we put
Ho=XA1H:A"xXV 5V and ® = (m0,A\"" o, g0): V — U.
Then in WCor(V, V) we have Hy = H; o (jo) = i o ®, and H; = H; o (j1) = idy, as
required. O

O

§4. EXCISION ON THE AFFINE LINE

In this section we prove the Zariski excision of Al over the filed of functions K =
k(X) of a smooth variety X.

Theorem 2. Suppose .F is a homotopy invariant presheaf with Witt-transfers, and let
z2€U CV C Ak be a closed point and a pair of Zariski open subschemes of the affine
line over the filed K that is the filed of rational functions of a smooth variety S. Then
the restriction homomorphism
v TV —2) F(U — 2)
V) T EO)

where i: U — V denotes injection, is an isomorphism.

Remark 5. The notation of the factor groups in the theorem is consistent due to injec-
tivity on local schemes.
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Proof. Let i: U —V,4': U~ Z =V — Z be embeddings as in Theorem 2l In terms of
the presheaf .ZP*T on WCor}™", the claim of the theorem means that

(3,i')*: FPU(V — 2, V) = FPA(U — 2,U)
is an isomorphism. Hence, it suffices to prove the following lemma.
Lemma 2. Let (i) be the class of a pair (i,i') in WCort™ (U,U — z), (V,V — 2)). Let

[i] be the class of (i) in VVCOI"EM((U7 U-—=z), (V,V—=2)). Then [i] is an isomorphism in
WCor,.

Proof of Lemma 2. To simplify the notation, we assume that K = k. First, we construct
morphisms

® € WCort*™ ((V,V — 2), (U, U — 2)),

© € WCork™ (V x AL, (V — 2) x AY),(V,V = 2))
such that

Oo <jO> = <Z> o, ©o <.71> = <id(V,sz)>a

where the jo: (V,V —2) = (V,V —2) x Al, s = 0,1, are the embeddings determined by
the points 0 and 1 on A'. This will imply that

[i o (I)] = [id(V,V—z)] € WOI'k((V, V- Z)a (Va V- Z)),
or, in other words, that [i] is left invertible in Wory, proving the first part of the lemma.

Let T = A'\V, D=V \U. Weview V x U as a subset in V x A'. Let X be a

coordinate on A' and Y a coordinate on V. For some sufficiently large odd integer n,

there is a polynomial of degree n whose leading coefficient in X is equal to 1 and such
that

f e K[V x A =K[V][X]:
f|V><T = (X - Y)n|V><T7f|V><D = 1af|V><Z = (X - Y)n|V><Z'
Let ¢ be a coordinate on the left factor A in the product A' x V x Al. Consider the
polinomial
h=f-(1-)+(X-Y)"-te K[A' xV x A'].
Now, let
Hy = (m, 1y, 00): AV x V=A"xV x0—V,
Hy=Hojy:0xV >V
be the morphisms in the category WCory occurring in the proof of Theorem [I and
let Hy = i o (mo,lo, g}), where g: Yy — U is a unique morphism of schemes such that
iogh = go: Yo = V, and where m: Yy — 0 x V is the restriction of m; on Yy, and
lo = k[0 x V] Rk[alx V] ly.
Let V/ =V — z. The function
hlarxv-zyxz = (X =Y)"|a1xvrixz
is invertible. Therefore, Example [ shows that the morphism H; = (7, lt, gt) gives rise
to a morphism
] = (1, g A x V' V7
such that the pair (PNIt, I;T{) is a morphism in the category
WCor?™ (Hy, H}): (A x V,A' x V') = (V, V).
Put (Ho, Hj) := (Hy, H) o (jo): (0 x V,0 x V') = (V, V).
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Let U' = U — z and hg = h|t—g. Observe that
hol(v—-z)x(zup)
is invertible. Hence, Example P2l shows that the morphism
}NIO,VyU = (m0,00,90): V= U

determines some morphism

Hovrr = (wh, U, (g)): V! = U’
such that the pair (PNIO_VVU, ﬁo.V’,U’) is a morphism in the category

WCorP™T((0 x V,0 x V'), (U,U")).

In the proof of Theorem []it was checked that ioﬁo,vy = Hy in WCor E(V,V). Similarly,
i' o Hyyr,yr = H) in WCork(V', V'), where i': U’ — V' is the natural embedding.
Therefore,

(i) o (Ho.vw, Hovrvr) = (i,4) o (Ho.vu, Ho.vr.v7)
= (Ho, Hy) = (Hy, H}) © (jo) € WCorp™ ((V, V'), (V, V"))
Put & := (fIOMU,ﬁIO_V/,U/) and © = (ﬁt,ﬁt') Then
(i) 0 ® = 6 o (jio) € WCot}™™ ((V, V'), (V, V")).
Consider the morphism
(Hy, H}) =©0 (1): 1x (V,V') = (V, V).

In the proof of Theorem [I] it was shown that the morphism I;T{ is equal to the class of
the quadratic space (k[Y1],¢;,) in the Witt group, where

Y; = Speck[l x V x V]/(X — Y)".
In the proof of Lemma [l it was shown that the class of the quadratic space (k[Y1], ¢, ) is
equal to the class of the space (k[A], A), where A is the diagonal in 1 x V' x V and A is an
invertible function on V. Thus, H; = A (idy). Also, this implies that the morphism Hj
determined by the space (k[Y7,q;, ) is equal to A - (idy~). Hence, © o (j1) = A - (id(v,y1))-
Consequently, putting
O=)1"1.0,o6=1""19,

we get © o (jo) = ®, © o (j1) = id(v,y). This completes the proof of the first part of the
lemma.

Now we construct the right inverse to the morphism [i] in WCor?®. For this, we
construct morphisms

T € WCor®™ (V, V"), (U,U")), E e WCorP**(A! x (U,U"),(U,U"))

such that

Zo(jo) = o i)y Zoli) = (id ViV - 2)).
This will imply that [U o] = [idy] € Wor, ((V, V'), (V,V")). This will be the second part
of the proof of the lemma.

We view V x U and A' x U x U as subsets in V x A! and A' x U x A'. Let X
be a coordinate on the first factor A!, Y a coordinate on the factors V and U, and t a
coordinate on the left factor Al. Let A denote the graph of the embedding U «— Al
ie., A = Spec K[A! x U]/(X —Y). For some sufficiently large n, using interpolation
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theorem, we can find f € K[V x A!] and g € K[U x A!] with degrees n and n — 1 in X
(respectively) and with leading term 1 such that

f|V><(DHT):1’ f‘sz:X_Y’
—1
g|U><(DHT) :((X_Y)‘(DHT)XU) ) g‘UXZ:L g‘A:L
These conditions can be satisfied because (DIIT)NU = @ and X — Y is invertible on
(DIIT) x U.

Consider the polynomial
f=f-0-t)+g- (X-Y)-te KIX|[U][t] = K[A' x U x A'].

To f and h, we apply simultaneously the construction that was applied to h in the first
part of the proof of the lemma. Specifically, we consider regular maps

Vx A« Vx A : (pry, f) =T AY x U x A <~ A x U x A : (pryiyp, h) =117,
and let IIy*: Ay — By and II,": A, — By, be homomorphisms of k-algebras induced
by the morphisms II; and II,. Denote C; = k[V] and C), = k[A! x U]. Then By =
Cy[X], Ay = Cy¢[T], Br, = Cu[X], A = Cy[T], and since Iy and IIj, are morphisms
of the relative affine lines over V and A x U (respectively), we see that I} and I},
are homomorphisms of Cy and Cj-algebras. Since the leading coefficients of f and h in
X are 1, it follows that By and B), are free modules of rank n over Ay and Aj, and
Proposition 2.1 in [10] shows that there are isomorphisms

Qf: WB,/C; ®Af wZ;/Cf ~ HOInAf(Bf,Af),
@1: th/Ch, ®Ah w;l/c ~ HOHlAh (Bh, Ah):
k[0 x U x A'|®a, Qn = k[U] @1y Qy
that agree upon base changes along i and jg, because
h|0><U><A1 = f‘UxAl'
Now, consider the affine lines determined by the coordinates
wa/cfZ(dX)-Bf, WAf/Cf:(dT)'Af>
th/Ch, = (dX) . Bh, wAh,/Ch, = (dT) . Ah;
using trivializations of the canonical classes of these lines, we get homomorphisms
Qf: Bf >~ HomAf(Bf,Af), th Bh ~ HOHlAh(Bh,Ah):
k:[O x U x Al] XA, Qh = k[U] ®k[V] Qf,
which agree upon base changes. Item (1) of Example [l yields morphisms
(I, Ly, pry): V x A' — AYT" Ly, prs): A x U x A' — AL:
(I1", Ly, prs) o (jo x AY) = (I, Ly, pry) o (i x Al),
where pry: V x Al — Al and pry: Al x U x Al — Al are the projections to the first
factors Al, and Ly = Q¢ (1), Ly, = Qn(1).
PutY = Hfl(V x 0) and Y; = II, ' (A! x U x 0) (these are scheme preimages). Then,
since f|VX(THD) 1 and h’AleX(THD) 1, we have
YCVxU Y,=CA'xUxU,

and in accordance with items (2) and (3) of Example [Il we get morphisms

P=(ml,9):V —=U H = (m,l;,g): A" xU=A"xUx0—U: Hojy=P,
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in WCory, where m: Y — V x 0 is the restriction of II to the scheme Y,
le =k[V x 0] ®a Qs(1): k[Y] = K[V],
pr¥: V x U — U is the first projection, g = pry |y: Y — U, and 7;: ¥; — Al x U x 0 is
the restriction of Il to the scheme Y%,
l; = k[A' x U x 0] @4 Qn(1): k[Y;] — E[A! x U],
pry: Al x U x U — U is the projection to the first factor, and g; = pr{ |y,: ¥; — U.

Since f }V,Xz and h| Al are invertible, Example 2] shows that the polynomials P

XU’ Xz

and H can be completed to the pairs
= (P, P') e WCor™™*((V, V"), (U.U")),
= (Hy, H)) = (4,1, g¢) € WCorP' (A x (U, U"), (U, U")): Zo (jo) = W o (i).

[110 KR

(1)

N Consider the morphism = o j; = (}Nll,f[{) By the definition of ﬁIt, we see that
Hy, = (m1,l1,91), where

m: YT = U,

Yy =11, 1 (1 x U x 0) = Spec k[U x A']/(g- (X —Y)),

lh = k[l x U@kt 1,

g1: Y1 — U.

Since g’A = 1, we have ¥; = AII R, where R = Spec k[U x Al]/(g). Hence, H;
splits in the sum of morphisms determined by the restrictions of the morphisms my, [1,
and ¢g; to the components A and R. Since g‘sz =1land R C U x U, it follows
that H; = X -idy +G, where G € WCor(U,U’). Therefore, fNI{ = \-idy +G’, where
G' € WCor(U’,U’). Thus,

(2) (ﬁl, ﬁi) - )\ . id(U7U/) .

To finish the proof, we put
T=ANol, 2=(A\1oZ,

where (\™1) = ((k[A],A71)) € WCor(U,U). (Note that the above compositions with the
morphism (A\~1) € WCor((U,U — z), (U,U — z)) lead to multiplication of the quadratic

spaces by \ viewed as a function on the second factors in A' x V x U and U x U.) Then
(@ and @) show that W o (i) = Zo (jo), Eo (j1) = idw,u)- O

O

85. ETALE EXCISION IN DIMENSION 1

In this section we prove étale excision for smooth curves over the filed of functions of
some smooth variety K = k(X).

Theorem 3. Suppose F is a homotopy invariant presheaf with Witt-transfers and
m: X' — X is an étale morphism of smooth varieties of dimension one over a field K that
is the field of rational functions of a smooth variety over k. Suppose z € X and 2’ € X'
are closed points such that 7 induces an isomorphism 7: 2’ ~ z, and U = Spec(Ox ),
U’ = Spec(Ox /) are local schemes at the points z and z'. Then the homomorphism of
inverse image along T induces an isomorphism

FU—-2) ~ FU -2
FU) | FZU)

* .
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Remark 6. The notation of the factor groups in the theorem is consistent due to the
injectivity on the local schemes.

Proof. Like in the preceding section, it suffices to prove the corresponding property in the
category WCor?*". In this case we formulate this property as the existence of certain
morphisms that are week versions of the left and right morphisms to the morphism
w: WCor?*" (U, U — 2'), (U, U — z)).
Lemma 3. Let
(i) € WCor?" (U, U — z), (X, X — 2)),
(i"y € WCor?™ (U, U" — 2'), (X', X' - 2')),
and .
(m) € WCor2" (X', X" — 2'), (X, X — 2))
be the classes determined by the morphisms i: U — X, i': U — X', and w. Suppose
that [i]) € WCor®™ (U, U - 2), (X, X — 2)), [']) € WCor?™ (U, U" = 2), (X', X' —2')),
and [r] € WCor?™ (X', X' —2'),(X,X — z)). Then
a) there exists ® € WCorb®™ ((U,U — z), (X', X’ — 2')) such that [z o ®] = [i] in the
category VVCor%air (U, U= 2),(X, X —2));
b) there exists U € WCorb®" (U, U — 2), (X', X' — 2')) such that [¥ o 7] = [i'] in the
category WCor (U, U’ — ), (X', X' — 2')).

Proof of the theorem. We show that item a) in Lemma Bl implies the injectivity of 7*. Let
a € Z'(U-2z7U), and let 7*(a) = 0. Since F'(U — z,U) = lim , 0,y F'(V =2z, V),
shrinking X and X’ shows that a = j*(ax), ax € F'(X — z,X), where j: U — X, and
moreover, the canonical classes of X and X’ are trivial. Then by Lemma Bh) applied to
the new X and X', we have j*(ax) = ®*(7*(ax)) = 0. Consequently, the kernel of 7* is
equal to 0.

Now we show that item b) in Lemma [ implies the surjectivity of 7*. Suppose that
ac F' (U — z,U’"). Shrinking X and X', we see that a= i"*(a’y ) with ay € F' (X' —z, X').
Then, by Lemma [Bb) applied to X and X', we have i"*(da'y) = 7*(®*(a’y)). Thus, 7* is

surjective.

Proof of Lemma Bh). To simplify the notation, we assume that K = k. By the definition

of the category WCorP*" to prove item a) it suffices to construct morphisms
® € WCor? ((U,U - 2), (X', X' - 2')),
0 € WCorP* (U x AL, (U — 2) x A1), (X, X — 2))
such that
© 0 {jo) = (m) 0 @, O 0o (j1) = (i),
where jo, j1 € WCorP** (U, U — 2), (U x Al, (U —2z) x A')) are the unit and zero sections,
and 7 and ¢ are viewed as morphisms in WCor},™", actually,

7€ WCorP*" (X', X' — 2'), (X, X — 2)) and i € WCor®*"((U,U — 2), (X, X — 2)).

In the proof of the injectivity of the excision homomorphism on the affine line, we
constructed Witt-correspondences by using regular functions on A'y; now we construct
the required Witt-correspondences by using sections of linear bundles on relative curves
Xy =X xUand X'y = X’ x U, where X and X’ are smooth projective curves with
open dense immersions j: X < X, j': X’ < X'

We introduce the following notations-definitions.
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Definition 6 (The symbols Z(s), Z(s), and S(D)). Let s € I'(X, %) be a regular section
of the invertible sheaf on X. We denote by Z C £(X) the ideal determined by s (Z is
equal to the image of the homomorphism .Z~! < 0(X) = (0(X) < £) @ £71). Let
Z(s) = Z(I) C X be the closed subscheme determined by the ideal Z.

Finally, for any divisor D in X, we denote by S(D) the closed subscheme in X deter-
mined by the sheaf of ideals in Z C 0(X), Z(U) = {f € bO(U) : div f > D}.

Let 7: X’ — X be a morphism of smooth projective curves such that 7o j' = jom,
where j: X — X, j': X' — X' are the open immersions defined above. Since j’ is
dense, 7 is quasifinite. Then 7 is finite, because it is projective, and it is quasi-finite
because j’ is dense. Let r be a rational function on X such that r(z) = 0, T’)?\X =1,

and T‘Y,\ o =1 (it can be defined as a regular function on an affine neighborhood of

zU(X\ X)UR(X"\ X")). A nonconstant rational function gives rise to a finite morphism
to the projective line and an ample invertible sheaf that is the inverse image of &'(1).
Denote D = r=%(1), D' = r ow. Then, by definition, &(D) and &(D’) are ample, and
X -DcC X, X' —D'C X' Since the claim of the lemma for the curves X — D and
X’ — D' implies the same claim for X and X', and since w(X — D) and w(X' — D’) are
trivial, without loss of generality we may assume that X —D = X and X’ — D’ = X’. Let
w: w(X) ~ 0(X) denote any trivialization of the canonical class of X, and let A C X xU
be the graph of the embedding i: U — X.

Put deg @ = I. Let d € I'(X,.Z(ID)) be such that divd = [D, and denote by the
same symbol the inverse images in I'(X x U x A!, Z(nlD x U x A') that trivializes the
linear bundle on X x U x Al

Sublemma 2. For some sufficiently large n, there are sections
s eT(X'xU),Z(nD xU)), soel(XxUZLnD xU)),

51 €eTN(X x U, Z(nlD xU)), sel(X xUxA" ZnlDxU x A")):
Z(sYN (U x7 () =7, Z(sYN(D' xU) =@,
Z(s0) N (U x 2) == Z(so)N(D xU) =,
®) Z(s1)N({U xz)=12, Z(s1)N(D xU) =,
Z(s)N(A'xU x2)=A' xz, Z(s)N(DxU x A') =@,
@) S|)?xeo:SO’ 5‘)?xe1:517 Sl}(zUD)xU:so|(zuD)><U’

T Z(s") ~ Z(s), si|, =0,

where z denotes the diagonal in z X z, z' is the graph of the map w: 2’ — z, which in
fact is isomorphic to the diagonal, because 7 gives an isomorphism of z and 2.

Before we describe the construction of the sections in the sublemma above, we show
how to construct the morphisms ¢ and © using this sections.

We construct the required quadratic spaces with the help of the same construction as
in Lemmas [ and 2] applied now to the regular function h = 7 € k[X x U].

Consider the regular map

= (prpiys h) = (Prasps ;n) xUx X — Al x U x Al

and denote by Ba the algebra corresponding to the map II, so that B = K[Al], A =
KA x U x A']. We denote by pigixp: warxp(A x U x X) ~ O(A! x U x X) the
inverse image of u along the projection A! x U x X — X, and by dT the trivialization of
the canonical class w1, (Al x U x Al) determined by the coordinate T on the second
factor Al
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To continue our construction and apply Proposition 2.1 from [10] to the map II, we
need to show that B is finitely generated and projective over A. Note that II is obtained
by the base change from the projective morphism

I = (idyxar,[s : d']): Al x U x X = A x U x P!,

along the map A' x U x A' — A! x U x P'. The morphism II is a morphism from
the relative projective curve A' x U x X to the relative projective line A’ x U x P!
determined by a pair of noncollinear sections of a line bundle, because s is invertible on
Dyiyy. Hence, by the following sublemma, the morphism II is finite, surjective, and
flat. Therefore, II is also finite, surjective, and flat. Thus, since any finitely generated
flat module is projective, B is a projective K[A! x U x A']-module.

Sublemma 3. Let a morphism F: X7 — PL of a relative projective curve Xr to the
relative projective line PL. over an essential smooth scheme T be determined by linearly
independent sections s,d of some linear bundle Xp. Then the morphism F is finite,
surjective, and flat.

Proof. The preimage F~!(t) C X7 of apoint t € P is isomorphic to Z(s-t; —d-ts) C Xy,
where t1, t5 are noncollinear sections of &(1) on PX.. Since s is not collinear to d, it follows
that s-t; —d-t3 £ 0, and so Z(s-t; — d - t2) is a nonempty proper closed subset of X;.
Hence, dim F~1(¢) = 0 for any point . Thus, F is surjective and quasifinite.

Now, since a quasifinite projective morphism is finite, we see that F' is finite. Now
observe that X7 and P are essentially smooth and dim X7 = dimPL. Hence, F is flat
(see [1l Corollary V.3.9. and Theorem I1.4.7]). O

Now we apply [10, Proposition 2.1] to the morphism II, obtaining an isomorphism
q“: w =~ Homy (B, A). Using trivializations of the canonical classes of X and Al, we
define a B-linear isomorphism

g = (IT*(dT) "' ®@ ) 0 ¢*: B ~ Homu(B, A).
By item (1) of Example[I] gp gives rise to a morphism
Y = (II,lp,pry) € WCor(A* x U x A", X),

where Ip = gp(1): Homu (B, A).
Denote

Y;=Z(s) CA' xUx X, Y1 =2(s1)CUxX,
Yo=2Z(s0 CUx X, Yip=2(s)CcUxX".

Now (@) implies that Y; , Yy, and Vi are closed subsets in A! x U x X, U x X, and
U’ x X, and relations () yield the commutative diagram

Y€ Y, Yy Yijee

f’h (1) [’Yﬁ (3) \f% (5) \[\’)’lift

idx Xj1

id 1 T
XpC % T Dx, < X,

lpru (2) prAixU (4) lpru lPrU

U Al x U U U,

where 7, Y9, 71, and ;g are the corresponding closed embeddings. The morphism
my: U x X' — U x X induces isomorphism of Y and Yy; we denote this morphism
by m¥ and the inverse morphism by lift: Yo — Yig. Let p. (x = t,0,1,lift) denote the
projections of Y, to Al x U (x =t) or U (x = 0, 1,lift), and let ¢. (* = t,0,1,lift) be the
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projections to X (x =¢,0,1) or X’ (x = lift), respectively. Finally, we denote by Y/, Yj,
Y/, and Y, the fibered products of Y;, Yy, Y7, and Yjj with the scheme U — z over U.
Sine h = %, we have Y; = II"1(A! x U x 0). Using item (2) of Example [} we get
Yo (p) = (pi,ls, g¢) = H, € WCory(A' x U, X),

where p: Al x U x 0 — A x U x AY), and I;: k[Y;] — k[A! x U] is a k[A! x U]-linear
homomorphism that is the base change of lg. The first row in (@) implies that Y} C
9 1(X — z). Hence, by Example 2] there is a morphism in the category of pairs

O = (Hy,, H)) € WCorP*" (A' x U,A' x (U — 2)), (X, X — 2)).
By item (2) of Example [[] the morphism
© o (jo) = (Ho, Ho)

d’n,7

is given by the pair of triples
(pOaZO: k[Yb] — k[U]aQO)a (pé)alé),gg))

Since lift: Yy ~ Yig, we can define linear homomorphisms lig = lg o (lift™) and I, =
o (lift*") (where lift" = lift x;; (U — 2)). So we get a morphism of pairs

)
&’ (15 13/) = ((puises st 9uise), (Phige» Ui Ghire))
€ WCorP' (U, U — 2), (X", X' = 2')): & =0 o (jo).
Now consider the morphism
© o jy=(Hy, H)=((p1, 11, 1), (b}, 11, 91)) € WCOor™ (U, U — 2), (X, X — 2)).
We show that Y7 = A Il R for some closed subscheme
RcC (X —2)xU.

Since 51|A =0, we get

slz&r66HUxXéﬂMLZ®%HLreHUxXJw

Since Z(31|sz = (5‘”[]
Since z is a unique closed point of A, it follows tht r} A is invertible. Thus,

Yy = Z(s1) = Z(6) 1 Z(r) = AIL R.

Then any k[Yj]-linear quadratic k[U]-form on k[Y7] splits into a sum of forms with
supports A and R. Consequently,

we see that r‘sz is invertible. Hence, r is zero at z.

Hy = (pr] 5o l] 50 91]4) + (1] o b o 91 ) -
Since R C (X — z) x U, item (3) of Example [[] shows that there is a morphism
G e WCor(U, X — z): (pl‘R’ll|R’91’R) =(X—-z=X)oG.

Since A ~ U, and the homomorphism /4] , : A K[A] = K[U] is determined by an invertible
function A € k[U]*, it follows that (p1|A,ll|A,g1|A) =X (i) € WCor(U, X).

Thus, Hy = \ - (i) + G. Now, by Example [2] H; determines a morphism H’ 1, whence

(HhHl) =A- <Z> + (G>G )
On the other hand, since G € WCor(U, X — z), the definition of WCorP** shows that the
morphism (G, G’) is equal to zero. Therefore, (Hy, H{ = A - (i) Finally, putting
d=X11.90,0=)"1.0,

we get the required morphisms in WCorP®",
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So, all that we need to complete the proof of item a) is to construct the sections s,
S0, S1, and s. Using the following lemma, which is a consequence of the Serre theorem
(see [11, Theorem 5.2, Chapter 3]), we construct the required sections consecutively on
some closed subsets.

Sublemma 4. Suppose X is a projective scheme over a Noetherian ring, Z is a closed
subscheme, .F is a coherent sheaf, and £ is a very ample invertible sheaf on X. Then
for some k, the restriction T'(F @ £*") - T((F ® $®")‘Z) is surjective for all n > k.

Let W denote the local scheme of z in z x U, and let W’ be the local scheme of z in
U x 2, & the local parameter in K[W’], and N’ = Spec K[W']/1(¢") a closed subscheme
in W’.

First, we construct the section s’ on X’,. For this, we prove the following statement.

Sublemma 5. Suppose m: X' — X is a finite morphism of curves over an infinite field,
z 15 a closed point in X', Y is a closed subscheme of X', Y % z, and £ is a very
ample locally free sheaf of rank 1 on X'. Then there exists ng such that for all n > nyg,
there is a global section s of L®™ with the property that s is zero at z, s is invertible
on'Y, and the restriction of m to Z(s) is a closed embedding. (In detail, we mean the
restriction of w to the closed subscheme in X' determined by the sheave of ideals T C Ox,
ZWU)={f e oU)|div f > divs).

Proof. The morphism 7°: Z(s) — X is a closed embedding if and only if the homomor-
phism e2: O(X)) — m.(0(divs)) induced by 7° is surjective. Denote by I' the affine
space formed by the global sections of £®™ that are zero at z. By Sublemmal[dl T is not
empty whenever n is sufficiently large.

First, we show that there is an open subscheme U C I' such that ¢} is surjective
provided s € U. Consider the map

p=mr: X'xT =X xT

and the universal section

sp € I (pry, (£®)),
where pr: X’ xI' — X' is the projection along I'. Let Zi, C X’ X T" be the support of the
cokernel €,,: O(X xT') — p, (O(divsr)), and let Z C I' be the union of the subspaces
rycI,I'y={seT|s(y) =0}, y € Y. Then €% is surjective if and only if s is a rational
point in I' such that s ¢ Z, and s & prp(Zin), where prp is the projection along X’.

Since I' is an affine space, I' — (prp(Z;) U Z,,) has a rational point whenever I' #
prr(Z;) U Z,, (as schemes over the ground field).

Since Y Z z, Sublemma[4] shows that for all sufficiently large n there is a section s € T’
such that s(z) = 0, and s is invertible on Y. Hence I' # Z. Thus, since I is irreducible,
it suffices to prove that T’ # prp(Ziy).

A base change argument allows us to assume that k& = F' is algebraically closed. If
m: Z(s) — X is not an embedding, then divs > p; + py for some py,p; € X' with
m(p1) = 7m(p2) (p1 and py may coincide). We compute the codimension of Zj, in T
Observe that for all n and any pair of points p1, ps € X', the restriction homomorphism

Tpipant D(LE) = DL g i) = F2

is surjective. Indeed, for any fixed n the surjectivity of r,, p,» is an open condition for
a pair (p1,p2); on the other hand, for any pair py, ps for all sufficiently large n rp, p,.n 18
surjective by Sublemmall Hence, the codimension of the subspace in 'y spanned by the
sections div s > p; + p2 is equal to the codimension of the subspace of regular functions

{fGF[S(pl-i-pg—f—z)] : divapl—l—pg,divfzz}
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in the space of functions that vanish at z. So, this codimension is 2 when py, ps # 2, and
it is 1 otherwise.

For any p € X there is a finite set of pairs p1,ps € X with w(p1) = w(p2) = p. Since
for p # 7(2z) and for any such pair, the condition divs > p; + ps determines a subspace
in " of codimension 2, we have dim(Z N (p x I')) < dimI" — 2. If p = m(z), then these
conditions have codimension at least 1, whence dim(Z N (w(z) x I')) < dimT — 1. Thus,
dim Z < dimT' — 1, so that T # prp(Zi,). O

Proof of Sublemma 2. Applying Sublemma [ to 7,: X’ — X and the sheaf .Z(z x D),
for all integers n larger than some k, we find a section 5 € L(n-z x D’) on X', such that
the restriction of T, to Z(3) is a closed embedding, s is zero at z’, and § is invertible
on z x (771(2) —2') UU x D’. Since the inverse image functor takes ample bundles to
ample ones, Sublemma @ applied to (U x X', 0(U x X'), £ (U x D")) and (U x X, €(U x
X), Z(U x D)) says that for all n larger than some k, the restriction homomorphisms

DU x X', Z£(nU x D")) = T(ZL(nU x D"
I(U x X, Z(nlU x D)) = T(ZL(nlU x D

)‘UXZ’UUXD’UZX)?’)’

)‘szquDuA)

are surjective. Choose any n larger than k and k, and choose a section 5 satisfying the
conditions above. B
Now we can find s’ € I'(X' x U, Z(nU x D') such that s/’zxx,

on U x D', and s”N, = ¢ (here we use some trivialization of .Z(nU x D’)‘;V) It follows
that

(5) Z(sYNWU x7 1)) =2, Z(divs)n(U x D) =0.

Indeed, we check the first identity. The closed points of the semilocal scheme U x 7~1(2’)
are 7 1(2) x 2. The section s’ is invertible on (U x 7#~1(z')) — 2z’ because 5 is invertible
on s”N, = §'. Hence, U x Z(s') N7~ 1(2’) is contained in a neighborhood of z’. At the
same time, Z(s') N W' = 2’ because Z(s') N N’ = z’. The second identity in (@) is a
reformulation of the fact that s’ is invertible on U x D’.

Let sg be a global section of £ (nlDy ) such that Z(sg) = 7y, (Z(s")). Then (Bl) implies

(6) Z(so)N (U x 2")=12z, Z(sp)N (U x D)=0.

Now we choose a section s; of .Z(U x nlD) such that

= 3, s’ is invertible

81|A =0, sl‘Ux(zUD) = SO|U><(zUD)

(these conditions agree on the intersection because AN (U x z) = z and sq is zero at z).
Let s = s¢- (1 —t) + s1 -t be a section of .Z(nlD x U). Then by (@) we get

Z(s)N(A*x U x 2) =A' xz, Z(s)N(A' xU x D) =0,
because S|A1><U><(zUD) = SO‘UX(ZUD)'
This proves item a) in Lemma B
Proof of Lemma Bb). To prove the claim it suffices to find morphisms
® € WCor? (U, U - 2), (X', X' - 2')),
= € WCorl™ (U x AL, (U — 2') x Ab), (X', X' — 2')),
such that
Zo (jo) = P o (7) € WCorb™ (U, U = 2), (X', X' — 2)),

[0 ()] = [()] € WCorp™ (U7, U" - 2/), (X', X" - 21)),
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where jo, 71 € WCorP**(U",U’ — '), (U’ x A',(U’" — 2') x A')) are the zero and unit
sections, 7 and i’ are viewed as morphisms in the category WCor’,

7 € WCorP*™ (U, U’ — 2'),(U,U — 2)), and i’ € WCor®** ((U', U’ — 2'), (X', X' — ).
Like in the proof of statement a), we construct quadratic spaces via some sections of
line bundles
ZL(nD}) on X,
L (nDyrypr) on Xipm

and
ZL(nDy) on X{

for some sufficiently large n.

Let z” denote the diagonal in 2’ x 2/, let W” be the local scheme of 2z’ x U’ at
z”, and let N” = Spec K[W"]/I(5")?. Choose any trivialization of the canonical class
ww(X') ~O0(X').

By Sublemmal], for all n larger than some k, there is a global section s’ of £ (nDj;) on
U x X’ such that s’ is invertible on U x D, s’ is invertible on 2’ x U — z/, and s"N, =4
(here we use some trivialization of £ (nDj;) on N'). Let so = (7 xidx/)*(s") be a section
of Z(nDj;,) that is the inverse image of s" along m xidx, . Then s is invertible on U’ x D’

and on 2’ x U’ — 2", and SQ’N,, = ¢", where 0” is the inverse image of § along id, , % .
Now we choose a section s; of the sheaf .Z(nU’ x D') on U’ x X’ such that
81 U/X(Z/UD/) = 80 U/X(Z/UD/)7 SI‘A/ = 0;

the conditions agree because sg is zero on
A'NUx (ZUuD))=2".
Let s = s - (1 —t) 4+ 51 - t be a section of Z(nA' x U’ x D') on A' x U’ x X'; then s
is invertible on A' x U’ x D’ and A' x (U’ —2) x 2/, and s|,, = ¢’ (here we use a
trivialization £ (InDatyur)| 41y = O(AT X W'
Thus, we have proved the following

xW’

))’ 8’0><U’><W’>< = 50, 8’1><U’><W’>< = 81)'

Sublemma 6. There are sections
s e ( X'y, Z(nD")), so,81 €X'y, L (nD")), sel(X'yxar,ZL(nD"))

(7) Z($/|U><Z’):ZI7 Z(S/|U><D/):®’

Z(s| )=A' x 7", Z(s’

Al XU’ xz2’ A1><U><D’):®7

= 81, S1 =0.

(8)  so=(mx idX)*(S/)’ S‘OXU’XF =50, Shixurxx A

Also, we choose a section d’ € I'(X, 0(D') with Z(d') = D'.
Now we apply the same construction as in a) to three functions simultaneously:

!/

S S S
h:d,—nek[Ale’xX’], hozdl—%ek[U'xX’], f=2m€hlUx X"
So, we consider morphisms of relative affine curves
O = (praigp,h) : A'xU xX' — A'xU xAl
Iy =(pryrho) 0 U xX' - U’'x Al
I = (pry, f) o Ux X/ — U xA!,

(A" x jo)"(IT) = 7™ (IT')
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(here 7 denotes morphisms of bases of the relative curves 7: U’ — U, the last identity
follows form (8)). Like in item a), II, IIy, and II' can be represented as base changes
of some morphisms of relative projective curves, and Sublemma [3] shows that II, I,
and II' are surjective, finite, flat morphisms of smooth curves. Let By, By,,, and
By, denote the algebras corresponding to the morphisms II, IIp, and II'. Then we
apply [10, Proposition 2.1] to II, IIy, and II', obtaining isomorphisms ¢*, ¢, and ¢*’.
Now we consider the trivializations p!! = p/ ® O*(dT)~!, p'lo = p/ ® I3(dT) ™!, and
p =/ @ I (dT) 1, and define symmetric isomorphisms

qp: Bp ~Homy(Bp, A), q¢,: Bop, ~ Homu,(Bop,, Ao),
qpr: B'p ~Homu (B'p:, A'): j5(q8) = a8, = Tu(qs'),

as compositions of ¢¥, ¢¢, and ¢’ with p!!, p'o, and MH/. By items (1) and (2) of
Example [[ this gives us morphisms

T =(IL, L,pry,) € WCor(A' x U’' x A', X'), H,=Yope WCor(A' x U, X'),

To = (Ily, Lo, pry,) € WCor(U’ x A', X'), Hy =Yg o0 po € WCor(U', X"),

T = (I, L, pry,) € WCor(U x A', X'), P="o0p € WCor(U,X'):

Yo (Al xjo) ="y, YTo=Ton H,o0jo=Hy, Porm=Hy,
where

pr A x xU'0 = A x U x A', po: U' x 0= U xA', and p: 0x U — U x A!

are the zero section embeddings with respect to the first factor.
Moreover, we get morphisms of pairs

= (Hy, H)) € WCorP (A x (U, U" — '), (X', X' — 2')),
= (P,P'") € WCorP*' (U, U — 2), (X', X' — 2')).

B 1R

Indeed, by item (2) of Example[ll H; and P are determined by triples H, = (pt, lt, g+) and
P=,l,g),wherep;: Y; = A xU’", g;: Yy = X', Y, =TI 1A' x U’ x0) = h~1(0) C
X' x AU x U, and p': Y/ = U, g': V' = X' V' =T Y0 x U) = f~1(0) C U x X".

By definition, we have h = s-d'~ ", whence Y; = Z(h) = Z(s). However, by (),

Z(S|A1><U’><z’) = Al x ZN’
so that Y, xyv (U’ — 2') C g; *(X' — 2’). Then, by Example 2] there is a morphism
H/ e WCor(U' — 2/, X" — 2')
such that (X' — 2’ < X')o H] = Hy 0 (A x (U’ — 2') < A! x U"). In other words, there
is a morphism of pairs (H;, H]) € WCorP**(A! x (U, U’ — %), (X', X' — 2')). Similarly,
since Y/ = Z(f) = Z(s') and s'}Z,X(U_Z) is invertible, we get p' "' (Y') € ¢ (X — 2),
and the construction in Example 2] yields a morphism of pairs (P, P’).
Thus, we get morphisms = and ® such that
Zo Jo = dor.

Consider the morphism = o (j1)- Tt is determined by the pair of triples (ﬁl, ﬁ[{) with
Hy = (p1,h, 1), H = (0,1 1"), p1: Y4 = U/, g1 Y1 = X, Y = p (U x 1) C
U’ x X' (again, see Examples [Il and ). Since s1|,, = 0 and Sl‘N” = ¢, and since
s1 is invertible on (2 x U) — z”, and §” is a local parameter on W”, it follows that
Z(s1)N (' xU) =2z" = An (U x 2/x). K[Y1] = K[A'] x K[R/] for some R’ C
U/ X (X/ - Z)? and Hl = (pl A’) + (pl ll

The restriction of

‘Amll A/agl R R/agl R’)'
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the linear homomorphism I3 : k[Y;] — k[U’] to k[A’] is defined by an invertible function
A € K[U']*, On the other hand, the triple (p; R 1 gives rise to the zero
morphism in the category of pairs. Hence,

(Hy, HY) = A~ (i)
Choose an invertible function X € K[U]* such that \'(z) = A(2)~! and put
E=)N -2, o=\ 9.

R”ll R/)

The following Sublemma 7 implies that
N-X-[f] =[] in WCor((U",U" —2),(X", X" —2")),
thus giving us the required identity [Z o (j1)] = [i].

Sublemma 7. Suppose X is a smooth scheme, U is a local scheme at a point z in X,
and i is the embedding U — X. Let the morphism ¢ € WCor((U,U — z), (X, X — z)) be
determined by a K[X xU]-module K[A], where A is the graph of i, and q is the quadratic
form determined by the function e € K[U]* such that e(z) = 1; then

[e] = [i] € WCor((U,U — 2), (X, X — 2)).

Proof. Let a Zariski neighborhood V' of z in X be such that there is a morphism ey €
WCor((V,V — 2), (X, X — 2)) satisfying ey 07" = ¢, where i denotes the embedding
U=V.

Consider the covering p: V' = Spec K[V][b]/(b*> = €¢) — V. The morphism p is étale
over z because e(z) = 1; hence, it is an étale covering of U. Let 2’ be the preimage of z
such that b(z") = 1. Shrinking V and V', we see that p is étale and p~1(z) = 2/

Denote by ¢y the embedding V' — X and denote by the same symbol the corre-
sponding element in WCor((V,V — z), (X, X — z)). Since p~1(z) = 2/, p gives rise to a
morphism in WCor((V', V' —2'), (V,V — 2)).

Consider the morphisms iy =iy op, eyr = ey op € WCor((V/, V' = 2), (X, X — 2)).
The morphism iy is determined by the module K[A’] and the unit function (where A’
the graph of the embedding p o iy : V' — X). The morphism € o p is determined by
the same module K[A’] and by the function p*(e). Since p*(e) = b2 € K[V'], i.e., p*(e)
is a square, it follows that the quadratic form determined by e gives rise to the same
morphism in € o p = i}, € WCor((V', V' — 2/), (X, X — 2)) as the unit form.

V,v'—

/,, \XX
/

(U,U - 2)

(V,V —2)

—Z)

Now we note that item a) in Lemma Bl applied to the morphism p: V' — V implies that
there exists

U € WCor((U,U—2),(V',V'=2')) with [¥op]=[i"] € WCor((U,U — 2),(V,V — 2)).
Hence,

iV oe]=[V]o[poc] = [P]o[poiv] = [i. O

O
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§6. HOMOTOPY INVARIANCE OF THE ASSOCIATED SHEAF

Theorem 4. For a homotopy invariant presheaf F with Witt-transfers, the associated
Zariski sheaf F 74y 15 homotopy invariant.

Proof. The theorem follows form the next lemma by a standard argument.

Lemma 4. Let F be a homotopy invariant sheaf with Witt-transfers. Then the canonical
embedding F(U) — Fyar(U) is surjective for any Zariski open subset U C Ak, where
K is the filed of functions of a smooth variety over k.

Let X be a k-smooth irreducible variety, and let K be its field of functions. It suffices
to prove that the homomorphism %z, (Ax) — Fz.(X) induced by the embedding
10,x : X — Ax is injective.

Consider the commutative square

EZM(AX)% Fzar(Ag(x))
lig,x lié,k(x)
Frar(X) "= Fzar (k(X)).

By the injectivity theorem for homotopy invariant presheaves with Witt-transfers,
for any irreducible variety Y the homomorphism Zz,.(Y) = Fz.-(k(Y)) is injective.
Hence, J* is a monomorphism. By Lemma [ the homomorphism .7 (Ax) — Fzar(Ax)
is an epimorphism. At the same time, it is a monomorphism, because the presheaf .% is
homotopy invariant. Hence, #(Ax) — Fza(Ax) is an isomorphism. Since 7 (k(X)) =
Fzar(k(X)), it follows that if , v is an isomorphism. Now the injectivity of Jx implies
that of if . Since at the same time ig y is an epimorphism, it is an isomorphism. Thus,
it suffices to prove the lemma.

Proof of Lemma [l Let s € Fz,,(U). Let ¢: 4 — U be a Zariski covering such that there
is sy with ¢*(s) = e(sy), where € is the natural homomorphism .# — %z,,. Denote by
V any open subset U in i, and for any point z € U \ V we denote by U, any subset in
Sy containing z.

Choose a point z € U \ V. Let V; be the smallest open subset in Ax containing V
and z. Consider the element sy € .Z (V) that is the restriction of sy to V', and consider

its image r, € a](( v By Theorem 2]
F (V) . F(W —2)

FV) ~ zeWeax  F(W)

The restriction of sy to V., gives us an element s, € #(V,) compatible with sy on
V. — z; hence, r, = 0, and there exists sy, € # (Vi) such that sy, coincides with sy
under the restriction to V. Then we add points of U \ V inductively, finding an element
sy € ZF(U) such that the germs of sy and sy coincide at the generic point. By injectivity
for presheaves with Witt-transfers, the germs of sy and sy coincide at all points. O

O

Theorem 5. Let % be a homotopy invariant presheave with Witt-transfers, and let
K = k(X) for a smooth variety X over k.
Then

yNis|A1K :3‘\‘&11(
hl(fNiS)|A1K ~ (.
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Proof. The first statement is equivalent to saying that #(U) — %z..(U) is an iso-
morphism for any U C Alg. Indeed, since .Z#(U) — (W) is injective for any pair
of open subschemes W C U C Alg, we see that the restriction to the generic point
Z(U) — F(n) is injective for any open U C Al, and finally, F(U) — Fz,,(U) is
injective for any open U.

The second relation is equivalent to saying that Hi, (U) = 0 for any U C Al i, because
all higher cohomologies are trivial because of dimension.

Consider the sequence

) 1 a _
) 05 Z(U) 5 7m S Y FW-=2) 4
z€MaxSp (U)

where z runs over all closed points of U, and U, denotes a local neighborhood of z. This
is a short exact sequence. Indeed, the arrow 7 is injective by Theorem [Ilon the injectivity
on A'. The exactness at the middle term follows form the injectivity of the excision
homomorphisms. The surjectivity of the second arrow follows from the surjectivity of
the excision homomorphism.

This sequence is a sequence of sections of the presheet .# ‘ Ay and sections of the
following flasque resolvent of it in the Nisnevich topology:

d F U — 2
F o (Fm) S ) Z*(—; h )),
'/(Uz)
zE€MaxSp (Al)

where 7 is the generic point, 7, is the inverse image homomorphism along n — Al, z
in the second term runs over all closed points on A', and z, is the inverse image along
z — A'. The injectivity of a homotopy invariant presheaf with Witt-transfers on local
schemes and the excision isomorphism imply that this is an exact sequence of sheaves.
Thus, it is a resolvent of length 1, whence HY;,(U) = ker(d(U)), Hi;,(U) = coker(d(U)),
and the higher cohomologies are trivial. Now the exactness of the sequence (@) implies

that HY, (U) = Z(U) (this proves again that .7 is a sheaf) and Hy;,(U) = 0. O

Proof of the main theorem. The proof is similar to the proof of Theorem 4 if we apply

the first statement of Proposition 5 instead of Lemma 4. O
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