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AN ANALOG OF THE SOBOLEV INEQUALITY
ON A STRATIFIED SET

N. S. DAIRBEKOV, O. M. PENKIN, AND L. O. SARYBEKOVA

ABSTRACT. On a set Q C R? that is formed from a finite collection of manifolds
that adjoin each other in a special way (i.e., on a stratified set) an exact analog
of the Sobolev inequality is proved, in which the exponents are expressed via the
characteristics of the intrinsic geometric structure of . The result is applied in
order to prove the solvability of the Dirichlet problem for the p-Laplacian.

§1. STRATIFIED SETS

A stratified set is defined to be a connected subset of the Euclidean space R¢ that is
the union of a finite family S of disjoint connected submanifolds o; (without boundary)
called strata in what follows:

Q= U Okj-

oR;ES

Each stratum oy; has compact closure in R?, the first index in the stratum designation
shows its dimension, and the second shows its number among the strata of the dimension
determined by the first index. It is assumed that the strata adjoin each other by the
type of a cell complex, that is, the boundary of each stratum consists of some strata of
the family S and each intersection &x; N @y of the closures of the strata in RY either is
empty or is a union of some strata from S. Furthermore, the relation oy; > 0, between
two strata means that o, C Ooy;; in this case we say that these strata adjoin each
other.

Besides the assumptions about the mutual order of the strata described above, we also
impose restrictions concerning the smoothness of contiguity that are specific for stratified
sets.

The traditional requirements called Whitney regularity conditions can be found in the
book [I]. For our purposes a certain modification of these conditions will be convenient.
Namely, for each pair of strata

Okj;s Omi > Okj

and a point X € o, we assume the existence of a ball B.(X) in R% and a diffeomorphism
® of the ball into a ball centered at ®(X) = 0 that transforms fragments of these strata
that are inside B.(X) to a fragment of the wedge of dimension m and, respectively, to a
fragment of a k-dimensional subspace (which is a subset of the wedge edge) that are in
®(B.(X)) (local rectification). Here the wedge K is an open set in R? that, with every
pair of points, contains every their linear combination with positive coefficients, and its
edge is the intersection K N(—K). On the following picture the image of the stratum Okj
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has the same dimension as the edge of the wedge, but in general this is not necessarily

the case.
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FIGURE 1. Local rectification.

Notice that the conditions formulated above guarantee that the cone condition is
fulfilled on each stratum. This fact is used below in Lemmas [I] and 2

We define a measure p on 2 as follows. We say that a subset w in 2 is y-measurable
if each intersection w N oy; is measurable with respect to the k-dimensional Lebesgue
measure on o;. Obviously, all such subsets form a o-algebra in €, and the function u
defined by the formula

(1) pw) =Y plon Nw),

Tkj es

in which gy, is the usual k-dimensional Lebesgue measure on oy, satisfies all properties
of a measure. The Lebesgue intergal of y-measurable functions f defined in the standard

way reduces to the sum
[ra=% [ raw.

Ok; €S/ okj Nw
In what follows we will write p instead of uj hoping that this will not lead to misun-
derstanding.

§2. SPACES OF FUNCTIONS ON A STRATIFIED SET

A set € is assumed to be represented as the union of two disjoint parts 2y and
00y = 2\ Qo. Any open connected subset € is allowed to be taken as g if it consists
of some strata and the closure of €y coincides with 2. Here and in what follows, all
topological terms are related to the topology on €2 induced by the standard topology
of the enclosing space R?. It is not difficult to observe that the subset 0, which was
defined formally, is in fact the boundary of €y in the specified topology. For instance,
one can always take y = . In this paper this possibility is excluded. Thus, in the
sequel we fix a nontrivial (that is, 92y is not empty) representation of 2 as the pair
{Q0,000}. If Q consists of more than one stratum, such a representation always exists.

Next, we give a list of spaces of functions that will be needed.

e () is the set of all continuous functions f: Qg — R.

e Cy(€) is the subset of C(£y) that consists of functions that vanish near the
boundary 0.

e C1(Qp) is the set of functions in C(€) that have continuously differentiable
restrictions to each stratum oy; C €y (the restriction of f to the stratum oy,
is denoted further by fx;), and it is assumed that the gradient Vfi; admits
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an extension by continuity to every stratum op_1; C € adjoining oy; whose
dimension is less exactly by one, if it exists at all.

o Cj(Q0) = C(Q) N Co(Q).

e C?(£y) is the subspace of C1(€) that consists of all functions whose restrictions
to every stratum from Qg are twice continuously differentiable.

. Wﬁp(Q) (or W,P(Q)) is the Sobolev space with respect to the measure y, it is
defined as the completion of the space C}(Qq) (respectively, of C1(Qp)) in the
norm

1
o = ([ ot [ 9upan)
0 0

§3. AUXILLIARY INEQUALITIES

The key role in the proof of the Sobolev inequality on a stratified set is played by the
inequalities from the two following lemmas.

Lemma 1. Let oy = opu. Ifk—m <p<kandl <gq< km—_z;, orp>kandqg>1,
then for u € W,}”’(Qo) the inequality

@) [ < c [( / o ) . (] rworan) q/p]

J

is true with a constant C that does not depend on u. For p = 1 the inequality [2)) is
fulfilled if m =k —1 and q = 1.

Our definition of the Sobolev space Wﬁ’p () differs from the classical one, but it is
not difficult to observe that the restriction of a function from this space to each stratum
is a classical Sobolev function, and hence the inequality presented above does not require
a proof; it can be found, e.g., in [2) Theorem 5.4] or [3| Subsection 2, §8, Chapter 1].
The cone condition, as remarked in §1, is fulfilled automatically.

The following assertion does not require a proof either; it is an easy consequence of
Lemma [l and a fact (the lemma about an equivalent normalization) that is presented,
e.g., in [3 Section 9, Chapter 1], [4, Section 5, Chapter 5].

Lemma 2. In the assumptions of Lemma [l we have the inequality

q/p q/p
(/ [VulP d,u) + </ |u|P d,u> .
Ok Oml

84. STATEMENT AND PROOF OF THE SOBOLEV INEQUALITY

3) / ultdp < ©
ok

J

J

The exponents of summability in the Sobolev inequality on a stratified set are deter-
mined by two numbers d(Q2) and D(€)). The former, d(?), equals the maximal dimension
of the strata in 2. Now we pass to the definition of the latter.

Let 01 C Q. From our definitions it obviously follows that there exists of a connected
chain of strata

(4) Okij1sOkajar s Okmim
satisfying the following requirements:

® Okiji = Okjs
e all strata except the last one are subsets of {2y, while oy,
o for each index i < m either oy, ;, > ok or oy

C 890,

i+1Ji41 = Ok, j,-

mJm

i+1Jit1
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The maximal of all numbers |k; — k; 1] for the given chain will be called the number of
connectedness of the chain, and the minimal number among the numbers of connectedness
of all chains that connect oy; with a certain boundary stratum will be denoted by D(o;).
Finally, the number of connectedness D () of the pair {29, 9} will be defined as the
maximal number among the D(oy;) for all strata oy; in Qy. By virtue of this definition,
for every stratum oy; C € there exists a connected chain joining it with the boundary,
and whose number of connectedness does not exceed D(€y).

Now we are ready to formulate the main result of this paper.

Theorem 1. If D(Qp) < p < d(2) and 1 < g < %, orp>d(Q) and 1 < g < oo,
then

(5) (/ |u'Jdu)1/q <o 0 |Vupdu)l/p

forallu € Vci//i’p(Q) with constant C' that does not depend on uw. Moreover, the inequality

@) is fulfilled in the case where D(Qp) =p=1and1 <¢g< %.

Remark 1. In the case of p > d(), inequality (@) is true for ¢ = oo if its left-hand side
is viewed as the essential supremum with respect to the stratified measure pu.

Proof. The proof will be given in the case of D(£2) < p < d(2) and 1 < ¢ < %,

p > d(Q) and 1 < ¢ < oo, and we hope that the reader will easily be able to modify the
arguments for the remaining cases.

Fix an arbitrary stratum oy; C o and some connected chain of strata (@) joining
it with a certain boundary stratum. We can think that the dimensions of the adjacent
strata differ by at most D(Qp).

By virtue of the classical embedding theorem for Sobolev spaces applied to the re-
striction of the function u to the stratum oy;, we have

q/p
Vup du) ]

q/p
(L, ) (]
O'kljl g
for ¢ satisfying the inequalities 1 < ¢ < % in the case of p < ky, or the inequalities
p < g < oo in the case where p > k;. In order to avoid misunderstandings, recall that
Okyj» = Ok; (see the definition of the chain ().

On the right-hand side, we estimate the first summand containing |u|P. In the case of
ks > k1, on the basis of inequality ([2)) of Lemma [ (for the exponent g on the left-hand
side equal to p), we conclude that

|u|P dp + /
(o8

(7) | wraizc [ /

The applicability of this lemma is guaranteed by the inequality p > D(€Qp). If ko < k3
(notice that the coincidence of the dimensions of the adjacent elements of the chain is
impossible because the strata can adjoin each other only on the boundary of one of them),
then from inequality (Bl of Lemma 2] we obtain

(8) /U lulPdp < Cy {/{7 |u|P du +/a

Substituting () into (6), we arrive at the estimate

(/U |u|pdu+/0 |vwdu>q/p+ (/a

or

(6) / ultdp < ©

k11

k141

[Vul? d,u}

k1J1 k2j2 k2j2

[Vul? d,u}

k1d1 kajo k1d1

[ wrdnzc

k11

q/p
[Vul? du)

koj2 koj2 k171
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with constant a Cy that can be expressed via C' a C7 in an obvious way. Using the
inequality
Z 13

T IR

(a4+b)* <2971 a* +b*), where o=
we can reshape the last inequality to the form

(L Joran) ([ froran)"+ (]

Similarly, this inequality can be obtained from (g]).

The rest of the proof is almost obvious; moving along the chain, one should deal with
the integral of |u|? that appeared every time on the previous step, which will give us the
integral of the same function on the next stratum of the chain instead. Finally, we arrive
at the inequality of the form (recall that oy, ;, = ok;)

q/p
|Vul? du) 1 .

(L, )"+ 2(],

Since oy, j,, lies on the boundary 0§, taking into account the fact that u vanishes on
9 (in the sense that u € W, ?(Q)), applying the inequality > (af) < (3 a;)* (with
a = ¢q/p) and extending summation from the strata of the chain to all strata in Qg, we

obtain
q/p q/p
[ wranson S ([ weran) < ou( [ wra)
Okj Uka‘,ji, QO

J
Rewrite the last inequality in the form

/g 1/p
) ([ wra) " < [ wuran)
O QO
kp

and recall that the range for ¢ is bounded from above by the number iy in the case of
p < k, or is unbounded (otherwise).

Summing up the inequalities of the type (@) over all strata oy, in €y, we arrive at
inequality ([B)). Moreover, 1 < ¢ < oo if p does not exceed the dimension of each stratum
from Qg; otherwise,

/ [ul dyx < Cs

k11 kai2 k2ij2 k1d1

a/p
[Vul|P d,u) ] .

/ |ul?dp < Ch;
Ok

0 kmim iJi

J

k d($2
1< ¢ <min P _ pd(§) )
k—p d()—p
where the minimum is taken over all strata o; satisfying the inequality k > p. ([l

§5. APPLICATION TO THE p-LAPLACIAN ON THE STRATIFIED SET

5.1. Divergence and Laplacian. Here we define the analogs of the standard classical
operators, divergence and Laplacian, on the stratified set. A more detailed discussion of
these notions can be found in the last chapter of the book [5].

We begin with the definition of the divergence operator on tangent vector fields on
Qo. A vector field Fon Qo is an arbitrary mapping F': Qg — R?. Recall that R? is the
enclosing Euclidean space containing the stratified set. The vector field F is said to be
tangent to Qg if for any stratum ox; C Qy and a point X € oy; we have F(X) € Txoy,.
Here T'x o is the notation for the usual tangent space to oy; at the point X.

As in the classical case, we define the divergence of the tangent vector field F at the
point X as the density of the flow generated by this field with respect to the stratified
measure p. For this aim, take a certain smooth closed surface S in R¢ encircling X and
transversal to the strata from g, and denote by dw the intersection of this surface with
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Qg, accepting the notation w for the part of Q4 located inside S. The set Ow itself is a
stratified set if its strata are declared to be the intersections of the strata of g with the
surface S. Define the flow ® z(dw) of the tangent vector field F through dw as the sum
of the flows F' through the strata of dw. Associating the flow ® 2(0w) with the measure
w, we can define the divergence as the limit of the ratio:

., D (0
(V- F)(X) = lim M
w—X u(w)
Here the notation w — X means that w constringes to the point X. It is not difficult

to show that for sufficiently smooth fields the divergence is expressed by the following
formula (more details can be found in [5]):

(10) V- F(X)=Vi-F(X)+ > FX+01) v
Ok+41,i>Okj

Here V), denotes the classical k-dimensional divergence on oy;, F(X + 0 - v;) is the
extension by continuity to the point X of the restriction of F to the stratum Ok+1,is
and 7; is the unit normal vector to oy; at the point X directed inside of o1 ;. Denote
by ct (Q0) the set of tangent vector fields F that are continuously differentiable in each
stratum o; from €y and admit an extension by continuity from oy; to each stratum
ok—1, C Qo adjacent to o;; and whose dimension is less exactly by one, if such strata
exist at all. For vector fields F e 61(90) we accept formula (10) as a definition, and the
preceding arguments were presented to show that this definition is natural. In particular,
the gradient of a function u € C2(Qp) belongs to C(€), which allows us to define
the Laplacian Au = V - (Vu) for such functions, as well as the more general operator
Ly(u) =V - (¢Vu) for ¢Vu € ().

One can show (see details in [5]) that the following analog of the second Green formula
is true:
(11) / vLg(u)dp = —/ gVv - Vudp

Qo Qo

for v € C3(Q) and u € C?(€2). In the next subsection we apply this formula for defining
an analog of the p-Laplacian on the set €.

5.2. Solvability of the Dirichlet problem for the p-Laplacian. We begin with the
definition of the p-Laplacian on a stratified set. Like in the classical case, the basis of
this definition is the following variational problem:

O(u) = / |Vu|P dpp — min,
Qo

in which the minimum is searched on the set of functions C'(Qg) satisfying the Dirichlet
condition u|890 = ¢; we denote this set by C}(Qp). If a function u € C§(Qp) minimizes
the functional ®, then

(12) / |Vu|P~2Vu - Vhdp =0
Qo

for any function h € C¢ (). Putting v = h and ¢ = |[Vu|P~2 in the Green formula (),
we obtain
V- (|VulP~2Vu)hdp = 0,
Qo
again for all functions h € C} (). From this we obtain the analog of the Euler-Lagrange
equation
V- (|Vu|P~2Vu) = 0
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for functions u € C?(). Clearly, the outer symbol V denotes the operator of “stratified”
divergence.

The obtained analog of the Sobolev inequality allows us to easily ensure the weak
solvability of the following boundary problem with p-Laplacian:

V- (|VulP~2Vu) = 0,
“’aszo =¢.

The weak solution of the problem (3] is regarded as the function u satisfying ([I2)) for
all h € Cj(€2) and such that u — ¢ € W1?(€). We suppose that ¢ belongs to W, ?(Q).

(13)

Theorem 2. Under the assumption p > D(§), problem [I3) is weakly solvable.

As we see, by using our terminology (stratified measure, stratified divergence, etc.),
we managed to reduce the statement of the problem to the standard form, which, if we
recall that we have an analog of the Sobolev inequality, makes standard also the proof of
the above theorem (details can be found, e.g., in [4] §3, Chapter 7]). The statement of the
theorem contains only the number D(£y) of global connectedness of the pair {Qq, 9},
because in the proof we use only the partial case of the Sobolev inequality corresponding

top=gq.
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