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MATRIX ANALYSIS AND QUANTUM INFORMATION

FUMIO HIAI

Abstract. This survey article treats, by highlighting the role of matrix anal-
ysis, some topics from quantum information, mostly related to quantum (rel-
ative) entropies and divergences.

Introduction

This article is a survey on (relative) entropy and its connections with several
topics from the area of quantum information. What we should stress here is that
a mathematical discipline called matrix analysis plays an important role both the-
oretically and technically in the study of quantum information. In Section 1, as
an introduction to quantum information, we recall two famous inequalities for the
von Neumann entropy and also a related topic on entangled states. In Section 2 we
show recent results on the monotonicity and its equality conditions for quantum f -
divergences that are generalizations of the relative entropy. In Section 3 we discuss
several distances such as fidelity used in the state discrimination and their relations
with quantum hypothesis testing. Section 4 is an appendix on some results from
matrix analysis used in the main body of the article, which might be of independent
interest as materials from matrix analysis. The present article covers only a few
topics in the broad area of quantum information as well as it treats very limited
topics in matrix analysis, so the title might be too large though simple and clear.
The monographs [54, 67, 24] are good sources on the present status of quantum
information, and the reader may consult [12, 13, 27] on the subject matter of matrix
analysis.

Throughout the article, we assume that a quantum system A is given over a
finite-dimensional Hilbert space H; more precisely, A is the (C∗-)algebra B(H)
of all linear operators (automatically bounded due to the finite-dimensionality)
on H. Slightly more generally, A can be a ∗-subalgebra of B(H) (i.e., A is a
finite-dimensional C∗-algebra) containing the identity operator I. However, this
generalization is rather formal and not so meaningful in the study of quantum
information. When d = dimH, B(H) is identified with the d × d matrix algebra
Md(C), so hereafter we always assume that a quantum system is given in the
framework of A = B(H) = Md(C).
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We write Tr for the canonical (i.e., TrE = 1 for one-dimensional projections
E ∈ A) trace on A; then A becomes a Hilbert space with respect to the Hilbert-
Schmidt inner product 〈X,Y 〉HS := TrX∗Y . (We adopt the convention that the
inner product is conjugate-linear in the first component.) The absolute value of an
X ∈ A is |X| := (X∗X)1/2. When f is a (real continuous) function on an interval
J of the real numbers, f(A) ∈ A is the usual functional calculus of a self-adjoint
operator A = A∗ in A whenever the eigenvalues of A are in J . We write A+ for
the positive operators (or positive semidefinite matrices) in A, and A++ for the
invertible positive operators (or positive definite matrices) in A. A state ϕ on A is
a positive linear functional ϕ : A → C with ϕ(I) = 1, which is uniquely represented
as ϕ(X) = Tr ρX (X ∈ A) by a density matrix (or density operator) ρ in A. Below,
a state ϕ is always identified with its density matrix ρ.

We denote by S = S(H) the set of all density matrices on a finite-dimensional
Hilbert space H. Various norms can be defined on A = B(H), such as the operator
norm ‖X‖∞ := max{‖Xξ‖ : ξ ∈ H, ‖ξ‖ = 1} and the Schatten p-norm ‖X‖p :=

(Tr |X|p)1/p (1 ≤ p < ∞). As for distances between density matrices ρ, σ ∈ S, it
is most natural to use the distance ‖ρ − σ‖1 via the trace-norm (= the Schatten
1-norm).

1. Entropy inequalities

Entropy is the most fundamental quantity in information theory. A basic idea
in information theory is that entropy represents the quantity of uncertainty or
ambiguity, whose quantity is gained when the uncertainty is cleared up. This
section deals with two old and famous topics on the von Neumann entropy, the
Fannes inequality and the strong subadditivity, whose developments up to recent
investigations will be explained. A related topic on entangled states will be treated
as well, which has been significant in the development of quantum information
theory. Various types of entropies, including the von Neumann entropy, show up
in quantum information theory. But the relative entropy, sometimes called the
“mother entropy”, is mathematically the most basic one, as will be seen from some
essential arguments based on the relative entropy in this section.

1.1. von Neumann entropy and relative entropy. The function η(x) :=
−x log x (x ≥ 0) is often called the information function. The von Neumann entropy
of a density matrix ρ ∈ S is defined as

S(ρ) := Tr η(ρ) = −Tr ρ log ρ.

When λ1, . . . , λd are the eigenvalues of ρ with multiplicities, S(ρ) is nothing but
the Shannon entropy of the finite probability distribution (λ1, . . . , λn). Since the
information function η is continuous and concave (furthermore, operator concave,
see Section 4.1) on [0,∞), the von Neumann entropy S(ρ) is continuous and concave
on S(H). A quite useful estimate of the von Neumann entropy from both sides is

(1.1) (1− t)S(ρ) + tS(σ) ≤ S((1− t)ρ+ tσ) ≤ (1− t)S(ρ) + tS(σ) + h(t)

for every ρ, σ ∈ S and t ∈ [0, 1], where h(t) := −t log t−(1−t) log(1−t) (0 ≤ t ≤ 1).
The lower estimate of S((1 − t)ρ + tσ) is the concavity of S(ρ) but adding h(t)
(≤ log 2) gives the upper estimate. (See [59, Proposition 1.6] for the proof of
(1.1).)
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On the other hand, the relative entropy of two ρ, σ ∈ S is defined as

(1.2) S(ρ‖σ) :=
{
Tr ρ(log ρ− log σ) if supp ρ ≤ supp σ,

+∞ if supp ρ �≤ supp σ,

where supp ρ is the support projection of ρ, i.e., the orthogonal projection onto
the range space (or the orthogonal complement of the null space) of ρ. When
ρ or σ is not invertible, the above expression Tr ρ(log ρ − log σ) is a bit ambigu-
ous since log ρ or log σ itself is not well defined. To avoid this, one can define as
Tr ρ(log∗ ρ− log∗ σ) with log∗ x := log x (x > 0), log∗ 0 := 0. In particular, when ρ
and σ are diagonal matrices with diagonal entries λ1, . . . , λn and μ1, . . . , μn, respec-
tively, S(ρ‖σ) coincides with the Kullback-Leibler divergence

∑n
i=1 λi log(λi/μi),

useful in the classical information theory. For general A,B ∈ A+ the relative en-
tropy S(A‖B) can be defined by just replacing ρ, σ with A,B in (1.2). The relative
entropy was first introduced by Umegaki [75] for normal states on a semifinite von
Neumann algebra, whose definition is the same as (1.2) where Tr is replaced with
a semifinite normal trace. In 1976 Araki [6] extended the relative entropy to the
general von Neumann algebra setting by using the concept of the relative modular
operator and he showed properties of the relative entropy such as positivity, lower
semicontinuity, joint convexity, monotonicity and martingale convergence. Later,
Kosaki [43] gave the variational expression of the relative entropy to simplify the
proofs of the above properties. A stronger version of positivity is the Pinsker-
Csiszár inequality

(1.3) 2S(ρ‖σ) ≥ ‖ρ− σ‖21
shown in [32].

1.2. Fannes inequality and Alicki-Fannes inequality. An important inequal-
ity of S(ρ), used in quantum information theory, is the Fannes inequality [18] saying
that if ρ, σ ∈ S(H) satisfy ε := ‖ρ− σ‖1 ≤ 1/e, then

(1.4) |S(ρ)− S(σ)| ≤ ε log d+ η(ε),

where d := dimH. This means that S(ρ) is almost Lipschitz continuous with
respect to the trace-norm distance, giving a good estimate for the uniform continuity
of S(ρ). The next theorem due to Audenaert refines inequality (1.4) to a sharp
inequality. The proof of (1.5) is much harder than that of (1.4).

Theorem 1.1 ([8]). For every ρ, σ ∈ S(H), if ε := ‖ρ− σ‖1, then

(1.5) |S(ρ)− S(σ)| ≤ ε

2
log(d− 1) + h(ε/2).

The bipartite quantum system combining two quantum systems A1 = B(H1)
and A2 = B(H2) is the (C∗-algebra) tensor product A12 := A1 ⊗A2, which is also
represented as A12 = B(H1 ⊗H2) over the Hilbert space tensor product H1 ⊗H2.
For simplicity we denote by the same Tr the canonical traces on A1, A2, A12, etc.
Thus, Tr on A12 becomes the tensor product of the two Tr’s on A1 and on A2.
Then, the partial trace X1 = Tr2 X ∈ A1 of X ∈ A12 is defined by

TrAX1 = Tr (A⊗ I2)X, A ∈ A1.

That is, Tr2 : A12 → A1 is the dual map of the injection ι : A1 → A12, ι(A) :=
A ⊗ I2, and (Tr I2)

−1Tr2 is the conditional expectation from A12 onto A1 (more
precisely, A1 ⊗ I2) with respect to Tr. Similarly, Tr1 : A12 → A2 is defined. Here,
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when A0 is a ∗-subalgebra of A containing I, the conditional expectation from A
onto A0 with respect to Tr is the map E : A → A0 defined by Tr E(A)B = TrAB
(A ∈ A, B ∈ A0). When regarded as an operator on the Hilbert space (A, 〈·, ·〉HS),
E is the orthogonal projection from A onto A0.

To define the conditional entropy in quantum systems, we first recall the case in
classical systems. Classical systems A1 and A2 are given by finite subsets X1 and
X2, respectively. For a probability distribution p12 on the product set X1 ×X2, the
conditional entropy of p12 (conditioned to A2) is defined as

S(p12|A2) :=
∑
b∈X2

p2(b)S(p1(·|b)) =
∑

(a,b)∈X1×X2

p12(a, b) log
p2(b)

p12(a, b)

= S(p12)− S(p2),(1.6)

where p2 is the marginal distribution of p12 onto X2, and p1(a|b) := p12(a, b)/p2(b)
is the conditional probability. Now, for a density matrix ρ12 ∈ S(H1 ⊗ H2), the
conditional entropy of ρ12 (conditioned to A2 = B(H2)) is defined, similarly to the
last expression of (1.6), as

(1.7) S(ρ12|A2) := S(ρ12)− S(ρ2),

where ρ2 := Tr1 ρ12 (i.e., ρ2 is the restriction of the state ρ12 onto A2). Here, note
that the conditional entropy (1.7) can be both positive and negative while (1.6) in
the classical case is always non-negative. Indeed, if A1 and A2 are independent with
respect to ρ12 (i.e., ρ12 = ρ1 ⊗ ρ2), then S(ρ12) = S(ρ1) + S(ρ2) (additive) so that
S(ρ12|A2) = S(ρ1) ≥ 0. On the other hand, if ρ12 is a one-dimensional projection
(i.e., ρ12 is a pure state on A12), then S(ρ12) = 0 so that S(ρ12|A2) = −S(ρ2) is
negative as far as ρ2 is not pure. For example, when {e1, e2} is an orthonormal
basis of two-dimensional H1 = H2, let

(1.8) ξ :=
1√
2
(e1 ⊗ e2 + e2 ⊗ e1)

and ρ12 := |ξ〉〈ξ|, that is, a one-dimensional projection given by (|ξ〉〈ξ|)η := 〈ξ, η〉ξ.
Then ρ1 := Tr2 ρ12 and ρ2 := Tr1 ρ12 are both equal to I/2 so that S(ρ2) = log 2.
This ρ12 is called the Bell state, which is a typical example of entangled states
(as discussed in Section 1.4). Furthermore, when ρ12 is a pure state, the positive
eigenvalues of ρ1 and ρ2 are the same (including multiplicities), and hence S(ρ1) =
S(ρ2). Also, note that the triangle inequality

(1.9) |S(ρ1)− S(ρ2)| ≤ S(ρ12) ≤ S(ρ1) + S(ρ2)

holds for a general state ρ12 ([7]). The right-hand side inequality of (1.9) is the
so-called subadditivity, which is nothing but the restatement of the non-negativity
of the mutual information

Iρ12
(A1,A2) := S(ρ12‖ρ1 ⊗ ρ2)

of A1,A2 with respect to ρ12. Thanks to (1.3), the equality condition for the
subadditivity is ρ12 = ρ1 ⊗ ρ2 (i.e., the independence of A1,A2 with respect to
ρ12).

Alicki and Fannes [2] proved an inequality of Fannes type for the conditional
entropy as follows: If ρ12, σ12 ∈ S(H1 ⊗H2) satisfies ε := ‖ρ12 − σ12‖1 ≤ 1, then

(1.10) |S(ρ12|A2)− S(σ12|A2)| ≤ 4ε log d1 + 2h(ε),

where d1 := dimH1. The next result is a slight improvement of (1.10).
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Proposition 1.2. Assume that a function F : S(H) → C satisfies

|F ((1− ε)ρ+ εσ)− (1− ε)F (ρ)− εF (σ)| ≤ h(ε)

for every ρ, σ ∈ S(H) and ε ∈ (0, 1). Then, for any ρ, σ ∈ S(H), if

ε := ‖ρ− σ‖1/(2 + ‖ρ− σ‖1),
then

|F (ρ)− F (σ)| ≤ 4εM + 2h(ε)

holds, where M := supρ∈S(H) |F (ρ)|.

Proof. Let ρ− σ = (ρ− σ)+ − (ρ− σ)− be the Jordan decomposition for a matrix
(or operator) ρ− σ. Since ‖(ρ− σ)+‖1 = ‖(ρ− σ)−‖1 = 1

2‖ρ− σ‖1,

τ∗ :=
ρ+ (ρ− σ)−
1 + 1

2‖ρ− σ‖1
=

σ + (ρ− σ)+

1 + 1
2‖ρ− σ‖1

, τ1 :=
(ρ− σ)−
1
2‖ρ− σ‖1

, τ2 :=
(ρ− σ)+
1
2‖ρ− σ‖1

,

belong to S(H). For ε := ‖ρ − σ‖1/(2 + ‖ρ − σ‖1), since τ∗ = (1 − ε)ρ + ετ1 =
(1− ε)σ + ετ2 (such {τ1, τ2} is called a Helström family [41]), we have

|F (ρ)− F (σ)| ≤ |F (τ∗)− F (ρ)|+ |F (τ∗)− F (σ)|
≤ |F (τ∗)− (1− ε)F (ρ)− εF (τ1)|+ |F (τ∗)− (1− ε)F (σ)− εF (τ2)|

+ ε(|F (ρ)|+ |F (τ1)|+ |F (σ)|+ |F (τ2)|)
≤ 2h(ε) + 4εM.

�

In the case of the conditional entropy S(ρ12|A2) (ρ12 ∈ S(H1 ⊗H2)), since it is
represented as

S(ρ12|A2) = −S(ρ12‖I1 ⊗ ρ2)

(though I1 ⊗ ρ2 ∈ A+
12 is not a density matrix), the joint convexity of the rela-

tive entropy (see Theorem 2.4 and Example 2.5 in the next section) implies that
S(ρ12|A2) is a concave function of ρ12. Hence, for every ρ12, σ12 ∈ S(H1⊗H2) and
ε ∈ (0, 1),

S((1− ε)ρ12 + εσ12|A2) ≥ (1− ε)S(ρ12|A2) + εS(σ12|A2).

Moreover, from the estimates from both sides in (1.1),

S((1− ε)ρ12 + εσ12|A2)

≤ {(1− ε)S(ρ12) + εS(σ12) + h(ε)} − {(1− ε)S(ρ2) + εS(σ2)}
= (1− ε)S(ρ12|A2) + εS(σ12|A2) + h(ε),

and therefore the assumption of Proposition 1.2 is satisfied. Since M = log d1 due
to (1.9), inequality (1.10) holds true with ε = ‖ρ12 − σ12‖1/(2 + ‖ρ12 − σ12‖1).

The following is also a corollary of Proposition 1.2, which slightly improves the
estimate given in [70].

Corollary 1.3. Let D be a convex subset of S(H) containing I/d (the maximally
mixed state). Define the relative entropy distance from ρ ∈ S(H) to D by

(1.11) ED
re(ρ) := inf{S(ρ‖τ ) : τ ∈ D}.

Then, for every ρ, σ ∈ S(H),

|ED
re(ρ)− ED

re(σ)| ≤ 4ε log d+ 2h(ε),
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where ε := ‖ρ− σ‖1/(2 + ‖ρ− σ‖1).
Proof. For every ρ, σ ∈ S(H), ε ∈ (0, 1), and τ1, τ2 ∈ D, we have

ED
re((1− ε)ρ+ εσ) ≤ S((1− ε)ρ+ εσ‖(1− ε)τ1 + ετ2) ≤ (1− ε)S(ρ‖τ1) + εS(σ‖τ2)

so that

(1.12) ED
re((1− ε)ρ+ εσ) ≤ (1− ε)ED

re(ρ) + εED
re(σ).

On the other hand, if τ ∈ D satisfies S((1− ε)ρ+ εσ‖τ ) < +∞, then from (1.1)

S((1− ε)ρ+ εσ‖τ ) = −S((1− ε)ρ+ εσ)− (1− ε)Tr ρ log τ − εTrσ log τ

≥ −(1− ε)S(ρ)− εS(σ)− h(ε)− (1− ε)Tr ρ log τ − εTrσ log τ

= (1− ε)S(ρ‖τ ) + εS(σ‖τ )− h(ε)

≥ (1− ε)ED
re(ρ) + εED

re(σ)− h(ε).

Therefore,

(1.13) ED
re((1− ε)ρ+ εσ) ≥ (1− ε)ED

re(ρ) + εED
re(σ)− h(ε).

Since (1.12) and (1.13) say that ED
re(ρ) satisfies the assumption of Proposition 1.2,

the required inequality follows. �
1.3. Strong subadditivity of von Neumann entropy. In the tripartite quan-
tum system A123 = A1⊗A2⊗A3 = B(H1⊗H2⊗H3) one can define Tr3 : A123 →
A12, Tr1 : A123 → A23, Tr13 : A123 → A2, etc. as in the bipartite case. The most
famous inequality concerning the von Neumann entropy is the strong subadditivity
due to Lieb and Ruskai.

Theorem 1.4 ([48]). For every ρ123 ∈ S(H1 ⊗ H2 ⊗ H3) let ρ12 := Tr3 ρ123,
ρ23 := Tr1 ρ123, and ρ2 := Tr13 ρ123. Then

(1.14) S(ρ123) + S(ρ2) ≤ S(ρ12) + S(ρ23).

This can easily be proved by using the relative entropy. First, note that

S(ρ123‖ρ1 ⊗ ρ23)− S(ρ12‖ρ1 ⊗ ρ2)

= Tr ρ123(log ρ123 − log ρ1 − log ρ23)− Tr ρ12(log ρ12 − log ρ1 − log ρ2)

= −S(ρ123) + S(ρ23) + S(ρ12)− S(ρ2).

In the above, for simplicity we have written, for instance, log ρ1 for log ρ1 ⊗ I23.
Since ρ12 = Tr3 ρ123 and ρ1 ⊗ ρ2 = Tr3(ρ1 ⊗ ρ23), the monotonicity of the relative
entropy (see Theorem 2.2 or rather Theorem 2.7 with Example 2.5) implies that

(1.15) S(ρ123‖ρ1 ⊗ ρ23) ≥ S(ρ12‖ρ1 ⊗ ρ2),

from which (1.14) follows.
When A2 = C and A3 is replaced with A2, the strong subadditivity reduces

to the subadditivity of ρ12 ∈ S(H1 ⊗ H2) in (1.9), and its equality condition is
ρ12 = ρ1⊗ρ2. On the other hand, a long-standing problem on the equality condition
for the strong subadditivity in (1.14) was settled by Petz [65, 66], Ruskai [68], and
Hayden et al. [26] as follows. Here, note that the equality case of (1.14) is equivalent
to that of the monotonicity of the relative entropy in (1.15).

Theorem 1.5 ([68, 66, 26]). Let Hj (j = 1, 2, 3) be finite-dimensional Hilbert spaces
and let ρ123 ∈ S(H1 ⊗H2 ⊗H3). Then the following conditions are equivalent:

(i) equality holds in the strong subadditivity in (1.14);
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(ii) log ρ123 − log ρ12 = log ρ23 − log ρ2;
(iii) there are a decomposition of H2

H2 =
k⊕

i=1

HL
i ⊗HR

i ,

density operators ρL1i ∈ S(H1 ⊗HL
i ), ρ

R
i3 ∈ S(HR

i ⊗H3), and a probability
vector (p1, . . . , pk) such that

ρ123 =
k⊕

i=1

piρ
L
1i ⊗ ρRi3.

(i) ⇔ (ii) was proved in [68, 66] and (i) ⇔ (iii) was in [26]. The equality condition
for the monotonicity of the relative entropy (corresponding to sufficient statistics
in classical probability theory) was proved in [66], which played an essential role
in the proof in [26]. In Section 2 we shall state recent results in [31] extending the
monotonicity of the relative entropy and its equality condition.

It is worth noting that the same construction as (iii) above appeared in the char-
acterization theorem in [1, 58] for quantum Markov states of the one-dimensional
spin chain (infinite tensor product C∗-algebra)

⊗∞
1 Md(C). Indeed, condition

(iii) can be considered as a definition of Markovianity for short tripartite chains
A1 ⊗A2 ⊗A3.

1.4. Entangled states. In this section we are given a bipartite quantum system
A12 = A1 ⊗A2 = B(H1 ⊗H2). A state (density operator) ρ ∈ S(H1 ⊗H2) is said
to be separable if ρ is represented as

(1.16) ρ =
k∑

i=1

A1i ⊗A2i (A1i ∈ A+
1 , A2i ∈ A+

2 ),

that is, ρ is a convex combination of tensor product states ρ1 ⊗ ρ2 (ρ1 ∈ S(H1),
ρ2 ∈ S(H2)). Therefore, the set Ssep(H1 ⊗ H2) of all separable states is a closed
convex subset of S(H1 ⊗H2) given as

Ssep(H1 ⊗H2) = conv{ρ1 ⊗ ρ2 : ρ1 ∈ S(H1), ρ2 ∈ S(H2)}

(conv stands for convex hull). If ρ ∈ S(H1⊗H2) does not belong to Ssep(H1⊗H2),
then ρ is called an entangled state. In particular, a pure state ρ = |ξ〉〈ξ| is separable
only if ξ ∈ H1 ⊗H2 is of the form ξ = ξ1 ⊗ ξ2 (ξ ∈ H1, ξ2 ∈ H2). Therefore, |ξ〉〈ξ|
is an entangled state unless ξ is of this form.

Entangled states play important roles in quantum computation and quantum
communication; however, we do not touch this direction here. But from the point
of view of mathematics we are interested in criterions for the entanglement and
measures for the degree of entanglement. Some simple criterions for entangled
states have been known so far as well as equivalent restatements of the entanglement
property. However, those simple criterions are not so efficient when dimH1 and
dimH2 are not small (see [79] for example). Here we give a brief exposition on the
PPT (positive partial transpose) criterion due to Peres [62] and Horodecki3 [35].
Define the transpose map TA := At (A ∈ A1) under identification of A1 = B(H1)
with Md1

(C), and consider the partial transpose map T ⊗ id on A1 ⊗ A2. Since

(T ⊗ id)ρ =
∑k

i=1 A
t
1i ⊗ A2i ≥ 0 for ρ in (1.16), it is obvious that (T ⊗ id)ρ ≥ 0
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whenever ρ ∈ S(H1 ⊗H2) is separable. Therefore, if (T ⊗ id)ρ ≥ 0 does not hold,
then it is shown that ρ is an entangled state (the converse is of course not true).

The PPT criterion is closely related to the decomposability of linear maps Φ :
A1 → A2 (see Section 4.2). Now, let us consider the following two convex subcones
of the C∗-algebraic positive cone (A1 ⊗A2)

+ of A1 ⊗A2:

Vsep := {αρ : ρ ∈ Ssep(H1 ⊗H2), α ≥ 0},(1.17)

VPPT := {A ∈ A1 ⊗A2 : A ≥ 0, (T ⊗ id)A ≥ 0}.(1.18)

The PPT criterion is based on the fact that Vsep ⊂ VPPT, and it becomes perfect if
Vsep = VPPT would hold. To compare the two subcones, we look at their dual cones.
First, note that there is a one-to-one correspondence between linear functionals φ
on A1 ⊗A2 and linear maps Φ : A1 → A2 determined by

φ(A1 ⊗A2) = TrΦ(At
1)A2, A1 ∈ A1, A2 ∈ A2.

Then, φ is represented by the Choi matrix of Φ (see Section 4.2) as follows:

φ(A1 ⊗A2) = Tr

(∑
i,j

Eij ⊗ Φ(Eij)

)
(A1 ⊗A2), A1 ∈ A1, A2 ∈ A2.

Hence by Theorem 4.1, φ is positive on (A1 ⊗A2)
+ if and only if Φ is completely

positive. Also, φ is positive on (T ⊗ id)(A1 ⊗ A2)
+ if and only if Φ is completely

copositive, i.e., Φ ◦ T is completely positive. Since VPPT = (A1 ⊗ A2)
+ ∩ (T ⊗

id)(A1 ⊗A2)
+, the bipolar theorem implies that φ is positive on VPPT if and only

if Φ is a decomposable positive map. On the other hand, as easily verified, φ is
positive on Vsep if and only if Φ is a positive map. Therefore, when we describe
the dual cones of (1.17) and (1.18) as sets of linear maps Φ : A1 → A2, they are
the set of positive maps and the set of decomposable positive maps, respectively.
Thus, the next proposition is exactly a restatement of Theorem 4.2.

Proposition 1.6 ([78]). Assume that dimH1 · dimH2 ≤ 6. Then ρ ∈ S(H1 ⊗H2)
is separable if and only if (T ⊗ id)ρ ≥ 0. That is, the PPT criterion is perfect in
this case. If dimH1 · dimH2 > 6, then (T ⊗ id)ρ ≥ 0 is only necessary for the
separability of ρ.

Example 1.7 ([76]). When dimH1 = dimH2 = 2 (called two qubits), the Werner
states are

ρp := p|ξ〉〈ξ|+ (1− p)τ0 (0 ≤ p ≤ 1),

where ξ is a vector given in (1.8) and τ0 is the maximally mixed state I/4. Since
the 4× 4 matrix representations of ρp and (T ⊗ id)ρp are

ρp =
1

4

⎡
⎢⎢⎣
1− p 0 0 0
0 1 + p 2p 0
0 2p 1 + p 0
0 0 0 1− p

⎤
⎥⎥⎦ ,

(T ⊗ id)ρp =
1

4

⎡
⎢⎢⎣
1− p 0 0 2p
0 1 + p 0 0
0 0 1 + p 0
2p 0 0 1− p

⎤
⎥⎥⎦

it follows that (T ⊗ id)ρp ≥ 0 if and only if (1− p)2 − 4p2 ≥ 0, i.e., p ≤ 1/3. Hence
Proposition 1.6 says that ρp is an entangled state if (and only if) p > 1/3.
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More discussions on the relation between the entangled states and various cones
of positive linear maps are found, for example, in the recent expository paper [46]
(and the references therein).

Among many other proposals here we discuss two typical entanglement measures
(see, for example, [34, 70] for comprehensive accounts). First, we give a useful
lemma for discussions on bipartite quantum systems.

Lemma 1.8. For every unit vector ξ ∈ H1 ⊗ H2 there exist orthonormal sets
{η1i}ki=1 ⊂ H1, {η2i}ki=1 ⊂ H2, and a probability vector (p1, . . . , pk) such that

(1.19) ξ =
k∑

i=1

√
pi η1i ⊗ η2i.

Proof. Define a conjugate-linear map Λ : H1 → H2 and its adjoint Λ∗ : H2 → H1

by

〈Λζ1, ζ2〉 = 〈Λ∗ζ2, ζ1〉 = 〈ξ, ζ1 ⊗ ζ2〉, ζ1 ∈ H1, ζ2 ∈ H2.

Let {fj}d2
j=1 be an orthonormal basis of H2. For every ζ1, ζ

′
1 ∈ H1,

Tr |ξ〉〈ξ|(|ζ1〉〈ζ ′1| ⊗ I2) =

d2∑
j=1

Tr |ξ〉〈ξ| |ζ1 ⊗ fj〉〈ζ ′1 ⊗ fj |

=

d2∑
j=1

〈ξ, ζ1 ⊗ fj〉〈ζ ′1 ⊗ fj , ξ〉 =
d2∑
j=1

〈Λζ1, fj〉〈fj ,Λζ ′1〉

= 〈Λζ1,Λζ ′1〉 = 〈ζ ′1,Λ∗Λζ1〉 = TrΛ∗Λ |ζ1〉〈ζ ′1|.

Hence, letting ρ := |ξ〉〈ξ| and ρ1 := Λ∗Λ, we have ρ1 = Tr2 ρ. Let

ρ1 =
k∑

i=1

pi|η1i〉〈η1i|

be the spectral decomposition of ρ1 where pi > 0 and {η1i}ki=1 is an orthonormal set,

and define η2i := p
−1/2
i Λη1i. Then we have 〈η2i, η2j〉 = (pipj)

−1/2〈η1j ,Λ∗Λη1i〉 =
δij so that {η2i}ki=1 is orthonormal. Expand {η1i}ki=1 and {η2i}ki=1 into orthonormal

bases {η1i}d1
i=1 of H1 and {η2i}d2

i=1 of H2, respectively. We have for i, j = 1, . . . , k

〈ξ, η1i ⊗ η2j〉 = 〈Λη1i, η2j〉 =
1

√
pj

〈Λ∗Λη1i, η1j〉 =
√
piδij ,

and moreover it is easy to see that 〈ξ, η1i ⊗ η2j〉 = 0 if i > k or j > k. Hence (1.19)
follows. �

Expression (1.19) is called the Schmidt decomposition of ξ. Then, the restrictions

of the pure state ρ = |ξ〉〈ξ| to A1 and A2 are given as ρ1 =
∑k

i=1 pi|η1i〉〈η1i| and
ρ2 =

∑k
i=1 pi|η2i〉〈η2i|, respectively. Hence, as mentioned in Section 1.2 (just above

(1.9)), ρ1 and ρ2 have the same positive eigenvalues. When H1 = H2 = H and
pi = 1/d for 1 ≤ i ≤ d := dimH in the Schmidt decomposition of ξ, the pure state
|ξ〉〈ξ| is called a maximally entangled state. In this case, ρ1 and ρ2 are maximally
mixed states. The Bell state mentioned in Section 1.2 is a maximally entangled
state.



44 F. HIAI

The most natural entanglement measure is the entanglement relative entropy
given by taking D = Ssep(H1 ⊗H2) in (1.11) as

Ere(ρ12) := inf{S(ρ12‖τ ) : τ ∈ Ssep(H1 ⊗H2)}, ρ12 ∈ S(H1 ⊗H2).

The following entanglement measure is called the squashed entanglement: for ρ12 ∈
S(H1 ⊗H2),

Esq(ρ12) :=
1

2
inf{S(ρ13|A3)−S(ρ123|A23) : ρ123∈S(H1⊗H2⊗H3), ρ12 = Tr3 ρ123}.

These two have the following common properties:

Proposition 1.9. In either case of E = Ere and E = Esq the following hold:

(1) E is a non-negative convex function on S(H1 ⊗H2).
(2) If ρ12 ∈ Ssep(H1 ⊗H2), then E(ρ12) = 0.
(3) If ρ12 is a pure state, then E(ρ12) = S(ρ1) = S(ρ2).
(4) E(ρ12) is continuous in ρ12.

Proof. (1) It is obvious that Ere(ρ12) ≥ 0. The convexity of Ere is easily seen from
the joint convexity of the relative entropy. Strong subadditivity (1.14) implies that

S(ρ13|A3)− S(ρ123|A23) = S(ρ13) + S(ρ23)− S(ρ123)− S(ρ3) ≥ 0

so that Esq(ρ12) ≥ 0. To prove the convexity of Esq, for every ρ12, σ12 ∈ S(H1⊗H2)
and λ ∈ (0, 1), let κ12 := λρ12 + (1 − λ)σ12 and choose any extensions ρ123 of ρ12
and σ123 of σ12 (here ρ123 and σ123 can be assumed to be on the same H1 ⊗H2 ⊗
H3). Moreover, choosing orthogonal pure states |ξ〉〈ξ| and |η〉〈η| on H4, define an
extension of κ12 as κ1234 := λρ123 ⊗ |ξ〉〈ξ| + (1 − λ)σ123 ⊗ |η〉〈η|. Then a direct
computation gives

S(κ134|A34)− S(κ1234|A234)

= λ(S(ρ13|A3)− S(ρ123|A23)) + (1− λ)(S(σ13|A3)− S(σ123|A23)),

from which Esq(κ12) ≤ λEsq(ρ12) + (1− λ)Esq(σ12) follows.
(2) Assume that ρ12 ∈ Ssep(H1 ⊗H2). Hence Ere(ρ12) = 0 is obvious. One can

further decompose expression (1.16) to have a representation ρ12 =
∑m

i=1 piρ1i ⊗
ρ2i with pure states ρ1i ∈ S(H1) and ρ2i ∈ S(H2). Moreover, choose mutually
orthogonal pure states ρ3i ∈ S(H3) (1 ≤ i ≤ m) and define ρ123 :=

∑m
i=1 piρ1i ⊗

ρ2i ⊗ ρ3i. Then we have S(ρ13) = S(ρ23) = S(ρ123) = S(ρ3) = S(p) so that
Esq(ρ12) = 0.

(3) For any τ =
∑

i piτ1i ⊗ τ2i ∈ Ssep(H1 ⊗ H2) we have τ ≤
∑

i piτ1i ⊗ I2 =
τ1 ⊗ I2, where τ1 = Tr2 τ . Since log x (x > 0) is operator monotone (see Section
4.1), we have log τ ≤ (log τ1)⊗ I2 (as long as τ is invertible). Therefore,

S(ρ12‖τ ) ≥ −S(ρ12)− Tr ρ12((log τ1)⊗ I2) = −S(ρ12)− Tr ρ1 log τ1

= −S(ρ12) + S(ρ1) + S(ρ1‖τ1) ≥ −S(ρ12) + S(ρ1).

This implies that Ere(ρ12) ≥ −S(ρ12)+S(ρ1) holds in general. Now, let ρ12 = |ξ〉〈ξ|
be a pure state; hence Ere(ρ12) ≥ S(ρ1). Take the Schmidt decomposition of ξ in
(1.19) and define

τ :=

k∑
i=1

pi|η1i ⊗ η2i〉〈η1i ⊗ η2i| =
k∑

i=1

pi|η1i〉〈η1i| ⊗ |η2i〉〈η2i|.
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Then S(ρ12‖τ ) = −
∑

i pi log pi = S(ρ1) and hence Ere(ρ12) = S(ρ1). Next, if ρ12 =
|ξ〉〈ξ| and ρ123 is an extension of ρ12, then we have Tr ρ123((I12 − |ξ〉〈ξ|)⊗ I3) = 0
so that

ρ123 = ρ123(|ξ〉〈ξ| ⊗ I3) = (|ξ〉〈ξ| ⊗ I3)ρ123(|ξ〉〈ξ| ⊗ I3).

This implies that ρ123 is of the form ρ123 = ρ12 ⊗ ρ3 so that

S(ρ13)− S(ρ3)− S(ρ123) + S(ρ23)

= (S(ρ1) + S(ρ3))− S(ρ3)− S(ρ3) + (S(ρ2) + S(ρ3)) = 2S(ρ1).

Hence Esq(ρ12) = S(ρ1).
(4) Corollary 1.3 shows that Ere(ρ12) is continuous in ρ12 (a direct proof is also

easy). Finally, the continuity of Esq(ρ12) can be proved by using the Alicki-Fannes
inequality in (1.10) and Theorem 3.6 below (see [16] for the details of the proof). �

2. Quasi-entropies and quantum f-divergences

Monotonicity is the most important property of the relative entropy. This was
effectively used, for instance, in the previous section in the proof of strong subad-
ditivity of the von Neumann entropy. The equality condition for the monotonicity
of the relative entropy is worth investigating as an analogy in quantum probabil-
ity of the characterization theorem for sufficient statistics in classical probability.
Moreover, joint convexity of the relative entropy is closely related to the WYDL
concavity (Wigner-Yanase-Dyson-Lieb concavity) (see [77, 47, 6, 74, 4]). (Here, the
difference between convexity and concavity simply comes from the choice of the
plus or minus sign.) Kosaki [42] proved the WYDL concavity for the expression
extending the relative entropy by use of the interpolation theory. Petz [63, 64]
introduced quasi-entropies in the same expression and showed their monotonicity
and joint convexity. In this section we will explain monotonicity and its equality
condition shown in a recent paper [31] in the restricted situation of quantum f -
divergences in finite-dimensional quantum systems. Although our main discussions
here are restricted to quantum f -divergences (a special case of quasi-entropies), we
will present our results under assumptions as weak as possible.

Consider finite-dimensional A = B(H) = Md(C) as in the previous section, and
A1,A2 are similar. For (not necessarily invertible) A ∈ A+, write A0 for the support
projection of A and A−1 for the generalized inverse of A, i.e., A−1 := (A|A0H)−1A0.
Furthermore, we write LA and RA for the left and right multiplications of A, i.e.,
LAX := AX and RAX := XA (X ∈ A). Let f be a general real function on
[0,∞). For A,B ∈ A+, since LA and RB−1 commute, one can define f(LARB−1).
More concretely, with the spectral decompositions A =

∑
a∈Sp(A) aPa and B =∑

b∈Sp(B) bQb where Sp(A) is the set of eigenvalues (spectra) of A, we define

f(LARB−1)X =
∑

a∈Sp(A)

∑
b∈Sp(B)

f(ab−1)PaXQb, X ∈ A,

with the convention that f(ab−1) = f(0) if b = 0. When ϕ(X) := TrAX and
ψ(X) := TrBX (X ∈ A), note that LARB−1 is the relative modular operator
Δϕ,ψ of ϕ, ψ due to Araki [6]. Indeed, the so-called standard representation of A
is the left multiplication of the elements of A on the Hilbert space (A, 〈·, ·〉HS),
and the commutant of A is represented as the right multiplication of the elements
of A. Since the representing vectors of ϕ and ψ are A1/2 and B1/2, respectively,
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the conjugate-linear operator Sϕ,ψ and Fϕ,ψ = S∗
ϕ,ψ defined by Araki are given as

follows:

Sϕ,ψ(XB1/2 + Y ) := B0X∗A1/2, X, Y ∈ A, Y B0 = 0,

Fϕ,ψ(B
1/2X + Z) := A1/2X∗B0, X, Z ∈ A, B0Z = 0.

Hence Δϕ,ψ := Fϕ,ψSϕ,ψ is given as

Δϕ,ψ(XB1/2+Y ) = Fϕ,ψ(B
1/2B−1/2X∗A1/2)=AXB−1/2 = LARB−1(XB1/2+Y ).

Now, the quasi-entropy of A,B with respect to f and K ∈ A is defined by

SK
f (A‖B) := 〈KB1/2, f(LARB−1)(KB1/2)〉HS = TrB1/2K∗f(LARB−1)(KB1/2).

Monotonicity and joint concavity/convexity of quasi-entropies due to Petz (also
Kosaki) are summarized as follows:

Theorem 2.1 ([63, 64]). Let f be an operator monotone function (see Section
4.1) on [0,∞) with f(0) ≥ 0, and Φ : A1 → A2 be a 2-positive map (see Section
4.2) preserving traces. If A1, B1 ∈ A1 and A2, B2 ∈ A2 satisfy Φ(A1) ≤ A2 and
Φ(B1) ≤ B2, then for every K ∈ A2

SK
f (A2‖B2) ≥ S

Φ∗(K)
f (A1‖B1).

Furthermore, when Φ : A1 → A2 preserves traces and Φ∗ is a Schwarz map (see
Section 4.2), the same result holds if A1, B1 ∈ A++

1 and A2, B2 ∈ A++
2 (i.e., Aj , Bj

are invertible).

Theorem 2.2 ([64]). Let f be an operator convex function on [0,∞), A0 be a
∗-subalgebra of A and E : A → A0 be the conditional expectation preserving traces
(i.e., the dual map of the injection A0 ↪→ A). Then, for every A ∈ A+, B ∈ A++

and K ∈ A0,
SK
f (E(A)‖E(B)) ≤ SK

f (A‖B).

Theorem 2.3 ([42, 63, 64]). Let f be the same as in Theorem 2.1. If A1, A2, A,B1,
B2, B ∈ A+ and λ, μ ≥ 0 satisfy λA1 + μA2 ≤ A and λB1 + μB2 ≤ B, then for
every K ∈ A

λSK
f (A1‖B1) + μSK

f (A2‖B2) ≤ SK
f (A‖B).

Theorem 2.4 ([63]). Let f be the same as in Theorem 2.2. Then, for every K ∈ A,
SK
f (A‖B) is jointly convex in (A,B) ∈ A+ ×A++.

Since an operator monotone function on [0,∞) is operator concave, the hypoth-
esis on f in Theorem 2.1 is stronger than that on −f in Theorem 2.2. On the other
hand, a map E in Theorem 2.2 is very special compared with that in Theorem 2.1.
Our target is to combine both theorems to show

SK
f (Φ(A)‖Φ(B)) ≤ S

Φ∗(K)
f (A‖B)

for A,B ∈ A+
1 and K ∈ A2 when f is operator convex and Φ : A1 → A2 is a

certain map (preserving traces). However, due to technical difficulties, we have
confined ourselves to the case where K = I2 (and also Φ∗(K) = I1). To stress
this restriction, we repeat the definition of Sf (A‖B) in the name of (quantum) f -
divergence. In the rest of this section we assume that f is a real function on [0,∞)
such that it is continuous on (0,∞) and the limit

ω(f) := lim
x→∞

f(x)

x
∈ [−∞,+∞]
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exists. For A,B ∈ A+ such that suppA ≤ suppB we define

Sf (A‖B) := 〈B1/2, f(LARB−1)B1/2〉HS,

and further define the f -divergence of general A,B ∈ A+ by

Sf (A‖B) := lim
ε↘0

Sf (A‖B + εI).

Consequently, it turns out that Sf (A‖B) is generally expressed as

Sf (A‖B) = 〈B1/2, f(LARB−1)B1/2〉HS + ω(f)TrA(I −B0).

Example 2.5. The function f(x) := x log x on [0,∞) is operator convex. Noting
that ω(f) = +∞, it is easy to see that Sf (A‖B) coincides with the relative entropy
S(A‖B) in (1.2). Next, for each α > 0 define fα(x) := xα (x ≥ 0) and f0(0) := 1,
f0(x) := 0 (x > 0). Then we have

Sfα(A‖B) =

{
TrAαB1−α if 0 ≤ α < 1 or suppA ≤ suppB,

+∞ if α > 1 and suppA �≤ suppB.

For α ∈ [0,∞) \ {1},

Sα(A‖B) :=
1

α− 1
logSfα(A‖B)

is called the Rényi α-relative entropy of A,B.

It is well known that the relative entropy S(A‖B) is jointly lower semicontinuous
in A,B but it is not continuous in A. However, it seems that it is not so well known
that S(A‖B) is continuous in B in the finite-dimensional case. Therefore, the next
proposition might be rather remarkable, saying that any f -divergence is continuous
in the second variable.

Proposition 2.6 ([31]). Sf (A‖B) is continuous in B, that is, limk→∞ Sf (A‖Bk) =
Sf (A‖B) if A,B,Bk ∈ A+ and Bk → B.

The next theorem is concerned with the monotonicity of f -divergences.

Theorem 2.7 ([31]). Let f be an operator convex function on [0,∞) and Φ :
A1 → A2 be such that Φ∗ is a Schwarz map. Let A,B ∈ A+

1 and assume that
TrΦ(B) = TrB. Furthermore, assume that either TrΦ(A) = TrA or ω(f) ≥ 0.
Then

Sf (Φ(A)‖Φ(B)) ≤ Sf (A‖B).

To prove this, when f is continuous at 0, one can apply integral expression (4.6)
in Section 4.1 to have

Sf (A‖B) = f(0)TrB + aTrAB0 + bTrA2B−1

+

∫
(0,∞)

(
TrAB0

1 + λ
+ Sϕλ

(A‖B)

)
dμ(λ) + ω(f)TrA(I1 −B0)

and a similar expression of Sf (Φ(A)‖Φ(B)), where for λ > 0 the function

(2.1) ϕλ(x) := −x/(x+ λ) = −1 + λ/(x+ λ)

is operator convex. By assumption, TrΦ(B)=TrB. Furthermore, Sϕλ
(Φ(A)‖Φ(B))

≤ Sϕλ
(A‖B) can be proved. Hence it suffices to show the monotonicity of other

terms in the above expression, which can be done by dividing into the cases of
TrΦ(A) = TrA, ω(f) = +∞, and 0 ≤ ω(f) < +∞. Here, Proposition 2.6 is useful.
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When f is not continuous at 0, f̃ := f − α1{0} is operator convex and continuous
at 0, where α := f(0) − f(0+) > 0. Hence, to complete the proof, it remains to
show that S1{0}(Φ(A)‖Φ(B)) ≤ S1{0}(A‖B).

The joint convexity of f -divergences can easily be shown from the monotonicity
in Theorem 2.7.

Corollary 2.8 ([31]). If f is operator convex on [0,∞), then Sf (A‖B) is jointly
convex in A,B ∈ A+.

Indeed, Φ : A⊗M2(C) → A,

[
X11 X12

X21 X22

]
�→ X11 +X22 is a completely positive

map preserving traces. For A1, A2, B1, B2 ∈ A+ and 0 < p < 1, with

A :=

[
pA1 0
0 (1− p)A2

]
, B :=

[
pB1 0
0 (1− p)B2

]
,

Theorem 2.7 implies that

Sf (pA1 + (1− p)A2‖pB1 + (1− p)B2)

= Sf (Φ(A)‖Φ(B)) ≤ Sf (A‖B) = pSf (A1‖B1) + (1− p)Sf (A2‖B2).

Concerning the equality condition for the monotonicity of f -divergences given
in Theorem 2.7 we have the following comprehensive result, extending the results
[65, 38, 39] for the relative entropy and the Rényi relative entropy to a wide class
of operator convex functions. The assumption suppA ≤ suppB added to Theorem
2.7 is essential to avoid the case Sf (Φ(A)‖Φ(B)) = Sf (A‖B) = +∞.

Theorem 2.9 ([31]). Let Φ : A1 → A2 be such that Φ∗ is a Schwarz map. Let
A,B ∈ A+

1 and assume that suppA ≤ suppB and TrΦ(B) = TrB (then TrΦ(A) =
TrA automatically holds as well). Then, for the conditions listed below, we have

(i) =⇒ (ii) =⇒ (iii) =⇒ (iv) ⇐⇒ (v) ⇐⇒ (vi) ⇐⇒ (vii) ⇐⇒ (viii) ⇐⇒ (ix) =⇒ (x).

Furthermore, if Φ is 2-positive, then (i)–(x) are all equivalent.

(i) There exists a trace-preserving Ψ : A2 → A1 such that Ψ∗ is a Schwarz
map, Ψ(Φ(A)) = A and Ψ(Φ(B)) = B.

(ii) There exists a map Ψ : A2 → A1 such that Ψ∗ is a Schwarz map, Ψ(Φ(A)) =
A and Ψ(Φ(B)) = B.

(iii) Sf (Φ(A)‖Φ(B)) = Sf (A‖B) for every operator convex function f on [0,∞).
(iv) Sf (Φ(A)‖Φ(B)) = Sf (A‖B) for some operator convex function f on [0,∞)

such that |suppμf | ≥ |Sp(LARB−1) ∪ Sp(LΦ(A)RΦ(B)−1)|, where μf is the

representing measure μ of integral expression (4.6) for f̃ given after (2.1),
and |H| is the cardinality of a set H.

(v) There exists a set Λ ⊂ (0,∞) such that

|Λ| ≥ |Sp(LARB−1) ∪ Sp(LΦ(A)RΦ(B)−1)|
and Sϕλ

(Φ(A)‖Φ(B)) = Sϕλ
(A‖B) holds for every λ ∈ Λ, where ϕλ is an

operator convex function on [0,∞) defined by (2.1).
(vi) B0Φ∗(Φ(B)−zΦ(A)z) = B−zAz for every z ∈ C.
(vii) B0Φ∗(Φ(B)−αΦ(A)α) = B−αAα for some α ∈ (0, 2) \ {1}.
(viii) B0Φ∗(Φ(B)−itΦ(A)it) = B−itAit for every t ∈ R.
(ix) B0Φ∗(log∗ Φ(A)− (log∗ Φ(B))Φ(A)0) = log∗ A− (log∗ B)A0 ( log∗ was de-

fined just after (1.2)).
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(x) The map Φ∗
B : A2 → A1 defined by

Φ∗
B(Y ) := B1/2Φ∗(Φ(B)−1/2Y Φ(B)−1/2)B1/2 (Y ∈ A2)

satisfies Φ∗
B(Φ(A)) = A (Φ∗

B(Φ(B)) = B automatically holds).

Corollary 2.10 ([31]). Let A1, A2, B1, B2 ∈ A+ and 0 < p < 1. Assume that
suppAj ≤ suppBj (j = 1, 2). A necessary and sufficient condition for every oper-
ator convex function (or an operator convex function satisfying the assumption in
(iv) above) f on [0,∞) to satisfy equality condition

Sf (pA1 + (1− p)A2‖pB1 + (1− p)B2) = pSf (A1‖B1) + (1− p)Sf (A2‖B2)

in the joint convexity of Corollary 2.8 is

B
−1/2
j AjB

−1/2
j

= (pB1 + (1− p)B2)
−1/2(pA1 + (1− p)A2)(pB1 + (1− p)B2)

−1/2, j = 1, 2.

Indeed, the above condition is a rephrase of Ψ∗
B(Φ(A)) = A of (x) for Φ, A and

B given in Corollary 2.8.

Remark 2.11. An operator convex function f in Theorem 2.9 (iv) cannot be general.
For example, for a linear function f(x) = ax+b, Sf (Φ(A)‖Φ(B)) = Sf (A‖B) always
holds whenever suppA ≤ suppB and TrΦ(B) = TrB; however, we do not have
property (x) of Theorem 2.9. Moreover, for f(x) = x2, [40, Example 2.2] provided
a conditional expectation Φ : A1 := B(H1 ⊗ H2 ⊗ H3) → A2 := B(H1 ⊗ H2) for
which Sf (Φ(A)‖Φ(B)) = Sf (A‖B) holds but (viii) of Theorem 2.9 is not satisfied.

3. State discrimination distances and quantum hypothesis testing

The notion of f -divergences (in particular, the relative entropy) discussed in
the preceding section is useful as certain distances to discriminate states (though
they do not satisfy the triangle inequality so that they are not distances in the
strict sense). Of course, the most natural distance between density matrices is the
trace-norm distance ‖ρ−σ‖1. When Φ is a positive map satisfying Tr◦Φ ≤ Tr, the
monotonicity ‖Φ(ρ)−Φ(σ)‖1 ≤ ‖ρ−σ‖1 in the trace-norm distance is easily verified.
What is called fidelity is another important quantity in quantum information theory
to measure the distance between states. Moreover, the Chernoff and Hoeffding
distances are notable, as they appeared as asymptotic error exponents in a recent
development of quantum hypothesis testing. In this section we will discuss those
state discrimination distances and explain their monotonicity property and related
inequalities. In the last section we will briefly touch quantum hypothesis testing as
well.

For states ρ, σ ∈ S(H) the fidelity introduced by Uhlmann [73] is

F (ρ, σ) := Tr ((ρ1/2σρ1/2)1/2) = ‖σ1/2ρ1/2‖1.
This is a non-commutative version of the Hellinger affinity B(p, q) :=

∑d
i=1

√
piqi

for probability vectors p = (p1, . . . , pd) and q = (q1, . . . , qd) in classical probability.
In the case of pure states ρ = |ξ〉〈ξ| and σ = |η〉〈η|, F (ρ, σ) = |〈ξ, η〉|. Note
that |〈ξ, η〉|2 is an old notion called transition probability so that fidelity is also
called Uhlmann’s transition probability though they are different in powers. Basic
properties are summarized as follows:

Proposition 3.1. (1) F (ρ, σ) = F (σ, ρ).
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(2) 0 ≤ Tr ρ1/2σ1/2 ≤ F (ρ, σ) ≤ 1.
(3) F (ρ, σ) = 0 ⇔ supp ρ ⊥ supp σ.
(4) F (ρ, σ) = 1 ⇔ ρ = σ.

Proof. (1) is obvious since ‖ρ1/2σ1/2‖1 = ‖σ1/2ρ1/2‖1. The inequalities Tr ρ1/2σ1/2

≥ 0 and Tr ρ1/2σ1/2 ≤ F (ρ, σ) in (2) are also obvious. By Hölder’s inequality,
F (ρ, σ) ≤ Tr ρ ·Tr σ = 1, and equality holds if and only if ρ and σ are proportional,
which reduces to ρ = σ for density operators ρ, σ. Hence (4) holds (this can also
be seen from Theorem 3.6 below). If supp ρ ⊥ supp σ, then ρ1/2σ1/2 = 0 so that
F (ρ, σ) = 0. Conversely, since there are α, β > 0 such that ρ1/2 ≥ αρ0, σ1/2 ≥ βσ0,
we have Tr ρ1/4σ1/2ρ1/4 ≥ αβTr ρ0σ0. This implies that if Tr ρ1/2σ1/2 = 0, then
Tr ρ0σ0 = 0 so that ρ0σ0 = 0. Hence (3) holds. �

From the properties in the above proposition we may regard 1 − F (ρ, σ) as a
function measuring a distance between ρ, σ.

The following variational expression was shown by Uhlmann in the C∗-algebra
setting while the form here in the finite-dimensional case is based on [67, Theorem
6.1].

Theorem 3.2 ([73]). For every ρ, σ ∈ S,
F (ρ, σ) = inf{

√
Tr ρG · TrσG−1 : G ∈ A++}.

Proof. By continuity we may assume that ρ and σ are invertible. Take the polar
decomposition σ1/2ρ1/2 = V |σ1/2ρ1/2| (with a unitary V ). For every G ∈ A++, by
the Schwarz inequality,

F (ρ, σ) = TrV ∗σ1/2ρ1/2 = TrG1/2ρ1/2V ∗σ1/2G−1/2 = 〈G1/2ρ1/2, G−1/2σ1/2V 〉HS

≤ 〈G1/2ρ1/2, G1/2ρ1/2〉1/2HS 〈G−1/2σ1/2V,G−1/2σ1/2V 〉1/2HS

=
√
Tr ρG · TrσG−1.

Furthermore, let G := ρ−1/2V ∗σ1/2 = ρ−1/2|σ1/2ρ1/2|ρ−1/2. Then G ∈ A++ and

Tr ρG = TrσG−1 = Tr |σ1/2ρ1/2|
so that the required equality follows. �

The above theorem immediately implies the (inverse) monotonicity of fidelity.

Theorem 3.3. (1) If Φ : A1 = B(H1) → A2 = B(H2) is a trace-preserving
positive map, then F (Φ(ρ),Φ(σ)) ≥ F (ρ, σ) for every ρ, σ ∈ S(H1).

(2) F (ρ, σ) is jointly concave in ρ, σ ∈ S.

Proof. Since Φ∗ is a unital positive map, it follows (see, for example, [13, Theorem
2.3.6]) that Φ∗(G−1) ≥ Φ∗(G)−1 for every G ∈ A++

2 . Hence, by Theorem 3.2,

TrΦ(ρ)G · TrΦ(σ)G−1 = Tr ρΦ∗(G) · TrσΦ∗(G−1) ≥ Tr ρΦ∗(G) · TrσΦ∗(G)−1

≥ F (ρ, σ)2,

which gives monotonicity.
(2) can be shown from (1) similarly to Corollary 2.8. �

Let ρ ∈ S(H). When H̃ is a (finite-dimensional) Hilbert space and ξ ∈ H⊗ H̃ is
a unit vector such that Tr ρX = 〈ξ, (X ⊗ I)ξ〉HS (X ∈ A), i.e., ρ = Tr2 |ξ〉〈ξ| holds,
ξ (also |ξ〉〈ξ|) is called a purification of ρ. Indeed, let H̃ = H and {ei}di=1 be an
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orthonormal basis of H. Then ξ :=
∑d

i=1 ρ
1/2ei ⊗ ei becomes a purification of ρ.

Also, let ρ =
∑k

i=1 pi|fi〉〈fi| be the spectral decomposition of ρ with pi > 0 and an

orthonormal set {fi}ki=1. Then ξ :=
∑k

i=1 pifi⊗ei is another purification of ρ. The
next variational expression of fidelity in terms of purifications is due to Uhlmann,
which is quite useful in quantum information theory.

Theorem 3.4 ([73]). For every ρ, σ ∈ S(H),

F (ρ, σ) = max{|〈ξ, η〉| : ξ, η ∈ H ⊗ H̃ are respective purifications of ρ, σ}.

Moreover, the above max is attained in the case H̃ = H.

Proof. If ξ and η are respective purifications of ρ and σ, then by Theorem 3.3 (1),

F (ρ, σ) = F (Tr2 |ξ〉〈ξ|,Tr2 |η〉〈η|) ≥ F (|ξ〉〈ξ|, |η〉〈η|) = |〈ξ, η〉|.

Let {ei}di=1 be an orthonormal basis of H and U ∈ A be a unitary. Define

ξ :=
d∑

i=1

ρ1/2ei ⊗ ei, η :=
d∑

i=1

σ1/2Uei ⊗ ei.

Then ξ and η are purifications of ρ and σ, respectively, and we have |〈ξ, η〉| =
|Tr ρ1/2σ1/2U |. Maximizing this on U gives Tr |ρ1/2σ1/2|. �

The following inequality was proved by Audenaert et al. [10], and another proof
was given in [28]. Another proof, shown below, is based on the monotonicity of
f -divergences (Theorem 2.7) and Theorem 3.4.

Corollary 3.5. For every ρ, σ ∈ S,

F (ρ, σ)2 ≤ min
0≤α≤1

Tr ρασ1−α.

Proof. By Theorem 3.4 there exist purifications ξ, η ∈ H ⊗H of ρ, σ such that

F (ρ, σ)2 = |〈ξ, η〉|2 = Tr |ξ〉〈ξ| |η〉〈η| = Tr (|ξ〉〈ξ|)α(|η〉〈η|)1−α, 0 ≤ α ≤ 1.

Since ρ = Tr2 |ξ〉〈ξ| and σ = Tr2 |η〉〈η|, for each α ∈ [0, 1] one can apply Theorem
2.7 to f(x) = −xα from Example 2.5 to have

Tr (|ξ〉〈ξ|)α(|η〉〈η|)1−α ≤ Tr ρασ1−α.

Hence the required inequality follows. �

The following neat relation between trace-norm distance and fidelity is due to
Fuchs and van de Graaf.

Theorem 3.6 ([20]). For every ρ, σ ∈ S,

1− F (ρ, σ) ≤ 1

2
‖ρ− σ‖1 ≤

√
1− F (ρ, σ)2.

Proof. By continuity we may assume that ρ and σ are invertible. By the proof of
Theorem 3.2 there exists a G ∈ A++ such that Tr ρG = TrσG−1 = F (ρ, σ). Let

G =
∑d

i=1 αi|ei〉〈ei| be the spectral decomposition with αi > 0 and an orthonormal
basis {ei}di=1. Define a trace-preserving positive map Φ : A → Cd (⊂ Md(C) and
the trace on Md(C) is restricted on Cd) by Φ(X) := (〈ei, Xei〉)di=1 (X ∈ A). Then
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p = (pi)
d
i=1 := Φ(ρ) and q = (qi)

d
i=1 := Φ(σ) are probability vectors and we have∑

i αipi =
∑

i α
−1
i qi = F (ρ, σ). By Theorem 3.3 (1) and the Schwarz inequality,

F (ρ, σ) ≤ F (Φ(ρ),Φ(σ)) =
∑
i

√
piqi ≤

(∑
i

αipi

)1/2(∑
i

α−1
i qi

)1/2

= F (ρ, σ).

Hence F (ρ, σ) =
∑

i

√
piqi so that

1− F (ρ, σ) = 1−
∑
i

√
piqi =

1

2

∑
i

(
√
pi −

√
qi)

2 ≤ 1

2

∑
i

|pi − qi| ≤
1

2
‖ρ− σ‖1.

Next, let P := supp (ρ − σ)+ and P⊥ := I − P , and define a trace-preserving
positive map Ψ : A → C2 (⊂ M2(C)) by Ψ(X) := (TrPX,TrP⊥X). Letting
(λ1, λ2) := Ψ(ρ) and (μ1, μ2) := Ψ(σ) we have

1

2
‖ρ− σ‖1 =

1

2
(|λ1 − μ1|+ |λ2 − μ2|)

=
1

2

{∣∣√λ1 +
√
μ1

∣∣ ∣∣√λ1 −
√
μ1

∣∣+ ∣∣√λ2 +
√
μ2

∣∣ ∣∣√λ2 −
√
μ2

∣∣}
≤ 1

2

{(√
λ1 +

√
μ1

)2
+
(√

λ2 +
√
μ2

)2}1/2

×
{(√

λ1 −
√
μ1

)2
+
(√

λ2 −
√
μ2

)2}1/2

=
1

2

{
2 + 2

(√
λ1μ1 +

√
λ2μ2

)}1/2{
2− 2

(√
λ1μ1 +

√
λ2μ2

)}1/2

= {1− F (Ψ(ρ),Ψ(σ))2}1/2 ≤ {1− F (ρ, σ)2}1/2.
In the last inequality above, Theorem 3.3 (1) has been used again. �

In the rest of this section we will explain the Chernoff distance and the Hoeffding
distance. For A,B ∈ A+ that are not necessarily states, define

ψ(α|A‖B) := log TrAαB1−α, 0 ≤ α ≤ 1.

Moreover, for 0 ≤ α ≤ 1 let Sα(A‖B) be the Rényi α-relative entropy introduced
in Example 2.5. Then the Chernoff distance between A and B is defined by

(3.1) C(A‖B) := sup
0≤α<1

{(1− α)Sα(A‖B)} = − min
0≤α≤1

ψ(α|A‖B).

For any r ∈ R the Hoeffding distance between A and B is defined by

(3.2) Hr(A‖B) := sup
0≤α<1

{
− αr

1− α
+ Sα(A‖B)

}
= sup

0≤α<1

−αr − ψ(α|A‖B)

1− α
.

For simplicity we write ψ(α) = ψ(α|A‖B). Except in the case where suppA ⊥
suppB, ψ(α) > −∞ (0 ≤ α ≤ 1) and ψ is a convex function on [0, 1] (as seen by
computing the second derivative). We have ψ′(0) = −S(B‖A) if suppA ≥ suppB,
and ψ′(1) = S(A‖B) if suppA ≤ suppB. Furthermore, we have

Hr(A‖B) =

{
−ψ(0) if r > −ψ(0)− ψ′(0),

+∞ if r < −ψ(1),

and

−Sα(A‖B) = sup
r∈R

{
−rα

1− α
−Hr(A‖B)

}
= sup

−ψ(1)≤r≤−ψ(0)−ψ′(0)

{
−rα

1− α
−Hr(A‖B)

}
.
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Hence, the Rényi α-relative entropy and the Hoeffding distance are written from
each other in terms of an expression similar to the Legendre transform. Also, note
that if TrA = 1, then

H0(A‖B) = lim
α↗1

Sα(A‖B) = S(A‖B).

When ρ, σ ∈ S, C(ρ‖σ) ≥ 0, and C(ρ‖σ) = 0 if and only if ρ = σ (similarly to the
proof of Proposition 3.1 (4)). Also, for any r ∈ R, Hr(ρ‖σ) ≥ 0, and Hr(ρ‖σ) = 0
if and only if ρ = σ, or, supp ρ ≥ supp σ and r ≥ S(σ‖ρ). The next proposition
is the monotonicity of the Chernoff and Hoeffding distances, which is immediately
seen from Theorems 2.7, 2.9 and definitions (3.1), (3.2).

Proposition 3.7 ([31]). Let Φ : A1 → A2 be such that Φ∗ is a Schwarz map. Let
A,B ∈ A+

1 and assume that TrΦ(B) = TrB. Then

C(Φ(A)‖Φ(B)) ≤ C(A‖B), Hr(Φ(A)‖Φ(B)) ≤ Hr(A‖B), r ∈ R.

Furthermore, equality holds in the above inequalities if Ψ(Φ(A)) = A and Ψ(Φ(B))
= B for some Ψ : A2 → A1 such that Ψ∗ is a Schwarz map.

The next theorem is concerned with the equality condition of the above mono-
tonicity (or the converse direction of the latter assertion). Since the Chernoff and
Hoeffding distances cannot be represented as an f -divergence, the result is not
contained in Theorem 2.9.

Theorem 3.8 ([31]). Let Φ : A1 → A2 be such that Φ∗ is a Schwarz map. Let
A,B ∈ A+

1 and assume that suppA ≤ suppB and TrΦ(B) = TrB. Assume that
one of the following holds:

(i) C(Φ(A)‖Φ(B)) �= S0(Φ(A)‖Φ(B)), C(Φ(A)‖Φ(B)) �= S0(Φ(B)‖Φ(A)),
C(Φ(A)‖Φ(B)) = C(A‖B).

(ii) suppA = suppB, TrA = TrB, C(Φ(A)‖Φ(B)) = C(A‖B).
(iii)

Hr(Φ(A)‖Φ(B)) = Hr(A‖B)

for some

r ∈ (−ψ(1|Φ(A)‖Φ(B)),−ψ(0|Φ(A)‖Φ(B))− ψ′(0|Φ(A)‖Φ(B))).

Then Φ∗
B(Φ(A)) = A (Φ∗

B was defined in Theorem 2.9 (x)). Moreover, if Φ is 2-
positive, then there exists a trace-preserving Ψ : A2 → A1 such that Ψ∗ is a Schwarz
map, Ψ(Φ(A)) = A and Ψ(Φ(B)) = B.

Finally in this section we will give a survey on three kinds of hypothesis testing
where the relative entropy, the Chernoff distance and the Hoeffding distance show
up as asymptotic bounds for the exponential rates of error probabilities. Assume
that the state of A is one of two ρ, σ ∈ S(H). For each natural number n, the
compound system of n-copies of A is the n-fold tensor product system A⊗n =
B(H⊗n), where we are given a state from two options of tensor product states
ρ⊗n and σ⊗n. That is, our situation here is that of independent and identically
distributed (i.i.d.), familiar in classical probability. We decide a state between ρ
and σ based on binary measurements (T, I−T ) where T is an operator on H⊗n with
0 ≤ T ≤ I. We adopt ρ when the outcome belonging to T occurs, and adopt σ (or
reject ρ) when the outcome belonging to I−T occurs. There are two kinds of error
probabilities. One is the error probability of the first kind αn(T ) := Tr ρ⊗n(I−T ) in
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the case where we reject ρ though it is a true state. The other is the error probability
of the second kind βn(T ) := Trσ⊗nT in the case where we adopt ρ though it is not
a true state (or σ is true). Since there is a trade-off between two error probabilities
αn(T ) and βn(T ), it is impossible except in some trivial case to make them together
as small as we want. In this situation, we may consider the following three methods
in minimizing the error probabilities:

(1) Stein type: Given ε ∈ (0, 1) minimize βn(T ) under the condition that
αn(T ) ≤ ε:

βS
n,ε := min{βn(T ) : αn(T ) ≤ ε, T ∈ A⊗n, 0 ≤ T ≤ I}.

(2) Chernoff type: Given a prior probability (p, 1 − p) of (ρ, σ) minimize the
average of the two error probabilities:

βC
n,p := min{pαn(T ) + (1− p)βn(T ) : T ∈ A⊗n, 0 ≤ T ≤ I}.

(3) Hoeffding type: Given r > 0 minimize βn(T ) under the condition that
αn(T ) decreases in the exponential order e−nr:

βH
n,r := min{βn(T ) : αn(T ) ≤ e−nr, T ∈ A⊗n, 0 ≤ T ≤ I}.

The three results on quantum hypothesis testing, corresponding to the above
three methods, are known as follows. The theorem (1) is called the quantum Stein’s
lemma, whose direct part was shown by Hiai and Petz and whose converse part was
shown by Ogawa and Nagaoka. The theorem (2) for the quantum Chernoff bound
was shown by Audenaert et al. and Nussbaum and Szk�la, and the theorem (3) for
the quantum Hoeffding bound was shown by Hayashi and Nagaoka.

Theorem 3.9. (1) [33, 57] For every ε ∈ (0, 1),

lim
n→∞

1

n
log βS

n,ε = −S(ρ‖σ).

(2) [9, 55] For every p ∈ (0, 1),

lim
n→∞

1

n
log βC

n,p = −C(ρ‖σ).

(3) [25, 53] For every r > 0,

lim
n→∞

1

n
log βH

n,r = −Hr(ρ‖σ).

For the quantum Chernoff bound, a key of the proof of the direct part

lim sup
n

1

n
log βC

n,p ≤ −C(ρ‖σ)

is the following trace inequality: For every A,B ∈ A+,

(3.3)
1

2
Tr(A+B − |A− B|) ≤ TrAsB1−s, 0 ≤ s ≤ 1.

Indeed, it is easy to verify that

min{TrA(I − T ) + TrBT : T ∈ A, 0 ≤ T ≤ I} =
1

2
Tr(A+B − |A−B|)

so that βC
n,p = 1

2{1− ‖pρ− (1− p)σ‖1}. Hence by (3.3) we have

βC
n,p ≤ ps(1− p)1−sTr ρsσ1−s, 0 ≤ s ≤ 1,
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which immediately implies the direct part of (2). The original proof of (3.3) in [9] is
somewhat complicated but a short proof was given by N. Ozawa as included in [36].
An extension of (3.3) to the general von Neumann algebra setting was in [56]. On
the other hand, the large deviation principle was efficiently used in the proof of the
converse part lim infn

1
n log βC

n,p ≥ −C(ρ‖σ) in [55]. Since 2 logF (ρ, σ) ≤ −C(ρ‖σ)
by Corollary 3.5, we have limn→∞

1
n log βC

n,p ≥ 2 logF (ρ, σ). The lower bound
2 logF (ρ, σ) may be convenient since taking min is unnecessary to compute.

In the papers [29, 30, 52, 50, 28], results on quantum hypothesis testing ex-
tending Theorem 3.9 were obtained for states of non-i.i.d. type (i.e., states having
correlations among sites) such as Gibbs states and quasi-free states on a spin chain⊗∞

−∞ A.

4. Appendices from matrix analysis

In this section, for the convenience of the reader, we will survey two topics in
matrix analysis, which are selected from materials used in the main body of the
paper and have their own mathematical interest and importance. We will give more
comprehensive exposition than necessary in the main body to make the section
interesting by itself.

4.1. Operator monotone and convex functions: Integral expressions. The
theory of operator monotone and convex functions was initiated by Löwner [49] and
Kraus [44], whose modern treatment was, after studies of Bendat and Sherman [11]
and others, established by Hansen and Pedersen [23]. The theory has played quite
an important role in the study of operator and matrix analysis. A real function
f on an interval J is said to be operator monotone if, for every natural number
n and every A,B ∈ Mn(C)

sa (the n × n Hermitian matrices) with the spectra
Sp(A), Sp(B) ⊂ J ,

A ≤ B =⇒ f(A) ≤ f(B).

Also, f is said to be operator convex if, for every natural number n and every
A,B ∈ Mn(C)

sa with Sp(A), Sp(B) ⊂ J ,

f(λA+ (1− λ)B) ≤ λf(A) + (1− λ)f(B), 0 < λ < 1.

Furthermore, f is said to be operator monotone decreasing if −f is operator mono-
tone, and operator concave if −f is operator convex. Each of the above definitions
is equivalent to saying that the same property holds for every A,B ∈ B(H)sa with a
fixed infinite-dimensional Hilbert space H. A power function xp on (0,∞) is oper-
ator monotone and operator concave if p ∈ [0, 1], operator convex if p ∈ [1, 2],
and operator convex and operator monotone decreasing if p ∈ [−1, 0]. When
p ∈ (−∞,−1) ∪ (2,∞), xp is convex but not operator convex.

A complex function f on C+ := {z ∈ C : Im z > 0} is called a Pick func-
tion if f is analytic in C+ and maps C+ into {z ∈ C : Im z ≥ 0}. The famous
theorem of Löwner says that a real function f on an open interval (a, b) where
−∞ ≤ a < b ≤ ∞ is operator monotone if and only if f is continuously extended
to a Pick function (hence by reflection f can be extended to an analytic function in
(C \ R) ∪ (a, b)). Moreover, it is known from Kraus’ theorem [44] that a real func-
tion f on (a, b) is operator convex if and only if, for every (equivalently for some)
c ∈ (a, b), (f(x)− f(c))/(x− c) is operator monotone on (a, b). See [17, 3, 12, 27]
for detailed expositions on operator monotone and convex functions including the
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above-mentioned results. A main goal in the theory of those functions is to ob-
tain their integral expressions. The standard way to do so is to first obtain the
integral expression of operator monotone functions on (−1, 1), as done in [23] by
use of the Krein-Milman theorem, and then to transform it to operator monotone
functions on, for example, (0,∞) or [0,∞). It is rather easy to show Löwner’s
theorem mentioned above from the integral expression of operator monotone func-
tions. Conversely, once Löwner’s theorem is at our disposal, we have the integral
expression by modifying Nevanlinna’s integral expression for general Pick functions.

In the rest of this section, we restrict our exposition to integral expressions of
operator monotone and convex functions on the positive half line [0,∞) or (0,∞),
which are of wide use in quantum information theory.

(1) A continuous real function f on the half line [0,∞) is operator monotone if
and only if there exist a constant b ≥ 0 and a finite positive measure μ on (0,∞)
such that

(4.1) f(x) = f(0) + bx+

∫
(0,∞)

x(1 + λ)

x+ λ
dμ(λ), x ∈ [0,∞).

Here, b and μ are unique with b = limx→∞ f(x)/x. The measure μ is called the
representing measure of f . It is well known that an operator monotone function on
[0,∞) is operator concave, which is seen from the above integral expression since
x/(x+λ) = 1−λ(x+λ)−1 is operator concave. The well-known integral expression
of a typical operator monotone function xp (0 < p < 1) on [0,∞) is

xp =
sin pπ

π

∫ ∞

0

xλp−1

x+ λ
dλ, x ∈ [0,∞),

so the representing measure of xp is (sin pπ/π)(λp−1/(1 + λ)) dλ.
(2) The operator monotone function log x on the half open interval (0,∞) does

not admit an integral expression of the form (4.1) but instead it is represented as

log x =

∫ ∞

0

(
1

λ+ 1
− 1

x+ λ

)
dλ =

∫ ∞

0

(
λ

λ2 + 1
− 1

x+ λ

)
dλ.

It can be seen from Nevanlinna’s integral representation theorem that a real function
on (0,∞) is operator monotone if and only if there exist constants a ∈ R, b ≥ 0
and a positive measure μ on [0,∞) with∫

[0,∞)

1

(1 + λ)2
dμ(λ) < +∞

such that

(4.2) f(x) = a+ bx+

∫
[0,∞)

(
λ

λ2 + 1
− 1

x+ λ

)
dμ(λ), x ∈ (0,∞).

Noting that

f(1) = a+ b+

∫ (
λ

λ2 + 1
− 1

λ+ 1

)
dμ(λ),

one can rewrite (4.2) as

(4.3) f(x) = f(1) + b(x− 1) +

∫
[0,∞)

(
1

λ+ 1
− 1

x+ λ

)
dμ(λ), x ∈ (0,∞).
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Furthermore, for each α ∈ (0,∞), writing down f(x)− f(α) we have also

(4.4) f(x) = f(α) + b(x− α) +

∫
[0,∞)

x− α

(x+ λ)(α+ λ)
dμ(λ), x ∈ (0,∞),

where the measure μ is independent of the choice of α. Integral expression (4.4)
was used in a recent paper [19]. Recently in [22], Hansen gave a proof of (4.2) that
is more direct without transforming from the integral expression on (−1, 1) and
shorter than the existing ones.

(3) A non-negative function f on (0,∞) is operator monotone decreasing if and
only if there exist a constant c ≥ 0 and a finite positive measure μ on [0,∞) such
that

f(x) = c+

∫
[0,∞)

1 + λ

x+ λ
dμ(λ), x ∈ (0,∞).

Here, c and μ are unique with c = limx→∞ f(x). The proof is found in [21] (also
[5]).

(4) A real function f on [0,∞) is operator convex and has finite f ′(0) (more
precisely, the right derivative f ′

+(0)) if and only if there exist constants a ∈ R, b ≥ 0
and a finite positive measure μ on (0,∞) such that

(4.5) f(x) = f(0) + ax+ bx2 +

∫
(0,∞)

x2(1 + λ)

x+ λ
dμ(λ), x ∈ [0,∞).

Here, a, b and μ are unique with a = f ′(0), b = limx→∞ f(x)/x2. This can be
proved by applying integral expression (4.1) to the operator monotone function
(f(x)− f(0))/x on [0,∞).

(5) Integral expression (4.5) is not available unless f ′(0) exists. As shown
in [31], a real continuous function f on [0,∞) is operator convex if and only
if there exist constants a ∈ R, b ≥ 0 and a positive measure μ on (0,∞) with∫
(0,∞)

(1 + λ)−2 dμ(λ) < +∞ such that

(4.6) f(x) = f(0) + ax+ bx2 +

∫
(0,∞)

(
x

1 + λ
− x

x+ λ

)
dμ(λ), x ∈ [0,∞).

Here, a, b and μ are unique with b = limx→∞ f(x)/x2, a = f(1)− f(0)− b. As, for
instance, the integral representation of x log x (x ≥ 0)

x log x =

∫
(0,∞)

(
x

1 + λ
− x

x+ λ

)
dλ

shows, it is not necessarily true that
∫
(0,∞)

(1 + λ)−1 dμ(λ) < +∞. Hence, we

cannot combine ax and
∫
(0,∞)

x(1 + λ)−1 dμ(λ) together in expression (4.6). This

is possible if and only if limx→∞ f(x)/x < +∞. Integral expression (4.6) played an
important role to prove Theorems 2.7 and 2.9 in [31]. To prove (4.6), apply integral
expression (4.3) to (f(x)− f(0))/x (the proof in [31] is a bit more complicated).

4.2. Positive maps between C∗-algebras. Let A1 and A2 be C∗-algebras, and
Φ : A1 → A2 be a linear map. If Φ(A∗A) ≥ 0 (A ∈ A1), then Φ is said to be
positive. For each natural number n, if the map Φn : A1 ⊗Mn(C) → A2 ⊗Mn(C)
defined as

Φn([Aij ]
n
i,j=1) := [Φ(Aij)]

n
i,j=1 (Aij ∈ A1)
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is positive, then Φ is said to be n-positive. The map Φ is said to be completely
positive if it is n-positive for every n. We also say that Φ is a Schwarz map if
Φ(A∗A) ≥ Φ(A)∗Φ(A) (A ∈ A1). Among these positivity conditions we have

completely positive ⇒ · · · ⇒ 3-positive ⇒ 2-positive ⇒ Schwarz ⇒ positive

(the converse does not hold for each implication, see [72]).
In quantum information theory, a (quantum) information channel is usually de-

fined to be a trace-preserving and completely positive map between finite-dimen-
sional C∗-algebras. Below we discuss in the setting of finite-dimensional A1 =
B(H1) = Md1

(C) and A2 = B(H2) = Md2
(C). For a linear map Φ : A1 → A2 the

dual map Φ∗ : A2 → A1 is defined as

〈Φ(A1), A2〉HS = 〈A1,Φ
∗(A2)〉HS (A1 ∈ A1, A2 ∈ A2).

Note that Φ preserves traces (i.e., Tr ◦ Φ = Tr) if and only if Φ∗ preserves units
(i.e., Φ∗(I2) = I1), and that Φ is positive (resp., n-positive, completely positive)
if and only if Φ∗ is positive (resp., n-positive, completely positive). The next
theorem summarizes the characterization and representation results for completely
positive maps between finite-dimensional C∗-algebras (or matrix algebras). Let
{Eij : i, j = 1, . . . , d1} be the matrix units of Md1

(C) (i.e., Eij is the matrix of
(i, j)-entry 1 and all others 0).

Theorem 4.1 ([15, 37, 45, 69]). For a linear map Φ : A1 → A2 the following
conditions are equivalent:

(i) Φ is completely positive;

(ii)
∑d1

i,j=1 Eij ⊗ Φ(Eij) ≥ 0 as an element of A1 ⊗A2;

(iii) there exists a linear map Vi : H1 → H2 (i = 1, . . . , r) such that Φ(A) =∑r
i=1 ViAV ∗

i (A ∈ A1);
(iv) there exist a (finite-dimensional) Hilbert space K, a representation (∗-homo-

morphism) π : B(H1) → B(K) and an operator V : H2 → K such that
Φ(A) = V ∗π(A)V (A ∈ A1).

The characterization in (ii) is useful to check the complete positivity. The el-

ement
∑d1

i,j=1 Eij ⊗ Φ(Eij) in A1 ⊗ A2 is called the Choi matrix or the Choi-

Jamio�lkowski correspondence ([14, 37]), which is represented as a block matrix

(d1d2 × d1d2 matrix) [Φ(Eij)]
d1
i,j=1 of (i, j)-entry Φ(Eij). The representation in

(iii) is called the Kraus representation or the Choi-Kraus representation ([14, 45]).
(iv) is called the Stinespring representation, a well-known representation theorem
in operator algebras, that holds for completely positive maps between general C∗-
algebras though K is no longer finite-dimensional. Moreover, (ii) shows that Φ is
completely positive if it is d1-positive. Since the same holds for Φ∗ as well, it is
seen that Φ is completely positive if it is n-positive with n := min{d1, d2}. See
[13, 67] for completely positive maps in matrix algebras, including the proof of the
above theorem. Also, a detailed account on completely positive (and completely
bounded) maps in general operator algebras is found in [61] for example.

A linear map Φ : A1 → A2 is said to be completely copositive if A ∈ A1 �→ Φ(At)
(At is the transpose of A). A completely copositive map is positive. Furthermore,
a positive map Φ : A1 → A2 is said to be decomposable if it is given as the sum
Φ(A) = Ψ(A) + Ψ̂(A) (A ∈ A1) of a completely positive map Ψ : A1 → A2 and a

completely copositive map Ψ̂ : A1 → A2. Concerning decomposable maps between
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low-dimensional matrix algebras, the next theorem combining results of Choi and of
Woronowicz is fundamental (there are many other references, for example, [71, 60]).

Theorem 4.2 ([15, 78]). When d1 ·d2 ≤ 6, any positive map Φ : Md1
(C) → Md2

(C)
is decomposable. But when d1 · d2 > 6 (in particular, d1 = d2 = 3), there is a non-
decomposable positive map from Md1

(C) to Md2
(C).
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Added in proof. The original Japanese version of this article was published in
2013. Since then, quite a few new developments have been made in the subject of
the article. The most relevant issue is new types of Rényi divergences, which we
briefly survey for the reader’s convenience. For simplicity we here assume that A,B
are positive invertible operators (or positive definite matrices) in A = Md(C). For
α > 0 with α �= 1, the traditional Rényi divergence (i.e., Rényi α-relative entropy)
is

Dα(A‖B) :=
1

α− 1
log

TrAαB1−α

TrA
by slightly modifying the definition of Example 2.5, with a notation Dα differ-
ent from Sα in accordance with other new ones below. A new version called the
sandwiched Rényi divergence is

D∗
α(A‖B) :=

1

α− 1
log

Tr(B
1−α
2α AB

1−α
2α )α

TrA
,

whose detailed study was first made in [A11, A12]. Unlike Dα, note that D∗
α is not

in the class of quantum f -divergences. Also, note that limα→1 D
∗
α(A‖B) = S(A‖B).

Another quantum divergence called the α-z-Rényi divergence is

Dα,z(A‖B) :=
1

α− 1
log

Tr(B
1−α
2z A

α
z B

1−α
2z )z

TrA
,

which was first introduced in [36] and studied in further detail in [A1]. See [A11,
A12] and [A1] for the precise definitions of D∗

α and Dα,z for general positive opera-
tors A,B (with A �= 0). The α-z-Rényi divergence is the generalization of Dα and
D∗

α together; indeed, Dα = Dα,1, D
∗
α = Dα,α, and D∗

1/2(ρ‖σ) = −2 logF (ρ, σ) for

density operators ρ, σ.
The most important problem on the sandwiched divergence as well as the α-

z-divergence is to determine the range of the parameter α (resp. α, z) for which
D∗

α (resp. Dα,z) satisfies monotonicity under quantum channels similarly to f -
divergences (see Theorem 2.7). Monotonicity inequality or DPI (Data processing
inequality) of D∗

α was discussed in several papers [A11, A12, A4, A2, A10] and the
result is that D∗

α satisfies monotonicity if and only if α ≥ 1/2, while Dα does if and
only if 0 < α ≤ 2. On the other hand, some range of α, z for which Dα,z satisfies
monotonicity was found in [A1, A3] (also [A5]) but a complete characterization of
all α, z values for monotonicity is still missing.

In [31] we showed several conditions for reversibility of quantum operations via
the equality in the monotonicity inequality of f -divergences (see Theorem 2.9),
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which was complemented in [A7] and furthermore in a recent paper [A6]. An al-
gebraic characterization of the equality in the monotonicity inequality of D∗

α for
α > 1/2 was given in [A9]. It was shown in [A8] that the equality case in the mono-
tonicity inequality of D∗

α for α > 1 implies reversibility. Moreover, reversibility via
the equality in the monotonicity of Dα,z was discussed in [A6] in certain restricted
situations.

More interestingly, it was shown in [A10] that in the strong converse problem
of quantum hypothesis testing, the optimal exponent of success probabilities 1 −
αn(Tn) = Tr ρ⊗nTn under βn(Tn) = Trσ⊗nTn < e−nr for r > S(ρ‖σ) and 0 ≤
Tn ≤ I in A⊗n can be described in terms of the sandwiched divergence D∗

α for
α > 1. On the other hand, the exponent of the error probability in the direct part
of similar quantum hypothesis testing, known as the quantum Hoeffding bound,
is given in terms of the traditional Rényi divergence Dα for α < 1 (see Theorem
3.9 (3) and (3.2)). This suggests that the operationally relevant definition of the
quantum Rényi divergences depends on the parameter α in such a way that the
right choice for α > 1 should be D∗

α though for α < 1 the right choice is Dα.
In this way, it seems reasonable to state that the quantum divergences most

relevant to recent developments of quantum information are old and new quantum
Rényi divergences, including the usual relative entropy as a special case.

Finally, related to Theorem 4.2, it is worth noting that an advance on decompos-
able positive maps between matrix algebras was recently made in [A13], giving an
affirmative answer to the conjecture in [46] that every 2-positive (also 2-copositive)
map from M3(C) to M3(C) is decomposable.

References

[1] L. Accardi and V. Liebscher, Markovian KMS-states for one-dimensional spin chains, Infin.
Dimens. Anal. Quantum Probab. Relat. Top. 2 (1999), 645–661. MR1810817 (2002d:82006)

[2] R. Alicki and M. Fannes, Continuity of quantum conditional information, J. Phys. A: Math.
Gen. 37 (2004), L55–L57. MR2043448 (2004m:82005)

[3] T. Ando, Topics on Operator Inequalities, Lecture notes (mimeographed), Hokkaido Univ.,
Sapporo, 1978 MR0482378 (58:2451)

[4] T. Ando, Concavity of certain maps on positive definite matrices and applications to
Hadamard Products, Linear Algebra Appl. 26 (1979), 203–241. MR535686 (80f:15023)

[5] T. Ando and F. Hiai, Operator log-convex functions and operator means, Math. Ann. 350
(2011), 611–630. MR2805638 (2012d:47048)

[6] H. Araki, Relative entropy of states of von Neumann algebras I, II, Publ. Res. Inst. Math.
Sci. 11 (1976), 809–833; 13 (1977), 173–192. MR0425631 (54:13585); MR0454656 (56:12905)

[7] H. Araki and E. H. Lieb, Entropy Inequalities, Comm. Math. Phys. 18 (1970), 160–170.
MR0266563 (42:1466)

[8] K. M. R. Audenaert, A sharp continuity estimate for the von Neumann entropy, J. Phys. A:
Math. Theor. 40 (2007), 8127. MR2344161 (2008m:82009)

[9] K. M. R. Audenaert, J. Calsamiglia, R. Muñoz-Tapia, E. Bagan, Ll. Masanes, A. Acin and
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[A2] S. Beigi, Sandwiched Rényi divergence satisfies data processing inequality, J. Math. Phys.

54 (2013), 122202.
[A3] E. A. Carlen, R. L. Frank and E. H. Lieb, Some operator and trace function convexity

theorems, Linear Algebra Appl. 490 (2016), 174–185.
[A4] R. L. Frank and E. H. Lieb, Monotonicity of a relative Rényi entropy, J. Math. Phys. 54

(2013), 122201.

[A5] F. Hiai, Concavity of certain matrix trace and norm functions, Linear Algebra Appl. 439
(2013), 1568–1589.

[A6] F. Hiai and M. Mosonyi, Different quantum f-divergences and the reversibility of quantum
operations, arXiv:1604.03089.

[A7] A. Jenčová, Reversibility conditions for quantum operations, Rev. Math. Phys. 24 (2012),
1250016, 26 pp.
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