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NUMERICAL VERIFICATION FOR SOLUTIONS

TO PARTIAL DIFFERENTIAL EQUATIONS

MITSUHIRO T. NAKAO

1. Introduction

It has been almost a quarter of a century since the author started working on
the topic stated in the title of this article. The author’s motivation has been to
answer the question, “How can numerical computation essentially contribute to the
development of analysis?” He has wanted to answer this question as thoroughly as
possible. Another motivation, arising from the perspective of numerical analysis,
has been the search for a rigorous a posteriori error estimation of an approximate
solution obtained by numerical computation on digital computers.

In this article, we explain the principle of numerical verification1 for solutions
to partial differential equations, the results obtained so far, and the author’s outlook
on further developments in the future.

Suppose that an equation

(1) Φ(x) = 0

of the unknown x is given. If the problem is formulated in finite-dimensional space
(of say dimension n), the problem is a set of (linear or nonlinear) simultaneous
equations of n unknowns. Therefore, it is imaginable that the existence of a solution
x is verifiable by digital operations on a computer in a finite number of steps. If
(1) is a functional equation, however, the problem is formulated in an infinite-
dimensional space, and for many people it would be difficult to imagine that the
existence and uniqueness of an exact solution could be verified rigorously on a
digital computer. On encountering the paper [8] for the first time, the author
had a similar impression. Later, the author gradually realized that, for ordinary
differential equations, there have been a number of studies since the 1970s [14]. In
those studies, ordinary differential equations are transformed to equivalent integral
equations, and interval arithmetic, operations for infinite sets, are applied. For
partial differential equations, in contrast, there were no studies at all until the
mid-1980s.

Let us look at the following example. The following system of elliptic equations
appears as a mathematical model in biological mathematics:

(2)

⎧⎨
⎩

−ε2Δu = u− u3 − δv in Ω,
−Δv = u− γv in Ω,

u = v = 0 on ∂Ω,
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1In the following, we suppose that it means computer-assisted proof.
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Figure 1. uN (left) and vN (right) are approximate solutions of
u and v in (2), respectively.

where Ω = (0, 1)×(0, 1). Setting parameters as ε = 0.04, δ = 0.5, γ = −1.2, we solve
these equations numerically by the spectral Galerkin method using finite Fourier
series (the term number is N = 80). In Figure 1, we present the numerical solutions
obtained. They look quite interesting, and it would be wonderful if we could insist
that there actually exist such exact solutions to the system (2). However, is it
possible? Making this idea possible has been the basic motivation for the author.

In the mid-1980s, the author did not know how it could be done. If it would
become possible, the methodology itself should be quite fascinating, and it would
have a great impact and influence because so many natural phenomena are mod-
eled by partial differential equations. At that time, the author was working on
finite element methods or the Galerkin methods applied to elliptic boundary value
problems, in particular, on error estimations of approximate solutions. Hence, he
assumed that partial differential equations would be the most fascinating targets
for numerical verifications. Since there was no prior research at the beginning,
he began his investigation by verifying solutions of simple linear elliptic problems.
Then, with the cooperation of his students and colleagues, the author’s methodol-
ogy gradually developed and now has been applied to practical nonlinear problems.

In this article, the principle of the verification procedure developed by the author
and his colleagues is explained in Section 2. How the verification procedure is
applied to practical problems is explained in Section 3. When the author started
to work on this subject, there were no similar investigations. Later, he found that
Professor Plum in Germany was working on the same topic using a different method.
Recently, a research group working on dynamical systems headed by Professor
Mischaikow has been working actively on numerical verification procedures. In
Section 4, their techniques are explained briefly.

2. Verification principle for solutions

to partial differential equations

2.1. Basic idea. In many numerical verification procedures, we reformulate a given
problem as a fixed-point problem, and try to verify the existence of a fixed point
in a certain set (this set is usually called the candidate set). This reformulation
is called the fixed-point formulation. In particular, if an original problem is
formulated in an infinite-dimensional space, the problem is reduced to the fixed-
point problem u = F (u), where F is a compact operator. If we construct a candidate
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set U and verify numerically that the inclusion

(3) F (U) ⊂ U

holds, then Schauder’s fixed-point theorem implies that there exists a fixed point
in U . Sometimes, Banach’s fixed-point theorem is used instead. In such cases, the
compactness of F might be supposed as unnecessary. We have noticed, however,
that assuming compactness of F is indispensable, which is a reflection of the fact:

“an operator is compact if and only if it is uniformly
approximated by finite-dimensional operators.”

2.2. The definition of the problem. In the following, we define the problem in
an abstract setting and explain the principle idea of numerical verification in detail.
Let X̂ be a Banach space and X,Y be real Hilbert spaces with which the continuous
inclusions X̂ ↪→ X ↪→ Y hold. We also suppose that the inclusion X̂ ↪→ X is
compact. The inner products of X and Y and their induced norms are denoted
by ( u, v )X , ( u, v )Y and ‖u‖X =

√
( u, u )X , ‖u‖Y =

√
( u, u )Y , respectively. Let

A : X̂ → Y be a linear operator and f : X → Y a (nonlinear, in general) continuous
map that takes an arbitrary bounded set in X into a bounded set in Y . We do not
suppose differentiability of f .

With the above setting, we consider the problem of finding a solution u of

(4) Au = f(u).

If (4) is a nonlinear equation, then A represents the leading linear differential
operator including the maximum order derivatives, and f represents other linear
and nonlinear terms.

A typical example of (4) is the following second order nonlinear elliptic equation:

(5)

{
−Δu = f(x, u,∇u), x ∈ Ω,

u = 0, x ∈ ∂Ω.

Here, Ω is a bounded convex domain in Rn (1 ≤ n ≤ 3). Let L2(Ω) be the set
of all square-integrable functions on Ω, and Hk(Ω) the set of all functions whose
distributional derivatives up to k-th order belong to L2(Ω). Also let H1

0 (Ω) be
defined by

H1
0 (Ω) := {u ∈ H1(Ω) | u = 0 on ∂Ω }.

Then, we set

A = −Δ, X̂ = H2(Ω) ∩H1
0 (Ω), X = H1

0 (Ω), Y = L2(Ω),(6)

and the inner products of X and Y are defined respectively by

( u, v )X = (∇u,∇v )L2(Ω), ( u, v )Y = ( u, v )L2(Ω) ≡
∫
Ω

uvdx.(7)

If the domain Ω is non-convex and its boundary is not smooth, solutions of (5) are

not necessarily in H2(Ω). In such cases, we can define X̂ = H1+ε(Ω)∩H1
0 (Ω) with

an appropriate 0 < ε < 1.
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2.3. A fixed-point formulation. Suppose now that the equation Aψ = φ admits
a unique solution ψ ∈ X̂ for any φ ∈ Y . The correspondence φ 
→ ψ is denoted
by A−1 : Y → X̂. We assume the continuity of the operator A−1 and define the
operator F by

(8) F := A−1 ◦ f : X → X.

Then, the equation (4) is reformulated as the following fixed-point problem in X:

(9) u = F (u).

By its definition, F is compact and we can apply Schauder’s fixed-point theorem [54,
Theorem 2.A] to the problem. That is, if we verify that the inclusion relation

(10) F (U) ⊂ U

holds for a non-empty bounded convex closed set U ⊂ X, then there exists a fixed
point of F in the candidate set U . However, verifying the relation (10) in the
infinite-dimensional Banach space is a difficult task for digital computers. In the
next subsection, we explain how we can make it possible.

2.4. Finite-dimensional subspace and the orthogonal projection. We need
to modify the problem so that verification is done in finite steps using digital com-
puters. To this end, we prepare a finite-dimensional subspace of X and consider
projection and its error estimation. We suppose that

(11) ( u, v )X = (Au, v )Y , ∀u ∈ X̂, ∀v ∈ X

holds for the operator A. The equation (4) may be reformulated as its weak form

(12) ( u, v )X = ( f(u), v )Y , ∀v ∈ X.

We then try to verify solutions u ∈ X to (12). Let Xh be a finite dimensional
subspace of X and Ph : X → Xh be an orthogonal projection. A typical example
of Xh is a finite element space with mesh size h.

We suppose that the following estimation holds:

(13) ‖(I − Ph)v‖X ≤ C(h)‖Av‖Y , ∀v ∈ X̂.

Here, I is the identity map on X, and C(h) is a computable positive value such
that C(h) → 0 as h → 0. This estimation is called constructive a priori error
estimate, which is one of the key tools in our verification procedure. It is known
that if we use the setting (6), (7), Ω is a rectangle, and is triangulated with uniform
rectangular bilinear elements of width h, then we have C(h) = h/π [39]. If Ω is
triangulated with piecewise linear triangular elements, we may use the results of
[9, 13] for concrete values of C(h). Usually, we have C(h) ≈ O(h) if Ω is convex.
If Ω is non-convex and ∂Ω is not smooth, the order of C(h) may be less than O(h)
[12, 52]. In any case, the essence of our verification method described here is a good
combination of “approximation” and its “error estimation”. This principle makes
our method more applicable to a wide range of problems than the other methods
explained in Section 4.
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2.5. Verification of solutions based on the projection and its error estima-
tion. We now transform the infinite-dimensional problem into a finite dimensional
problem. The important procedure is the decomposition of the fixed-point equation
(9) into the following two equations:

(14)

{
Phu = PhF (u),

(I − Ph)u = (I − Ph)F (u).

We may regard that the first equation represents the rounding of the fixed-point
equation u = F (x) into the finite-dimensional subspaceXh, and the second equation
represents its rounding error in the orthogonal compliment X⊥

h .

2.5.1. Candidate sets and the verification condition. Let uh ∈ Xh be an approxi-
mate solution of the problem (4). Note that we do not suppose uh ∈ X̂ because
we look for the solution in X. We define the candidate set (bounded convex closed
set) U ⊂ X by

(15) U = uh + Uh + U∗, Uh ⊂ Xh, U∗ ⊂ X⊥
h

in which we expect the exact solution is included. The sets Uh, U∗ are expected to
include the errors of the approximate solution uh. For the candidate set U defined
by (15), a sufficient condition for the inclusion F (U) ⊂ U is

(16)

{
PhF (U)− uh ⊂ Uh,
(I − Ph)F (U) ⊂ U∗.

Therefore, the verification procedure is decomposed into steps of verifying the two
inclusions in finite and infinite-dimensional spaces. The first inclusion in (16) cor-
responds to the residue of the approximate solution uh, and the second inclusion
corresponds to the error of the projection Ph of F (U).

2.5.2. The verification condition on computers. Let N be the dimension of Xh and
{φi}1≤i≤N a basis of Xh. Let a real N ×N matrix D := (dij) be defined by

dij := (φj , φi )X , 1 ≤ i, j ≤ N.(17)

The finite-dimensional part Uh ⊂ Xh of the candidate set U is defined as the linear
combination of convex closed sets {Bi}1≤i≤N and the basis

(18) Uh =
N∑
i=1

Biφi.

Here, Bi is an interval defined by Bi = [bi, bi] ⊂ R. Thus, Uh is written as

(19) Uh =

{
N∑
i=1

viφi ∈ Xh

∣∣∣∣∣ vi ∈ Bi ⊂ R, 1 ≤ i ≤ N

}
.

On the other hand, the infinite-dimensional part U∗ ⊂ X⊥
h of the candidate set

U is defined as a ball with radius α > 0 in X⊥
h :

(20) U∗ =
{
u∗ ∈ X⊥

h | ‖u∗‖X ≤ α
}
.

We then have the following theorem:



94 MITSUHIRO T. NAKAO

Theorem 1. For the candidate set U ⊂ X defined by (15), (18), (20), define
UN := (Di) ≡ D1 × · · · ×DN ⊂ RN by

(21) Di := { ( f(u), φi )Y − ( uh, φi )X ∈ R | u ∈ U } , 1 ≤ i ≤ N.

We also set

(22) XN :=
{
x̂ ∈ RN | x̂ = D−1d̂, ∀d̂ ∈ UN

}
with the matrix D defined by (17). If we have

(23) Xi ⊂ Bi, 1 ≤ i ≤ N

with XN = (Xi) ⊂ RN , then the inclusion PhF (U) − uh ⊂ Uh, which is the first
part of (16), holds.

The value Di of (21) in Theorem 1 cannot be computed precisely because U has
infinite dimensional terms. In practical computation, we instead try to compute an
interval vector which contains UN . The situation is the same forXN which satisfies
(22). Although, the interval vectors are over estimated in general, the verification
procedure is done if we obtain the inclusion (23). The inclusion set XN defined in
(22) is obtained by solving a linear equation with interval coefficients.

A sufficient condition for the inclusion of the candidate set in the infinite dimen-
sional space is given as follows. If the inequality

(24) C(h) sup
u∈U

‖f(u)‖Y ≤ α

is satisfied, then the inclusion (I − Ph)F (U) ⊂ U∗, the second part of (16), holds.
Here, C(h) is the positive constant in (13). If we can make the constructive error
estimate constant C(h) sufficiently small, then we expect the inequality (24) to
hold.

In [23], a method of the construction of U by an iterative scheme and several
examples of verification are given. This paper has been a pathfinder of the following
results given by the author and his colleagues.

2.6. Introduction of Newton-type operators. As will be seen later, the verifi-
cation procedure stated in the previous section is based on an iterative scheme for
the fixed-point equation u = F (u). For an iterative scheme to work well, F must be
retractive in the neighborhood of its fixed point. We cannot expect this in general,
and that is why we need to introduce Newton-type operators for verification pro-
cedures. To this end, we consider a linear operator q : X → Y which corresponds
to the Fréchet derivative f ′[uh] at the approximate solution uh ∈ Xh. The linear
operator Q is defined by

(25) Q := A−1 ◦ q : X → X,

and the Newton-type operator Nh : X → Xh is defined by

(26) Nh(u) := Phu− [I −Q]−1
h Ph(u− F (u)).

In the definition (26), the linear operator [I − Q]−1
h : Xh → Xh is defined as the

inverse of Ph(I −Q)|Xh
: Xh → Xh, which is the restriction of the linear operator

(27) Ph(I −Q) : X → Xh
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to Xh. The idea of the definition of the nonlinear operator Nh is as follows: first,
we apply the Newton method formally to F(u) := u − F (u) then we apply Ph to
the obtained operator. The N ×N matrix G = (gij) is defined by

gij := (φj , φi )X − ( qφj , φi )Y , 1 ≤ i, j ≤ N,(28)

where {φi}1≤i≤N is the basis of Xh. Then, the existence of [I −Q]−1
h is equivalent

to the invertibility of the matrix G.

2.6.1. The fixed-point formulation using Newton-type operator. The Newton-type
operator Nh is defined in the finite-dimensional space. The operator T on the
infinite-dimensional space X is defined by

(29) T (u) := Nh(u) + (I − Ph)F (u).

Then, T is compact and the two fixed-point equations u = F (u) and u = T (u)
become equivalent. As before, if we construct a candidate set U ⊂ X such that

(30)

{
Nh(U)− uh ⊂ Uh,

(I − Ph)F (U) ⊂ U∗,

then, we have the inclusion T (U) ⊂ U and Schauder’s fixed-point theorem implies
that there exists a fixed point of T in U . If U contains an exact solution u, Nh is
contractive in the neighborhood of u since it is defined by Newton’s method. We
thus expect that the first inclusion of (30) holds if uh is closed to the exact solution.
On the other hand, a sufficient condition of the second (infinite dimensional) inclu-
sion is given in a similar manner to (24), which is always satisfied for sufficiently
small h.

2.6.2. The contractiveness of the finite-dimensional part. If the candidate set is
defined as before, the contractiveness of the finite-dimensional part is confirmed by
the following theorem.

Theorem 2. Let U ⊂ X be the candidate set defined by (15), (18), (20). Each
element u ∈ U is written as u = uh + ûh + u∗, ûh ∈ Uh, u∗ ∈ U∗, and UN ⊂ RN

is defined by

UN :=(Di) ≡ D1 × · · · ×DN ⊂ RN , 1 ≤ i ≤ N,

Di :={( f(u)−qûh, φi )Y − ( uh, φi )X ∈ R | u ∈ U}.(31)

Suppose that

(32) Xi ⊂ Bi, 1 ≤ i ≤ N

is satisfied for XN = (Xi) ⊂ RN defined by

(33) XN :=
{
x̂ ∈ RN | x̂ = G−1d̂, ∀d̂ ∈ UN

}
.

Then, the first inclusion Nh(U)− uh ⊂ Uh of the condition (30) holds.

As in the previous section, the vectors UN , XN in Theorem 2 are included
by interval vectors in practical verification procedures. To obtain {Bi}1≤i≤N and
a positive number α which satisfy the conditions given in Theorem 2, we use an
algorithm similar to an interval Newton method with a trick called ε-inflation [44,
21, 22]. Interval computation is used to check the conditions given in Theorem 2.
The usage of interval arithmetic sometimes deteriorates the efficiency and makes
the verification procedure fail. If this is the case, another method including norm



96 MITSUHIRO T. NAKAO

estimates of the inverse matrix is applied to avoid difficulty [28, 22]. We also apply
Banach’s fixed-point theorem [54, Theorem 1.A] directly to verify the existence and
local uniqueness of exact solution [51, 22].

2.7. Verification of solutions based on the infinite-dimensional Newton
method. The verification procedure explained in the previous section can be ap-
plied to the linearized equation (4) to verify the existence of the linearized inverse
operator and its norm estimate. Using them, the verification conditions for the
infinite-dimensional Newton method are checked directly [29, 40, 22].

2.7.1. Reduction to the residual form. We usually transform the original problem
to the residual form using an approximate solution. Let an approximate solution
uh ∈ X satisfy Auh ∈ Y . In this case, defining g(w) by

(34) g(w) := f(w + uh)−Auh,

the equation (4) is transformed to Aw = g(w) which has the solution

w = u− uh.

This g(w) is the residue of the approximate solution uh ∈ X. In the case of
Auh /∈ Y , we can still obtain a similar residual form by “smoothing” [53], [21], etc.

2.7.2. Applying the infinite-dimensional Newton method. To consider a Newton-
type operator for the residual equation Aw = g(w), we define the linear operator
q : X → Y by

(35) qw = g′[ŵ]w

for ŵ ∈ X. For example, setting ŵ = 0 in (35), we have g′[ŵ]w = f ′[uh]w. Using
q, we consider the Newton-type residual equation

(36) Aw − qw = g(w)− qw

for the equation Aw = g(w). The left-hand side of (36) is written as the operator
defined by

(37) L := A− q : X̂ → Y.

The operator L is the linearized operator of the equation Aw = g(w) at ŵ.

Here, we assume that L has the continuous inverse operator L −1 : Y → X̂ and
there exists a constant M > 0 such that

(38) ‖L −1φ‖X ≤ M‖φ‖Y , ∀φ ∈ Y,

and M is practically computable. Define the nonlinear operator T̂ : X → X by

(39) T̂ (w) := L −1 ◦ (g(w)− qw) .

Then, T̂ is a compact operator on X and the problem (36) is transformed to the
fixed-point equation

(40) w = T̂ (w)

on X. Since the operator T̂ is a Newton-type operator for the residual form Aw =
g(w), we may expect that T̂ is contractive in the neighborhood of 0. The following
verification condition is obtained readily by Schauder’s fixed-point theorem.
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Theorem 3. Let the infinite-dimensional candidate set W be defined by

(41) W := {w ∈ X | ‖w‖X ≤ α}

for the radius α > 0. If

(42) M sup
w∈W

‖g(w)− qw‖Y ≤ α

is satisfied, then T̂ defined by (39) has a fixed point in W .

We also give a sufficient verification condition for local uniqueness of the fixed
point in the candidate set W [29, 22].

2.7.3. Then invertibility of L and the estimation of M . The most difficult part in
numerical verification procedure based on the infinite dimensional Newton method
is the step of verifying the invertibility of L and its norm estimate. Since the
matrix D defined by (17), and the matrix L = (lij) defined by

lij := (φj , φi )Y , 1 ≤ i, j ≤ N(43)

are both symmetric and positive definite, we can obtain D
1
2 and L

1
2 with verified

numerical computation such that D = D
1
2D

H
2 , L = L

1
2L

H
2 (see, for example, [37]).

Let G be defined by (28). The spectral norm ρ is defined by

(44) ρ := ‖DH
2 G−1L

1
2 ‖2

using D
1
2 , L

1
2 , provided that G is regular. The norm ρ corresponds to that of

approximate inverse operator. We have the following theorem on ρ.

Theorem 4. Suppose that there exist τ1, τ2 ≥ 0 such that

(45) ‖qw‖Y ≤ τ1‖Phw‖X + τ2‖(I − Ph)w‖X , ∀w ∈ X,

and their concrete values are computable. If the condition

(46) κ := C(h)τ2(1 + τ1ρ) < 1

is satisfied, then L is invertible and the constant M > 0 which satisfies (38) is
determined by

(47) M =

√
ρ2 + C(h)2(1 + τ1ρ)2

1− κ
.

Obtaining the constants τ1, τ2 in Theorem 4 is not so difficult in general. They
are estimated independently of h, or are decreasing when h → 0 [22]. Therefore, the
right-hand side of (47) converges to ρ as h → 0. This means that the approximate
inverse operator norm ρ converges to that of the exact inverse operator.

3. Verification of practical equations

The principle of verification procedure explained in the previous section has been
applied to many kinds of partial differential equations and related problems. In this
section, we briefly explain those applications.
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3.1. Elliptic boundary value problems of second order. In the following, we
mention several elliptic boundary value problems (5) with which the exact solutions
are verified successfully.

• The Allen-Cahn equation: −Δu = λu(u− a)(1− u) (λ, a are parameters).
Inclusion of solution branches [44]. Verification of the existence of solutions
around turning points by resolution of singularities [43].

• The perturbed Gelfand equation: −Δu = λ exp

(
u

1 + εu

)
(λ, ε are param-

eters). Path-following of verification branches [24], Verification of double
turning points [15]

• The free boundary problem of MHD equilibrium system:

(48)

{
−Δu = λmax {u, 0}, x ∈ Ω,

u = −1, x ∈ ∂Ω.

The right-hand side of the equation has a non-differentiable term. A certain
slope function is used to define the pseudo Fréchet derivative, and the free
boundary (the set {x ∈ Ω|u(x) = 0}) is enclosed [45].

3.2. The eigenvalue problems. The principle of the verification procedure ex-
plained in Section 2 can be applied to elliptic eigenvalue problems.

3.3. Elliptic eigenvalue problems of second order. For given b ∈ L∞(Ω)n,
c ∈ L∞(Ω), we consider the following problem of finding the eigenpair [λ, u]T :

(49)

⎧⎨
⎩

−Δu+ b · ∇u+ cu = λu, in Ω,
μ(u) = 0, in Ω,

u = 0, on ∂Ω.

Here, the map μ : H1
0 (Ω) → C provides a constraint condition. For example, we set

μ(u) = ( u, u )L2(Ω) − 1, or μ(u) = ( u0, u )L2(Ω) − 1 for a fixed u0 ∈ H1
0 (Ω). Setting

A = [−Δ, I]T , X̂ = (H2(Ω) ∩H1
0 (Ω))×C, X = H1

0 (Ω)×C, Y = L2(Ω)×C,

the problem (49) is reformulated in our framework [26]. Since we compute the
eigenfunction u and the eigenvalue λ simultaneously, “λu” is a nonlinear term.
An advantage of our method is that it is applicable to non-self-adjoint eigenvalue
problems. From the definition of our verification procedure, an enclosed eigenvalue
is always simple (its multiplicity is 1). On the other hand, enclosing two eigenvalues
which are very close to each other, or enclosing a multiple eigenvalue (multiplicity is
more than 2) are usually difficult. A method of how we can overcome this difficulty
is explained in [42].

3.4. Orr-Sommerfeld’s equation. Let D be the one-dimensional differential op-
erator d/dx. The following is Orr-Sommerfeld’s eigenvalue problem which is derived
form a partial differential equation of fluid mechanics:

(50)

⎧⎨
⎩

(−D2+a2)2u+ iaR[V (−D2+a2) + V ′′]u = λ(−D2+a2)u,
μ(u) = 0,

u(x1) = u(x2) = u′(x1) = u′(x2) = 0.

Here, a is the wave number, R is the Reynolds number, V is a quadratic function
of Ω = (x1, x2), μ is a function which provides a constraint. The equation (50) is a
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non-self-adjoint eigenvalue problem which express the stability of a two-dimensional
parallel flow derived from the Navier-Stokes equation. Setting

A = [(−D2 + a2)2, I]T , X̂ = (H4(Ω) ∩H2
0 (Ω))×C,

X = H2
0 (Ω)×C, Y = L2(Ω)×C,

the framework of our verification procedure is applicable to (50). In [48], the
existence of an unstable eigenvalue is proven within the framework of a linear
stability theorem.

3.5. Excluding regions of eigenvalues. In eigenvalue problems, numerical ver-
ification of excluding regions (regions in which there is no eigenvalue) is also
an important task besides enclosing eigenvalues. Let us consider the generalized
eigenvalue problem

(51) (A+Q)u = λBu.
Here, Q,B are linear operators from X to Y , and A is an operator which satisfies

the conditions given in the previous section. For a given λ̂ ∈ C, the equation (51)

is shifted by λ̂ and is rewritten as

(52) Au− (−Q+ λ̂B)u = (λ− λ̂)Bu.

Furthermore, we assume the invertibility of L := A − q for q := −Q + λ̂B, the
condition (38), and the existence of a constant Ĉp > 0 which satisfies

(53) ‖Bu‖Y ≤ Ĉp‖u‖X , ∀u ∈ X.

Then, we can show that there exists no eigenvalue of (51) in the disk{
λ ∈ C | |λ− λ̂| < 1

ĈpM

}

with the center λ̂. Theorem 4 provides the conditions for the invertibility of L
and its norm estimate. Numerical examples of excluding complex eigenvalues for
(49) (right) and (50) (left) (without constraint condition) are given in Figure 2
[22, 50]. The parameters are set as b = 5[y,−x]T , c = 0 in (49), and a = 1.019,
R = 5776 in (50). In the figures, each circle is excluding regions and each point is
an approximate eigenvalue.
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Figure 2. Excluding regions of eigenvalues
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This verification procedure has been applied to Kolmogorov’s problem [17] (the
stability of flow on torus: verification of eigenvalue and eigenfunction of non-self-
adjoint elliptic operator of fourth order), and the spectral gap problem of the
Schrödinger operator [19].

3.6. Variational inequalities. For a convex set K = {v ∈ H1
0 (Ω) |v ≥ 0}, we

would like to verify u ∈ K which satisfies the following variational inequality of
first kind:

(∇u,∇(v − u)) ≥ (f(u), v − u), ∀v ∈ K.

A typical example is an obstacle problem. In this case, the projection is a map
from H1

0 (Ω) to the convex set K, and is nonlinear. Therefore, we need its construc-
tive error estimate [38]. Our verification procedure is applicable to other types of
variational inequalities of the first kind and those of the second kind. A successful
example is the verification of solution of elastoplastic torsion problems [27].

3.7. The Navier-Stokes equation. We consider the following stationary non-
compressive Navier-Stokes equation on two-dimensional polygonal domain Ω:⎧⎨

⎩
−νΔu+ (u · ∇)u+∇p = f in Ω,

divu = 0 in Ω,
u = 0 on ∂Ω.

(54)

Here, u and p are velocity vector and pressure, respectively, f is a given outer
force, ν > 0 is the viscosity constant. In this case, the operator A is from

(H2(Ω)∩H1
0 (Ω))

2×H1(Ω) to L2(Ω)
2×L2(Ω), and is defined by [v, q]T → (−νΔv+

∇q, div v)T , which corresponds to the Stokes equation:⎧⎨
⎩

−νΔv +∇q = g in Ω,
div v = 0 in Ω,

v = 0 on ∂Ω.
(55)

As is well known, the Stokes equation (55) has a unique solution [v, q]T ∈ H2(Ω)
2×

H1(Ω) for arbitrary g ∈ L2(Ω)
2
, provided that Ω is convex. We set the finite

element space byXh ⊂ H1
0 (Ω)

2×L2
0(Ω). For a solution [v, q]T of the Stokes equation

(55), the projection is defined as the solution [vh, qh]
T ∈ Xh of the equation

ν(∇vh,∇wh )L2(Ω) − ( qh, divwh )L2(Ω) − ( rh, div vh )L2(Ω)(56)

= ( g,wh )L2(Ω), ∀[wh, rh] ∈ Xh,

where L2
0(Ω) := {q ∈ L2(Ω) | ( q, 1 )L2(Ω) = 0}. Using a priori estimate for diver-

gence equation [7], we can constructively determine the constant C(h) > 0 in the
error estimate

‖∇(v − vh)‖L2(Ω) ≤ C(h)‖g‖L2(Ω),(57)

which corresponds to (13), [25]. This constant C(h) may be estimated in the case
of non-convex domains [30]. For general three-dimensional domains, we have not
obtained a similar constructive error estimate. With the aid of the constructive
error estimate (57) for the Stokes equation, a formulation of numerical verification
procedure for the Navier-Stokes equation becomes possible [46, 30].

For the two-dimensional case, we may introduce the stream function ψ such that
u = [ψy,−ψx]

T , and the equation (54) is transformed to a single equation

νΔ2ψ = J(ψ,Δψ) + (f2)x − (f1)y in Ω,
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of fourth order, where J(u, v) := −uxvy + uyvx. In this case, we need a H2
0 -

projection as the finite-dimensional projection, and its constructive a priori error
estimate. We have successfully verified non-trivial bifurcation branches of driven-
cavity flow[18] and Kolmogorov-flow [49].

3.8. Heat convection problem. Let R and P be the Rayleigh number and the
Prandtl number, respectively. We have tried to verify numerically non-trivial bi-
furcation branches of the Rayleigh-Bénard’s problem

(58)

⎧⎪⎨
⎪⎩

1

Pu · ∇u+∇p = Δu+Rθ∇z,

u · ∇θ = Δθ + w,
∇ · u = 0.

Here, u = [u, v, w]T is the velocity vector, p is the pressure, θ is the temperature
of the fluid. Also, p and θ are parameters which express the perturbation from the
trivial solution. The problem (58) is a coupling of the Navier-Stokes equation and
the heat equation which describes the temperature difference between z = 0 and
z = π. It is known that, when R is getting larger, a non-trivial solution branches off
from the trivial heat conduction solution. For the two-dimensional (x−z) problem,
the equation (58) is transformed to an equation with respect to ψ and Θ by setting

Θ :=
√
PRθ as

(59)

{
PΔ2ψ =

√
PRΘx − ψzΔψx + ψxΔψz,

−ΔΘ = −
√
PRψx + ψzΘx − ψxΘz,

where ψ is the stream function. For an aspect ratio a > 0, the domain Ω is defined
by

Ω = {0 < x < 2π/a, 0 < z < π}.
On x = 0, 2π/a, we set a horizontal periodic boundary condition for velocity and
temperature, and on z = 0, π, the slip boundary condition uz = w = 0 for the
velocity field, the Dirichlet boundary condition θ = 0 for the temperature field.
Furthermore, imposing the condtion

u(x, z) = −u(−x, z), w(x, z) = w(−x, z), θ(x, z) = θ(−x, z),

we assume that the functions ψ and Θ have double Fourier series expansion

(60) ψ =
∞∑

m=1

∞∑
n=1

Amn sin(amx) sin(nz), Θ =
∞∑

m=0

∞∑
n=1

Bmn cos(amx) sin(nz).

Let Xk, Y k be the closure of the spaces spanned by the Fourier series (60) in Hk(Ω)
(k ≥ 0), respectively. We then set

A = [PΔ2, −Δ]T , X̂ = X4 × Y 2, X = X3 × Y 1, Y = X0 × Y 0,

f(ψ,Θ) := [
√
PRΘx − ψzΔψx + ψxΔψz, −

√
PRψx + ψzΘx − ψxΘz]

T ,

and the numerical verification procedure becomes applicable as before. We define
Xh as the finite-dimensional space spanned by finite Fourier series. The projec-
tion and its error estimate are obtained easily as the truncation error of Fourier
expansion.

In [47], non-trivial bifurcation branches are tracked by numerical verification
procedure, and Figure 3 (upper) is obtained. In Figure 3 (upper), the circled
part suggests there exists a bifurcation point of order 2 on the bifurcation curve
of relative Rayleigh number is equal to 2. To show the inference is correct, we
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Figure 3. Verified bifurcation structure (Left: 2-dimension, right:
3-dimension)

need to verify the existence of the Rayleigh number R0 which satisfies the following
augmented equation consist of the equation (59) and its linearized equation:

(61)

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

PΔ2ψ =
√
PRΘx − J(ψ,Δψ),

−ΔΘ = −
√
PRψx + J(ψ,Θ),

PΔ2φ =
√
PRΓx − J(ψ,Δφ)− J(φ,Δψ),

−ΔΓ = −
√
PRφx + J(ψ,Γ) + J(φ,Θ),

F(φ,Γ) = 1.

Here, J is the bilinear form as before, ψ, Θ are the unknown functions of the origi-
nal equation, φ,Γ are unknown functions derived from the linearized equation. The
last equation is a normalization condition by the linear functional F . Although, the
equation (61) is a complicated nonlinear system which contains the four unknown
functions ψ, Θ, φ, Γ and the unknown Rayleigh number R, our verification proce-
dure is applicable. In [31], an isolated solution which satisfies (61) is numerically
verified, and its Rayleigh number R0 is enclosed as

(62) R0 ∈ 32.04265510708193 + [−2.910, 2.910]× 10−10

by rigorous interval computation. Furthermore, it is verified numerically that
the linearized operator is invertible on a symmetric space, and R0 is actually a
symmetric-breaking bifurcation point.

On the other hand, in three-dimensional cases, the stream function is not avail-
able and (58) should be dealt with in the original form. A verification procedure
is still able to be formulated provided that triple Fourier expansions are available.
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At the present time, as is shown in Figure 3 (lower), the verification has been done
successfully if the relative Rayleigh number is sufficiently close to 1 [10]. In the
three-dimensional cases, bifurcation solutions which correspond to several patterns
appear. In Figure 3 (lower), the symbols ×, ©, ∗ correspond to the patterns called
“hexagon”, “square”, “roll”, respectively. We expect that interesting bifurcation
diagrams will be obtained by future development of computer machinery.

4. Further topics

So far, we have discussed the verification procedures for solutions of elliptic par-
tial differential equations developed by the author and his colleagues and their
application examples. In this section, we discuss its extension to evolution equa-
tions. We also explain other types of verification procedures proposed by several
authors, and their relevance to the author’s methods.

4.1. Evolution equations. Our verification procedure, which is explained in Sec-
tion 2, has been developed mainly for elliptic equations. It can be extended and can
be applied to the following nonlinear parabolic initial-boundary value problems:

(63)

⎧⎪⎨
⎪⎩

∂u

∂t
− νΔu = f(t, x, u,∇u) in Ω× J,

u(x, t) = 0 on ∂Ω× J,
u(x, 0) = 0 in Ω.

Here, J = (0, T ) ⊂ R, ν is a positive number, and appropriate conditions (such
as boundedness and continuity from L2(J ;H1

0 ) to L2(J ;L2) are imposed on the
nonlinear map f . We define the operator A as the following map:

L2(J ;L2) � g 
→ u; u is a solution of ut − νΔu = g.

The projection Ph and its constructive error estimation are defined for a solution u
to the simple parabolic equation ut − νΔu = g and its totally discretized approx-
imation uk

h ≡ P k
hu ∈ Sh(Ω) ⊗ V 1

k (J). Here, Sh(Ω), V
1
k (J) are finite dimensional

subspaces on Ω and J , which satisfy the boundary and initial conditions. If we find
a constant C(h, k) which satisfies the error estimate∥∥u− uk

h

∥∥
L2
(
J;H1

0 (Ω)
) ≤ C(h, k) ‖g‖

L2
(
J;L2(Ω)

) ,(64)

a verification procedure similar to that in Section 2 may be formulated. Of course,
the condition C(h, k) → 0 as h, k → 0 should be fulfilled. In [32, 33, 11], a manner of
total discretization is given, by which the constant is obtained constructively. Also,
an estimation of inverse operator norm of the linearized operator of the equation
(63) is provided. In particular, in [33], an effective C(h, k) is obtained. The method
is based on the fact that fundamental solution matrices of the ordinary differential
equations, which is derived by discretizing the evolution equation in space, are
verified effectively. To confirm that our formulation is useful for the nonlinear
evolution problem, we give an example of computation of the inverse operator
norm of a linearized operator in [11].

4.2. Plum’s method. In this section, we briefly explain the verification principle
given by Plum. Let X, Y be Banach spaces. The functional equation is to find
u ∈ X which satisfies

F(u) = 0(65)

for the operator F : X → Y .
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Let ω ∈ X be an approximate solution of the problem (65). We assume the
invertibility of the Fréchet derivative L := F ′[ω] of F at ω ∈ X. We further
assume that there exist positive constants δ, K depending on ω and a nondecreasing
function g : [0,∞) → [0,∞), which satisfy the following four conditions:

‖F(ω)‖Y ≤ δ,(66)

‖u‖X ≤ K‖L u‖Y , ∀u ∈ X,(67)

‖F ′[ω + u]−F ′[ω]‖B(X,Y ) ≤ g(‖u‖X), ∀u ∈ X,(68)

g(t) → 0 (t → 0).(69)

Then, we obtain the following verification principle which is similar to the Newton-
Kantorovich theorem.

Theorem 5. Suppose that the above δ,K, g satisfy the conditions (66)–(69). If

there exists a positive α > 0 such that, for G(t) :=
∫ t

0
g(s)ds,

δ ≤ α

K
−G(α)(70)

and

Kg(α) < 1.(71)

Then, there exists a solution u ∈ X to the equation F(u) = 0 in the set

U := { v ∈ X | ‖v − ω‖X ≤ α }.(72)

Moreover, the existence is locally unique in U .

The main part of the verification procedure based on this theorem is the estima-
tion of the constant K in (67) which corresponds to the inverse operator norm of the
linearized operator L . This is done by verifying the eigenvalue of the least absolute
value. Starting from an explicitly known spectral, such as those of the Laplacian
on a rectangular domain, we track a branch of eigenvalues by a numerically verified
homotopy method until we reach the targeted eigenvalue of the linearized operator
[35, 36]. The supposed applications are nonlinear elliptic equations in the form of
(5). If the linearized operator is non-self-adjoint, we apply the adjoint operator
to the original one to make it self-adjoint. Hence, we have to deal with the ellip-
tic eigenvalue problem of doubled order. In [2], it is numerically verified that the
following equation has at least four different solutions:

(73)

{
−Δu = u2 + 800 sin(πx) sin(πy) x ∈ Ω,

u = 0 x ∈ ∂Ω,

where Ω = (0, 1)× (0, 1). In this method, the most computationally expensive part
is the numerically verified homotopy method for obtaining spectral of the linearized
operator.

4.3. Other methods. Some researchers of dynamical systems, such as Mischaikow,
have tried to verify numerically stationary and periodic solutions of the infinite di-
mensional dynamical system

ut = Lu+ f(u),(74)

where L is a linear elliptic operator. One of their methods is to verify numerically
a topological property using the Conley index, and, as the result, the existence
of stationary solutions (hyperbolic equilibriums) is guaranteed. For example, this
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method is applied to the verification of stationary solutions of the following Swift-
Hohenberg equation

ut = {ν − (1 + ∂2
x)

2}u− u3, (ν > 0 : constant),(75)

u(x, t) = u(x+ L, t), u(x, t) = u(−x, t),

under periodic conditions with period L in space and the even-function condition in
[3]. Moreover, using Morse decomposition, the existence of a solution branch which
connects two stationary solutions is proven. The basic idea is to verify equilibrium
points using Conley’s index. The verification procedure is decomposed into two
parts: finite- and infinite-dimensional parts. The finite-dimensional part is verified
by a direct computation, and the infinite-dimensional part is verified by an error
estimation. If both parts are done, Conley’s index is computed rigorously and the
existence of stationary solutions is verified. For the verification of the connecting
solution branch, verifying the uniqueness of solution is important. For this purpose,
the method given in [51] is used. Recently, for the verification of stationary solutions
to more general problems, methods similar to that explained in Section 2.6 are used
more than those of the Conley index theory. That is, in those methods, Newton-
type operators are used for finite-dimensional computations, and error estimations
are used of infinite-dimensional procedure [4]. In those methods, one needs to know
explicitly the spectrum (eigenvalues and eigenfunctions) of L, the linear part in (74),
and the eigenfunctions span an orthonormal basis of a space from which solutions
are sought. If these assumptions hold, the discretization error coincides with the
truncation error, and as a result, the error estimates in the infinite-dimensional
space becomes dramatically simple and more precise. Usually, for assumptions to
hold, we have to formulate the problem on rectangular domains, and functional
spaces defined by Fourier series are used. In [5], [6], verification of the existence
of stationary solutions for the Swift-Hohenberg equations (75) and the following
Allen-Cahn equations are given:

(76)

{
ut = εΔu+ u− u3, x ∈ Ω,
un = 0, x ∈ ∂Ω.

Here, ε is a positive constant, and un is normal directional derivative of u. Zgliczyn-
ski [55] and Arioli [1] consider time-periodic solutions of Kuramoto-Sivashinski’s
equation

ut = −νuxxxx − uxx + (u2)x, (ν > 0 : constant).(77)

They obtained time-periodic solutions under both space-periodic and the Dirich-
let boundary conditions. Their methods are based on the spectral method using
eigenvalues, eigenfunctions of the linear part of (77).

In [41], a verification procedure based on Kantorovich’s theorem [54, Theorem
5.A] is proposed. The possibility of applying this method to problems defined on
general domains is discussed.

5. Conclusion

The author wrote an article on the same topic more than twenty years ago [20].
In rereading the article, we have a strong sense of how far we have advanced in
many directions.

We have tried to develop a methodology for a mathematically rigorous specifi-
cation of the region over which solutions of equations exist. From the perspective
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of numerical simulations, the methodology should provide assurances in regard to
the reliability of approximate solutions. For problems defined in finite-dimensional
spaces, the development of the methodology has been conducted speedily by the
needs and efforts from both engineering and industrial communities. As a result, the
techniques are becoming increasingly available to many people (see, for example,
[16, 34, 37]). For partial differential equations, in contrast, coding of the verifi-
cation program still requires “craftsmanship-like” skills, and the cost performance
of coding and execution of verification procedures are not so good. As a result,
it is not so easy for non-experts to achieve assurances of reliability from numeri-
cal simulations at present. It seems that researchers of mathematical sciences and
dynamical systems, rather than engineers, who have been analyzing complicated
nonlinear phenomena, have started to realize its importance. Therefore, it would
be very possible that the procedural methods for numerical verification could be
applied to many kinds of problems arising from pure mathematics such as differen-
tial geometry. The author really expects and hopes that more (pure and applied)
mathematicians will adopt the approach of computer-aided rigorous proof, from
which many mathematical statements may well be proven on powerful computers
in the future.
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