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ACTIONS OF GROUPS AND QUANTUM GROUPS

ON AMENABLE FACTORS

TOSHIHIKO MASUDA AND REIJI TOMATSU

1. Introduction

Since Murray and von Neumann discussed group actions on abelian von Neu-
mann algebras to construct concrete examples of factors, the research of group
actions on operator algebras has been one of the central themes and has been de-
veloped extensively. In this exposition, we will look back on the brief history of
this subject and explain the recent results about the classification of group and
quantum group actions on approximately finite dimensional (AFD) factors.

1.1. Operator algebras and group actions on them. We will briefly summa-
rize the basic notions of operator algebras. We refer [57, 62, 64, 69]. Let H be a
Hilbert space. We denote by B(H) the set of all bounded operators on H. Then
B(H) becomes an algebra by a usual sum, product and scalar multiplication of
operators. Moreover B(H) has the ∗-operation defined by the following:

〈xξ, η〉 = 〈ξ, x∗η〉, x ∈ B(H), ξ, η ∈ H.

We can equip B(H) with several structures of topological vector spaces. Here we
introduce the following three topologies:

• (norm topology) ‖x‖ = sup{‖xξ‖ | ‖ξ‖ ≤ 1};
• (strong topology) xn

s→ x iff xnξ → xξ, ∀ξ ∈ H;

• (weak topology) xn
w→ x iff 〈xnξ, η〉 → 〈xξ, η〉, ∀ξ, η ∈ H.

A ∗-subalgebra A ⊂ B(H) is said to be a C∗-algebra if A is closed in the norm
topology, and a von Neumann algebra if A is closed in the strong topology. For a
set A ⊂ B(H), we define its commutant A′ by A′ := {x ∈ B(H) | xa = ax, a ∈ A}.
When M is a ∗-algebra containing the identity operator 1 ∈ B(H), M is a von
Neumann algebra if and only if M = M ′′ holds (the double commutant theorem).
For a subalgebra N ⊂ M , the relative commutant N ′ ∩M is the set of elements
in M which commute with all elements in N .

Let M be a von Neumann algebra acting on H. Then B(H) is a dual Ba-
nach space of the Banach space of trace class operators, L1(H). We call M∗ :=
L1(H)/M⊥ a predual of M . By definition, M = (M∗)

∗ follows. If M∗ is a sep-
arable Banach space, then we say M is a separable von Neumann algebra. It is
equivalent to say that M can be represented on a separable Hilbert space. In
this exposition, we mainly treat separable von Neumann algebras. If the center
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2010 Mathematics Subject Classification. Primary 46L40; Secondary 46L55.

c©2017 American Mathematical Society

111

http://dx.doi.org/10.1090/suga/420


112 T. MASUDA AND R. TOMATSU

Z(M) := M ′ ∩M is C, then M is called a factor. Since every separable von Neu-
mann algebra is a direct integral of factors, factors are the most important objects
in the study of von Neumann algebra.

We next explain group actions. We denote the automorphism group of M
by Aut(M). Namely, it is the set of all bijections which preserves the ∗-algebra
structure of M .1 Let G be a locally compact group (in this exposition, we only
treat second countable topological groups). Let α be a group homomorphism
α : G → Aut(M). If α satisfies the following continuity condition, then we will
say α is an action, and we often write α : G � M :

lim
g→e

‖ϕ ◦ αg − ϕ‖M∗ = 0, ∀ϕ ∈ M∗.

IfG is discrete, then this continuity condition holds automatically. Denote U(M) :=
{u ∈ M | u∗u = 1 = uu∗}, and we say that an element in U(M) is a unitary. Each
u ∈ U(M) defines the automorphism Adu(x) := uxu∗, which is called an inner
automorphism, and we denote the set of all inner automorphisms by Int(M).2 From
the equality α ◦Adu ◦ α−1 = Adα(u), Int(M) is a normal subgroup of Aut(M).

Definition 1.1. Let M be a von Neumann algebra, G be a locally compact group,
and α be an action of G on M .

(1) A continuous map v : G → U(M) is said to be an α-cocycle if it satisfies
vgαg(vh) = vgh for all g, h ∈ G.

(2) An α-cocycle v is said to be a coboundary if there exists w ∈ U(M) with
vg = wαg(w

∗) for all g ∈ G.
(3) Let v be an α-cocycle. Then Ad vg ◦ αg is also an action. We will call this

action the cocycle perturbation of α by v.

Definition 1.2. Let M be a von Neumann algebra, G be a locally compact group,
and α, β be actions of G on M .

(1) We will say α and β are conjugate if there exists θ ∈ Aut(M) such that
αg = θ ◦ βg ◦ θ−1 holds.

(2) We will say α and β are cocycle conjugate if there exists an α-cocycle v
such that Ad vg ◦αg and βg are conjugate. When this is the case, we denote
by α ∼ β.

Usually, the cocycle conjugacy is too strong for us to classify actions, and it is
natural to classify by cocycle conjugacy in many situations. Thus our purpose is
to solve the following problem.

Problem 1.3. For a given von Neumann algebra M and G, classify all G-actions
by cocycle conjugacy equivalence.

In fact, such classification should be possible when M and G are “amenable”. In
the non-amenable case, it is known that we cannot obtain classification. (See [12] for
example. We refer to [56] for the study of non-amenable factors and non-amenable
groups.)

At the end of this subsection, we explain how we can construct a new von
Neumann algebra, called a crossed product von Neumann algebra, from a group
action α : G � M . This construction plays an important role throughout this

1The continuity of an isomorphism derived from this algebraic assumption.
2This notation comes from a French word, intérieur. In the C∗-algebra theory, it is often

denoted by Inn(M).
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exposition. Let G be a locally compact group and consider L2(G) with respect
to the (left invariant) Haar measure. Define a left regular representation λ : G →
B(L2(G)) by λg(f)(h) := f(g−1h). Let L(G) be a von Neumann algebra generated
by λg, and we say this a group von Neumann algebra of G.

For x ∈ M , define πα(x) ∈ M ⊗ B(L2(G)) by (πα(x)ξ)(g) := αg−1(x)ξ(g), ξ ∈
H ⊗ L2(G). Denote a von Neumann algebra generated by πα(M) and C ⊗ L(G)
by M �α G; we call this a crossed product. In particular, (1 ⊗ λg)πα(x) =
πα(αg(x))(1⊗ λg) holds. (We omit πα and 1⊗ in what follows. Thus this relation
is expressed as λgx = αg(x)λg.)

1.2. Types of factors, AFD (amenable) factors, and amenable groups. All
factors are classified into four kinds of factors, that is, type I, type II1, type II∞ and
type III factors. A factor of type I is isomorphic to B(K) for some Hilbert space
K. A finite dimensional factor is isomorphic to a matrix algebra Mn(C) = B(Cn),
and hence it is of type I. Any finite dimensional von Neumann algebra is a direct
sum of type I factors. A factor of II1 is a finite dimensional von Neumann algebra,
and it has a unique trace τ ∈ M∗ (trace condition means τ (xy) = τ (yx)). A factor
of II∞ is isomorphic to a (von Neumann) tensor product of a factor of type II1, and
B(K)(dimK = ∞). The rest of the factors are of type III. Tomita-Takesaki theory
[63, 69, 70] enables us to study type III factors, and type III factors are classified
into classes IIIλ (0 ≤ λ ≤ 1) by Connes [4] (also see §2.1).

We next explain AFD factors. A factor M is said to be AFD (approximately
finite dimensional) if there exists an increasing sequence of finite dimensional
subalgebras M1 ⊂ M2 ⊂ · · · ⊂ M such that

⋃
n Mn is weakly dense in M [69, 70].

Any AFD II1 factors are isomorphic to each other (Murray-von Neumann). By this
result, we can construct many examples of group actions on an AFD II1 factor (see
§1.3). We will treat factors of other types later. The AFD property is also equivalent
to many other properties such as the Schwartz property and the injectivity, or
amenability [8]. Thus one can understand the word “amenable” in the title of this
exposition as the AFD property.

We next explain the amenability of groups. A discrete group Γ (we assume the
countability in this exposition) is said to be amenable if there exists a norm con-
tinuous functional m : �∞(Γ) → C satisfying the following three conditions: for a
positive function f ≥ 0, m(f) ≥ 0 holds, m(1) = 1, and the left translation invari-
ance m(fg) = m(f) holds for every g ∈ Γ. Here fg is defined by fg(h) := f(g−1h).
The necessary and sufficient condition that m belongs to �1(Γ) is the finiteness of
Γ. For an infinite group, such a functional m is constructed by the transcendental
method using an ultrafilter. Thus we cannot know a concrete value of m(f) in
general. The following Følner condition, which is equivalent to amenability, is
more suitable to the approximation argument: for any ε > 0 and a finite subset
F ⊂ Γ, there exists a finite set K ⊂ Γ such that an inequality |gKΔK||K|−1 < ε
holds for any g ∈ F . We call such K an (F, ε)-invariant set. This condition means
that K is not almost invariant (relative to the size of K) when we translate K to
gK by g ∈ F . We can more roughly say that we can approximate the left regular
representation Γ � Γ by F � K. This property plays an essential role in several
cohomology vanishing theorems. Finite groups and abelian groups are amenable,
and free groups generated by two (or more than 2) elements are non-amenable.
The amenability can be defined for general locally compact groups. See [17, 56] for
details of amenable groups.
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1.3. Examples of group actions. We present some examples of group actions.

Example 1.4. Let (π,H) be a finite dimensional projective representation of G.
Then an action α of G on B(H) can be defined as αg = Adπ(g). One may make
use of an infinite tensor product to induce an action on an infinite dimensional
algebra from this action. For n ∈ N, put An = B(H), and consider the infinite
tensor product C∗-algebra A =

⊗∞
n=1 An. In this case, we can define an action of

G on A by the infinite tensor product αg :=
⊗∞

n=1 Adπ(g). We will extend this
to the weak closure M of A with respect to the representation constructed from a
trace τ (called the GNS representation); then an action of G on the AFD type II1
factor M is obtained. In general, we can induce an action on a factor by using an
Adπ(g)-invariant state (not necessarily tracial state). We will call such action the
infinite tensor product type action.

Example 1.5. Let M be the AFD type II1 factor, and σ(n) ∈ Aut(M) an auto-
morphism with period n, i.e., σp

(n) = id ⇔ p ∈ nZ. Then an infinite tensor product⊗∞
n=1 σ(n) is an aperiodic automorphism of

⊗∞
n=1 M

∼= M .

Example 1.6. Let M be the AFD type II1 factor and G a discrete group. For
g ∈ G, put Mg = M and define an action αg of G on an infinite tensor product⊗

g∈G Mg by αg (
⊗

h xh) =
(⊗

h xg−1h

)
. This is an analogue of Bernoulli shifts in

the ergodic theory and is called a non-commutative Bernoulli shift.

1.4. History of study of group actions. At the end of this section we recall
the history of study of group actions. The study of group actions on operator
algebras, especially the study of the classification of group actions up to cocycle
conjugacy, was initiated by Connes’ classification of automorphisms, i.e., actions
of the integer group Z on the AFD type II factors [6, 10]. Then Jones classified
actions of finite groups on the AFD type II1 factor [28]. Furthermore this result
was extended to complete classification of discrete amenable group actions on the
AFD type II factors by Ocneanu [55]. In the case of AFD type IIIλ factors (λ �= 1),
a classification was done by Sutherland and Takesaki [65, 66]. For the AFD type
III1 factor, Kawahigashi, Sutherland, and Takesaki classified abelian group and
finite group actions first [37]. The final completion of the series of these works
is due to Katayama, Sutherland, and Takesaki, who settle the problem concerned
with a general discrete amenable group [32]. For details of the invariants of this
classification, see the exposition by Katayama [31], or Section 2.2.

Although the statement of the classification result can be described in a inde-
pendent way from the types of factors (Theorem 2.2), the all proofs depend on the
types. (Indeed, there is a great difference between the type IIIλ, λ �= 1, case and
the type III1 case.) Recently, the first author obtained a unified proof of the classi-
fication theorem, which is independent from types of factors [48]. We will explain
this in Section 3.

An attempt to extend this result to continuous group actions has also been
made. Among such groups, compact ones are relatively easy objects to handle. In
particular, a compact abelian group action can be reduced to a discrete abelian
group action by the Pontryagin duality theorem [30, 38]. For non-commutative
compact groups, we make use of the Tannaka duality theorem. More precisely,
we discuss the duality in the framework of quantum groups of Kac type. We will
explain this in §4. In the last section, §5, we discuss actions of quantum groups.
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In this exposition, we treat the classification of group actions on AFD factors.
See the exposition due to Izumi [24] about the classification of group actions on
C∗-algebras, which has been recently developed remarkably.

2. Structure of factors and invariants of group actions

In this section, we explain the outline of the theory of the structure of factors and
the invariants of group actions to state the classification theorem of group actions.
We refer the reader to [68, 69, 70].

2.1. Structure theory of factors. We first recall the notion of weights on von
Neumann algebras. Let M be a von Neumann algebra, and set M+ := {x ∈ M |
x ≥ 0}. Here x ≥ 0 means that x∗ = x and the spectrum of x is contained in
the set of non-negative real numbers. Then M+ is a positive cone. Namely, the
implications, x, y ∈ M+ ⇒ x+ y ∈ M+ and λ ∈ R+, x ∈ M+ ⇒ λx ∈ M+ hold. A
normal faithful semifinite weight ϕ on M is a map ϕ : M+ → [0,∞] (it can take a
value +∞), which satisfies the following conditions:

• ϕ(x+ y) = ϕ(x) + ϕ(y), ϕ(λx) = λϕ(x), x, y ∈ M+, 0 ≤ λ ∈ R;
• (faithfulness) ϕ(x) = 0, x ≥ 0 ⇒ x = 0;
• (semifiniteness) the set {x ∈ M+ | ϕ(x) < ∞} is a dense subset of M+ in
the weak topology;

• (normality) for a bounded increasing net {xi}i∈I ⊂ M+,

ϕ(sup
i

xi) = sup
i

ϕ(xi).

In what follows, for simplicity we refer to a normal faithful semifinite weight as a
weight. When ϕ(1) < ∞, we have ϕ ∈ M∗. In particular, we say ϕ is a state if
ϕ(1) = 1.

For a weight ϕ, we can associate a one-parameter automorphism group σϕ
t on

M , which is called the modular automorphism group and characterized by the
KMS condition. For weights ϕ, ψ, there exists a Connes cocycle (non-commutative
Radon–Nikodym derivative) [Dϕ : Dψ]t ∈ U(M) such that σϕ

t = Ad[Dϕ : Dψ]t ◦
σψ
t . Thus a modular automorphism group gives an invariant of M up to inner

automorphisms.
Next, we consider a crossed product M �σϕ R. Here we denote the left regular

representation of R by λϕ(t) to clarify ϕ. Then there exist a tracial weight τ on
M �σϕ R and a one-parameter automorphism group θ on M �σϕ R which satisfies
the following equations:

τ ◦ θs = e−sτ, θs(xλ
ϕ(t)) = e−istxλϕ(t), s, t ∈ R, x ∈ M.

We will call θ the dual action of σϕ. Due to the existence of the Connes cocycle, the
pair (M �σϕ R, θ) does not depend on the choice of ϕ. We will call M̃ := M �σϕ R
the core associated with M (see [16] for the precise definition of M̃). By this

identification, λϕ(t) can be expressed as λϕ(t) = [Dϕ : Dψ]tλ
ψ(t). Since M̃ has

a tracial weight, it is semifinite. If M is of type III, then M̃ is a type II∞ von
Neumann algebra.3 For x ∈ M̃ , it is known that θt(x) = x, ∀t ∈ R iff x ∈ M .

Hence θ is an ergodic action on CM := Z(M̃). Take a measure space (XM , μM )
such that CM = L∞(XM , μM ); then θ corresponds to an ergodic flow FM by
θt(f)(x) = f(FM

−tx), f ∈ CM , x ∈ XM [45]. We call this θ or FM the (smooth)

3It is a factor iff M is of type III1.
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flow of weights of M [13]. We can classify ergodic flows to the following four
classes: (1) the translation on R; (2) the translation on [0, T ) = R/TZ; (3) the
trivial flow (i.e., CM = C); (4) the recurrent aperiodic flow. Case (1) occurs if M
is of type I or II, i.e., M has a trace. If M is a factor of type III, then case (2), (3)
or (4) occur. We say M is of type IIIλ (0 < λ := e−T < 1), type III1, and type III0
accordingly.

The flow of weights of M is an important invariant, and it determines an iso-
morphism class of M completely if M is an AFD type III factor. Namely, we have
the following result.

Theorem 2.1 ([8, 11, 18, 43]). Let M and N be AFD type III factors. Then M
and N are isomorphic if and only if their flow of weights are isomorphic.

Thus an AFD IIIλ factor is unique for each λ when λ �= 0, and there exists
uncountably many when λ = 0. The Powers factors [59], the Araki–Woods factors
[1, 2] or the Krieger factors [7, 43] provide us with a concrete construction of all
the possible AFD factors. In general, it is difficult to construct an isomorphism
between infinite dimensional algebras. The above theorem is very strong because
we can determine whether or not algebras are an isomorphism by investigating
modular automorphism groups and the AFD property (injectivity).

We next explain how we can extend automorphisms on M to M̃ . This extension
plays an important role in defining an invariant of group actions. Let α ∈ Aut(M),

and define α̃ ∈ Aut(M̃) as follows:

α̃(x) = α(x), x ∈ M, α̃(λϕ(t)) = λϕ◦α−1

(t) = [Dϕ ◦ α−1 : Dϕ]tλ
ϕ(t).

We call α̃ the canonical extension of α [19]. The map Aut(M) � α �→ α̃ ∈
Aut(M̃) is a (continuous) group homomorphism. It holds that τ ◦ α̃ = τ and
α̃ ◦ θt = θt ◦ α̃. Thus the restriction of α̃ on CM defines an automorphism of
the flow of weights of M . We denote by mod(α) the restriction, and call it the
Connes–Takesaki module of α.

Set Cntr(M) := {α ∈ Aut(M) | α̃ ∈ Int(M̃)}. Since Ãdu = Adu, we have
Int(M) ⊂ Cntr(M). Since the canonical extension of a modular automorphism
σϕ
t is Adλϕ(t), we also know σϕ

t ∈ Cntr(M). So, we call an element of Cntr(M)

an extended modular automorphism [13, 19]. By the equality ˜α ◦ β ◦ α−1 =

α̃ ◦ β̃ ◦ α̃−1, Cntr(M) is a (not necessary closed) normal subgroup of Aut(M).

2.2. Invariants of group actions. Let M be a factor and G a discrete group,
and consider an action α : G � M . We will see that we can associate the invariant
(Nα,mod(αg), χ(α)) with α in what follows. They are described in terms of the
flow of weights. At first, the Connes–Takesaki module mod(αg) is obtained. Define
the normal subgroup Nα of G by Nα := {n ∈ G | αn ∈ Cntr(M)}. By the definition

of extended modular automorphisms we can choose un ∈ U(M̃) with α̃n = Adun

for each n ∈ Nα. From equations α̃g ◦ α̃g−1ng ◦ α̃−1
g = α̃n, α̃m ◦ α̃n = α̃mn,

α̃g ◦ θt = θt ◦ α̃g, we obtain unitaries λ(n, g), μ(m,n), ct(n) ∈ CM for g ∈ G,
m,n ∈ Nα, t ∈ R by the following:

α̃g(ug−1ng) = λ(n, g)un, umun = μ(m,n)umn, θt(un) = ct(n)un.

Unitaries λ(n, g), μ(m,n), ct(n) satisfy several relations, but we omit an expla-
nation here. Since a choice of un satisfying α̃n = Adun is not unique, the unitaries
λ(n, g), μ(m,n), ct(n) also depend on the choice of un as well. We can remove this
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ambiguity by introducing a suitable equivalence relation. We denote the equiva-
lence class by χ(α) and call it the characteristic invariant of α. It is easy to
see that the tuple (Nα,mod(αg), χ(α)) is a cocycle conjugacy invariant for α. The
classification result states the inverse implication [6, 28, 32, 55].

Theorem 2.2. Let M be an AFD factor, G a discrete amenable group, and
α, β : G � M . Then α and β are cocycle conjugate if and only if Nα = Nβ,
mod(αg) = mod(βg), χ(α) = χ(β).

3. Proof of Theorem 2.2 by an intertwining argument

3.1. Ultraproduct von Neumann algebras. In the study of operator algebras
we often treat approximating sequences, and it would be convenient if we can replace
them by equalities. To do so, we shall introduce two kinds of ultraproduct algebras
as follows. Let M be a von Neumann algebra. Define the commutator [a, ϕ] ∈ M∗
of a ∈ M and ϕ ∈ M∗ by [a, ϕ](x) := (aϕ− ϕa)(x) = ϕ(xa− ax).

Definition 3.1. Let ω be a free ultrafilter over N, i.e., ω ∈ βN \ N (here βN
is a Stone-Čech compactification of N). For the set of norm bounded sequences
�∞(N,M) of M , we define the subalgebras Iω, Cω as follows:

Iω := {(xn)n| lim
n→ω

xn = 0 = lim
n→ω

x∗
n in the strong topology},

Cω := {(xn)n| lim
n→ω

‖[xn, ϕ]‖M∗ = 0 for any ϕ ∈ M∗}.
Let N(Iω) be a normalizer of Iω; then we have Iω ⊂ Cω ⊂ N(Iω). Set Mω :=
N(Iω)/Iω, Mω := Cω/Iω. We will call these algebras ultra-product von Neu-
mann algebras and central sequence von Neumann algebras, respectively.

The quotient C∗-algebras Mω,Mω are in fact von Neumann algebras4 [5, 53,
55, 61]. However, one should note that these are not separable von Neumann
algebras. By identifying x ∈ M with a constant sequence (x, x, . . . ) ∈ Mω, M
can be embedded into Mω as a von Neumann subalgebra. In this case, we have
Mω ⊂ M ′ ∩ Mω. (If M is a type II1 factor, then equality holds. Furthermore,
M = (Mω)

′ ∩Mω holds if M is AFD.)
For an element x in Mω, take a representing sequence (xn)n and set τω(x) :=

limn→ω xn (this limit is taken in the weak topology of M). This limit does not
depend on a choice of representing sequences, and we have τω(x) ∈ Z(M) and the
tracial condition τω(xy) = τω(yx). In particular, Mω is of finite type. If M is a
factor, then τω : Mω → C is a (faithful) normal tracial state. Moreover, if M is of
non-type I and AFD, then Mω is a type II1 von Neumann algebra and becomes a
type II1 factor for non-type III0 factors.5

For α ∈ Aut(M), we can define an automorphism of Mω by associating a new
sequence (α(xn))n with a representing sequence (xn)n of x ∈ Mω. We denote it by
αω. The restriction of αω on Mω is denoted by αω. However we simply write αω as
α to avoid complication of notation. The map α �→ αω is a group homomorphism,
but it is not continuous. One does not have to be careful on this now since the
objects we treat in this exposition are discrete ones like discrete groups, or duals

4If we take the usual infinity in the taking limit, then these are not von Neumann algebras.
The fact that Mω,Mω are von Neumann algebras is shown by Sakai for type II1 factors, and by
Connes and Ocneanu in the general case.

5In general we say that M is strongly stable, or McDuff, if Mω is a type II1 von Neumann
algebra. If every central sequence is trivial, i.e., Mω = C, we say that M is a full factor.
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of compact groups. But one must always care about this in the study of actions of
continuous groups such as the real number group R.

Next, let us introduce the two important normal subgroups of Aut(M), Int(M)
and Cnt(M).

Definition 3.2. Let α ∈ Aut(M).

(1) We will say that α is approximately inner if α is described as a limit of
inner automorphisms such as α = limn→∞ Adun. We denote by Int(M)
the set of all such automorphisms.

(2) We will say that α is centrally trivial if αω = id on Mω. We denote by
Cnt(M) the set of all such automorphisms.

By definition Int(M) is a closed normal subgroup of Aut(M). If M is a non-type
I AFD factor, then Int(M) � Int(M).6 If M is the AFD type II1 factor or the
AFD type III1 factor, then every automorphism is approximately inner. Namely
Int(M) = Aut(M) holds. For other AFD factors, this equality does not hold. The
definition of Cnt(M) does not depend on the choice of a free ultrafilter ω. At
a glance, it seems that Cnt(M) is a closed normal subgroup of Aut(M) by the
condition αω = id, but it is not closed in general due to the discontinuity of a map
α �→ αω. If M is AFD, the analytic conditions of the approximate innerness and
the central triviality are equivalent to the algebraic conditions of the triviality of
Connes–Takesaki module and are extended modular automorphisms, respectively.
Namely, we have the following characterization.

Theorem 3.3 (Connes [9], Kawahigashi, Sutherland, and Takesaki [37]). If M is
an AFD factor, the following equalities hold:

Ker(mod) = Int(M), Cntr(M) = Cnt(M).

By making use of this result, we can obtain analytic conditions from invariants
of group actions.

3.2. Rohlin type theorem. Another key tool to show Theorem 2.2 is a Rohlin
type theorem. This is an analogue of the Rohlin theorem in ergodic theory. Connes
considered it for the integer group, and later it was generalized for discrete amenable
groups by Ocneanu [55]. Here we present a simplified version of Ocneanu’s theorem.

Theorem 3.4. Let M be an AFD factor, G a be discrete amenable group, and α be
a centrally free action of G on M . Let ε > 0 and a finite set F of G be given, and let
K be an (F, ε)-invariant set. Then there exists a partition of unity {Eg}g∈G ⊂ Mω

consisting of projections which satisfies the following. If g /∈ K, then Eg = 0, and
we have ∑

k∈G

‖αg(Ek)− Egk‖1 < 4ε
1
2 , g ∈ F.

Here a centrally free action means that α acts freely on Mω. This is equivalent
to saying that αg /∈ Cnt(M) for g �= e [6, 55]. Thus Theorem 3.4 means that we can
realize the left regular representation of G in Mω approximately if α has the strong
outerness. We will say that {Eg}g∈G in this theorem as Rohlin projections
or a Rohlin tower. We define the L1- and the L2-norm with respect to τω by
‖x‖1 := τω(|x|), ‖x‖2 := τω(x

∗x)1/2 respectively. In the study of actions, we can

6When M is of type I, Int(M) = Aut(M) holds.
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greatly benefit from the Rohlin projections. As an example, we present an outline
of a proof of the approximate 1-cohomology vanishing theorem.

Theorem 3.5. Let M , G, α be as in the previous theorem. Then any α-cocycle is
approximately a coboundary. Namely, for an α-cocycle v, ε > 0, and a finite set
F ⊂ G, there exists w ∈ M such that the difference of vg and wαg(w

∗) (g ∈ F ) is
at most ε.

The outline is as follows. For simplicity, we consider the case that Rohlin projec-
tions satisfy equality αg(Ek) = Egk without errors. Put μ :=

∑
k∈K vkEk, and we

compute as follows. (This argument is known as Shapiro’s lemma in cohomology
theory. We call μ a Shapiro unitary.)

vgαg(μ) =
∑

k∈K

vgαg(vk)αg(Ek) =
∑

k∈K

vgkEgk = μ.

Next let (μν)ν be a representing sequence of μ; then vgαg(μ
ν) ∼ μν holds on some

A ∈ ω. Thus we choose ν ∈ A and set w = μν . We actually have error estimates
because αg(Ek) is not exactly equal to Egk, and vgαg(μ) and μ do not coincide.
The observation above is, however, enough for us since our statement is concerned
with an inequality.7

3.3. Second cohomology vanishing. In this subsection, we consider cocycle ac-
tions, which is a generalization of group actions. Let α : G → Aut(M) be a map
(not necessary a homomorphism, but we assume αe = id), and let wg,h ∈ M be a
unitary. When they satisfy the following relations:

αg ◦ αh = Adwg,h ◦ αgh, wg,hwgh,k = αg(wh,k)wg,hk.

We will say that (α,w) is a cocycle action and w is a 2-cocycle for the cocycle
action. The following result due to Ocneanu is the most fundamental theorem in
the classification of discrete amenable group actions. Also, it provides us a nice
example such that the ultraproduct technique is required, although the theorem
itself is not about ultraproduct algebras at all.

Theorem 3.6 (Ocneanu [55]). Let M be an AFD factor, G a discrete amenable
group, and (α,w) : G � M a centrally free cocycle action. Then w is a cobound-
ary, that is, there exist unitaries vg ∈ M such that vgαg(vh)wg,hv

∗
gh = 1 holds.

Furthermore, if w is close to 1, then we can choose v as close to 1.

Outline of proof. For simplicity, let M be of type II1. Any estimates and choice of
Fn’s are not so precise in the following argument. See [49] for a detailed proof.

We first claim that we can perturb any 2-cocycle so that the perturbed one is
arbitrarily close to 1.

Claim. Let F ⊂ G be a finite set and ε > 0. Then we can choose unitaries vg ∈ M
as follows:

‖vgαg(vh)wg,hv
∗
gh − 1‖2 < ε, g, h ∈ F.

We omit the proof of this claim (see [49]). We fix εn > 0 with εn ↓ 0 and an
increasing sequence of finite sets F1 ⊂ F2 ⊂ · · · ⊂ G with

⋃
n Fn = G. Set

(α(0), w0) := (α,w), apply the above claim to (F1, ε1), and obtain v0. Then let
(α(1), w1) be a perturbation by v0. Namely, we set α(1) := Ad v0 ◦ α(0), w1

g,h :=

v0gα
(0)
g (v0h)w

0
g,h(v

0
gh)

∗. Then w1 is close to 1 up to an error ε1 on F1 × F1.

7By using the index selection trick [55], we can let them coincide in Mω.
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Next we apply the claim to (F2, ε2) and (α(1), w1) and obtain a unitary v1. Let
(α(2), w2) be a perturbation by v1. By a simple computation, we know that this
is a perturbation of (α(0), w0) by v1v0. Here w2 is close to 1 up to an error ε2 on
F2 × F2.

It seems that if we repeat this perturbation process inductively, then we can
vanish a 2-cocycle since εn → 0. However, the n-th cocycle action (α(n), wn) is a
perturbation of a cocycle action (α,w) by vn−1vn−2 · · · v0, and this unitary does not
converge in general. Hence we must devise the choice of unitaries in perturbation.
Let us stop at the n-th step and take a look at the next step. Suppose that we have
chosen a unitary vn as above. Namely,

‖wn+1
g,h − 1‖2 = ‖vng α(n)

g (vnh)w
n
g,h(v

n
gh)

∗ − 1‖2 < εn+1, g, h ∈ Fn+1.

Here we know the following since ‖wn
g,h − 1‖2 < εn holds for g, h ∈ Fn:

‖vng α(n)
g (vnh )(v

n
gh)

∗ − 1‖2 < 2εn, g, h ∈ Fn.

This means that vn is a 1-cocycle in an approximate sense, and if we construct a
Shapiro unitary from vn, then we can perturb vn so that vn is close to 1. Here

we choose u ∈ M with ‖uvng α
(n)
g (u∗) − 1‖2 < εn, and perturb (α(n), wn) by v̄ng :=

uvngα
(n)
g (u∗). Then ‖v̄ng − 1‖2 < εn, and

‖v̄ngα(n)
g (v̄nh )w

n
g,hv̄

∗
gh − 1‖2 = ‖u(wn+1

g,h − 1)u∗‖2 = ‖wn+1
g,h − 1‖2 < εn+1

holds. In this way, we successively take v̄ng after choosing vng . Then the infi-

nite product v̄ng v̄
n−1
g · · · v̄0g strongly converges to a unitary v̄g. Then the equality

v̄gαg(v̄h)wg,hv̄
∗
gh = 1 obviously holds. �

We obtain the following result as an application of the 2-cohomology vanishing.
We treat only the type II1 case, but a similar result holds for a general AFD factor.

Theorem 3.7. Let M be an AFD type II1 factor and let G be a discrete amenable
group. Assume that two actions α, β : G � M are centrally free and satisfy αg ◦
β−1
g ∈ Int(M). Then for any ε > 0, and finite sets F ⊂ G, T ⊂ M , there exists a

1-cocycle v for β which satisfies the following:

‖αg(x)− vgβg(x)v
∗
g‖2 < ε, g ∈ F, x ∈ T.

3.4. Outline of the intertwining argument. Connes classified automorphisms
of the AFD type II1 factor by making use of the Rohlin type theorem [6, 10]. In his
proof, he used the model model action splitting method. Namely, we construct a
model action, which is usually an infinite tensor product type action, and compare
a given action with the model action (see [31] for details).

Today, however, the intertwining argument by Evans and Kishimoto [15] is often
used instead of the model action splitting method. This originally comes from
the classification of automorphisms of a C∗-algebra, and many results have been
obtained as its applications. In general, classification theory in operator algebras
is usually first established for von Neumann algebras, and then it is imported into
the theory of C∗-algebras. But it is interesting that the direction is converse as
to the intertwining argument. One merit of this argument is that it is easier than
the model action splitting method. For example, in C∗-algebra theory, one cannot
apply the model action splitting method due to the restriction of K-theory. Also,
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it could be difficult to classify actions of duals of a compact group, which will be
discussed later, by splitting a model.

We need a slightly complicated induction in the intertwining argument. So let
us explain only its outline. To simplify our discussion, we let M be the AFD type
II1 factor. Then M has the faithful normal tracial state τ , and we can estimate
the convergence in the strong topology by the L2-norm with respect to τ . Let α
and β be centrally free actions of G. We assume αg ◦ β−1

g ∈ Int(M). Namely, we
assume that they are different up to approximately inner automorphisms. Then
we can take a sequence of unitaries {un

g }∞n=1 such that αg = limn→∞ Adun
g ◦ βg.

By Theorem 3.7, we can take un
g to be a β-cocycle. In particular Adun

g ◦ βg is an
action of G.

Let {xi}∞i=1 be a countable strongly dense subset of a unit ball of M . Let
F1 ⊂ F2 ⊂ · · · ⊂ G be an increasing sequence of finite sets with

⋃
i Fi = G.

Set γ
(0)
g := αg, γ

(−1)
g := βg. From these, we will construct actions γ(1), γ(2), . . .

inductively. At first we perturb γ(−1) by a cocycle (put it γ(1)) and make it close to
γ(0). Next we perturb γ(0) by a cocycle (put it γ(2)) and make it closer to γ(1). As
above, we perturb actions by cocycles alternatively, and improve the accuracy of
the approximations and make them coincide in some middle point. Needless to say,
even if we simply repeat perturbations, the infinite product of 1-cocycles, whose
size may not be small, appears, and the issue of its convergence should be treated.
Thus in each step, we must approximate 1-cocycles by coboundaries. We explain
the details in the following.

In the first step, we choose a 1-cocycle u1 for γ(−1) as follows by Theorem 3.7:

‖Adu1
g ◦ γ(−1)

g (x)− γ(0)
g (x)‖2 < ε1, x ∈ Φ1, g ∈ F1.

Here we set γ
(1)
g = Adu1

g ◦ γ
(−1)
g . The set Φ1 is some finite subset of M . Assume

that the n-th step has been done. In the (n + 1)-st step, we define a finite subset
Φn of M which is larger than Φn−1, and then again apply Theorem 3.7, and finally
choose a 1-cocycle un+1 for γ(n−1) such that

‖Adun+1
g ◦ γ(n−1)

g (x)− γ(n)
g (x)‖2 < εn, x ∈ Φn+1, g ∈ Fn+1.

We already obtain ‖γ(n−1)
g (x) − γ

(n)
g (x)‖2 < εn, x ∈ Φn, g ∈ Fn in the n-th step.

Combining these, we get

‖Adun+1
g ◦ γ(n−1)

g (x)− γ(n−1)
g (x)‖2 < 2εn, x ∈ Φ̃n, g ∈ Fn.

If we define Φ̃n suitably, then we get ‖[un+1
g , x]‖2 < 2εn, x ∈ Φn. Here by the ap-

proximate 1-cohomology vanishing explained in §3.2, we can choose a unitary wn+1

with ‖un+1
g − wn+1γ

(n−1)
g (w∗

n+1)‖2 < Cεn. Set vn+1
g = un+1

g γ
(n−1)
g (wn+1)w

∗
n+1;

then we have ‖vn+1
g − 1‖2 < Cεn, and γ

(n+1)
g = Ad vn+1

g ◦Adwn+1 ◦ γ(n−1)
g ◦w∗

n+1.

We do not have any estimate of the first chosen cocycle un+1
g , but it is impor-

tant that vn+1
g is sufficiently close to 1. We can also choose wn so that it ap-

proximately commutes with x ∈ Φn as ‖[wn+1, x]‖2 < εn. Here we define v̂ng =

vngwnv̂
n−2
g w∗

n, θn = Adwn ◦ θn−2 inductively, and then it is easy to see that

γ
(2n)
g = Ad v̂2ng ◦ θ2n ◦ αg ◦ θ−1

2n .
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By the definition of v̂ng , the difference between v̂ng and v̂n−2
g is almost vng , and

it is a unitary which is sufficiently close to 1. Hence we can show that v2ng con-

verges to some unitary û0
g. If we use the condition that wn commutes approxi-

mately, then we can verify that θ2n also converges to some σ0 ∈ Int(M). Thus

we have limn→∞ γ
(2n)
g = Ad û0

g ◦ σ0 ◦ αg ◦ σ−1
0 . In the same way, we can see that

limn→∞ γ
(2n+1)
g = Ad û1

g ◦ σ1 ◦ βg ◦ σ−1
1 for γ

(2n+1)
g . Since γ

(2n)
g and γ

(2n+1)
g are

close in each step, we finally obtain Ad û0
g ◦ σ0 ◦ αg ◦ σ−1

0 = Ad û1
g ◦ σ1 ◦ βg ◦ σ−1

1 ,
and α and β are cocycle conjugate. By the above argument, we have the following
result.

Theorem 3.8. Let M be an AFD factor and G a discrete amenable group. If
α, β : G � M are centrally free and satisfy αg ◦ β−1

g ∈ Int(M), g ∈ G, then α ∼ β
holds.

The above theorem corresponds to the case that Nα = Nβ = {e} and mod(αg) =
mod(βg) in Theorem 2.2. Then χ(α) becomes trivial. Next we must consider the
case that Nα = Nβ �= {e}. Let us briefly present the proof given in [48]. We divide
G into two parts, N := Nα = Nβ and Q := G/N . For n ∈ N , we choose ũα

n,

ũβ
n ∈ U(M̃) such that α̃n = Ad ũα

n and β̃ = Ad ũβ
n. Since μ(m,n) and ct(n) are

equal, by putting un = ũα
nũ

β∗

n , we can easily verify un ∈ M and αn = Adun ◦ βn,
and un is a β-cocycle. Thus α and β are cocycle conjugate if we restrict them on
the subgroup N .

We next consider Q-parts of α and β. Let s : Q → G be a section map for the
quotient map, and consider αs(q) and βs(q). In general, s is not a homomorphism,

thus these are not actions of Q. However, αs(q) ◦ β−1
s(q) ∈ Int(M) and they are

centrally free by Theorem 3.3, and we can show they are “cocycle conjugate” in
an appropriate sense by modifying the intertwining argument. Finally, we combine
the cocycle conjugacy of the N -parts and the Q-parts, and we can show the cocycle
conjugacy of α and β by using information of λ(n, g).

4. Duals of quantum groups and compact groups, and their actions

In this section, we will overview actions of compact groups and their duals on
AFD factors. In general, it is difficult to classify compact group actions directly,
unlike discrete amenable group actions. Thus we handle them by first considering
dual quantum groups, which are discrete objects, and then come back to the original
compact group actions. Our purpose here is to generalize the analysis of discrete
group actions discussed in the previous section to discrete dual quantum group
actions. Although we have not classified all compact group actions yet, we have
seen several developments. So, let us take a look at them. Our references here are
[49, 51, 52].

4.1. Quantum groups. In this exposition, we consider only operator algebraic
quantum groups initiated by Woronowicz, in particular two kinds of quantum
groups, i.e., compact ones [76, 77, 78, 79] and discrete ones. Here we recall the
von Neumann algebraic formulation [44] whose conditions are simpler than the
C∗-algebraic one.

Definition 4.1. Let M be a von Neumann algebra and δ : M → M ⊗ M be a
unital faithful normal ∗-homomorphism. We will say that a pair (M, δ) is a locally
compact quantum group if we have the following conditions:
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• δ is a coproduct, i.e., (δ ⊗ id) ◦ δ = (id⊗δ) ◦ δ holds.
• There exist weights ϕ, ψ : M+ → [0,∞] satisfying equalities

ϕ((ω ⊗ id)(δ(x))) = ω(1)ϕ(x),

ψ((id⊗ω)(δ(x))) = ω(1)ψ(x)

for any x ∈ M+ and ω ∈ M+
∗ .

We call ϕ and ψ in the above a left invariant weight and a right invariant weight,
respectively. It is known that they are uniquely determined up to a scalar multiple.
Let us adopt a commonly used notation G := (M, δ) and L∞(G) := M that is
called the function algebra of G. This notation creates an atmosphere that we call
the non-commutative space G. In the following, we simply say a locally compact
quantum group as a quantum group. When ϕ(1) < ∞, we will say that G is a
compact quantum group. In this case, we normalize ϕ and denote it by h. We
call h a Haar state. For a compact quantum group, a right invariant weight ψ is
equal to h up to a scalar multiple. When h is a tracial state, a compact quantum
group G is said to be of Kac type (see [3, 14] quantum groups of Kac type and
[25] for a classification of quantum groups of Kac type with low dimension).

Example 4.2. LetG be a locally compact group. Define the coproduct δ :L∞(G)→
L∞(G) ⊗ L∞(G) by δ(f)(r, s) = f(rs), r, s ∈ G (we identify L∞(G) ⊗ L∞(G) =
L∞(G × G)). Then (L∞(G), δ) is a quantum group. Indeed, let μ and ν be a
left invariant measure and a right invariant measure, respectively. Set the weights
ϕ, ψ : L∞(G)+ → [0,∞] defined by ϕ(f) =

∫
G
f(r) dμ(r), ψ(f) =

∫
G
f(r) dν(r);

then it is a left (resp. right) invariant weight. Needless to say, it is a compact
quantum group if and only if G is a compact group. Thus we can regard a locally
compact group as a locally compact quantum group. Conversely, such a quantum
group is characterized by the commutativity of the function algebra.

Example 4.3. Let G be a locally compact group and μ be a left invariant measure.
Let L2(G) be a Hilbert space consisting of square integrable functions with respect
to μ. We define a left regular representation λ of G and a group von Neumann
algebra L(G) as in Section 1.1. Then there exists a coproduct Δ: L(G) → L(G)⊗
L(G) such that Δ(λg) = λg ⊗ λg, and one can show the existence of a left (resp.
right) invariant weight (Plancherel weight). Thus (L(G),Δ) is a quantum group.
The coproduct Δ is cocommutative. Conversely, a cocommutative quantum group
arises from a group von Neumann algebra.

Example 4.4. For a non-Kac type compact group, the q-deformation SUq(2) of
SU(2) due to Woronowicz has been studied well (q is a non-zero real number).
For the definition of SUq(2) and its representation theory, see [46, 76]. For the
q-deformations of other Lie groups, see [42].

It is in general a difficult problem to construct a left (or right) invariant weight on
a von Neumann bialgebra. For a compact quantum group, the following sufficient
condition is known [79].

Theorem 4.5 (Woronowicz). Assume that there exists a coproduct δ : A → A ⊗
A on a unital and separable C∗-algebra A such that subspaces δ(A)(C ⊗ A) and



124 T. MASUDA AND R. TOMATSU

δ(A)(A⊗ C) are dense8 in a tensor product C∗-algebra A⊗ A.9 Then there exists
a unique (not necessary faithful) two-sided invariant state.

To construct a quantum group from a pair (A, δ), we employ the GNS construc-
tion with respect to the invariant state h. Namely, let Hh be the GNS Hilbert space
associated with a state h on A, Ωh be the GNS cyclic vector, πh : A → B(Hh) be
the GNS representation and M be the weak closure of πh(A). We next extend h to
M by setting h(x) := 〈xΩh,Ωh〉 for x ∈ M . Then the state h is a faithful normal on
M . We can also extend a coproduct δ on M , and then (M, δ) becomes a compact
quantum group with the normal invariant state h. Conversely, if a function algebra
of a compact quantum group is separable, then it is always constructed in the above
way. We write L∞(G) for M as before, and we regard A as the continuous function
algebra on G and denote it by C(G). Historically, the conditions stated in Theorem
4.5 is the original definition of a compact group due to Woronowicz. Since then, the
theory of locally compact quantum groups has developed, and now Definition 4.1
due to Kustermans and Vaes is accepted as the definition of an operator algebraic
quantum group. (See also [47] for another approach presented by Tetsuya Masuda,
Nakagami, and Woronowicz).

4.2. Duals of compact quantum groups. If we analyze Example 4.3 further,
then we can arrive at the notion of a dual quantum group. Indeed, let G be
an abelian group and Ĝ its dual group. By the Fourier transform F : L2(G) →
L2(Ĝ), L(G) is mapped onto L∞(Ĝ). As we have seen in Example 4.2, L∞(Ĝ)
has a coproduct. This coproduct coincides via F with the one of L(G) introduced

in Example 4.3. Furthermore a Haar measure on Ĝ defines the invariant weight
ϕ : L(G) → C. Thus the quantum group L(G) is isomorphic to the quantum group

L∞(Ĝ). Therefore, for non-commutative groups, or general quantum groups, their
“quantum group von Neumann algebras” can be thought of as their dual quantum
groups.

In what follows, we present how to construct a quantum group von Neumann
algebra from a compact quantum group G (we can do a similar job for left (or right)
invariant weights for a general locally compact quantum group). Let L2(G) and
Ωh be the GNS Hilbert space and the GNS cyclic vector for the Haar state h, and
regard L∞(G) as a subalgebra of B(L2(G)). Thanks to the two-sided invariance
of a Haar state, we can define the multiplicative unitaries10 V,W on the tensor
product Hilbert space L2(G)⊗ L2(G) as follows:

V (xΩh ⊗ yΩh) := δ(x)(Ωh ⊗ yΩh),

W ∗(xΩh ⊗ yΩh) := δ(y)(xΩh ⊗ Ωh)

for x, y ∈ L∞(G). By the double commutant theorem, we know V ∈ B(L2(G))⊗
L∞(G) andW ∈ L∞(G)⊗B(L2(G)). IfG is in particular a (locally) compact group,
then V,W can be regarded as the maps G � g �→ V (g),W (g) ∈ B(L2(G)), and they
actually give the right regular representation and the left regular representation,

8This condition is called a cancellation property. It corresponds to a property of a group
rs = ts ⇒ r = t, sr = st ⇒ r = t.

9Here A⊗A means A⊗min A.
10They are called the fundamental unitaries, or the Kac-Takesaki unitaries.
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respectively. So, we define the right von Neumann quantum group R(G) and the
left von Neumann quantum group L(G) of G as follows:

R(G) := span{(id⊗ω)(V ) | ω ∈ L∞(G)∗},
L(G) := span{(ω ⊗ id)(W ) | ω ∈ L∞(G)∗},

where the closures are taken in the weak topology. The fact that these subspaces
indeed become ∗-algebras follows from the following pentagon equations:

V12V13V23 = V23V12, W12W13W23 = W23W12.

These equalities come from the coassociativity of δ. Then by the pentagon equa-
tions, the following maps ΔR,ΔL give a coproduct of R(G), L(G), respectively:

ΔR(x) := V ∗(1⊗ x)V, ΔL(y) := W (y ⊗ 1)W ∗, x ∈ R(G), y ∈ L(G).

Moreover, invariant weights11 also exist, and hence R(G), L(G) have the quantum
group structure. Note that R(G) and L(G) are the commutants of each other. By
the dual quantum group of G, we mean (L(G),ΔL) in this section and

(R(G),ΔR) in Section 5, and we denote them simply by Ĝ.
When a quantum group (L∞(H),Δ) has a normal counit ε : L∞(H) → C, we will

call it a discrete quantum group. For a given quantum group, the discreteness
is equivalent to the property that it is the dual of a compact quantum group.

We can repeat the same procedure as above for
ˆ̂
G, its dual, and so on. Then

the fourth arising quantum group coincides exactly with the given quantum group.
This is a generalization of the Pontryagin duality theorem. For an abelian group,
we obtain the same group by taking the duals twice because of the commutativity
of both a group and a function algebra.

Representation theory of a compact quantum group is almost parallel to that of
a compact group.12 To see the discreteness of R(G) and L(G), we should recall the
Peter–Weyl type decomposition L2(G) ∼=

⊕
π∈Irr(G) Hπ ⊗Hπ̄. Here Irr(G) denotes

the complete set of representatives of all irreducible representations, and Hπ the
representation space. Of course we have dimHπ < ∞. As von Neumann algebras,
R(G) and L(G) are isomorphic to

⊕
π B(Hπ). See [77, 79, 80] for the representation

theory of a compact quantum group.

4.3. Crossed products and the Nakagami–Takesaki duality. We here think
of Problem 1.3 for a compact group G. Note that the coproduct ΔL of the left group
von Neumann algebra coincides with Δ given in Example 4.3. From a given action
α : G � M , we construct the crossed product M �αG as introduced in Section 1.1.
SetN := M�αG (N may not be a factor). Then we can define the ∗-homomorphism
α̂ : N → N ⊗ L(G) such that α̂(x) = x⊗ 1, x ∈ M and α̂(λg) = λg ⊗ λg = Δ(λg).
Then obviously α̂ satisfies the equation (α̂ ⊗ id) ◦ α̂ = (id⊗Δ) ◦ α̂. In general, we

will call such a unital faithful normal ∗-homomorphism an action of Ĝ or a coaction
of G. In particular, α̂ is said to be the dual action of α and written as α̂ : Ĝ � N .
The crossed product N �α̂ Ĝ associated with the dual action is generated by α̂(N)

and C⊗ L∞(G). The we can define the action ˆ̂αg of G, which is the dual of Ĝ, by
setting that it acts trivially on α̂(N) and acts as the right translation on L∞(G).
In this case, the following duality theorem holds [54].

11If G is of non-Kac type, then a right invariant weight and a left invariant weight do not
coincide.

12π ⊗ ρ ∼ ρ⊗ π may not hold.
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Theorem 4.6 (Nakagami and Takesaki). The second crossed product (M�αG)�α̂

Ĝ is isomorphic to M ⊗ B(L2(G)). Through this isomorphism, ˆ̂αg corresponds to
αg ⊗Ad ρg. Here ρg denotes the right regular representation.

Thus the study of a given action α : G � M is essentially equivalent to that of
a dual action α̂ : Ĝ � N , although the difference of Ad ρg exists.

4.4. Actions of a dual Ĝ. It turns out from the discussion in the previous section
that to classify Ĝ-actions is crucial in order to study compact group actions. Let
us introduce the conjugacy and the cocycle conjugacy as follows.

Definition 4.7. Let β : Ĝ � M be an action.

(1) We will say that v ∈ U(M ⊗L(G)) is a β-cocycle if it satisfies (v⊗ 1)(β⊗
id)(v) = (id⊗Δ)(v).

(2) The perturbation of β by a β-cocycle v is defined as Ad v ◦ β.

Definition 4.8. Let β, γ : Ĝ � M be actions.

(1) We will say that β and γ are conjugate if there exists θ ∈ Aut(M) such
that β = (θ ⊗ id) ◦ γ ◦ θ−1.

(2) We will say that β and γ are cocycle conjugate if there exists a β-cocycle
v such that Ad v ◦ β are γ conjugate. In this case, we write it as α ∼ β.

Thus we can restate Problem 1.3 as follows.

Problem 4.9. When a von Neumann algebra M and a compact group G are given,
classify all Ĝ-actions up to a cocycle conjugacy equivalence relation.

One may think that one only has to imitate the classification of the discrete
amenable group actions presented before, but the situation is not so simple. Let us
consider an action β : Ĝ � M . Put the projection map from L(G) onto the direct
sum component B(Hπ) as prπ : L(G) → B(Hπ). Then we cut β at π ∈ Irr(G)
as βπ := (id⊗ prπ) ◦ β : M → M ⊗ B(Hπ). This map corresponds to αg in the
usual group actions. But the target is not M but is M ⊗B(Hπ), and not necessary
surjective. If M is infinite (for example, type II∞ or type III), the βπ induces an
endomorphism from M into M itself since M⊗B(Hπ) ∼= M . Namely, we can regard

a discrete group action as an action of automorphism groups, and an action of Ĝ
as an action of endomorphisms. (See [23, 60] for study of actions from this point of
view.) Since an endomorphism may not have an inverse map, it can happen that
it does not preserve the center of an algebra or the central sequence algebra Mω

globally.

4.5. The canonical extension, Connes–Takesaki module, and modular
part. In a similar way as in the group action case, we introduce the canonical
extension of an action β : Ĝ � M of Ĝ. Although βπ : M → M ⊗ B(Hπ) may
not have an inverse map, the following bounded linear map Φβ

π : M ⊗B(Hπ) → M
serves as a substitute:

Φβ
π(x) := (1⊗ T ∗

π̄,π)(βπ̄ ⊗ id)(x)(1⊗ Tπ̄,π), ∀x ∈ M ⊗B(Hπ).

Here Tπ̄,π : C → Hπ̄⊗Hπ denotes an isometric intertwiner. We will call Φβ
π the left

inverse of βπ. Indeed, Φ
β
π ◦ βπ = idM holds. The map Φβ

π corresponds to βg−1 for
βg when β is a group action, but this is not a ∗-homomorphism in general. It turns
out from the equality xΦβ

π(y)z = Φβ
π(βπ(x)yβπ(z)) that a left inverse preserves a
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central sequence. Namely, we have Φβ
π(Mω ⊗ C) ⊂ Mω. Let M̃ be the core of M .

Then we can extend β : M → M ⊗ L(G) to β̃ : M̃ → M̃ ⊗ L(G) as follows [23, 51]:

β̃π(x) = βπ(x), x ∈ M,

β̃π(λ
ϕ(t)) = [Dϕ ◦ Φβ

π : Dϕ⊗ trπ]t(λ
ϕ(t)⊗ 1).

We call it the canonical extension of βπ. By a simple computation, we can show
that β̃ is an action of Ĝ on M̃ . We also note that β̃ and the dual action θ commute
(β̃ ◦ θt = (θt ⊗ id) ◦ β̃, t ∈ R).

Definition 4.10 (Izumi [23]). We will say that βπ has the Connes–Takesaki

module if β̃π(CM ) = CM ⊗C. In this case, there exists mod(βπ) ∈ Aut(CM ) such
that βπ(z) = mod(βπ)(z)⊗1, z ∈ CM . We call it a Connes–Takesaki module of βπ.

If a compact group G is connected, then β̃π always has the Connes–Takesaki
module [23], but if not, β̃π does not necessarily have the Connes–Takesaki module.
We next introduce the notion which corresponds to an extended modular automor-
phism.

Definition 4.11 (Izumi [23]). We will say that βπ is modular if there exists a

unitary U ∈ M̃ ⊗ B(Hπ) such that β̃π(x) = U(x ⊗ 1)U∗. We set Λ(β) := {π ∈
Irr(G) | βπ is modular}, and we will call it the modular part of β.

The set Λ(β) corresponds to Nα in Section 2.2. As Nα is a normal subgroup,
Λ(β) is a subcategory of Irr(G) in the following sense. Namely, we have 1 ∈ Λ(β),
π ∈ Λ(β) ⇒ π̄ ∈ Λ(β), and π, ρ ∈ Λ(β), σ ≺ πρ ⇒ σ ∈ Λ(β). Hence a closed
normal subgroup N of G satisfies Λ(β) = Irr(G/N).

Example 4.12. Let us consider the case G = SU(2). Then Irr(G) is represented
by half integers as {π0, π1/2, . . . }. By the Clebsch–Gordan rule, we have πνπν =
π0 + π1 + · · · + π2ν . Hence if we have πν ∈ Λ(β) for some ν �= 0, then we must
have π1 ∈ Λ(β). In particular, {πn}n∈N ⊂ Λ(β) holds. Thus the possibility of Λ(β)
are the three subsets {1}, {πn}n∈Z,n≥0, and Irr(G), and their corresponding closed
normal subgroups are G,Z(G), {1}, respectively.
4.6. Trivial modular part case. Let us consider the simplest case, that is, the
Λ(β) = {1} case. Each βπ, π �= 1, is not modular, and β̃ : Ĝ � M̃ gives an

outer action. This implies that β has the Connes–Takesaki module. Since β̃ is not
modular, it is non-trivially acting onMω [50, 51]. However, we remark that this does

not mean β : Ĝ � Mω. Namely, βπ(Mω) �⊂ Mω⊗B(Hπ) may hold. Thus we have to
construct an action on Mω with more effort. At first, let s : Autθ(CM ) → Aut(M)
be a section homomorphism of the Connes–Takesaki module map mod: Aut(M) →
Autθ(CM ) [67]. Put θπ := s(mod(βπ)); then the Connes–Takesaki module of a map
βπ◦θ−1

π becomes trivial and it is approximately inner. So, we can take a sequence of
unitaries {Uν

π}ν in M ⊗B(Hπ) such that βπ ◦ θ−1
π = limν→∞ AdUν . Denote by Uπ

the equivalence class of the sequence {Uν
π}ν in an ultraproduct algebraMω⊗B(Hπ).

Let γπ := AdU∗
π ◦ βω

π . Then we can show that γ defines a cocycle action of Ĝ on
Mω.

Here a cocycle action means a pair of γ and a 2-cocycle w ∈ Mω ⊗L(G)⊗L(G)
which satisfy (γ ⊗ id) ◦ γ = Adw ◦ (id⊗Δ) ◦ γ (see Section 3.3). The 2-cocycle
relation is given by (w ⊗ 1)(id⊗Δ⊗ id)(w) = (γ ⊗ id)(w)(id⊗ id⊗Δ)(w). Indeed,
w := (U∗ ⊗ 1)(βω ⊗ id)(U∗)(id⊗Δ)(U) works. Here we repeat the procedure in
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the proof of Theorem 3.6 for Mω, and use a diagonal argument (or index selection
trick) [55]; then we can let U∗ be a βω-cocycle. Since β is centrally free, an action
γ acts outerly on Mω. From this fact, we obtain the following result.

Theorem 4.13. The action γ has the Rohlin property.

We explain only the main point instead of explaining the precise definition of
Rohlin property. As in a discrete amenable group case, we take an (F, ε)-invariant
projection K. Here F , K are central projections of L(G) =

⊕
π B(Hπ) with finite

support, and invariance means ‖(F ⊗ 1)Δ(K)− F ⊗K‖1 < ε‖F‖1‖K‖1.13 In this
case, there exists a projection E ∈ Mω ⊗ L(G) such that

E = E(1⊗K), ‖(γF ⊗ id)(E)− (id⊗FΔ)(E)‖1 < 4ε1/2‖F‖1.
Here γF and FΔ are given by cutting γ and Δ by F from the right and the left,
respectively. Compare this claim with Theorem 3.4. As an application, if v is a
β-cocycle, then by setting μ := (id⊗ϕ)(vE), vβ(μ) ∼ (μ ⊗ 1) follows from the
Δ-invariance of ϕ. We can take Rohlin projections so that μ becomes a unitary,
and we can vanish v in an ultraproduct algebra by the index selection trick. We
can also show the 2-cohomology vanishing theorem in a similar way as in Section
3.3, and obtain the following theorem by making use of the intertwining argument
[49, 51, 52].

Theorem 4.14. Let M be an AFD factor, G a compact group, and α, β : Ĝ � M
centrally free actions. If mod(απ) = mod(βπ), π ∈ Irr(G), then we have α ∼ β.

This theorem implies the following corollary. This corollary was announced in
Ocneanu’s unpublished paper and by Popa and Wassermann [58], but the details
of the proof have not yet been presented. Here the definition of a minimal action
is the following. Let us denote the fixed point algebra {x ∈ M | αg(x) = x, g ∈
G} by Mα. We will say that α is minimal if α : G → Aut(M) is an injective
homomorphism and the relative commutant algebra (Mα)′ ∩M equals C.14 If G is
a non-trivial compact group, M must be of non-type I by the double commutant
theorem (see [23] for a classification of a pair (Mα,M)).

Corollary 4.15. Minimal actions of compact group on the AFD type II1 factor
are unique up to conjugacy. In particular, a minimal action is a dual action.

For example, Let G be a compact Lie group that is faithfully acting on a finite
dimensional Hilbert space K, that is, we have G ⊂ U(B(K)). Let G act on H :=
K ⊕ C by π(g) := g ⊕ 1.15 If we construct an infinite tensor product type action
with respect to a trace, which is explained in Example 1.4 from (π,H), then α is
minimal. From the above result, this α is the only minimal action on the AFD type
II1 factor, up to conjugacy.

4.7. Non-trivial modular part case. This case has not yet been completely
solved. The case thatM is a type III0 factor is especially difficult. For an action of a
discrete group α : G � M , a modular part Nα is a normal subgroup of G. However,
when G is a compact group, the modular part Λ(β) of an action β : Ĝ � M is not
necessarily a normal subcategory. Namely, for π ∈ Irr(G), ρ ∈ Λ(β), it may happen

13A trace norm is given by an invariant weight of L(G).
14It means that Mα sits in M at a very non-commutative position.
15By taking a direct sum C, we make g �→ Adπ(g) injective.
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that some irreducible component of a tensor product πρπ̄ does not belong to Λ(β).
In this exposition, we treat the case when Λ(β) is normal. In this case, a subgroup
with Λ(β) = Irr(G/N) is included in a center Z(G). For example, ifG is a connected
simple compact Lie group, then any normal subgroup is a subgroup of Z(G) and
every action β satisfies the assumption of normality.

Lemma 4.16. When Λ(β) is normal, one can take a unitary Uπ ∈ M̃ ⊗ B(Hπ)
and ψπ ∈ Aut(M) for each π ∈ Irr(G), which satisfy

(1) β̃π(x) = Uπ(ψ̃π(x)⊗ 1)U∗
π , x ∈ M̃.

Namely, we know that βπ is given by the composition of AdUπ and an automor-
phism ψπ. This ψπ is not determined uniquely, but it is unique in a quotient group
Aut(M)/Cntr(M), and {ψπ}π∈Irr(G) generate a discrete abelian group, which is

isomorphic to N̂ . Indeed, a map N̂ � π|N �→ ψπ gives an isomorphism. Hence ψ

determines an “N̂ -kernel” ψ : N̂ → Aut(M). Namely, we can take extended mod-
ular automorphisms σπ,ρ such that ψπψρ = σπ,ρψπρ (we regard π, ρ as elements of

N̂ by restricting them on N). By definition, there exists a unitary wπ,ρ ∈ M̃ such
that σ̃π,ρ = Adwπ,ρ. Then we obtain unitaries d1(π, ρ, σ), d2(t;π, ρ) ∈ CM , which
satisfy the following conditions:

wπ,ρwπρ,ξ = d1(π, ρ, ξ)ψ̃π(wρ,ξ)wπ,ρξ, θt(wπ,ρ) = d2(t;π, ρ)wπ,ρ.

The unitary d1 is a 3-cocycle with respect to ψ̃π|CM
= mod(ψπ), and the unitary

d2 is a θ-cocycle with respect to t. We can show that a pair mod(ψπ) and (d1, d2)

determines a cohomological complete invariant of an N̂ -kernel ψ (in the sense of
conjugacy in Aut(M)/Cntr(M)) as in a usual characteristic invariant by making
use of the intertwining argument. If we go back to the decomposition (1) of β,

and express the equality βπβρ = βπρ in two ways, then aπ,ρ := U∗
πρUπψ̃π(Uρ)wπ,ρ

is a unitary in CM ⊗ B(Hπ) ⊗ B(Hρ). By the equation (θt ⊗ id) ◦ β̃π = β̃π ◦ θt,
cπ(t) := U∗

π(θt⊗id)(Uπ) is a unitary in CM⊗B(Hπ). The pair (a, c) satisfies several
relations and determines a cohomological invariant of β as χ(α) in Section 2.2. We
can summarize our classification result as follows.

Theorem 4.17 ([52]). Let G be a compact group and M an AFD factor. Assume

that two actions β1, β2 : Ĝ � M satisfy Λ(β1) = Λ(β2) and that they are normal in
Irr(G). Then β1 and β2 are cocycle conjugate if and only if (mod(β1), [a1, c1]) =
(mod(β2), [a2, c2]).

5. Actions of quantum groups

In this section, we simply discuss actions of compact quantum groups on factors.
We recall the notation introduced in Sections 4.1 and 4.2. Namely, G denotes a

compact quantum group, and by L∞(G), δ, h we denote the function algebra, the
coproduct and the Haar state, respectively. We write Δ for ΔR, the coproduct of
the right quantum group von Neumann algebra R(G).

5.1. Infinite tensor product type actions. An action α of G on a von Neumann
algebra means that α is a unital normal faithful ∗-homomorphism from M into
M ⊗ L∞(G) such that (α⊗ id) ◦ α = (id⊗δ) ◦ α.

In the previous sections, we introduced classification results of actions of discrete
groups or duals of compact groups. However, as to compact quantum groups of
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non-Kac type, very few examples of “interesting actions” are known. For example,
the following most important problem is open.

Problem 5.1. Construct a minimal action of a coamenable compact quantum
group of non-Kac type on an AFD factor.

The coamenability means the amenability of the dual discrete quantum group
(cf. [71]). The point here is the assumption of AFD, that is, the amenability as to
a factor. Indeed, Ueda solves the problem above for a non-AFD factor [75]; that
is, the free product type action α := idN �δ on a free product M := N � L∞(G) is
minimal when N is sufficiently “big”.

It should be noted that in [21], Hayashi and Yamagami show that every coa-
menable compact quantum group of Kac type has a minimal action on the AFD
type II1 factor.

As mentioned after Corollary 4.15, a minimal action of a compact Lie group can
be constructed by using an infinite tensor product. Let us consider such an action
of a compact quantum group [41].

Take a finite dimensional unitary representation16 v ∈ B(H) ⊗ C(G). Let v⊗n

be the tensor product representation v1,n+1v2,n+1 · · · vn,n+1 on H⊗n. Then we have
the action defined by αn := Ad v⊗n on B(H⊗n) = B(H)⊗n. Since the embedding
B(H⊗n) � x �→ x ⊗ 1 ∈ B(H⊗n+1) is compatible with αn and αn+1, the actions
αn extend to the action α on the C∗-algebra B := B(H)⊗∞. Furthermore, if
φ ∈ B(H)∗ is an Ad v-invariant state, then the product state ψ := φ⊗∞ is α-
invariant, and α extends to the weak closure M of B with respect to the GNS
representation associated with ψ.

5.2. Poisson boundary. This action, however, has the non-trivial relative com-
mutant R := (Mα)′ ∩M �= C when G = SUq(2), q �= ±1, which is a consequence
of [29]. The reason behind this interesting phenomenon is clarified by Izumi [22].

First of all, we consider the conditional expectation En : M → B(H)⊗n with
respect to ψ ∈ M∗. Then every x ∈ M is the strong limit of En(x). Let us denote
by Rn the relative commutant of (B(H)⊗n)α

n

in B(H)⊗n. Then we obtain a map
En : R → Rn.

17 Since x ∈ (B(H)⊗n)α
n

iff v⊗n(x ⊗ 1) = (x ⊗ 1)v⊗n, it turns out
that Rn is generated by the first tensor leg of v⊗n. Namely,

Rn = span{(id⊗ω)(v⊗n) | ω ∈ L∞(G)∗}.
Then the map Ψn : R(G) � (id⊗ω)(V ) �→ (id⊗ω)(v⊗n) ∈ Rn is a surjective ∗-
homomorphism.18 The von Neumann algebra R(G) is the direct sum of B(Hπ),
and the image of B(Hπ) by Ψn is non-zero if and only if π is contained in v⊗n. We
denote by supp(v⊗n) the collection of such π’s. Hence we obtain an isomorphism
Ψn : R(G)n → Rn, where R(G)n denotes the direct sum of B(Hπ), π ∈ supp(v⊗n).
In particular, when n = 1, we regard the Ad v-invariant state φ ∈ (R1)∗ as the
state on R(G)1. Then letting Pφ := (id⊗φ) ◦Δ, we get Ψn ◦Pφ = En ◦Ψn+1. The
map Pφ is called the (non-commutative) Markov operator.

Now, let x ∈ R. Then En(x) ∈ Rn and we can take the unique element yn ∈
R(G)n,Ψn(yn) = En(x). In this way, the information of x is encoded into that
of the sequence (yn)n in R(G). If we assume the generating condition that v

16(id⊗δ)(v) = v12v13.
17En may be non-surjective.
18An analogue of the fact that a representation of a Lie group induces that of a Lie algebra.
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generates Irr(G),19 then it turns out from discussion on the random walk on Irr(G)
that there exists y ∈ R(G) such that Pφ(y) = y and the direct summand of y in
R(G)n equals yn. Conversely, we obtain x ∈ R from such y ∈ R(G). Then we put

H∞(Ĝ, Pφ) := {y ∈ R(G) | Pφ(y) = y}.

Theorem 5.2 (Izumi [22]). One can equip H∞(Ĝ, Pφ) with a product so that it
becomes a von Neumann algebra. The map of y to x mentioned above gives an
isomorphism θ : H∞(Ĝ, Pφ) → R. Moreover, θ is G-equivariant.

In view of theory of random walks on discrete groups or graphs, the operator
id−Pφ can be regarded as a Laplacian on Ĝ, and each x ∈ H∞(Ĝ, Pφ) is a harmonic

element. So, we call H∞(Ĝ, Pφ) the Poisson boundary of Ĝ associated with φ.

The compact quantum group G is naturally acting onH∞(Ĝ, Pφ), and the action
is ergodic when G has the commutative fusion rules [20, 22]. It turns out from the
result above that (Mα)′∩M = C for an infinite tensor product type action α if and
only if the Poisson boundary is trivial. In fact, the triviality of the Poisson boundary
implies that G is of Kac type. Thus any infinite tensor product type action of q-
deformed quantum groups such as SUq(2) is non-minimal. To describe H∞(Ĝ, Pφ)
in more detail, we introduce the Poisson integral Θ: L∞(G) → R(G) by Θ(x) :=

(id⊗h)(V ∗(1⊗ x)V ), x ∈ L∞(G). Then it is fairly easy to see ImΘ ⊂ H∞(Ĝ, Pφ).

It is in general difficult to compute H∞(Ĝ, Pφ) in a direct way and also to show the

surjectivity or injectivity of Θ. (See [22] for the direct computation of H∞(Ĝ, Pφ)
when G = SUq(2).) If G = SUq(N), then Θ factors through the quantum flag
manifold L∞(T\SUq(N)), where T denotes the maximal torus. Namely, we have

a map Θ: L∞(T\SUq(N)) → H∞( ̂SUq(N), Pφ).
20 This map Θ is actually an

isomorphism, which was first shown for N = 2 by Izumi [22], and later for a general
N by Izumi, Neshveyev, and Tuset [27]. However, we cannot apply their proof to
the other q-deformations.

In order to prove a more general result from a different view point, let us come
back to the Poisson integral Θ: L∞(G) → R(G). If G is a finite quantum group,21

the reverse Poisson integral Θ̂ : R(G) → L∞(G) is defined by

Θ̂(x) = (ĥ⊗ id)(V (x⊗ 1)V ∗), x ∈ R(G),

where ĥ denotes the Haar state on R(G). A non-finite G does not have such a

state ĥ, and we cannot apply this observation to a general G. However, if G is
coamenable, then we can take an invariant mean m : R(G) → C and introduce a

reverse Poisson integral Θ̂(x) = (m ⊗ id)(V (x ⊗ 1)V ∗), replacing ĥ with m. Note
that even if m is non-normal, the slice map m ⊗ id : R(G) ⊗ L∞(G) → L∞(G) is

well defined. The following result states a relation between Θ and Θ̂.

Lemma 5.3. Let G be a coamenable compact quantum group with commutative
fusion rules. Then Θ̂ is a right inverse of Θ, that is, Θ◦Θ̂ = id holds on H∞(Ĝ, Pφ).

This in particular implies the surjectivity of Θ: L∞(G) → H∞(Ĝ, Pφ). Now let

B := Im Θ̂. Then it turns out that B is a von Neumann subalgebra of L∞(G)

19
⋃

n≥1 supp(v
⊗n) = Irr(G).

20In general, H∞(Ĝ, Pφ) does not depend on φ for G with commutative fusion rules [27].
21G is finite ⇔ dimL∞(G) < ∞. Then G must be of Kac type.
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and Θ: B → H∞(Ĝ, Pφ) is actually an isomorphism. Since Θ and Θ̂ are G-Ĝ-

equivariant, B is globally invariant to the G-Ĝ-actions. Also, we can see that
EB := Θ̂ ◦Θ: L∞(G) → B is a conditional expectation with respect to h. Then we
can prove the following result.

Theorem 5.4 ([72]). Let G be a coamenable compact quantum group with commu-
tative fusion rules. Then the following statements hold:

(1) There exists a quantum subgroup K of Kac type in G such that B =
L∞(K\G). In particular, Θ is an isomorphism from L∞(K\G) onto

H∞(Ĝ, Pφ).
(2) Such K is uniquely determined by the maximality among quantum subgroups

of Kac type with respect to the natural inclusion order.

This result generalizes Izumi, Neshveyev, and Tuset’s result. Indeed, when G is
a q-deformation, the K above exactly equals its maximal torus. Thus the Poisson
boundary describes how a given compact quantum group is far from a quantum
group of Kac type.

5.3. Epilog. We will close this paper by mentioning open problems on group or
quantum group actions. On compact group actions, we can say that a main problem
is settled, although its classification is still incomplete. Hence we should focus on
continuous groups, particularly R. In the C∗-algebraic setting, the series of the
results due to Kishimoto are remarkable. (See [40] for references.) On an R-
action on the AFD type II1 factor, there has not been major progress except for
Kawahigashi’s pioneering works [33, 34, 35, 36] and a result due to Kawamuro [39],
although the importance of the study is recognized among specialists.

On quantum groups, it is still more important to construct new actions rather
than a classification. If we have a minimal action α of a non-Kac type compact
quantum group on a factor M , then we know the Galois type correspondence be-
tween the lattice of intermediate von Neumann subalgebras between Mα and M ,
and that of right coideals of L∞(G) [26, 74]. Readers are referred to [73] for a
classification of right coideals of SUq(2).
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Note added in the English version of the exposition. After the completion
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