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TWO-PARAMETER GARSIA-RODEMICH-RUMSEY INEQUALITY

AND ITS APPLICATION TO FRACTIONAL BROWNIAN FIELDS
UDC 519.21

K. V. RAL’CHENKO

ABSTRACT. The paper contains a generalization of the Garsia—Rodemich—Rumsey
inequality to the case of a function of two arguments. Based on this result, we
obtain two other inequalities for the fractional Brownian field on the plane, namely
an inequality for the Holder constant of the field and similar bounds for its fractional
derivatives.

1. INTRODUCTION

We generalize the Garsia—Rodemich—Rumsey inequality to the two-parameter case;
some applications of this result are considered for fractional Brownian fields.

The Garsia—Rodemich-Rumsey inequality is proved in the paper [I]. The following
partial case of this result is used in [2, Lemma 7.3] to obtain some properties of a fractional
Brownian field.

1

Lemma 1. Let p > 1 and oo > p~~. Then there ezists a constant Cq , > 0 such that

(1) F(B) = FG)I < Caplt = | // T aﬂ)' dz dy

for all continuous functions f on [0,T] and for allt,s € [O,T].

As a corollary of Lemmal[Il the following result is also proved for a fractional Brownian
motion in [2].

Lemma 2 (|2 Lemma 7.4]). Let {By,t > 0} be a fractional Brownian motion with the
Hurst index H € (0,1). Then for all 0 < e < H and T > 0 there exists a positive random
variable ne r such that E(|ne r|") < oo for all p € [1,00), and

|B(t) — B(s)| < e |t — S\H% a.s.
for all s,t € [0, 7).
Here “a.s.” stands for “almost surely”.

Definition 1. Let f: Ry — R and 0 < o < 1. The function

o1 f(@) f(x
Db—f*m_a)'(b z)e 1—a/ 1+a

is called the right Marchaud derivative of order o on the interval (a, b).
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168 K. V. RAL’CHENKO

Lemma 3 (|2 Lemma 7.5]). Let {By,t > 0} be a fractional Brownian motion with the
Hurst index H € (3,1). If 1 — H < a < 3, then

E sup |Dt1__°‘Bt_(s)‘p<oo
0<s<t<T

for allT >0 and p € [1,00).

This paper is devoted to a generalization of the Garsia—Rodemich-Rumsey inequal-
ity (@) to the two-parameter case and to those of Lemmas[2 and Bl for fractional Brownian
fields on the plane.

Section [2] contains the proof of the two-parameter Garsia—Rodemich—Rumsey inequal-
ity. Some of its applications to fractional Brownian fields are given in Section [3l The
two-parameter analogs of the above-mentioned results due to Nualart and Réagcanu [2]
are also given.

2. THE GARSIA—RODEMICH-RUMSEY INEQUALITY IN THE PLANE

Let s = (s1,s2) and t = (t1,t3), that is s,t € R2. We write t > s if t; > s; and
to > So.

Lemma 4. Let p > 1, a; > p~ 1, az > p~ 1, and f € C([0,1]?). Then there exists a
constant Cq, a,,p > 0 such that

(2) IO f(s,8)[" < Cayanp Bls1 — tl‘mzkl |s2 — t2|o[21771
for all s,t € [0,1]% where O f(s,t) = f(s1,82) — f(s1,t2) — f(t1,82) + f(t1,t2) and
B f ()l

(3) B = / - -~ dxq dzo dyp dys.

. |21 — | P [z — o P
Proof. 1. First we consider |0 £((0,0), (1,1))|. Put

B £(s, )
I(t) 52/ o o d81 dSQ.
0,1]2 |Sl _ t1| 1p+1 |82 _ t2| 2p+1
According to (),
(4) / I(t)dty dt, = B.
[0,1]

Let . L
J(tl,tg) = I(tl,tg) +/ I(tl,u) du+/ I(u,tg)du.
0 0
Using ), we get
/ J(t1,t2) dt, dts < 3B.
[0,1]?
Thus there exists (9 € (0,1)? such that J(¢(?)) < 3B, whence
1 1
(5) 1(t9) < 3B, / 1(#”,u) du < 3B, / I(u,t) du < 3B.
0 0

II. Choose a sequence
{t("): n>1}, t™ — (0,0)

n—oo

such that t(© > t(1) > ¢(2) > The other defining properties of this sequence are as
follows. Assume that t("~1 is already chosen. Let

1 1
_ 1\ erti/p _ _ 1\ e2+1/p _
(6) " = <2> Y drY = <2> Ol
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THE GARSIA-RODEMICH-RUMSEY INEQUALITY 169

Then we choose (™ such that

(7) t(n) < d(”*l)
and
7B
(8) a) I(t™) < T D
d"Vag
o o (e, ) 71 (1)
n— INC NI et = 1) J(n-1)’
pnD) [P ey 2 d" VS
(n) ,(0) 21B
(10) ¢) I(h .2 )S el
©0) 4(n) 21B
(11) I(t1 itg )S dgn—l)’
n—1) ,(0 )P n—1) ,(0
) o7 (#7247 em)| 71 (10, 7)
ne n) | 1P +1 ) |@2p+l = (n—1) ;(n—1)
T Ll MO T d" VS
p
“ () o) )

‘tgo) _ t(ln) a1p+l tgn_l) B t(2n) azp+l — d(ln—l)dgn—l)

We show that such a point t(™) always exists. We prove that any of the inequalities @®),
, , and may fail on a set whose measure is less than ld(n_l)d(n_l), while the
Y 791 2

system (I0), (II)) does not hold on a set whose measure is less than %dgnil)dénfl). This
means that the measure of a set where at least one of the inequalities ([8)—(I3) fails is
less than gdgnfl)dgnfl) and this implies that a point ¢ with the indicated properties
exists.
a) Assume that inequality (§)) fails on the set X, that is,
7B

I(Z)>ﬁ fOI'aHZEX.
d"Dalr

Thus if m(X) > 1d" Vd{* ™| then

7B

—— o m(X) > B,
d"Dag

/ 1(z)dz dzg > >
[0.1]2
which contradicts ().

b) Assume that inequality (@) fails on the set Y, that is,

Of (=Y, 2)|" 71 (1)

aip+1 asp+1 dgn_l)dgn_l) for all z € Y.

tgn—l) o tgn—l) .

21 z2

Thus if m(Y) > 1d" Vay" ", then

71(tn=Y)

(n—1) )
I(t ) > dgn—l)dén—l)

m(Y) > I(t"Y).

We get a contradiction.
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170 K. V. RAL’CHENKO

¢) Assume that inequality (I0) fails on the set X; and that inequality () fails on the
set X, that is,

21B
1 <Z],té0)> > W for all zZ1 € X]_,
1

21B
1 <t§0),22> > W for all Z9 € X2.
2

Thus if m(X;) > d&"*”, then

1
7
1
(0) 21B
/0 I <z1,t2 ) dz > —d(n—l)m(X1> > 3B,
1
which contradicts (&). Hence m(X;) < %dgnil). Similarly, m(X2) < %dénil).
Let A be the set where system (I0), (II)) fails. Then
n— n— 2 (n— n—
m(A) = m ((X1 x [o,dg ”D U ([o,dg ”} X Xg)) < Zd" VY.

Relations d) and e) are proved similarly to b).
III. Since d™ < d™=Y for n > 1, we derive from inequalities (§), (I0), and (1)) that

B
(14) 1) < 2,
dl d2
(n) ,0)) _ 21B
(15) I(tl £ ) <o
1
© () _ 21B
(16) 1(#7, )Sdm)
2
for all n > 1.

Inequality (I4)) holds for n = 0, too.
IV. We prove that

ar1+1/p a1+1/p ar1+1/p
a7) DT < ()T ()T,
_ az+1/p _1y\ @2+1/p az+1/p
(18) 2) [l T <4 ((dg” D) (@) >
for all n > 1.

1) Relations (@) and (7) imply that

2 (dgn))aﬂrl/p _ (tgn))aﬁl/p < (dgnil))Oqul/p.

Using (@), we get

tgn—l) . tgn)

IN

ar1+1/p ar1+1/p ai1+1/p
() ()
4

(=) (),

2) Inequality ([I8) is proved analogously.
V. Now we prove that

1) for all n > 1,

VAN

(n—1) (n—1) 1 1
dl d2 ducl’t1+ /Pdu32+ /p

Y

(19) ‘Df $n=1) ¢(m) ‘ <G Bl/P/
( ) p ™ s u?/Pug/P
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2) for all n > 2,

o (A7) 1)

20 n— nD)azptl | o a

. < H,B'/? /dg RV duS* P g P
=P i 0 u%/ﬁug/p

3) for all n > 2,
o ((87477) )]

(21) dgnil))ﬁ dé"fl) d Oc1+1/pd az+1/p
< | g
- 0 a5 u%/Pug/P

where G, = 16 - 49'/7 and H,, = 4 - 147%/P,

1) Inequality ([@) can be rewritten for all n > 1 as

ai1+1/p tgn_l) B tén)
dgn—l)dén—l)

a2+1/p< 71 (t=D) )”p

tgn—l) B tgn)

o ene) <

Taking into account inequality (7)) together with bounds (I8)) and ([I4]), we obtain

O, )| < 16 <(d§"—1>)0‘1“/p _ (dgn)>0‘1+1/17>
19B

+1/ +1/
. <(d(2n_1)>a2 ' B (d(zn))a2 p) 2
n—1 n—1

dgn_l) dua1+1/p dgn_l) du012+1/p
< 16(49B)"/? (/(n) . /(n) 2
dy Uq dy Ug

d" df Y S an+1/p 5 an+1/p
:GpBl/p/ du; du,
, 2/p, 2/p
am e Jagm uy’ s

1/p

2) We rewrite inequality (I2)) for all n > 2 in the following form:

o ((A767)1)]

n— 1/p
ar+1/p az+1/p 71(155 1)atéo))

(0) (n)
ty —t

n—1 n—1
a1

n—1 n
0 = 5 — 1

<
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172 K. V. RAL’CHENKO

Applying inequalities () and ([IH), we get

(7))
e/ Nt/
<4 ((dg 1)) 1/ <d§ )) 1+1 p) (d(ln—f;fdén_l)

= 4(147B)"/7 ((d§"—1>)“1+1“’ _ (dgm)al“/f)) 1

(L)
(n—1) F2pFT az+1/p . (1 )
()

1

dD a4l gD azpl ant1

4(1473)1/11 / ! dull / /( 2 ) du22 /v
) u?/:ﬂ 0 ug/IJ

1
(n—1) (n—=1)\ agp+1 1 1
) dy (d2 ) dutthr /P du;szr /P
= H,BY/P
2/p 2
(n) ul/pUZ/p

1/p

0

in view of ‘téo) - tén)| < téo) <1
3) The proof of inequality (21]) is analogous to that of inequality (20). The difference is

that inequalities (I3)), (I8), and ([I8)) are used instead of inequalities (I2)), (IH]), and ([IT),
respectively.

VL. It is easy to see that
046, 0,0)] < [0 7,10
- L) — £ (9.9 1 (49.49) 41 (49.0)
+ 7 (0.47) - f(0,0)‘.

Since
’f(t(Nfl)) iy (tgm,tgzv—l)) _f (tuv 1 t<0>) ny (t(m 0) L f (o t(‘”) f(0,0)’
< B 4o (4 9) ) |+ 7 (194
+ ‘f(t(N)) —f (t§°>,t§N)) f ( £ t(O)) +f( 0) +f (0 £ >) —f(o,o)’

for all N > 2, relation (22)) implies that

76 00)] < 3[Rt 3 o (0. 7) i)
S () )

+ }f (1) = f (K0, 6) = (87,47) + 1 (47,0)

y (0 t(0)> - f(0,0)‘
for all N > 2.
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VII. Approaching the limit as N — +o0, the latter inequality implies that

O/, 0,0)] > 07,200 |+ 3 o7 (#7247 6)|
n=1 n=2

r () )

)

whence

‘Df(t(o),(0,0))‘ < B'/r Gpn;/d

d"Y pdt Y aa41/p 5 as+l/p
1 2 du;y dus,

2 2
() s ul/Pu2/p

1
(n—1) (n—1)) asp¥1
) dy (d2 ) 2 dutllerl/p dungrl/p
+ H,

(n) 2/p, 2/p
n=2 dl 0 ul UQ

1
) (n—1)) ajp+1 (n—1) P 1 a 1
(dl ) ds dullJr /p du22+ /p
+H, Z
0 4 2/p, 2/p
n=2 2 Uy~ Uy

by ([9—@I). Since any of the three sums contains integrals whose areas of integration
are disjoint rectangles inside [0, 1]?,

a1+l/p ; ax+1/p
du, du,

OF(E0.0.0)] < BV G, +2m,)

[0,1]2 u?/pug/p
aip+1 asp+1
ap—1 asp—1

VIII. Repeating the reasoning of steps II-VII for functions f(¢1,1 — t2), f(1 —t1,t2),
and f(1—ty,1—t2) instead of f(¢1,t2), one can get the same bounds for ‘I:! f (t(o), (0, 1))
|Df (t(o), (1,0))], and |Df (t(o), (1, 1))|, respectively. Thus

IO £((0,0), (1,1))| < 4B'* (G, + 2H,,)

= BY? (G, +2H,)

)

ap+1l ap+1
ap—1 ap—1

Set , »
+1 asp+1
C = 47 (G, + 2H,)" [ L2 .
Q1,02,p ( P+ p) <a1p_1 a2p_1
Then
(23) IO £((0,0), (1, 1) < Caya0,p B-

IX. If sy = t; or s = to, then inequality (2) holds. Thus we assume in what follows
that s; # t1 and sg # to.

Consider the function f(z') = f(sy 4+ 2 (t1 — 51), 52 + xh(ts — 52)), 2’ € [0,1]%. By
equality (@),

O f(z,y)’
/ Lm{(lx ) a1 drrdradyi dys < B
5,612 |21 — Y1 |zo — o
where [s,t] = [s1,t1] X [s2,t2]. We change the variables in the latter integral as follows:
z1 = s1+21 (1 — 1), T2 = s2+a5(t2—82), y1 = s1+y1 (b1 — 1), and y2 = s2+y5(t2 —s2).
Therefore
p

)
/[071}4 e FE A VA

dx dxly dyy dyb < B |sy — 751|O”p_1 |so — 752|O‘2p_1 )
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174 K. V. RAL’'CHENKO
Using inequality (23]), we get
_ p
B (s, )" = |0F((0,0),(1L1)| < Cayapp Blsr =t sy = 1o P71 D

Now we turn to the Garsia-Rodemich—Rumsey inequality .

1 1

Theorem 1. Let p > 1, oy > p~, and ag > p~ . Then there exists a constant

Cay,as,p > 0 such that
0 £(5,8)” < Cayanp 51— 2|77 |52 — o] P71

(24) / O f(,y)l”
X
[

dl‘l dl‘g dyl dyg
0112 |71 — 31|V PH |2g — g0

azp+1
for all continuous functions f defined on [0,T) := [0,T1] x [0,Ts] and for all s,t € [0,T].

Proof. Put fo(2) := f(21T1, 22T%), z € [0,1]2. Then fo € C([0,1]?).
If the integral on the right hand side is infinite, then the inequality holds. Otherwise
put

D ~ ~\|P
Bi= / D@D 45, aiy iy dip.
.1 [Z1 — 71|77 T2 — 72|

Changing the variables &1 = x1/T1, T2 = x2/T, 1 = y1/T1, and g2 = y2/T> in the
integral, we obtain

_ _ O f(z, )
B =T 1T2°‘2p 1/ | ! dzq dzo dyp dys < +00.
.72 o1 — 1| [wg — ya| P

By Lemma [ there exists a constant Cy, a,p > 0 such that

|0 £0 (5 D)[” < Coyanp B |51 — 11|77 [ — 87

for all 3, € [0,1]2.
Consider §; = s1/T1, 3o = s2/Ts, t1 = t1/T1, and 5 = to/T». Then

S1 S92 tl tQ P
\Df(S,t)\p = ‘Dfo <(?17 E) ) <E, E))‘

a;p—1 asp—1

Sg to

T, T
arp—1 |82 _ t2|a2p71

s1 t

< Cm,az,PB Tl - ?1

= Coy,a0p |51 — 11

0 p
x / O/ y) - day dos dyy dys. 0
11 |21 — g = o[ "

3. INEQUALITIES FOR FRACTIONAL BROWNIAN FIELDS

Fractional Brownian fields in the plane can be defined in various ways. Following the
paper [3], we consider the random fields that possess the fractional Brownian property
coordinatewise.

Definition 2. A random field {B;,t € R%} is called a fractional Brownian field with
Hurst indices H; and Ho, H; € (0,1), if

1) By is a Gaussian field such that B, =0, t € 9R?%,

2) EBy =0, EBBy = L[,y o (877 + 871 — [t; — 5,[*1),

3) the trajectories of B; are continuous with probability one.
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Theorem 2. Let {B(t),t € R2} be a fractional Brownian field with Hurst indices
H;€(0,1), i=1,2.

Then for all 0 < ¢ < min{Hy, Hs}, Ty > 0, and To > 0 there exists a positive random
variable ne 1, 1, such that E(|n., 1,|") < oo for all p € [1,00), and
O B(s, )] <nemymy 151 — 0™ s2 — 12| 7 s,
Hy—
|B(s1,82) — B(t1,82)| < meymy [s1 =t 7°
|B(s1,82) = B(s1,t2)] <memymy [s2 — 12 75 s,

for all s,t € [0,T].

a.s.,

Proof. Given a fixed ty > 0, the process B(+, t2) is a fractional Brownian motion with the
Hurst index Hj, while given a fixed ¢; > 0, the process B(t1,+) is a fractional Brownian

motion with the Hurst index Hs. Accqrding to Lemma [ there are positive random
variables 77;17)11 and 772,2%2 such that E(|n£l)Tl ’p) < o00,i=1,2, for all p € [1,00) and

‘Hlfa

|B(s1,s2) — B(t1,s2)| < 77;1%1 ls1 —t; a.s.,

|B(s1,82) — B(s1,t2)] <0y, [so — 2] 27°  as.

for all s,t € [0,7]. It remains to prove that there exists a positive random variable
(12)
P
E ( n ) < 00

e, T, Such that
OB(s, 1) < i3 g ls1 — 2] [s2 — 12277 s,

for all s,t € [0,T7].
Applying inequality 24) for oy = Hy — €/2, ag = Hys — £/2, and p = 2/, we obtain
for all s,t € [0,T] that

IOB(s,t)| < Criy e |51 — 1] 7% |52 — 1] 277 ¢

e/2
OB 2/e
- / O drydrydoydsy )
0,112 |r1 — 61|77 [rg — 0o°72/¢

Let ¢ > 2/e. Then

(12)

e, 71,12

for all p € [1,00) and

where

[=ERIIE "
(25)  llgllg =Ed¢l) < /[O,T]z N T ;2122’“ dry dry d6; dfs
The definition of a fractional Brownian field implies that
E(IDBE,OF) =l - 6" rs — 02"
whence
10 B0, = (E(TB0)[") " = cylrs = 61" rz — 6o
for all ¢ > 1. Thus estimate (25) implies that
1€]lg < eaT{"T5".
Choosing 772)1%3)7«2 = Cp,, H,,e&, we complete the proof. O
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176 K. V. RAL’CHENKO

Let f: Ri — R, 0<a; <1land 0 < asy <1. We need the following definition of the
forward and backward fractional Marchaud derivative on the rectangle

P = (a1,b1) x (a2,b2) C R2
introduced in the paper [3].

Definition 3. The functions

1
T(1—a)D(1— as)

f(z,y) f(z ' Y)
- ((x—al)o‘l(y—az y — az)® / (z—s) 1+"‘1 o
f z,t)
(x —ay)™ / —t 1+a2 di

O f((z,y),(s,1))
+a1a2// J,‘—S 1+O¢1 y—t)1+a2 ds dt ~]_p((£,y),
aiv a

D™ f(x,y) =

1,002 P (_1)a1a2
Dy fwy) = T(1— a)D(l— as)
f(xvy) g b f(x;y)_f(57y) S
’ <<b1 IR eI L M e T

(b1 — 33)0‘1
by rbe Of((x,y), (s, t
Tz /z /y (S - ;pf)(l(Jraly()t (— y))1)+a2 ds dt) ’ 1P(x’ y)

are called the forward and backward fractional Marchaud derivatives of orders a, ap on
the rectangle P where a = (a1, a2) and b = (by, ba).

bzf(a)_f(at)
el R et

In what follows, we use the notation

faJr(xvy) =0f((z,y),a) - 1p(z,y),
fo-(,y) = (f(z,y) = f(@,b2—) = f(b1—,y) + f(b=)) - Lp(z,y)

understood in the sense of the paper [3].
Now we are ready to state and prove the following result.

Theorem 3. Let {B(t),t € Ri} be a fmctional Brownian field with the Hurst indices
Hie(l1),i=12 If1-H <o; <1, i=12, then

p
(26) E sup DB (s)] < oo,
p
(27) E sup ‘Dtljal’l_”Bt,(s) < 00
0<s<t<T

for allTy >0, Ty >0, and p € [1,00).
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Proof. We prove inequality (27). The proof of inequality (26)) is analogous.
It follows from the definition of the backward fractional Marchaud derivative that
Dz, ()
1
~ I(a)l(a2)

y |0 B(s,1)] 1—ay /tl |0 B(s, (y1,1t2))]
s1

(t1 —s1)171(ty — s9)t=22  (to — sg)t702 (y1 —s1)2 >

I~ a / OB, (2],

(t1 —s1)t— Yo — Sg)22

hre [0 B(s,y)|
1—a)(l— dy, d
( Oél [6D) / / yl _ Sl 2 a1 (y2 . 82)2_a2 yl y2

According to Theorem [l for ¢ < min{ay — (1 — Hy),a2 — (1 — Ha)}, there exists a
positive random variable 7. 7, 7, with finite moments of all orders such that

RE—

< C’oﬂk,ThT2 ((tl — 51)H17571+a1 (tg _ 82)H27571+a2
t1 to
+/ (y1 _ 81)H1—s—2+a1 dy1 +/ (y2 _ 52)H2—s_2+a2 dy2
S1 o

t1 pto
+ / / (y1 — 1)1 772H 0 (yy — gp)H2mem 2002 gy dy2>
S1 S2

1 1
H1—6—1—|—Oé1+H2—€—1—|—052

S Cang,Tl’T2TH1_s 1+O¢1T2]’12—6—1+a2 (1 +

1
+ 5
(Hl —5—1—}—041)(H2—€—1+042)>
whence ([27) follows. O

4. CONCLUDING REMARKS

The Garsia-Rodemich-Rumsey inequality is proved for functions of two arguments.
Some applications of this result for fractional Brownian fields in the plane are considered;
namely we obtained moment bounds for the Holder constant of a fractional Brownian
field and similar bounds for fractional Marchaud derivatives.
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