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ASYMPTOTIC NORMALITY OF L,-ESTIMATORS IN NONLINEAR

REGRESSION MODELS WITH WEAK DEPENDENCE
UDC 519.21

0. V. IVANOV AND I. V. ORLOVS’KII

ABSTRACT. A theorem on asymptotic normality is proved, and the limit distribution
is found for Ly-estimators of a vector parameter in a nonlinear regression model with
continuous time and weakly dependent random noise.

INTRODUCTION

We obtain conditions of asymptotic normality for L,-estimators of an unknown pa-
rameter of nonlinear regression model with random noise satisfying a weak dependence
condition.

L,-estimators belong to the class of the so-called M-estimators. The number of papers
related to M-estimators is rather large. Applications of M-estimators in linear regression
models with independent observation errors are considered in the pioneering papers by
Huber [22] [I3]. Several asymptotic results for M-estimators of parameters of linear and
nonlinear regression models with independent observation errors are proved by Hampel
et al. [2I], Chen and Wu [I6], Jureckovd [29], Liese and Vajda [38, [39] [40, 41, [42],
Miiller [43], Liese [37], Arcones [15], Wu and Zen [47], van de Geer [17], Orlovskii [12],
Ivanov and Orlovskil [10] 27], and by many other authors.

Asymptotic properties of M-estimators of parameters of linear and nonlinear regres-
sion models with random noise satisfying a strong dependence condition are studied by
Koul [30} B1], Koul and Mukherjee [33], Giraitis et al. [19], Koul and Surgailis [34} [35] [36],
Giraitis and Koul [18], Koul et al. [32] in the case of discrete time, and by Ivanov and
Leonenko [25] and Ivanov and Orlovskii [IT] in the case of continuous time.

Orlovskil [44] and Ivanov and Orlovskii [I1] consider asymptotic properties of M-
estimators of parameters of nonlinear regression models with continuous time and a
weakly dependent random noise.

The most studied in the class of L,-estimators are the least squares estimator (the case
of p = 2) and least modules estimator (the case of p = 1). Asymptotic properties of least
squares estimators and least modules estimators of parameters of nonlinear regression
models are studied by many authors. We only mention the monographs by Ivanov and
Leonenko [9] and Ivanov [23], where a rather complete bibliography concerning this
question can be found.

Asymptotic properties of Ly-estimators of parameters of linear and nonlinear regres-
sion models with independent observation errors are considered by Huber [13], Ron-
ner [40], Ivanov [§], Bardadym and Ivanov [Il 2]; those for nonlinear models with random

2000 Mathematics Subject Classification. Primary 62J02; Secondary 62J99.
Key words and phrases. Lp-estimators, asymptotic normality, nonlinear regression models, weak
dependence.

©2009 American Mathematical Society
57



58 0. V. IVANOV AND I. V. ORLOVS’KII

noise satisfying a condition of either strong or weak dependence are considered in the
papers by Ivanov and Orlovskil [26] and Ivanov [24].
We deal with the L,-estimators, 1 < p < 2, in this paper.

1. CONDITIONS FOR AND STATEMENT OF THE MAIN RESULT

Consider the following regression model:
(1) X(t) = g(t.0) +=(t),  te0.T],

where g(¢,0): [0;00) x ©¢ — R! is a real continuous function, ©¢ a closure in R? of a
bounded open set © C R?, and (t), t € R!, a stochastic process satisfying the following
condition:

Condition Al. Let £(¢), t € R!, be a real mean square continuous measurable sta-
tionary Gaussian process with zero mean and the covariance function B(t) = Ee(0)e(t),
B(0) =1.

Definition 1. Any random vector 07 = 07(X(t),t € [0,T]) € ©°, such that

=R T
Qur(Br) = it Qur(r). Qurln)= [ 1X(0) sttt

is called an Ly-estimator of the unknown parameter § € © constructed from observa-
tions X (t), t € [0, T], described by the model ().

Note that the estimator §T exists for p > 0 under the conditions introduced above
(see, for example, [28 [45] [14]). The case of p € [1,2] is the most interesting one.

Let p(z) = [2l?, p € (1,2). Then p'(z) = $(z) = plalP L sgn, ¥/(z) = p(p— 1)]alP2,
and ¥ (z) = p(p — 1)(p — 2)|z|P~3sgnz for x # 0. We also assume that 1'(0) = co and
[4"(0)] = oo.

The most technically complicated part in the proof of the asymptotic (as T — o)
properties of L,-estimators for p € (1,2) is related to the observation that the deriva-
tives ¢’ and ¢" are not bounded in a neighborhood of the origin if p(z) = |z|P (this
differs from the case of a number of standard M-estimators obtained when minimizing
the functionals fOT p(X(t) —g(t, 7)) dt).

Assume that g(¢,7) is a twice continuously differentiable function with respect to
T € 0° Put

2
873»8779
d7(0) = diag (dir (0))_, ,

9] .
gi(th): _g(t77_)7 gil(taT): (t77_)7 Zal:17”'7qa

87’7;

T
P2(8) = / S0 dt,  ImT'(0) >0, T—o0, i=1,....q.
0
Our approach works even in the case where the latter limits are infinite. Also let

T
d’L2l,T(T) = \/0 g,?l(t,'r) dt, T E @C, Z,l = 1, e q.

By the symbol k£ with various indices, we denote positive constants. Assume that, for
all sufficiently large T' (T > Tj), the following condition holds.
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Condition B1.

(2) sup sup |gZ( 7)| < KT Y2, i=1,...,q,
te[0,T] TeO¢° . ()
|gzl(t 7-)‘ T-1/2 .
3 sup sup , i,l=1,...,q,
) te[0,T] T€0° le(e)
(4) sup _dar(T) < k12, Li=1,...,q

reoc dir(0)dir(0)

Ir(0) = (Jur(0),_y»  Jur() =dfT1(9)dfT1(9)/O 9i(t,0)gi(t,0) dt

Ar () = (A”(G))zl L= J7'(0).

By Amin(A4)(Amax(A)) we denote the minimal (maximal) eigenvalue of a positive definite
matrix A.

Condition B2. For some A, > 0 and T > Tj,
Amin(J7(6)) = A
We have
Ey(e(0)) = 10/OO |z[P~ ! sgn xp(z) de = 0,

— 00

where ¢(z) = (2m) /2 exp{—2?/2}. On the other hand, we get for p € (1,2) that

Ev2((0)) = pzj;lr (p— %) L EY(E0) = pipﬁr (1%1) >0,

Moreover ) oy
—1)220- 3
E(4)/(<(0 2 _ ;D(p—r _Z
(#'(c(0)) T 5) <>
if p>3/2.
Therefore E2(e(0)) < oo and E (¢/((0)))* < oo for p € (2,2). In this case, the
functions 1 (e(t)) and ¥/ (e(t)), t € R!, can be expanded in the series in the Hilbert space

Ly(RY, ¢(z) dr), namely

v =3 M@, aw = [~ @@,

k=0

()

V@ =S B me),  aw) - [ @) .

k=0
where Hj, are the Hermite—Chebyshev polynomials
2,0 dF 2
Hy(u) = (-4 e gz
Consider the following condition of weak dependence.

Condition A2. Let ¢(t), t € R, be a stochastic process such that

a(r) = sup |P(AB) — P(A)P(B)| = O(T*I*E), T — 00,
A€o (—o0,s],BEo[s+r,00)

for some ¢ > 0, where o(I) denotes the o-algebra generated by the random variables

{e(t),t € I}.
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Condition A2 implies that B(-) € L1(R!) and that the process £(t) has a bounded
continuous spectral density f(\), A € RL.

It is easy to see that if £(¢) satisfies the weak dependence condition, then ¢ (e(t)) also
satisfies this condition. For all Borel sets G,

{U(e) € G} = {e(t) e v~ (O},
and ¢~ 1(G) is also a Borel set, whence

ay(r) = sup [P(AB) — P(A) P(B)| < a(r),

A€oy (—00,t],BEy[t+T,00) -

where oy (I) is the o-algebra generated by the random variables {¢(e(t)),t € I}.
Since the stochastic process 1(g(t)), t € R!, can be expanded in the series (f) with
respect to the Hermite—Chebyshev polynomials,

E H,,(c(t))Hg(e(s5)) = 68 m! B™(t — s),
and E((0)) = 0, we get

0 2
cov (=), wle() = 3 EWprs )

Pt k!
In view of |B(t)| < 1, t € R!, we obtain
v~ CE() 2
(6) |cov (v (e(1)), (e(s))] < D o | Bt —s)| =Ey7(e(0))IB(t —s)|-
k=1 ’

Therefore the stationary stochastic process 1 (e(t)), t € R!, also has a bounded and
continuous spectral density fy(z).
Consider the matrix measure pr(dz;0) on (R, B!) with the following matrix density:

(e (:0)) 7,
| o - ENEY:
i ws0) = o} w0 0.0) [ bt 0o [ Jabte.0)fae)

T
gr(z,0) = / eg;(t,0)dt, G l=1,...,q.
0

Note that d2.(0) = (2m) 7! [ |95 (2, 0)|? da.

Condition B3. The family of measures ur(-; ) weakly converges to the measure p(-;6)
as T — oo and

fu () p(d; 0)
Rl
is a positive definite matrix.

Definition 2. The matrix measure p(-;6) is called the spectral measure of the regression
function g(t, ) [9, 6] [20].

Conditions B2 and B3 imply that
q
| utazio) = ( / uﬂ<d:c;9))
R! R! dl=1

is a nonsingular matrix.

Let

-1 -1
(7) o(0) = 212 (/ p(d:v;@)) < fu(x) p(d:v;@)) (/ u(dx;@)) ,
R! R! R!
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where
1

(5) 7= Ee
E4’(e(0))
Consider the following condition for the asymptotic uniqueness of a solution of the
system of “normal” equations defining the L,-estimator.

Condition C. For all e > 0 and R > 0, the probability that the system of equations (I0)
with T' > Tp has a unique solution in the ball v°(R) is not less than 1 — .

Sufficient conditions for Condition C can be found in [24].
Now we state the main result of the paper.

Theorem. Let Conditions A1, A2, B1-B3, and C hold. Ifp € (%, 2), then the distri-
bution of the normalized L,-estimator

(9) ar = ar(0) = dr(6) (br - 0)
converges as T — oo to the Gaussian N(0,0(0)) distribution.

2. AUXILIARY RESULTS

Consider the change of variables u = dr(6)(r — ) corresponding to the normaliza-
tion ([@). Applying this change to the regression function and its derivatives, we get

g(t,7) =g (t,0+ d;l(Q)u) = h(t,u),
gi(t, ) = g; (t,@—kd;l(ﬁ)u) = hi(t,u), 1=1,...,q,
gu(t,7) = gu (t,0 + d;l(ﬁ)u) = hy(t,u), ,l=1,...,q.
We also use the notation
H(t;uy,uz) = h(t,ur) — h(t, u2),
H;(t;uy,u9) = hi(t,ur) — hi(t, uz), i=1,...,q
Consider the vectors

M () = (Mj () =< [ v >>Zz§f&§fdt>
and -

U () = (Ui (u (/w dt+/ Ht;0,u) “)dt> :

d;r(0)
where v is defined by (). The vectors MT(u) and ¥y (u) are defined for u € U%.(6),
Ur(60) = dr(0)(© — 6).

Our assumptions mean that the sets Ur(6) are extending to R? as T'— oo. Then, for
all R > 0,

v (R)={ueR?: ||lu|| <R} CUr(H)
for T > To(R)

The statistical meaning of the vectors My (u) and ¥r(u) is clear. Consider the func-
tional Q7 (0 + dy'(§)u). Then the normalized L,-estimator ir satisfies the following
system of equations:

(10) MT(U) =0.

Let

(11) n(t) =7(et),  teR,
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and let the observations be of the following form:
(12) Y(t) =g(t,0)+n(t), te[0,T]

Then ¥r(u) = 0 is the system of normal equations determining the least squares esti-
mator

—

ur = HT(G) = dT(O) (\G/T — 9)

of the unknown parameter 6 of the auxiliary nonlinear regression model ([I2).

Lemma 1. Let Conditions A1, A2, and B1 hold. Then, for arbitrary R > 0 andr > 0,
ueve(R)

(13) P{ sup ||Mr(u) — Up(u)|| > r} e 0.

Proof. For a fixed i, consider the difference

M (u) — Wi (u)

) W (e(t) + H(t;0,u) — (e(t) — ' (e(t)) H (t;0,u)] dt

(14) dir (0 )
/ (0.0 5 S
= I1(u) + I2(u),

((t) =v'(e(t) —EY/(e(t)),  teRL
(

One needs to prove that I (u) and Iz(u) converge to zero in probability uniformly with
respect to u € v°(R). Let u € v¢(R) be fixed. Then

hi(t, u) hi(s, u)
(15)  EI(u // (10, H (5:0.u) 5 S 00 con(C(0). (o)) .
We have
q q 2\ 1/2
hi(t,uy) [hz‘(tauf)]
sup |H(t;0,u)| = sup u;| < ||u|| sup E ,
te[O,T]| (80, w) tefo1) | = dirt) ” HtE[O,T] (i_l dir(0)

where ||uf|| < |lul|. Using (@), we obtain

(16) sup |H(t;0,u)] < T V2|k|| - [|ul,
t€[0,T)
where k = (k',..., k?) are the constants involved in inequality (Z). Applying once more

inequalities (I6) and (@) to integral (I3, we get
1
E I3 (u) < 2|k (k') ‘R — / / lcov(¢(t),¢(s))| dt ds.
We show that

(17) T2// lcov(¢(t),¢(s))| dtds — 0

as T — oo. Similarly to (@),
|cov(¥'(e(t)), ¢ (e(s))) | < Var¢/(e(0))|B(t — s)]
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// |cov(¢(2),C(s))| dtds <Vaw // B(t — s)| dtds

2 Var v/ (£(0)
< 2V EO) [ (g au o

This implies that I(u) 50 pointwise for u € v¢(R).
For wuy,us € v°(R), consider the difference

and

T
H;(t;u1,uz) / hi(t, us)
Iu—]u:/Ht;O,u H(t;ug,u t) dt
2(u1) 2(u2) =7 o ( )= dir(0) 1,U2) dir(0) ¢(t)
= Ig(’LLl,UQ) +I4(’LL1,U2).
For all A > 0 and r > 0, we write
P sup  |I3(ug,ug)| >rp <r'E  sup  |I3(u1,us)]
(18) lur—uz||<h lur—uz||<h
H;(t;
<2r 'T sup |H(t:0,u)|] sup  sup M,
t€[0,7] lui—us|<htejo,r]  dir(0)
u€v(R)
|H;(t; w1, uz2)] - |hit(t, w)] di7(0)
sup sup —————— < h sup -
19) lus—usl|<htejo,r]  diT(0) t€[0,T] Z: qu'-(R) dir(0) ) dir(0)dir ()

< Z kil%il W~ 1

=1
by using conditions (Bl and ({). Applying (I8) and (I9) in (18], we get
(20) P sup  |Is(ug,ug)| > rp < kyr 1T 2R,
llur —uzl|<h
where ki = 2R|[k| (20, k*k*). Similarly, we use inequality (@) and obtain

P { sup  [Iy(ug,ug)| > r} <r'E sup |14 (uq, us)]

llur—uzl|<h llur—uz||<h

(21) .
i (T
<2r T sup M sup sup |H(t;uy,us)| < kor~'h,
te[O,(T]) dir(0)  |luy—usl|<h te[0.T]
u€v’(R

where ky = 2k*||k||. Tt follows from bounds ([20) and () that
(22) P { sup  |a(uy) — Ia(ug2)| > r} <2r7'h <k1T_1/2 + kg) < kgr~'h.
llur—usz||<h
Denote by Nj, a finite h-net of the ball v¢(R). Then

(23) sup |lL(u)| < sup  |Ix(uy) — In(ug)| + max [Io(u)|.
u€ve(R) lur—ua||<h uEN),

From (22) and [23]) we obtain for all » > 0 that

P{ sup |Iz(u)| > 7“} < 2ksr~th 4 P{m?vx |I3(u)| > g}

ueve(R)
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Let € > 0 and h = er/(4ks3). In view of the pointwise convergence in probability of I (u)
to zero we prove that

€
P max L(u)|>r/2) <=
{UENsr/(4k3>| )l > v/ } T2

for T' > T, whence

PJ sup [L(u)]>rp <e.
ueve(R)

On the other hand, if u% € v°(R) is a random variable, then
(24)

sup |11 (u)]
ueve(R)

T
<
0

Let X, (t) be the indicator of the random event {|e(t)| < 2||k||RT~'/?} and let

47 (0) | ((e(t) + H(t;0,up)) — (e(t) — ¢/ (e(t)) H (t;0,uF)) | dt.

YT(t) =1- XT(t)
Using inequality (2)) again, we continue the estimation in (24]) as follows:

sup |11 (u)]
u€ve(R)

T
< KT / [0 () + H(t:0,3)) — (e(t)) — ' (=(0) H(t: 0, ui)

X (t) dt

T
kT2 / [0(e() + H(t:0,u3)) — (e(t)) — ' () H(E: 0, up)[X, (1) dt
— AY(T) + Do(T).

Bound ([I@) implies that

0

4 1T -
+akin(o = kIR [ < / 2% (a) dx) dt
0 {lz|<2||k||RT-1/2}

< k4T(1—ZD)/2’

T
EAL(T) < vk'p (37" +2771) (||k|\R)p‘1T"’/2/ (/ o() dx) dt
{l=|<2||k||RT~1/2}

where ky = 4vk'(2m) "1/ 2p(||k||R)P (3P~ + 21 + 2P=2). Therefore EA{(T) — 0 as
T — oo.
Now we estimate E Ay(T). Note that

[ (e(t) + H(t:0,u7)) — d(e(t) — &' (() H (t;0,u7p)

25) = LI (el0) + BB (10, ) |10, )

1 _
< -plp—1)(2-p) [k[]PR>*T

1
2 |e(t) + 6. H (£;0,uz) [>-7
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for some &; € (0,1). Let ks = $vk'p(p — 1)(2 — p)||k||*R?. Taking into account (23), we

obtain
EAo(T) < ksT 3/ /T / pla) da dt
2 > N5
(26) 0 (al>2k|rT-1/2) (|| = ||K||RT—1/2)3=P

2k‘5 1 o dx
< 2ks /2/ — kgT(-P)/2,
T Von slkrT-1/2 (@ — [K|RT=1/2)3=p — °°

where kg = vk*(2m) "/ ?p(p — 1) k||PRP, that is, E Ay(T) — 0.
Bounds (23] and [26) yield

sup |1 (u)] B0 asT — oo
u€ve(R)

Lemma 1 is proved. O

Consider the random vector

Z T St a0 '
e Lol = (Ehw)L, - </o (”(” dm<9>‘”> dm<9>dt>i_1

corresponding to the auxiliary linear regression model

Z(t) = Zgi(tﬂ G)Bz + 77(t)7 le [0, T]a
=1

where 7(t) is defined by equality ().
The system of normal equations

(28) Lr(u) =0

determines a normalized linear least squares estimator ET of the parameter g € RY;
namely,

(29) iy =ir(6) = dr(0) (Br — B).
Lemma 2. If Conditions A1, A2, and B1 hold, then

(30) P{ sup ||@r(u) — Ly (u)l| >r} =0 asT — o0
u€ve(R)

for all R >0 and r > 0.
Proof. For an arbitrary i € {1,...,q},

q,iT(u)_LiT(u):/Tn(t)h(t( dt+/ H(t;0, )f;g&g; dt—/OTn(t)ZZg’(Z)) dt
0 dzT ))il e
:/OTn(t)HdE’;(QO dt+/ H(t0, )%dt
o[ 5

= I5(u) + Is(u) + I7(u).

S

L ai(t,0)
H(t;0,u) + dt
( u) 2 i (0) uj
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Let u € v°(R) be fixed. Using inequalities (@) and (I9), we obtain

H;(t;u,0) Hi(s;u,0)
EI2(u // cov(n(t),n(s)) 4@ dir(0) dtds

< (Zk”k”) R*— ! // [cov(n(t),n(s))| dtds -0 as T — oc;
=1

that is, Is(u) BoasT - oo pointwise for u € v°(R). On the other hand,

E sup |I5(U1) 15(’1,62)‘ < |'y‘ E |¢ (Z kllk1l>

llur—uz || <h

in view of (I9). Similarly to the proof of the convergence of Iz(u) in Lemma 1, one can
show that I5(u) converges uniformly to zero in probability with respect to u € v¢(R).
Taking into account inequalities (I6]) and (I9) we get

q
sup | Tg(u)| < ||k|| (Zk“k”) RT™Y2 50 as T — co.
ueve(R) =1
The term I7(u) can be represented as follows:
1 < T hj(t,ub)  gi(t,0)
Ir(u) = —= ey VT
=52 ( o dr(O)dir(0) dir(®) ©)

Jl=1

for some u} € v(R). Under Condition B1 we have

)-
Kt
| I7(u)| < >

q 7 -
3 (6l < T s [ T,
— Jl=1,....q

whence sup,,¢,e(g) |I7(u)\ — 0. Lemma 2 is proved. O

Relations ([I3) and B0) imply the following corollary.
Corollary. Let Conditions A1, A2, and B1 hold. Then
(31) P{ sup ||Mr(u) — Ly (u)]] >r} =0 as T — o0
u€v¢(R)
for all R >0 and r > 0.

Using ([27)) and (28) one can evaluate ur in an explicit form (see (29)) if Condition
B2 holds; namely,

T
(32) i = Ar(0) | n(o)dr' (0)Ve(t.0)at
0
where A7 (0) = J;'(60) and Vg(t,0) is the gradient of the function g(t,6):
g1 (ta 9)
Vy(t,0) =]
9q(t,0)

Note that the covariance matrix of the vector ur is given by

o1 (8) = 277 ( /. mdx;e))l ( | @ uT<dx;9>> ( /. mdx;o))l-
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Consider the random event
(33) Ar = {ﬂT S UC(R — T’)}

Lemma 3. Let Conditions B2 and @) hold. Then, for arbitrary e > 0 and r > 0, there
exists R > r such that P{Arp} <e for T > Ty.

Proof. Fix € > 0. Analogously to the proof of convergence ([[7)) we derive that

P&%}—PﬂWﬂh>R—r}<EJ@ﬂi
(R—r)?
S N(R-2 / / cov(n ))dT(ﬁ) 4 (®) dt ds
Hl’fll2 / / kg
< < — =
S T2(R- )2 |cov(n(t),n(s))| dtds R
where kg = 2(\.) ~292||k||* E( )2 J7 1B(u)| du.
Setting R =r + /kg/c we get the desired result. O

We need the following results for the proof of the theorem.

Proposition 1. Let F': v°(R) — v°(R) be a continuous mapping. Then there exists
xo € v°(R) such that F(xg) = .

This proposition is a special case of the Brouwer fixed point theorem (see, for exam-
ple, []).

Proposition 2. Let Conditions A1, A2, B2, and B3 hold. Then the random vector ur
defined by [B2) is asymptotically normal with parameters 0 and o(0), where the covariance
function o(0) is defined by ().

The latter result is a multivariate central limit theorem for the integral of a weighted
stationary stochastic process satisfying the weak dependence condition. A more general
result of this kind as well as its proof can be found in [9] (Theorem 1.7.5).

Let B? be the g-algebra of Borel sets of R?. For C € B? and € > 0, let

C.={z: 2R, d(z,C) < €},
where d(z, C) = infyec |z — y|| and C_. = R?\ (R?\ CO)..

Proposition 3. Let v > 0 be a differentiable function defined on [0,00) and such that
A—00

b= / [V (NN AN < oo, lim v(\) = 0.
0

Then

o (el de <5 (222 (4 o)
/ce\ca (F(q/Q)

for an arbitrary convex set C € B9 and for all €,6 > 0.

The proof of the latter result can be found in §3 of the book [3].
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3. PROOF OF THE THEOREM

One needs to prove that the distribution function Gr(y,8) of the random vector ur
defined by (@) converges as T — oo to the Gaussian distribution function ®¢ ,(g)(y).
Note that o(6) is a positive definite matrix (@) in view of Conditions B2 and B3.

We show that

(34) Arp(r) =P{||Jur —ur| >r} —0, T — oo,

for all r > 0.

Let A be the random event defined by equality ([33]) and let R be such that P{Ar} <
(this inequality holds by Lemma 3), where ¢ > 0 is a fixed but small number.

We also consider the following random events:

£
3

Br= { sup (| Ar(0)(Mr(u) — Lr(w)]| < }

ueve(R)
Cr = {system of equations (I0) has a unique solution in the ball v°(R)} .

Conditions B2 and C together with the corollary to Lemmas 1 and 2 imply for T' > T}
that

P{Br} < P{ sup |[Mr(u) — Ly (u)|| > )\*r} < £,
u€ve(R) 3
P{Cr} < g,
whence
(35) P{ArNBrNCr}>1—c¢
for T > Tp.

Taking into account relations ([27) and [32]) we get Ar(0)Lr(u) = ar —u. If the event
A7 N Br N Cr oceurs, then

[+ Ap(0) Mz (u)|| < [|Az(0)(Mr(u) = Lr(w)[| + lur| <7+ (R—-7) =R

for u € v¢(R); that is, Fr(u) = u+ Ap(0)Mr(u) is a continuous mapping of v¢(R) to
v°(R). To prove ([B4) we apply the Brouwer fixed point theorem (see Proposition 1).

Applying this theorem to Fr(u), we prove that there exists a point uJ € v¢(R) such
that Fr(u%) = u%. Since Az (6) is nonsingular, we also have Mz (u3) = 0. According
to Condition C, the normalized Ly-estimator ur is a unique solution of the system of
equations Mp(u) = 0. Therefore Ax N By N Cr C {ur € v*(R)} and hence

P{ur e v(R)} > 1—e.
Note also that inequality (B3] yields
1—e < P{{ur € v(R)} N Br}
< P{lIAr(0)(Mr(ur) — Lr(ur))|| < v} =P {|lur —ur| <r}.

Relation (B0) for all € > 0 is equivalent to ([B4]).
Put II(—o0, y£&) = (—o0, y1 £&) X+ - - x (—00,yg£e), € > 0. Considering relation (34)),
we prove for the distribution function Gr(y,0) = P{ur € II(—oc0,y)} that

—Ar(e) + P{ur € lI(—oo,y — &)} < Gr(y,0) < P{ur € II(—o0,y + &)} + Ar(e).
Proposition 2 implies that
(37) |P{ar € II(—00,y £8)} — @ 4(9)(y £&)| = 0

as T — oo.

(36)
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Let ¢(y,0) be the Gaussian density corresponding to the distribution function
Do.0(0) (Y)-
Since Amin(0(8)) = A > 0 and Apax(0(f)) = X < oo, we get
(y,0) < (2r0) " exp{—|ly[I*/2X} = v(llyl)).
If A=TI(—o00,y), then A_. = II(—o0,y — €] and (II(—o0,y + £))_. = II(—o0,y] = A°.
Applying Proposition 3 to the function v(||y||) we conclude that

- 274/2
B0.00) ~ B+ D] = [ wlw0)dy < (—) 9],
I

I'(q/2)

(39) e

- II(—oco,y + @) \ A° if ¢ > 0,

14\ A4, if ¢ <0,
for all ¢ # 0.
Further
(30) G1(y,0) — ®o.0(0)(y) < Ar(e) + |P{ar € TI(—00,y + &)} — o o9y (y + &)
+ |‘I)0,0'(9) (y + g) - (I)O,G'(B) (y)‘7

(40) @070(9) (y) - GT(yv 9) < |q)07<7(9) (y) - (DO,U(G) (y - g)|

+ |<I>07U(g)(y — &) — P{ur € II(—o0,y — é)}‘ + Ar(e)
for all y € R? and € > 0. Applying 1) and (B8)) to (B9), {@0) we obtain the desired
result.
4. EXAMPLE
Consider the regression model
(41) X (t) = Ag coswot + By sinwpt + £(t), t € (0,00),

where ¢(t), t € R, is a stochastic process satisfying Conditions A1 and A2 and having
the covariance function B(t) = e=*/*l. The vector of parameters

0 = (01,0,03) = (Ao, Bo,wo)

belongs to an open bounded set and moreover A3 + B2 > 0 and 0 < w < wp < W < 00.
Consider the loss function p(z) = |z|?, p € (3;2).
It is easy to check that

T 1 . T .
d3r(0) = 3 + 7, 5in 2wt, dar(0) = 3~ g, 2wt,
2 A+ B? 2 2 2 2 2
d3T(9) = TT +0 (T ) ) d11,T(0) = d12,T(0) = d21,T(0) = d22,T(9) =0,
2 2 T° 2 2 2 T 2
dizr(0) = d3, r(0) = o +0 (T ) ) dasr(0) = d3o 7 (0) = o +0 (T ) )
A? 4+ B?
B (0) = =T+ 0 (TY).
Condition B1 is easy to check, too. Further
B
1 0 4(A§-EB§)/3
lim Jr(0) = J(§) = 0 1 -
Tooo TV T - 5 . \/4(Ai%+83>/3
VAAZEB2)/3  /4(A2+B?)/3

The above matrix J(#) is positive definite; that is, Condition B2 holds.
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It is known that the spectral measure for the regression function of the model {I)) is
given by
Bodw, (dz)—iAopuw, (dz)

5wo(dx) pro(dz) B 6\/(%(1)4(2)4_33(2]) (d )
,u(dx, 9) = _ipwo (dZII) 6wo (dZII) ° w\o/%(A%_,’_BOé);O
Boduwg (dz)+iA0puwy (dz)  —Aodw, (dx)+iBopu, (dz) 8oy (d)
V3 (A3+B3) V(A3 +B3) o

(see, for example, [7]) where the measure J,, and the charge p,,, are concentrated at the
points twg and

o (w0}) = 3, g ([0}) = 2.
This means that
Ammmm:mmum

If fy(wo) # 0, then [g fy(x) p(dx) is a positive definite matrix and Condition B3 holds.

It remains to note that the assumptions of the paper [24] are satisfied for model (4I])
and that they imply Condition C. Now one can apply our theorem. Using the above
evaluation of dr(#), one can adjust the representation of the normalized L,-estimator as

follows:
VE(A - A9)

/ A2 2 .
ADJQrB(J T3/2(w _ WO)

(see [1] for more details). According to this normalization, the covariance function of the
asymptotic normal distribution becomes of the following form:

A2 +4B2 —-3A¢By —6By

—3A0Bg 4A(2) + Bg 64, ,
—6By 64, 12

2
(43) o) = Ty

where 7 is defined by (&).

Considering the expansion of the function (e(t)) in the series (Bl) with respect to the
Hermite—Chebyshev polynomials, we obtain the following representation of the spectral
density:

1> — C2(¢
(a4) =5 [ e puna= Y g ),
o0 n=1 ’
where f,(A) = (2m)~! [*_e "M B"(t) dt. By assumption,
_ i > —iAt ,—na|t] _ nsx
fn(X) = o [me e dt = (4 )
Since 1 is an odd function, Cax () = 0; that is,
o0 A2 +4B2 —-3A¢0By —6B
drey? Cori(¥) ° 0 o 0
0’(9) = -5 —3A0By 4A2 + B? 6Ao
A2+ B? (;_0 (2k)! ((2k + 1)25¢2 4+ w2) 6B, %Ao ° 5

The coefficients Cog11(10) are the values of known integrals (see, for example, rela-
tion 7.376.3 in the book [5]).
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