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O. M. SOLOVEYKO AND G. M. SHEVCHENKO
Abstract. A barrier option is a derivative realized or cancelled if the price of the
underlying asset crosses a certain barrier. Most of the models in ﬁnancial mathematics are considered for markets with continuous time. However the trading days for a
particular stock take place at separate moments, i.e. discretely. The Black–Scholes
model is extended in the paper in the sense that we consider barrier options with
varying drifts. We ﬁnd the rate of convergence of prices of such options with discrete
time to the prices of options with continuous time.

1. Introduction
A barrier option is a derivative security, whose payoﬀ depends on whether or not
the trajectory of the underlying asset price crosses a predetermined barrier level over a
predetermined time.
Therefore the payoﬀ depends on the complete history of the option price during a
certain time period and a barrier option is thus a particular case of exotic options.
There are two types of barrier call and put options, namely knock-out and knock-in
options. The two main types of knock-out options are 1) down-and-out options and
2) up-and-out options. A down-and-out option gives the holder the right but not the
obligation to buy (in the case of a call) or sell (in the case of a put) shares of an underlying
asset at a predetermined strike price so long as the price of that asset did not go below a
predetermined barrier during the option lifetime. That is, once the price of the underlying
asset falls below the barrier, the option is knocked out and no longer carries any value.
An up-and-out option is similar to a down-and-out option, the only diﬀerence being
the placement of the barrier. Rather than being knocked-out by falling below the barrier
price, up-and-out options are knocked-out if the price of the underlying asset rises above
the predetermined barrier.
Similarly there are two types of knock-in options, namely up-and-in and down-and-in
options. A down-and-in option is the opposite of a down-and-out barrier option. Downand-in options only carry a value if the price of the underlying asset falls below the
barrier price during the option lifetime.
In total, there are eight types of barrier options.
For example, the payoﬀ function of an up-and-in option is given by

(ST − K)+ if max0≤t≤T St ≥ H,
C=
0
otherwise,
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where H is the barrier level (H > S0 and H > K) and K is the strike price. The payoﬀ
functions for other types of barrier options are deﬁned similarly.
The problem of estimating and hedging the barrier options in models with continuous
time is very complicated and the prices for such options can be expressed analytically only
in the simplest cases. Thus one requires an approximated estimation of such options. The
simplest of numerical methods is the time discretization method that can be described
as follows. The time interval is split into m parts of equal length and a price model is
studied for the discrete time. For this setting, the price of an option can be evaluated
approximately with the help of the Monte Carlo method by simulating the trajectory of
the price of the underlying asset. On the other hand, one may be interested in solving
an opposite problem: if one knows an analytical formula for the price of an option in a
continuous time model, then one may need to estimate an option activated in the event
when the price of the underlying asset crosses a predetermined barrier level if the price
is observed at discrete time instances (for example, at the end of every trading day).
From the point of view of a practitioner, it is important to know the quality of the
approximated estimation of an option, that is, an order of magnitude of the error.
The approximated option prices with an error o(m−1/2 ) are obtained in [1] for barrier
options of four types for a model with constant parameters by using a compensating
factor.
Theorem 1.1 ([1]). Let V (H) be the price of a barrier option in the continuous time
model and let Vm (H) be the price of the same barrier option in the discrete time model
0, T /m, 2T /m, . . . , T . Then






Vm (H) = V H exp ±βσ T /m + o m−1/2
for every discrete time barrier option, where the symbol “+” is applied to the
√ “up” option
and the symbol “−” is applied for the “down” option. Here β = −(ζ(1/2)/ 2π) ≈ 0.5826
and ζ denotes the Riemann zeta function.
A short proof of this result is given in [7]. Note that this result is proved in [7] as
well as in [5] for all eight types of barrier options. The rate of convergence for lookback
options and other exotic options is obtained in [2].
In this paper, we study the question on how close each to other are the prices of
barrier options with discrete and continuous time in the case where the price of the asset
is modelled by the geometric Brownian motion with a varying drift coeﬃcient. We prove
that the rate of convergence of prices for such options is of order O(m−1/2 ).
2. Main results
Let (Ω, F, P) be a complete probability space with a ﬁltration {Ft , t ≥ 0} and let
the stochastic process {Wt , t ≥ 0} be a standard Ft -Brownian motion deﬁned on this
probability space. Consider the Black–Scholes model of the ﬁnancial market involving
two assets. One of these assets is riskless whose price at the moment t is given by
t

Bt = B0 exp

rs ds .
0

The other asset is risky and its price is described by
t

St = S0 exp

µs ds + σWt .
0

For simplicity, we assume that P is a martingale measure for the discounted price process
of the risky asset, namely µt = rt − σ 2 /2.
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Moreover, we assume the Lipschitz condition for the interest rate rt , that is,
|rt − rs | ≤ C|t − s|

(2.1)

for all t, s ∈ [0, T ], where C is a certain constant.
In the ﬁnancial market with continuous time, the fair price of an option is deﬁned as
the mathematical expectation of the discounted payoﬀ for this option with respect to the
martingale measure. Let IA denote the indicator of an event A and let x+ = max{x, 0}.
For an arbitrary process Y (t), we put τ (x, Y ) := inf{t ≥ 0 : Y (t) ≥ x}. In other words,
τ (H, S) = τH is the ﬁrst time t when St reaches the level H. Then, for example, the
price of a European call “up-and-out” option is given by


T

V (H) = E exp −
0

rt dt (ST − K)+ I{τ (H,S)>T }

,

where K > 0 is the strike price and H > S0 is a barrier level. Similarly, the price of a
European put “down-and-in” option is


T

V (H) = E exp −

rt dt (K − ST )+ I{τ ∗ (H,S)≤T }

,

0

where H < S0 is the barrier level and τ ∗ (x, Y ) := inf{t ≥ 0 : Y (t) ≤ x}. The prices of
other barrier options are determined in the same way. Merton [8] found explicitly the
prices of all eight types of barrier options for the case where the riskless interest rate r
is constant.
Now we consider a discrete time model. We split the time interval [0, T ] into m parts
by the points ti = i∆t, i = 0, . . . , m. At the point tn , we deﬁne the price of a share by


√
n ≥ 1.
Sn = Sn−1 exp µtn ∆t + σ ∆tZn ,
Here the role of the “random force” of a ﬁnancial market, which is played by Brownian
motion in the continuous time model, is played by the random walk Wn deﬁned by
Wn :=

n


Zi ,

i=1

where the Zi are independent standard normal random variables. Now the price of a
European call “up-and-out” is deﬁned by
 m−1


+
Vm (H) = E exp −
rti ∆t (Sm − K) I{τ  (H,S)>m} ,
i=0


m
where τ (H, S) := inf{n ≥ 1 : Sn ≥ H}; that is, τ  (H, S) = τH
is the ﬁrst discrete
moment k when Stk crosses the level H.
In what follows the symbol C denotes a generic constant whose value may change
from one line to another.

Theorem 2.1. Let the continuous time model for the price of a risky asset be as described
above. Let condition (2.1) hold. The diﬀerence between the fair prices of a European call
“up-and-out” option for the discrete and continuous time is such that


1
Vm (H) − V (H) = O √
,
m → ∞.
m
Proof. Since the joint distribution of random variables ∆tW1 , . . . , ∆tWm coincides with
that of Wt1 , . . . , Wtm , one can assume that Wn = Wtn . This assumption simpliﬁes any
further reasoning.
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Consider the diﬀerence between the fair prices of a European call “up-and-out” option
for the discrete and continuous models:
 m−1




Vm (H) − V (H) = exp −
rti ∆t E (Sm − K)+ − (ST − K)+ I{τHm >T }


i=0
m−1


+ exp −




rti ∆t E (ST − K)+ I{τHm >T } − I{τH >T }

i=0



+ E (ST − K)+ I{τHm >T }
=



m−1


exp −


rti ∆t

+ exp −

m−1




T

− exp −

rt dt
0

i=0


δ1m






rti ∆t E (ST − K)+ I{τHm >T } − I{τH >T } + δ2m ,

i=0

where
|δ2m |




 m−1



T



m
≤ (H − K)  exp −
rt dt − exp −
rti ∆t
P (τH > T )


0
i=0



m−1


T



≤ C exp −
rt dt +
rti ∆t − 1


0
i=0

by the assumptions imposed on the function r.
Since |exp{x} − 1| ≤ |x| exp{|x|} for arbitrary x,
m−1


m−1



T




rt dt +
rti ∆t = C 
|δ2m | ≤ C −

 0

i=0

≤C

m−1

i=0

ti+1

i=0

ti+1
ti




(rt − rti ) dt


√
|rt − rti | dt ≤ C∆t ≤ C ∆t.

ti

To estimate δ1m note that S is a solution of the stochastic diﬀerential equation
dSt = rt dt + σ dWt
and Sm is the Euler approximation for the value ST of the latter solution. Then, due to
a well-known estimate of their diﬀerence (see e.g. [6, Section 9.6]) and the boundedness
of r,
√
|δ1m | ≤ C E |ST − Sm | ≤ C ∆t.
Thus

√
 


|Vm (H) − V (H)| ≤ C E (H − K) I{τHm >T } − I{τH >T }  + C ∆t
√
 

= C E I{τHm >T } − I{τH >T }  + C ∆t.

To estimate the ﬁrst term we apply the Girsanov formula. First we introduce the
following notation. For a bounded measurable function g : [0, T ] → R, let
t

Wt (g) = Wt +
0

be a Brownian motion with drift g/σ,


T

E(g) = exp −
0

g(s)
ds
σ

g(s)
1
dWs −
σ
2

T
0

g 2 (s)
ds
σ2
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be the density of the martingale measure P g for W (g), and Eg (·) = E(E(g) ·) be the
mathematical expectation with respect to this measure. For a process X, let
X ∗ = sup Xt ,

∗
Xm
= max Xti .
1≤i≤m

[0,T ]

We also put
µm
t

=

m−1


µti It∈[ti ,ti+1 ) ,

L=

i=0

1
ln(H/S0 ),
σ


Sm
= max Si .
1≤i≤m

According to Girsanov’s theorem, the distribution of W (g) and E−1 (g) with respect
to Pg is the same as that of W and E(−g) with respect to P,
 
  



E I{τ m >T } − I{τ >T }  = E I{S ∗ ≥H} − E I{S  ≥H} 
H
m
H
 


m 

= Eµ E−1 (µ)I{(W (µ))∗ ≥L} − Eµ E−1 (µm )I{(W (µm ))∗m ≥L} 
 



∗ ≥L} 
= E E(−µ)I{W ∗ ≥L} − E E(−µm )I{Wm





≤ E |E(−µ) − E(−µm )| I{W ∗ ≥L} + E E(−µm ) I{W ∗ ≥L} − I{W ∗ ≥L} 
m

m
= εm
1 + ε2 .

We estimate the ﬁrst term. Note that E(−µ) is the value of a solution of the stochastic
diﬀerential equation dXt = µ/σ dWt at the point T , while E(−µm ) is the Euler approximation for this value. According to the standard estimate mentioned above,
√
m
εm
1 ≤ E (|E(−µ) − E(−µ )|) ≤ C ∆t.
∗ ≥L} = I{W ∗ ≥L,W ∗ <L} ; that is, one can
To estimate εm
2 note that I{W ∗ ≥L} − I{Wm
m
assume that Wti are bounded from above by the constant L when estimating the mathematical expectation. We use the part summation in the formula for E(−µm ):

m−1
m−1
T m

µt
1 
1
dWt =
µtm−1 Wtm −
µt (Wti+1 − Wti ) =
Wti (µti − µti−1 )
σ
σ i=0 i
σ
0
i=1

and apply the Lipschitz condition for µ. Then


m
∗ <L}
ε2 ≤ C E exp C sup (Wti )− I{W ∗ ≥L,Wm
,
1≤i≤m

where x− = − min{x, 0}. Put Z = sup1≤i≤m (Wti )− . The random events
∗
< L} and
Am = {W ∗ ≥ L, Wm

Bx =

sup (Wti )− > x

1≤i≤m

are negatively correlated. This becomes clear by looking at the conditional probabilities
∗
of these events given Wm
= y, y ∈ (x, L), whence the negative correlation is obvious for
all y. The negativity of the correlation can also be shown by a straightforward calculation
of the joint distribution density of Wti , i = 1, . . . , m, and W ∗ .
Now



∞


1+
CeCx I{Z>x} dx IAm
E eCZ IA = E
0

∞

= P(Am ) + C
0

≤ P(Am ) + C

∞

eCx P({Z > x} ∩ Am ) dx


eCx P(Bx ) P(Am ) dx = P(Am ) E eCZ ≤ C P(Am ).

0
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√
It remains
to note that P(Am ) ∼ C ∆t as m → ∞ by [2, Theorem 2], whence
√
εm
2 ≤ C ∆t.
Hence


1
|Vm (H) − V (H)| ≤ C∆t = O √
.

m
Remark 2.2. The estimate of the rate of convergence obtained in Theorem 2.1 is sharp,
for example, for the Brownian motion with zero drift (see [2, Theorem 2]).
3. Simulation
Consider the following drift function:

µ1 ,
µt =
µ2 ,

0 ≤ t < T /2,
T /2 ≤ t ≤ T.

This function (and the corresponding interest rate rt ) does not satisfy the continuity
condition (2.1) imposed in Theorem 2.1 on µt . Analyzing the proof of Theorem 2.1, one
can see that it holds if condition (2.1) is satisﬁed for t = ti , s ∈ [ti , ti+1 ). The latter
property holds for the drift function µt deﬁned above.
According to [4], if Xt is a Brownian motion with the initial value x and a constant drift
coeﬃcient µ, then the joint distribution density of the distribution of the maximum Mt
in the interval [0, t], the point Tt of the maximum, and the value Xt is given by
P(Xt ∈ dz, Mt ∈ dy, Tt ∈ ds)


(y − x)(y − z)
(y − x)2
(y − z)2
µ2 t
= 
exp −
−
− µ(x − z) −
dz dy ds
2s
2(t − s)
2
π s3 (t − s)3
=: ft,x,µ (z, y, s) dz dy ds
for x ≤ y and z ≤ y, while it vanishes for x > y or z > y. Let

T

T 
ν(T ) = exp −
µ1 + µ2 + σ 2 .
rt dt = exp −
2
0
Since Zt = σ −1 ln St is a Brownian motion whose drift is such that ν1 = µ1 /σ in [0, T /2)
and ν2 = µ2 /σ in [T /2, T ], the fair price of a European call “up-and-out” option is given
by




V (H) = E ν(T )(ST − K)+ I{τ (H,S)>T } = ν(T ) E (ST − K)+ I{sup
S
<H
}
[0,T ] t



 

+
= ν(T ) E E (ST − K) I{sup
St <H }  FT /2 I{sup
St <H }
[T /2,T ]

T /2

(ln H)/σ

= ν(T ) E
0

−∞

ZT /2

[0,T /2]

y

(eσz − K)

+


× fT /2,ZT /2 ,ν2 (z, y, s) dz dy ds I{sup

[0,T /2]

T /2

(ln H)/σ

v

fT /2,Z0 ,ν1 (x, v, u)
−∞
T /2 (ln H)/σ y
+
σz

= ν(T )
0

St <H }

Z0

×

(e

0

x

−∞

− K) fT /2,x,ν2 (z, y, s) dz dy ds dx dv du.

The latter integral is hard to evaluate because of its high dimension. Nevertheless the
integrals with respect to the variables y and v can be found analytically and expressed
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Table 1. The price V (H) of a European call “up-and-out” option in
the continuous model and the price Vm (H) of the same option in the
discrete model.
√
m
Vm (H) Vm (H) − V (H) (Vm (H) − V (H)) m
10
0.6808
0.2064
0.6527
20
0.6183
0.1439
0.6435
50
0.5686
0.0942
0.6661
100 0.5476
0.0732
0.7321
200 0.5198
0.0454
0.6421
500 0.5073
0.0329
0.7356
1000 0.4939
0.0195
0.6166

in terms of the standard normal distribution function. However the expressions are quite
complicated, so we do not provide them here. We only write the ﬁnal bound for the
integral.
Consider the following values of the parameters: S0 = 100, σ = 0.1, K = 100,
H = 105, T = 0.2, µ1 = 0.1, and µ2 = 0.2. Up to the accuracy 10−4 , we have
V (H) = 0.4744.
To estimate the rate of convergence for the discrete time option prices we use the Monte
Carlo method. We simulate 100, 000 trajectories of the asset price (50, 000 trajectories
for m = 1, 000) to estimate the mathematical expectation. The results are collected
in Table 1. It is worthwhile mentioning that the option prices in discrete time models
are greater than those in the continuous time model, and these prices decrease as the
mesh of the partition increases. This is natural, since the set of moments when we check
whether the price breaches the level is expanding as the number of points of the partition
increases. Another observation is that the numerical experiment also conﬁrms the rate
of convergence obtained in Theorem 2.1.
4. Concluding remarks
We proved that the fair price of a barrier option in the discrete Black–Scholes model
with varying drift coeﬃcient converges to the corresponding price in the continuous time
and that the rate of convergence is O(m−1/2 ), where m is the number of transaction
times in the discrete model.
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