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THE CUMULANT REPRESENTATION OF THE LUNDBERG ROOT

IN THE CASE OF SEMICONTINUOUS PROCESSES
UDC 519.21

D. V. GUSAK

ABSTRACT. For the case of homogeneous processes £(t), £(0) = 0, t > 0, with inde-

pendent increments and negative jumps, it is proved in A. V. Skorokhod, Random

Processes with Independent Increments, Nauka, Moscow, 1964 that the functional
7H(z) = inf {t > 0: £(t) >z}, z >0,

is a nondecreasing process with independent increments with respect to x, and its
moment generating function is expressed via the cumulant that satisfies the corre-
sponding Lundberg equation. The corresponding representations of this cumulant
are specified and its Lévy characteristics (namely, v and Lévy’s integral measure
N(x)) are evaluated by using some of the results of the author’s work of 2007 for the
processes under consideration.

1. INTRODUCTION

Homogeneous processes £(t), £(0) = 0, ¢ > 0, with independent increments whose
jumps are of a constant sign are called semicontinuous processes. In particular, if all
the jumps of £(t) are negative, then £(¢) is an upper continuous process and its Lévy—
Khinchine cumulant is of the following form:

1 ) o202 0 . o
1 = —InEe ™ = jay — / for 1 "~ _)TI(d
(1) wle)= ;mESO —iay -~ T [ (o e

— 00

(see 1L §23]).
Now we introduce the functionals of interest:

£5(t) =sup(inf) £(¢'), € = sup(inf) £(t),

0<t'<t 0<t<oo
H(@) =inf{t > 0: £(t) >z}, 77 (—x) =inf{t > 0: £(t) < —x},
VE(xz) =€ (rF(£2)) F2, >0

We denote by 6, a random variable whose distribution is exponential with parameter
s > 0, that is,

P{Os >t} =e ", s,t > 0.
Then the characteristic functions of £(¢) and £() are expressed via the cumulant
Y(a) = InE e
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2 D. V. GUSAK

as follows:

9 Eeiaé(t) — gth(), s,a) =: Eio€®:) — M
(2) @ (s.0) Py

The equation
(3) k(r)=:¢(—ir)=s, 520,

is called the fundamental Lundberg equation. If E |£(1)]? < oo, then equation (B)) has two
roots 71,2(s), since k(r) is convex in a neighborhood of zero in view of

k"(0) = Varé(1) > 0.

We study the positive root r2(s) = py(s), called Lundberg’s root, in order to obtain
properties of the moment generating function of 77 (z) and the characteristic function of
€7 (0s), since they are uniquely determined by this root:

(

4 T(s,z) =Ee™°7 28 = e @P+(5) x>0
( ) ( ) Tt (z)<oo ; )

. g iact ) _ __P+(5)
(5) py(s,a) =:Ee i(5) — o’

If m=EE(1) >0, then pi(s) > 0as s — 0, P{rT(z) < oo} =1, and

(6) T(s,z) =Ee ™ @ = exp {:17 {—sy + /0 h (=¥ —1) dN(y)] }

according to equality (23.2) of [1], where v > 0 and N(z) is a nondecreasing function
such that N(4o00) =0 and

1
/ xdN(z) < 00.
0
Thus equalities () and (@) imply that

(7) “pels) = ha(=s) =~y [T (- naNG) s>

This means that —p4 (s) is the cumulant of the nondecreasing (with respect to x) process
T(z) = 77 (x) whose variation is bounded.

Our aim is to obtain more information about the Lévy characteristics v and N(y) for
the process T'(z). If the variation of £(¢) is unbounded, then one may expect that v = 0,
while the properties of N(z) are not known in this case.

2. SEMICONTINUOUS PROCESS
First we consider a compound Poisson process
(8) E(t) =at — S(t), a>0,

where

St)= > &,  S(0)=o0.

k<v(t)

Here v(t) is a simple Poisson process with intensity A > 0 and where the random vari-
ables & are independent and identically distributed with a common distribution function

F(ﬂ?):P{fk<$}, iUZOa
such that F'(0) = 0 and with the characteristic function
o(a) = Eelotk, f(s) = Eem5, k>1, s5>0.
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THE LUNDBERG ROOT FOR SEMICONTINUOUS PROCESSES 3

Compound Poisson processes have a wide range of applications in risk theory, queueing
theory, etc. The characteristic function of £(¢) is determined by the cumulant

Y(a) =daa+ A (p(—a) — 1)
(see equality [@])). Substituting ic = r we obtain
E(ry=ar+X(f(r)—1).
If r = p4(s) is the root of equation (@), then

) pe(9) =2+ 2 1= f(py(s))].

For simplicity, consider the case of a = 1. Then (B)) describes a governing process of a
queueing system. The nondecreasing processes

EYt) =alt), t>0, with a(0) =0
and

T(z)=7"(x), x>0, with T(0) =0
can be viewed as “inverses” to each other in a certain sense (see pp. 197-200 and the
graphs represented on p. 176 in [2]). The process a(t) represents the idle period, while

Bt) =t —alt)

is the busy period. Clearly, a(t) is a continuous and stepwise linear function with respect
to t; the lengths of the intervals where «(t) is constant are determined by the idle
periods. The mirror image of the graph of £¥(t) rotated counterclockwise about the
origin by the angle T represents the graph of the “inverse” process T'(xz) = 71 (x). The
intervals where a(t) and T'(z) grow linearly are the same, since a = 1. We denote those
intervals by 7,.. The random variable 73 being the time between two exponential jumps
has an exponential distribution, as well. The random variable 7, also has an exponential
distribution with parameter A > 0.

The lengths of the intervals where «(t) is constant (as well as the value of a(t) on these
intervals) are determined by the busy periods 05. After the “inversion” described above,
the lengths of the intervals 0, determine the corresponding jumps of T'(z). The coeffi-
cients of the linear growth of a(t) and T'(x) are such that a = 1/a = 1. Thus, similarly
to (), the stochastic process T'(x) admits the following stochastic representation:

(10) T(x) =2+ Z O, p(x) = max { n: Zﬂgx )

k<v(z) r<n

where o(z) (like v(t)) is a simple Poisson process with intensity A > 0.
By Theorem 4.10 (see [2 p. 198]), the moment generating function of the random
variable 0, is given by

(11) m(s) =Ee " 15 = fpy(s) = Ee > (),

If m = E£(1) > 0, then w(s) = f(p+(s)) = Ee " — 1 and p+(s) = 0as s — 0.
According to equality (@), the number —p, (s) is such that

—py(s) =kp(—s) =InEe™TW = —s 4 X (n(s) — 1),

T(s,z) = Ee™*T(@) = grkr(=9) x> 0.

This cumulant representation means that

v=1, N(I):—AP{91>I}, x>0,

(12)

in relation (7).
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4 D. V. GUSAK

If m < 0, then p;(s) = p4 > 0 and the conditional moment generating function of
T(x) is determined by

(13)  kr(=s) = ps — pi(s) = —sA(n(s) = 7(0),  7(0) = f (p(s) < L,

(14) T(s,z)=E [e_ST(“”) / T(z) < oo] = ek (=s), x> 0.

Similarly to the stochastic process (), the following result obtains a more general
relation for an arbitrary drift @ > 0. We also determine the Lévy characteristics of the
process T'(x).

Theorem 1. Let an upper continuous process (§) have a positive drift a > 0 and let

)\—/O II(dz) < oo.

If m > 0, then the moment generating function of T'(z) = 7% (x), x > 0, with the corre-
sponding cumulant kr(—s) = —p4(s) is uniquely determined by the root of equation (B
as follows:
T(S,I) _ EefsT(x) ﬂT(w)<oo — EefsT(m) _ eka(fs)7

(15) A

kr(—s) = =2+ 2(r(s) = 1),  w(s)=Ee™* &) = f(p,(s)).
In particular, the Lévy characteristics in [d) are such that

1 A ~ -

(16) ==, N(x):—gP{01>x}, 6, = r+(&), x>0

If m < 0, then p4(s) = p+ > 0 as s = 0 and the distribution of T(x) is improper and
P{T(x) < o0} =e "+ < 1.

The conditional moment generating function of T(x) is given by relation (Idl), and the
cumulant is

~ S A [ ~ ~
kr(—s) = py —pi(s) = ——+ — e —1)dPq6; <y,0; < oo
(17) p: p: ¢ a/o ( e { <o }
=2 X)), w(0) = o) <1

Proof. Similarly to the proof for the case of a = 1, we use the following cumulant repre-
sentation:

k(ry=tar+X(f(r)—1)=s

for equation (3). Substituting r» = p4(s) > 0 in the latter equation with m > 0 we derive
representations (I3 and (6] for the cumulant kr(—s), s > 0, k(0) = 0, and for its Lévy
characteristics.

If m < 0, then the random variable T'(x) has an improper distribution, namely

i =1 —sT(x) — + — o P4T
il_I%T(va) ll_I)I(l)Ee Lr@y<oo =P {77 (z) <0} =e <1
Thus one can consider the conditional moment generating function
T(s,x) = T(s,z)/ P{T(x) < oo} = e*(P+=P+())

instead of T(s,z), where the cumulant kp(—s) = py — py(s) admits the representa-

tion (7). O
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THE LUNDBERG ROOT FOR SEMICONTINUOUS PROCESSES 5

3. ALMOST SEMICONTINUOUS PROCESS

Consider an almost upper semicontinuous process with the cumulant

0
(18) Y(a) = i +iaa —|—/ (e’** — 1) II(dx), a <0, c,\; >0.

c— 1o

—0o0

This process can be represented as a difference of two nondecreasing processes

§(t) = &u(t) — &a(t).

The corresponding cumulants of £&; and &, are given by

’(/11 (a) _ )\10

NS
C— 1

e (a) = ialal — /000 (e —1) II(—dux), /0 2Il(—dx) < oo,

respectively.

The trajectories of the stochastic process £(t) are stepwise linear functions with the
drift @ < 0. The trajectories of the process a(t) = £ (t) are nondecreasing stepwise
constant functions. The intervals where «(t) is constant, «(0) = 0, are determined by
the random variables 0, = 7+ (0). The same random variables 0}, determine the values
of the process a(t) in these intervals. The jumps of a(t) are defined by the excesses ;"
related to the processes £(t). The random variables 'y,: have the exponential distribution
with parameter ¢ > 0.

The heights of the jumps of the “inverse” process T'(z) are determined by the random
variables 6}, while the lengths of the intervals where T' is constant are determined by the
random variables ’y,;". Thus

(19) T(x) = Z Or, Ue(z) = max < n: Z%j <z,

0<k<ic(w) k<n

where 7.(z) is a simple Poisson process with intensity ¢ > 0.
Using the stochastic relation ([9) one can easily obtain the following result.

Theorem 2. Let £(t) be an upper almost semicontinuous process with cumulant (I8]).
Then the stochastic process T(x) = 77 (x), T(0) = 71(0) > 0, is a nondecreasing ho-
mogeneous process admitting the stochastic representation ([I9) if m > 0. The cumulant
and moment generating function of the process To(z) = 77 (x) — 71(0), To(0) = 0, are
determined by the Lundberg root py(s) > 0 of equation [Bl), namely
7ST+
bry(=s) = —ps(s) = (n(s) = 1),  m(s) = Ee=™" @ = g (s),

(20) lim g+ (s) = 1

To(s,x) = Ee sT0(®) — gohr(=s) x> 0.

If m < 0, then lims_0 p+(s) = p4 > 0 and the conditional moment generating function
To(x) is determined from the following relation:

Ti(s,2) = E [ [ Ty(a) < oo] =0, 20,

(21) .
kr,(=s) = p+ — p4(s) = c(7(s) — 7(0)), m(0) = ¢4+(0) < 1.
Relations 20) and 1)) imply that
_ ) edP{t7(0) <y}, m >0,y > 0;
@) y=0 dNl)= {ch {(7+(0) <y, 7+(0) < 00}, m < 0.
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6 D. V. GUSAK

Example 1. Let £(t) be an upper almost semicontinuous and at the same time lower
almost semicontinuous symmetric stochastic process (see Example 2.4 in [2] for m = 0)
with the cumulant ¥ (a) = A(i@)?/ (¢ — (i)?). Then

pi(s) =cpi(s),  pi(s) =P{r¥(0) <6} =P{£"(6,) =0} = s%

Inverting p. (s) with respect to s, we obtain from ([22))

9 [l
N(z) = _z e~ d arcsin VY, N(0) = —¢, z>0;

T Jo
1
dN(Z):¥/0 1/%67””@/, z > 0.

Denote by Qo (t) the time spent by the standard Wiener process w(u), u € RT, in the
interval 0 < u < t. Then

(23)

IN(t)] = cEe ™ *Qow® 50,

4. SEMICONTINUOUS PROCESS WITH JUMPS WHOSE INTENSITY IS UNBOUNDED

Now we consider an upper semicontinuous process £(t) instead of the process defined
by (). We assume that
0
/ II(dz) = oo

and that its variation is bounded. Then the cumulant is given by

0

(o) =ioa +/ (e"* —1)I(dz),  a>0,
(24) .
/ | TT(dz) < oc.

-1
Since a > 0, there are intervals where the trajectories of £(t) and £ (¢) grow linearly
with the drift a=! (moreover there are intervals of arbitrary small lengths, since A = c0).

Denoting i = r, we represent the cumulant k(r) as follows:

(25) k(r)=ra —|—/ (e7"* — 1) II(—dx).
0
Using equality ([B) and relations [) and (25) we obtain the following result.

Theorem 3. Let a process £(t) be upper continuous and let its cumulant be given by
equalities 24)-@28). If m > 0, then the cumulant of the homogeneous monotonic pro-
cess T'(x) is defined by equality (), while its Lévy characteristics are given by

(26) 1=n V== [ P @ <y}, y>o
If m <0, then
lim p(s) = p+ >0, T(s,0) = P{£7(0;) > 0} = g4 (s) > 0,

and the conditional moment generating function of T'(x) is determined from the relation

(27) T(s,z)=E [e_ST(x) / T(z) < oo] = @(P=P+(9)) = gohr(=s), x>0,
where
. 1 oo oo
kr(—s) = —2 + 5/ (e™*¥ —1) / I(—dz)dP {7 (z) < y,7"(z) < 0} .
0 0
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THE LUNDBERG ROOT FOR SEMICONTINUOUS PROCESSES 7
Proof. The Lundberg equation () implies that

(28) —ap4(s) = /000 (e_’”(s)”” - 1) II(—dz) — s.

If m > 0, then

Ee ™ (@) = gmri(s)7 — / e WdP {7t (z) <y}, x> 0.
0

Thus ([28) implies a “cumulant” relation for kr(—s) = —p4(s), namely
s 1

(29) —pi(s)=——4 - /000 (e7¥ —1) /000 dP {r*(z) < y} II(—dx).

a a

Comparing equalities (28)) and (@) we easily derive relation (26]) for Lévy’s characteris-
tics v and N(y).

Relation (27) can be obtained similarly for the conditional moment generating function
T(s,z) with the cumulant kr(—s) if m < 0 and the Lévy measure is such that

dN(y) = 2/000 dP {7%(z) <y,7t(z) < oo} II(—dx), y > 0. O

5. BROWNIAN MOTION

It is shown in [3] that T'(x) = 71 (), > 0, is a stable process with respect to z of
index o, = 1/2 if the process £(t) is Brownian motion. Below we prove a more general
statement for Brownian motion.

Theorem 4. Let &(t) = at + ow(t), where o > 0. The moment generating function of
T(z)=7"(x) =inf {t > 0: &(t) > a} for a > 0 is such that

T(s,x)= Ee o™ (@) = k(=) x>0,
(30) >
kr(—s) = —py(s) = / (€7 —1) dNqy ().
0
If a =0, then
2 1 1 2
1 N = —— e p—— I
(31) o(z) o Vors Vo x>0,
and
a’x 2a a\/x
(32) Na(x)—No(z)exp{—F}-i-;@o ( pu ) y a>0,
where

1 oo
D (x) / e *1%dz, x> 0.

T o

If a < 0, then the conditional moment generating function of T'(z) is determined from
the following relation:

(33) T(s,z)=E [efST(z) /T(z) < oo] = esz(*S), x>0

)

and the cumulant is such that

br(=s) = pe = pe(s) = [ (7 = 1) au o)
(34) ’

g

N 2 2 2
N, (z) = No(z)e™® @/(20%) 4 %@0 <a|\/5> ) x> 0.
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8 D. V. GUSAK

Proof. The Lundberg roots +p(s) of the equation
2ar + or? = 2s,
p+(s) = % ( a2—|—2302:|:a) >0
uniquely determine the moment generating functions for 7% (+x), 2 > 0. We consider

separately the following two cases:
(1) Case of a > 0. Then the positive root admits the representation
2s
—p+(s) = T i i V2502 =0
(2) Case of a < 0. Then

(35)

p+(s) — p4+ >0
s—0
and the above representation holds for

. 2s
36 _ s) = kp(—s) = — — 0.
( ) P+ p+( ) T( ) ‘a| +\/m s—0

Since the dependence of kr(—s) and kp(—s) on s in B5) and (B8), respectively, is the
same, the right-hand sides of (82)) and (34)) are similar with respect to « (for ¢ > 0 and
a < 0, respectively).

First we consider the case of a > 0. The Lévy characteristics of the process & (¢) in ()
are determined by the conditions v = 0 and fOOO xdN,(y) < 0o, whence

pi(s) = / (1= e ™) dN(y) = s / INu(y)le dy.
0 0
Putting ﬁa(s) = fooo |Na(1')‘eism dx we obtain

a a?  o?s

(37) po(s) = sia(s),  Tials) = (5 2y 7)

in view of equality (34)).
Denoting p = a?/4+s0?/2 and s = 2p/o?+a?/(20?), the Laplace transform of | N, (z)|
is reduced to the following function:

(38) flp) = . +1 5 /0 e fla) da.

Inverting (B8]) with respect to p (by using the tables of the Laplace transform (see [B]
p. 210])) we find

(39) f(z) = V% —ae" /1y, (a\/§> . x>0

Using the notation s = 2p/a? + a?/(20?) again we obtain

. o pr o’z
(40) na(s):/O |Na(x)exp{—?+ﬁ}dx.

For y = 2x/0?, the right-hand side of (B8] becomes of the following form:

2 (%)

e Ve dy = f(p).

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



THE LUNDBERG ROOT FOR SEMICONTINUOUS PROCESSES 9

This together with ([BY) implies that
2

2 1
(42) % Na (%) €a2y/4 = —’]Ty — aea2y/4¢>0 (a\/g) 9
o 2 1
(43) ‘No< y)’Z;—\/ﬁ, y>0, a=0,
oy 2 1 2y 2a Y
(44) ‘ ( )‘ o2 /_ﬂye poR CAREVEWE a >

Turning back to the variable x = oy/2, we prove both equalities (3I) and (32)). Note
that if a = 0, then

o 1 2
No(z >\—/ aN(dy) = L /2 e,

o\ mx
is the integral Lévy measure of jumps of a stable process with index a, = 1/2. If a # 0,
then the measure [Ny (z)| = [ dN,(y) is expressed in terms of |[No(z)| and of the tails
of the normal distribution (see ([B2)) and (34))).

If a < 0, then py(s) = p4 and T'(z) has an improper distribution, since

P{rf(z)<oo} =P{¢t >z} =" <1, x < 0.
As above, the conditional moment generating function of the random variable T'(z) is
exponential, namely
T(s,x) o
T (- 3)96
(50) = 5Ty < o0}~

where the cumulant kr(—s) = pi — p(s) admits representation (36) similar to (35).
Equality (36l implies that N,(z) in (34) can be obtained from {2)—-@4) if a is changed
by |a|. Thus the theorem is proved. O

Example 2. Let £(t) = &.(t) — S(t), where £,(t) is a stable process with index o, = 1/2
and negative jumps (ca = 0, ¢1 > 0; see [I p. 145]), and let S(t) = Zkgu(t) & be a
compound Poisson process with positive exponential jumps &, > 0. Then the cumulant
of £(t) is of the following form:

iXe%

(45) w(a) = c— i - 2C'|OZ|1/27 C= 401\/%7 c,c > 07
k(r) = ¢(—ir) = Irl.

The process £(t) is upper almost semicontinuous and one can easily evaluate ¢ (s, a),
T(s,z), m >0, and T'(s,z), m < 0, if the root p4(s) of equation [B]) is known.
The root p(s) exists if s = 0. This can be proved by considering the following two

functions: ,
y1 = s =20V
c—r
The graphs of y; and ys intersect if 0 < r < ¢ and the intersection point determines the
root p4 > 0.

Similarly, if s > 0 is sufficiently small, the root p(s) > 0 of equation (8] is determined
by the intersection point of the graphs of functions:

! -5, 0<r<e, ya = 20/T.

Y1 =
C—T7T

Lemma 3.3 in [2] implies that the root pi(s) = cp4(s) < ¢ determines

oi(s,a) = %, T(s,z) = qy(s)e P+, x > 0.
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10 D. V. GUSAK

Note that m = —oco < 0 in the case under consideration. Thus we consider its conditional
moment generating function Ty(s,x) that, according to (2I), can be rewritten in the
following exponential form:

(46) To(S,LL') =E |:e_5(r+(ﬂa)—7—+(0)) /7—+($) _ T+(O) < OO} _ eacchO(—s)'

Moreover .
kr,(=5) = py — p1(s) = c(w(s) — =(0)),

where

m(s) = Ee_ST+(0)]lT+(0)<OO, m(0) = ¢4 < 1.
Note that the root py(s) > 0 of equation ([B]) plays a crucial role only in the case of
semicontinuous and of almost semicontinuous processes (see equalities ([@)—()). For
other processes, equation (B) may not have roots. Even though the roots exist, they
do not uniquely determine the moment generating function T'(s,z) and characteristic
function ¢4 (s, ).
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