Theor. Probability and Math. Statist.
No. 87, 2013, Pages 13–29
S 0094-9000(2014)00901-1
Article electronically published on March 21, 2014


Teor Imovr.
ta Matem. Statist.
Vip. 87, 2012

DIFFUSION APPROXIMATION OF SYSTEMS WITH WEAKLY
ERGODIC MARKOV PERTURBATIONS. I
UDC 519.21

A. YU. VERETENNIKOV AND A. M. KULIK
Abstract. Diﬀusion approximation type results are obtained for a system perturbed
by a Markov process whose transition probabilities converge to the invariant distribution nonuniformly with respect to the initial value. In general, the mode of
convergence is weaker than the total variation convergence.

1. Introduction
We investigate the limit behavior as ε → 0 of the family Y ε , ε > 0, of solutions of
stochastic diﬀerential equations whose coeﬃcients depend on a “fast” random component


t ∈ R+ ,
X ε (t) = X tε−1 ,
where X is a homogeneous Markov process.
Since the models that include both “fast” and “slow” components are widely used
in the theory as well as in applications, the studies of asymptotic problems of the type
mentioned above are of obvious interest. A survey of results in this direction can be
found, for example, in Sections 1 and 2 of the paper [1].
The aim of this paper is to obtain a diﬀusion approximation result (this term means
a certain version of the functional central limit theorem) for processes Y ε under as weak
as possible restrictions on the ergodic properties of the process X.
The classical results on the diﬀusion approximation ([2]–[6]) assume that either a
bound for the uniform mixing coeﬃcient (φ-mixing coeﬃcient) or the uniform ergodicity of the process X holds. Instead we impose an essentially weaker assumption on
the convergence of transition probabilities of the process X to its invariant distribution;
see (2.4). This assumption implies the nonuniform (with respect to the initial value) convergence in the metric that, in general, is weaker than the convergence in variation. This
allows us to suﬃciently extend the class of the corresponding models. In particular, our
approach is applied to processes X deﬁned by stochastic diﬀerential equations (possibly,
inﬁnite dimensional stochastic diﬀerential equations) with the Lévy noise. Note that an
attempt to apply other approaches known in the literature to the latter processes faces
inextricable diﬃculties.
Our approach in outline follows the scheme developed in the paper [7] for the model
where the “fast” random component X is a diﬀusion process. The latter model is related
to a solution of the Poisson equation for the corresponding diﬀusion generator. The
subsequent analysis is based on a standard method of using the corrector. The latter idea
requires information about the properties of semimartingale components of the corrector.
Such properties are obtained in the papers [7] and [8] with the help of an appropriate
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variant of the Itô formula. In doing so, one needs to apply some results on the local
properties of weak solutions of second order partial equations of the parabolic and elliptic
types. Such results are are known only under the assumption that the process X is of
a diﬀusion type and therefore we need to essentially extend the method in the general
case. In [9], a result is obtained that can be viewed as an extended version of the
Dynkin formula and that can be used for describing the predictable component in the
semimartingale decomposition of the corrector. This description is suﬃcient for the proof
of the weak compactness of the family {Y ε } as well as for determining its limit points.
Since the properties of the martingale component in the semimartingale decomposition
of the corrector are not known, we essentially modify the reasoning; see the discussion
at the beginning of Section 4 below.
Due to requirements of the editorial board, the paper is split into two parts. In the
current part, we introduce the main objects and state and prove the main result. For the
sake of completeness and having further applications in mind, we consider two versions of
this result. The ﬁrst version is a limit theorem stated in terms of the convergence of ﬁnite
dimensional distributions, while the second one obtains a stronger functional form of this
limit theorem under somewhat stronger assumptions imposed on the process X, namely
we assume condition S(ψi , Qi ), i = 1, 2, instead of W(ψi , Qi ), i = 1, 2 (see below).
In the forthcoming paper [10] we discuss some corollaries of the main result for particular cases being of their own interest and provide an example of an application of
Theorems 3.1 and 3.2. The proofs of auxiliary results of the current paper (Lemmas 4.2
and 4.4) are also given in [10].
2. Preliminaries
2.1. Main objects and notation. Let (Ω, F, P) be a probability space and let
X = {X(t), t ∈ R+ }
be a homogeneous Markov process of the Feller type deﬁned on (Ω, F, P). Let X assume
its values in a complete separable metric space X. We suppose that the transition probability Pt (x, dy) of the process X is such that, whatever the distribution of the initial
value X(0) is, there exists a cádlág version of the process X. In what follows we assume
that the trajectories of X itself are cádlág.
Let Px be the distribution in D(R+ , X) of the cádlág version of the process X with
X(0) = x and let Ex denote the corresponding mathematical expectation. Put


X ε (t) = X tε−1 ,
t ∈ R+ , ε ∈ (0, 1].
The assumptions above can be weakened in some cases. For example, one can assume
that the phase space X is a measurable space instead of assuming that X is a metric
space; see Remark 3.3 in [10].
Further, we assume that a Wiener process W is deﬁned on the initial probability space
and that W assumes values in Rl and is independent of X. We denote by FX the natural
ﬁltration generated by the process X and by Fε = {Ftε , t ∈ R+ } the ﬁltration generated
by the pair of processes X ε and W .
Consider the family of stochastic diﬀerential equations in Rm given by

 t
1
ε
ε
ε
ε
ε
√
Y (t) = y0 +
A(X (s), Y (s)) ds
a(X (s), Y (s)) +
ε
0
(2.1)
 t
σ(X ε (s), Y ε (s)) dWs ,

+

t ≥ 0.

0

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use

APPROXIMATION OF SYSTEMS WITH WEAKLY ERGODIC PERTURBATIONS

15

We further assume that there exists a function L : X → R+ being bounded on each
compact set of X and for which
(2.2)

|a(x, y)| + |A(x, y)| + |σ(x, y)| ≤ L(x)(1 + |y|),

x ∈ X, y ∈ Rm .

Moreover, we assume that, for an arbitrary R > 0, there exists a function LR : X → R+
being bounded on each compact set of X and such that
(2.3)

|a(x, y1 ) − a(x, y2 )| + |A(x, y1 ) − A(x, y2 )| + |σ(x, y1 ) − σ(x, y2 )|
≤ LR (x)|y1 − y2 |,

x ∈ X, y1 , y2 ∈ {y : |y| ≤ R}.

Here and in what follows we use the same symbol | · | for the absolute value of a real
number, the norm of a vector, or for the norm of a matrix. Then equation (2.1) possesses
a unique strong solution Y ε wherever ε ∈ (0, 1] is (see [9], Proposition 2.1 for details).
Throughout the paper, b = {bij }m
i,j=1 denotes the matrix of diﬀusion coeﬃcients for
the process deﬁned by (2.1):
l

bij =
σik σjk .
k=1

2.2. Conditions imposed on the process X. In what follows we assume that we are
given a premetric d; that is, d is a nonnegative symmetric semicontinuous from below
function on X × X vanishing in the “diagonal” {(x, x), x ∈ X} ⊂ X × X and assuming
positive values beyond it.
For all pairs of probability measures μ and ν deﬁned on the σ-algebra of Borel subsets
in X, put
d(μ, ν) =
inf
E d(ξ, η),
(ξ,η)∈C(μ,ν)

where C(μ, ν) is a family of pairs (ξ, η) of random elements whose values belong to X
and such that ξ ∼ μ and η ∼ ν. The above deﬁnition is an appropriate version of the
deﬁnition of the minimal (or coupling) distance between the probability distributions;
see, for example, [11] or [12], Section 11.8.
The following is the main assumption about the ergodic properties of the process X;
in other words, this is an assumption on the limit behavior of its transition probabilities
as t → +∞.
E(d, r, ψ). There exists a unique invariant probability π of the process X such that
(2.4)

d (Pt (x, ·), π) ≤ r(t)ψ(x),

x ∈ X, t ≥ 0,

where d is a premetric, the measurable function ψ assumes values in the interval [1, +∞),
and the function r : R+ → R+ is measurable, bounded, and such that r(t) → 0 as t → ∞.
We introduce yet another moment condition imposed on the transition probabilities.
Mp (φ, ψ). For two functions φ, ψ : X → [1, ∞) such that ψ belongs to L1 (π) and for
a number p ∈ [1, ∞],

(2.5)
φp (y) Pt (x, dy) ≤ ψ(x),
x ∈ X, t ≥ 0
X

(we agree that 1∞ = 1 and a∞ = ∞ for a > 1).
The function ψ involved in conditions (2.4) and (2.5) can be viewed as a kind of
“penalty” depending on the initial value of the process X. The following assumptions
control (in various forms) the amount of such a penalty. As shown in the forthcoming
paper [10], all these assumptions can be checked directly.
P(ψ). For an arbitrary x ∈ X,
 ∞
e−λt ψ(X(t)) dt < ∞ for all λ > 0.
Ex
0
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W(ψ, Q). For a given nondecreasing function Q : [1, +∞) → [1, +∞) and for an
arbitrary T ∈ R+ ,


ε → 0.
(2.6)
εQ ε−1 sup E ψ(X ε (t)) → 0,
t∈[0,T ]

Denote by S ε (T ) the family of discrete Fε -stopping times that do not exceed T ; a
number T > 0 here is arbitrary.
S(ψ, Q). For a given nondecreasing function Q : [1, +∞) → [1, +∞) and for an arbitrary T ∈ R+ ,


ε → 0.
(2.7)
εQ ε−1 sup E ψ(X ε (τ )) → 0,
τ ∈S ε (T )

2.3. Function classes and seminorms. For a number p ∈ [1, ∞) and for a function
φ : X → [1, +∞), denote by Hφ,d,p the class of functions f : X → R such that
(2.8)

f

φ,d,p

:= sup

x1 =x2

|f (x1 ) − f (x2 )|
< +∞.
1 , x2 )(φ(x1 ) + φ(x2 ))

d1/p (x

It is natural to view Hφ,d,p as a “weight Hölder space” with respect to the premetric d
with index 1/p and weight φ.
We denote by · π the norm in L1 (π),

|f | dπ.
f π=
X

Here and in what follows π is a unique invariant measure of the process X. A function
f ∈ L1 (π) is called centered if X f dπ = 0. Denote by Hφ,p (d, π) the class of measurable
functions f : X → R such that
f

φ,d,p,π

:= f

φ,d,p

+ f

π

< +∞.

For κ ∈ R and for a measurable function f : X × Rm → R being continuous with
respect to the second argument, put

f (·, y) φ,d,p
|f (x, y)|
(2.9)
f φ,d,p,κ = sup
,
f π,κ =
sup
π(dx).
κ
m
m
(1
+
|y|)
(1
+ |y|)κ
y∈R
X y∈R
Let Hφ,p,κ (d, π) be the class of functions f : X → R such that
(2.10)

f

φ,d,p,π,κ

:= f

φ,d,p,κ

+ f

π,κ

< +∞.

We consider a subclass of the class Hφ,p,κ (d, π) whose deﬁning property is closely
related to the uniform itegrability condition. Consider the functions
ΞN : R

z → |z| − |z| ∧ N,

N ≥ 1,

and let Ĥφ,p,κ (d, π) be the set of functions f ∈ Hφ,p,κ (d, π) such that

f (x, y)
sup ΞN
(2.11)
π(dx) → 0,
N → ∞.
m
(1
+ |y|)κ
X y∈R
We say that a measurable function f : X → R belongs to the domain of deﬁnition of
an extended potential R of the process X if
 ∞
|Ex f (X(t))| dt < +∞,
x∈X
0

(see [9], Deﬁnition 2.2). The action of the extended potential R at a function f is given
by
 ∞
Ex f (X(t)) dt,
x ∈ X.
(2.12)
Rf (x) =
0
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For a function of two arguments f : X × Rm → R, the argument y ∈ Rm is constant in
the deﬁnition of the extended potential Rf (x, y), that is,
 ∞
Ex f (X(t), y) dt,
x ∈ X.
(2.13)
Rf (x, y) =
0

Note that the combinations of assumptions imposed on the process X in Section 2.2
and conditions that a function f belong to one of the classes deﬁned above (Hφ,p (d, π)
or Hφ,p,0 (d, π), etc.) allow one to prove the existence of the corresponding generalized
extended potential and to derive its properties; see Theorem 3.1 in [9].
3. Main results
The main results of the paper are stated in this section. The corresponding proofs are
given in Section 4.
Theorem 3.1. Assume that the following conditions hold for some premetrics d1 and d2 ,
some functions r1 , r2 , φ1 , φ2 , ψ1 , and ψ2 , and some numbers p1 , p2 ∈ [1, +∞) and
q1 , q2 ∈ (1, +∞] such that
1
1
+
= 1,
i = 1, 2.
pi
qi
(1) The process X satisﬁes conditions E(di , ri , ψ i ) and Mqi (φi , ψ i ), i = 1, 2, as well
as P(ψ 1 ).
(2) The process X satisﬁes condition W(ψ i , Qi ), i = 1, 2, with
 t
√
1/p
Q2 (t) =
r2 2 (s) ds,
t ≥ 1.
(3.1)
Q1 (t) = t,
0

(3) The function r1 is such that
 ∞
1/p
(3.2)
r1 1 (t) dt < +∞.
0

(4) The coeﬃcient A : X × R → Rm as a function of the argument y ∈ Rm belongs
to the class C 2 for an arbitrary ﬁxed x ∈ Rm . Moreover,
m

the function Ai (·, y) is centered,

(3.3)

y ∈ Rm , i = 1, . . . , m,

and
(3.4)

Ai ∈ Hφ1 ,p1 ,1 (d1 , π),

∂yi Aj ∈ Hφ1 ,p1 ,1 (d1 , π),

∂y2i yj Ak ∈ Hφ1 ,p1 ,1 (d1 , π),

i, j, k = 1, . . . , m.

(5) The following inclusions hold:
ai ∈ Ĥφ2 ,p2 ,1 (d2 , π),
ai ∂yi RAj ∈ Hφ2 ,p2 ,1 (d2 , π),

(3.5)

Ai ∂yi RAj ∈ Ĥφ2 ,p2 ,1 (d2 , π),
bij ∂y2i yj RAk ∈ Hφ2 ,p2 ,1 (d2 , π),

i, j, k = 1, . . . , m,
and
(3.6)

(3.7)

bij ∈ Ĥφ2 ,p2 ,2 (d2 , π),

Ai RAj ∈ Ĥφ2 ,p2 ,2 (d2 , π),

bij ∂yj RAk ∈ Hφ2 ,p2 ,2 (d2 , π),
bij RAk ∈ Hφ2 ,p2 ,3 (d2 , π),

ai RAj ∈ Hφ2 ,p2 ,2 (d2 , π),

i, j, k = 1, . . . , m,
i, j, k = 1, . . . , m.
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(6) There exists a function  : X → R such that
|a(x, y)| + |A(x, y) + |b(x, y)| ≤ ρ(x),
and



(3.8)

∞

E

x ∈ X, y ∈ Rm ,

e−λt ψ1 (X(t))(X(t)) dt < ∞,

λ > 0.

0

Then
I. The family {Y ε , ε ∈ (0, 1]} of solutions of equations (2.1) is weakly relatively
compact in the sense of the convergence of ﬁnite dimensional distributions. That
is, given an arbitrary sequence {εn }, there exists a subsequence {εnk } such that
the subsequence of random vectors
(Y εnk (t1 ), . . . , Y εnk (tM ))
weakly converges in (Rm )M for all M ∈ N and t1 , . . . , tM ≥ 0.
II. Every limit point Y of Y ε , ε → 0, is stochastically continuous and thus has
a measurable modiﬁcation. This modiﬁcation is a solution of the martingale
problem associated with the operator
m
m

∂
1 
∂2
Ai (y)
f (y) +
Bij (y)
f (y),
f ∈ C0∞ (Rm ),
(3.9)
Lf (y) =
∂y
2
∂y
∂y
i
i
j
i=1
i,j=1
where


Ai (y) =

and

X

ai (x, y) +

m


Ak (x, y)∂yk RAi (x, y)

π(dx)

k=1


Bij (y) =

X

(bij (x, y) + Ai (x, y)RAj (x, y) + Aj (x, y)RAi (x, y)) π(dx).

III. If the martingale problem associated with operator (3.9) is well posed (see [5],
Chapter 4, §3), then Y ε weakly converges as ε → 0 in the sense of the convergence
of ﬁnite dimensional distributions to the unique (in the sense of the distributions)
diﬀusion process Y with generator (3.9).
Remark 3.1. By Theorem 3.1 of [9], conditions (1), (3), and (4) imply the existence
of the extended potentials RAi , i = 1, . . . , m, appearing in condition (5). Moreover,
Theorem 3.2 of [9] implies that these potentials are twice continuously diﬀerentiable
with respect to the argument y; see the discussion in Section 4.1 for details.
Remark 3.2. An extra assumption in statement III that the martingale problem associated with operator (3.9) is well posed is not very restrictive (it can be checked directly
by using Theorem 4.4.1 of [5], for example).
Theorem 3.2. Assume that conditions (1)–(5) of Theorem 3.1 hold with stronger versions S(ψ i , Qi ), i = 1, 2, instead of W(ψ i , Qi ), i = 1, 2, in (2).
We further assume that either assumption (6) of Theorem 3.1 holds or the family of
random variables ψ(X(τ )), τ ∈ S(T ), is uniformly integrable for all T ∈ R+ .
Then the family {Y ε , ε ∈ (0, 1]} is weakly relatively compact in D(R+ , Rm ), and each
limit point Y of Y ε , ε → 0, is a solution of the martingale problem associated with
operator (3.9).
Moreover, if the martingale problem associated with operator (3.9) is well deﬁned,
then Y ε weakly converges in C(R+ , Rd ) as ε → 0 to the unique (in the sense of the
distribution) diﬀusion process Y with generator (3.9).
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4. Proof
We brieﬂy describe the main ideas of the proof. First we introduce the corrector uf
for an appropriate test function f : Rm → R in order to obtain a representation of
the form (4.4) written below. We use the results of paper [9] on the existence and
properties of solutions of the extended Poisson equation to construct the corrector. The
representation of the form (4.4) follows from the extended version of the Dynkin formula
proved in Theorems 3.2 and 3.3 of [9].
Representation (4.4) is “insuﬃcient” in the sense that it does not contain the martingale component Mfε . Nevertheless, this representation is suﬃcient for the proof of
the weak compactness in the sense of the convergence of either ﬁnite dimensional distributions (under the assumptions of Theorem 3.1) or in the space D(R+ , Rm ) (under the
assumptions of Theorem 3.2). Note that the direct proof of the weak compactness in the
space C(R+ , Rm ) is rather diﬃcult in view of the absence of the martingale component
Mfε in representation (4.4). This part of the proof diﬀers essentially from the corresponding part of paper [7] where an analog of representation (4.4) is obtained with the help of
Itô–Krylov’s formula which allows one to describe Mfε .
The last step in the proof, the description of limit points, also uses representation (4.4).
Since we consider a weaker mode of convergence than the convergence in C(R+ , Rm ),
the standard tools (such as “freezing the slow component”, for example; see [7]) are
not applicable. Thus we propose a new trick that can be called “delaying the slow
component” (see Remark 4.2 below).
Note that our method lies in the framework of the “martingale approach” proposed
in [13] but does not rely on a priori uniform bounds and smoothness conditions imposed
on solutions of the Poisson equation.
4.1. Corrector: Construction and estimates. Consider a function f ∈ C 3 (Rm ) such
that
(4.1)

|∇r f (y)| ≤ C(1 + |y|)−r ,

r = 1, 2, 3.

Lemma 4.1. Let all the assumptions of Theorem 3.1 hold. Then equality (2.13) well
deﬁnes the extended potentials
(4.2)

R (Ai ∂yi f ) (x, y),

i = 1, . . . , m,

being twice continuously diﬀerentiable functions with respect to the argument y. Moreover, putting
(4.3)

uf (x, y) =

m


R (Ai ∂yi f ) (x, y),

i=1

we obtain the following representation:

(4.4)

f (Y ε (t)) + ε1/2 uf (X ε (t), Y ε (t)) =

t

Kfε (X ε (s), Y ε (s)) ds + Mfε (t),
0

where Mfε is a martingale with respect to F,
(4.5)
(4.6)

Kfε = Hf + ε1/2 Jf ,
Hf ∈ Ĥφ2 ,p2 ,0 (d2 , π),

Jf ∈ Hφ2 ,p2 ,0 (d2 , π).

The same statements hold if all the assumptions of Theorem 3.2 hold.
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Remark 4.1. It is clear that, for a given i and for any given open ball, one can choose
a test function f ∈ C0∞ (Rm ) such that ∂yi f ≡ 1 in this ball. It is also clear that (4.1)
holds for such a function f , and thus Lemma 4.1 implies that equality (2.13) well deﬁnes
the extended potential RAi (x, y) being a twice continuously diﬀerentiable function with
respect to the argument y. Moreover, equality (2.13) implies that

(4.7)
uf (x, y) =
RAi (x, y)∂yi f (y)
i

for an arbitrary function f ∈ C 3 (Rm ) for which (4.1) holds.
Proof. Let all the assumptions of Theorem 3.1 hold. We show that one can apply Theorem 3.2 of [9] with
d = d1 , φ = φ1 , ψ = ψ1 , r = r1 , p = p1 , q = q1 ,
and with the function f˜(x, y) = Ai (x, y)∂yi f (y). Indeed, the assumptions of Theorem 3.1
imposed on the process X and on coeﬃcients of the equation follow from conditions (1)
and (3) of Theorem 3.1 and from assumptions (2.2) and (2.3). Further, the function f˜(·, y)
is centered for each y in view of condition (3.3). Finally, assumptions (3.7) and (3.8)
of [9, Theorem 3.2] imposed on the function f˜ follow from (4.1) and (3.4). Therefore,
the ﬁrst statement of [9, Theorem 3.2] yields the existence of twice diﬀerentiable (with
respect to y) potentials (4.2).
Now condition W(ψ 1 , Q1 ) with the function Q1 deﬁned by (3.1) implies conditions
(3.9) of [9, Theorem 3.2] and (3.15) of [9, Theorem 3.3]. Applying condition (6) of
Theorem 3.1 we prove that all the assumptions of [9, Theorem 3.3] hold.
Now [9, Theorem 3.3] implies that
uf (X ε (t), Y ε (t))
 t
−1
Ai (X ε (s), Y ε (s))∂yi f (X ε (s)) ds
= −ε
0

+

 t

(4.8)

0

i

−1/2

+ε

i

ai (X ε (s), Y ε (s))∂yi uf (X ε (s), Y ε (s)) ds

 t
0

1
+
2
where

 t
0

Ai (X ε (s), Y ε (s))∂yi uf (X ε (s), Y ε (s)) ds

i

bij (X ε (s), Y ε (s))∂y2i yj uf (X ε (s), Y ε (s)) ds + Mf1,ε (t),

i,j

Mf1,ε

is a martingale. On the other hand, we deduce from Itô’s formula that
 t
ai (X ε (s), Y ε (s))∂yi f (Y ε (s)) ds
f (Y ε (t)) =
0

i

+ ε−1/2

(4.9)

 t
0

+


1 t
2

0

Ai (X ε (s), Y ε (s))∂yi f (Y ε (s)) ds

i

bij (X ε (s), Y ε (s)) ∂y2i yj f (Y ε (s)) ds + Mf2,ε (t),

i,j

Mf2,ε

is a local martingale.
where
Further we take into account (4.1) and use the restrictions imposed on the coeﬃcients a, A, and b, in (3.4)–(3.6) to prove that Mf2,ε is a martingale in view of the properties of X. The reasoning leading to this result is similar to that given in Section 4.2 of
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the paper [9], thus we omit the details. Now we multiply (4.8) by ε1/2 and add the result
to (4.9); this proves equality (4.4). The explicit expression for the function Kfε follows
by adding the corresponding integrands in (4.8) and (4.9) and by diﬀerentiating in (4.7)
(as we have already shown, each function RAi (x, y) is twice continuously diﬀerentiable
with respect to y). After some algebra, we obtain Kfε deﬁned by equality (4.5) with
⎡
⎤


⎣ai (x, y) +
Aj (x, y)∂yj RAi (x, y)⎦ ∂yi f (y)
Hf (x, y) =
i

+

 1
i,j

2

j



bij (x, y) + Ai (x, y)RAj (x, y) ∂y2i yj f (y),

⎡

⎤
 

1
⎣
Jf (x, y) =
aj (x, y)∂yj RAi (x, y) +
bjk (x, y)∂y2j yk RAi (x, y)⎦ ∂yi f (y)
2
i
j
j,k




+
bjk (x, y)∂yk RAi (x, y) ∂y2i yj f (y)
ai (x, y)RAj (x, y) +
i,j

k

1
+
[bij (x, y)RAk (x, y)] ∂y3i yj yk f (y).
2
i,j,k

The explicit expressions for Hf and Jf imply (4.6) by conditions (3.5)–(3.7) and (4.1).
This completes the proof.
In the case of Theorem 3.2, we use the last statement of [9, Theorem 3.2] instead of [9,
Theorem 3.3] to check equality (4.8). Assumption (3.10) of [9, Theorem 3.2] follows from
condition S(ψ 1 , Q1 ), whence we derive equality (4.8), where Mf1,ε is a local martingale.
This equality can be rewritten as follows:
 t
ε
ε
uf (X (t), Y (t)) =
Υεf (X ε (s), Y ε (s)) ds + Mf1,ε (t).
0

To prove that
(4.10)

Mf1,ε

is an (ordinary) martingale, we check that
 t

 ε ε
Υf (X (s), Y ε (s)) ds < ∞,
t≥0
E
0

(see [9, Theorem 3.2]). Similarly to the above reasoning for Kfε , we obtain Υεf ∈
Hφ2 ,p2 ,0 (d2 , π). Then, by (A.1),




E Υεf (X ε (s), Y ε (s)) ≤ Cε 1 + r 1/p2 (s) E ψ(X(0)) ,
which implies relation (4.10). This completes the proof of (4.8); the rest of the proof is
unchanged.

4.2. The probability of sojourn in a compact set and estimates for the increments of the process Y ε . Using representation (4.4), we obtain the following assertions. The proofs of Lemmas 4.2–4.4 are given in the forthcoming paper [10].
Lemma 4.2. Let assumptions (1)–(5) of Theorem 3.1 hold. Assume that (4.4) is satisﬁed
for an arbitrary function f ∈ C 3 (Rm ) for which inequality (4.1) holds.
Then, for an arbitrary T ∈ R+ ,
(4.11)

sup

sup P (|Y ε (t)| > R) → 0,

R → +∞.

ε∈(0,1] t∈[0,T ]

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use

22

A. YU. VERETENNIKOV AND A. M. KULIK

If additionally the process X satisﬁes condition S(ψ 1 , Q1 ), then
sup P

(4.12)

ε∈(0,1]

sup |Y ε (t)| > R

→ 0,

R → +∞.

t∈[0,T ]

Lemma 4.3. Let all the assumptions of Lemma 4.2 hold. Then, given an arbitrary r
and R > 0, there exists a constant Cr,R ∈ R+ such that the inequality


(4.13)
P [|Y ε (τ + u) − Y ε (τ )| > r | Fτε ] ≤ Cr,R u + εψ2 (X ε (τ ))
holds almost surely in the set {|Y ε (τ )| ≤ R} for all
u ∈ (0, 1],

ε ∈ (0, 1],

τ∈



S ε (T ).

T ∈R+

Lemma 4.4. Under the assumptions of Lemma 4.2,
(4.14)

lim sup sup
ε→0

sup E [|Y ε (t + u) − Y ε (t)| ∧ 1] → 0,

δ → 0,

t∈[0,T ] 0≤u≤δ

for an arbitrary T ∈ R+ .
If additionally the process X satisﬁes condition S(ψ i , Qi ), i = 1, 2, then
(4.15)

lim sup sup
ε→0

sup E [|Y ε (τ + u) − Y ε (τ )| ∧ 1] → 0,

τ ∈S ε (T ) 0≤u≤δ

δ → 0.

4.3. Weak relative compactness. The family of distributions of the processes Y ε is
continuous in C(R+ , Rm ) with respect to the parameter ε ∈ (0, 1]. Thus the weak relative
compactness of the family {Y ε }ε∈(0,1] follows from that of an arbitrary sequence {Y εn },
εn → 0.
The relative compactness in the sense of the convergence of ﬁnite dimensional distributions follows from relations (4.12) and (4.14) (the reasoning is standard and we omit
it; see §1 of Chapter 5 in [14] for details). Note that each limit point Y is a stochastic
process being continuous in probability by (4.14).
We use the following suﬃcient condition given in [5, Chapter 3] to obtain the relative
compactness in D(R+ , Rm ). Condition (c) of Theorem 8.6 in [5, Chapter 3] combined
with Remark 8.7 (b) therein can be rewritten as follows: given an arbitrary T > 0, there
exists a number β > 0 such that

 εn

|Y (τ ) − Y εn (τ − v)|β ∧ 1
sup E
sup
lim sup sup
(4.16)

n→∞ τ ∈S εn (T ) 0≤u≤δ

0≤v≤τ ∧δ


 εn

εn
β
× |Y (τ + u) − Y (τ )| ∧ 1 → 0,

δ → 0.

Relation (4.16) is equivalent to the relative compactness in D(R+ , Rm ) of the sequence
{Y εn } under an additional assumption that condition (a) of Theorem 7.2 in [5, Chapter 3]
holds. In the case under consideration, condition (a) of Theorem 7.2 in [5, Chapter 3]
coincides with (4.11). It is also clear that (4.15) implies (4.16) with β = 1, and this is
what had to be proved.
4.4. Description of limit points. Let Y be a limit point of a sequence Y εn , εn → 0,
in the sense of the weak convergence of ﬁnite dimensional distributions. As mentioned
above, the process Y is continuous in probability by (4.14), that is, there is a measurable
version of Y , and thus one can assume that Y is measurable from the beginning.
To prove that Y is a solution of the martingale problem for L, we check that


 t2
Lf (Y (s)) ds Φt1 (Y ) = 0
(4.17)
E f (Y (t2 )) − f (Y (t1 )) −
t1
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for all f ∈ C0∞ (Rm ) and t2 > t1 > 0, where Φt1 (Y ) denotes a random variable such that
m


Φt1 (Y ) =

hj (Y (sj ))

j=1

with m ∈ N, s1 , . . . , sm < t1 , and with some bounded continuous functions
hj ,

j = 1, . . . , m

(see a discussion related to inclusions (3.4) in [5, Chapter 4]).
Now we prove equality (4.17). To have shorter notation, we write
X n = X εn

and

Yn = Y εn .

Lemma 4.5. The function Lf is continuous for an arbitrary f ∈ C0∞ (Rm ).
Proof. First we write the representation

Hf (x, y) π(dx)
(4.18)
Lf (y) =
X

(see the proof of Lemma 4.1 where a similar result is given for Hf ). The function Hf (x, ·)
is continuous for π-almost sure x ∈ X. The latter property follows from the Lipschitz
property of the functions a, A, and σ with respect to the argument y (see (2.3)), since
the functions RAi , i = 1, . . . , m, are continuously diﬀerentiable with respect to the same
argument (see Remark 4.1). Now the Lebesgue dominated convergence theorem proves
that the function
 

|Hf (x, y)| ∧ N sign Hf (x, y) π(dx)
LN f (y) :=
X

is continuous with respect to y for an arbitrary N > 0. On the other hand,
Hf ∈ Ĥφ2 ,p2 ,0 (d2 , π)
in view of Lemma 4.1. Applying relation (2.11), we deduce from the deﬁnition of the
latter class that LN f uniformly converges to Lf as N → ∞. This means that Lf , as a
uniform limit of continuous functions, is continuous.

It is also clear that Lf has a compact support if f ∈ C0∞ (Rm ). This result combined
with the latter lemma yields the boundedness and uniform continuity of Lf . Taking into
account relation (4.14), we obtain the following assertion whose proof is standard and
thus is omitted.
Lemma 4.6. If


(4.19) E f (Yn (t2 )) − f (Yn (t1 )) −

t2


Lf (Yn (s)) ds Φt1 (Yn ) → 0,

t1

then relation (4.17) holds.
Put
Δf (x, y) = Hf (x, y) − Lf (y).
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It is clear that (4.1) holds for the function f ∈ C0∞ (Rm ), and thus such a function admits
representation (4.4). Using (4.4) we obtain


 t2
Lf (Yn (s)) ds Φt1 (Yn )
E f (Yn (t2 )) − f (Yn (t1 )) −
t1




=
E uf (Xn (t1 ), Yn (t1 )) − uf (Xn (t2 ), Yn (t2 )) Φt1 (Yn )
  t2

1/2
+ εn E
Jf (Xn (s), Yn (s)) ds Φt1 (Yn )
ε1/2
n

(4.20)

 

t1

t2

+E


Δf (Xn (s), Yn (s)) ds Φt1 (Yn ) .

t1

This, in particular, means that the asymptotic smallness of the three terms on the right
hand side of (4.20) completes the proof.
The bound
|uf (x, y)| ≤ Cψ1 (x)
holds by statement I of [9, Theorem 3.1] applied to the functions f˜i = A∂yi f with φ = φ1
and ψ = ψ1 ,
Since |Φt1 (Yn )| ≤ C by deﬁnition, the convergence to zero as n → ∞ of the ﬁrst term
on the right hand side of (4.20) follows in view of condition W(ψ 1 , Q1 ).
Next, we apply (A.1) with φ = φ2 and ψ = ψ2 and use the second relation in (4.6).
As a result,
 t2

 ε ε


Jf (X (s), Y ε (s)) ds ≤ C(t2 − t1 ) 1 + E ψ2 (X(0)) .
(4.21)
E
t1

Since Φt1 is bounded, the condition W(ψ 2 , Q2 ) yields the convergence to zero as n → ∞
of the second term on the right hand side of (4.20).
The result on the asymptotic smallness of the third term on the right hand side
of (4.20) is stated as a separate assertion.
Lemma 4.7. Under the above assumptions,

  t2
Δf (Xn (s), Yn (s)) ds Φt1 (Yn ) → 0,
(4.22)
E

n → ∞.

t1

Proof. The expression on the left hand side of (4.22) with γ ∈ (0, t2 −t1 ) can be rewritten
as follows:
1
2
3
In,f = In,f,γ
+ In,f,γ
+ In,f,γ
  t1 +γ

=E
Δf (Xn (s), Yn (s)) ds Φt1 (Yn )
t1

 

t2

+E

+E


Δf (Xn (s), Yn (s − γ)) ds Φt1 (Yn )

t1 +γ
 t2




Δf (Xn (s), Yn (s)) − Δf (Xn (s), Yn (s − γ)) ds Φt1 (Yn ) .

t1 +γ
i
The integrals In,f,γ
, i = 1, 2, 3, are estimated separately.

Remark 4.2. We brieﬂy describe the main idea for obtaining such a bound. First we
change Yn (s) by Yn (s − γ) and get an expression in the second term where the arguments
of the processes Xn and Yn diﬀer by γ. This allows one to estimate this expression by
using the ergodic properties of the process X; see inequality (4.25) below. This trick is
called the “delay of the slow component”.
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By the ﬁrst relation in (4.6),
Δf ∈ Ĥφ2 ,p2 ,0 (d2 , π).

(4.23)

Then the reasoning similar to that used in the proof of (4.21) leads to the bound
1
|In,f,γ
| ≤ Cγ.

(4.24)

Further, the function Δf (·, y) is centered for all y ∈ Rm by construction. Using (4.23),
the Markov property of the process Xn , and bound (4.1) of paper [9] with φ = φ2 and
ψ = ψ2 , we get
 ε 
 
n
 ≤ Cr 1/p2 (γ/εn )ψ2 (Xn (s − γ)).
E Δf (Xn (s), Yn (s − γ))  Fs−γ
2
εn
Since the bounded function Φt1 (Yn ) is measurable with respect to Fs−γ
for an arbitrary
s ≥ t1 + γ, we obtain the following bound:
 t2
 2 
In,f,γ  ≤ Cr 1/p2 (γ/εn ) E
ψ2 (Xn (s − γ)) ds.
(4.25)
2
t1 +γ

Next, since Φt1 is bounded,
 t2

 3 


Δf (Xn (s), Yn (s)) − Δf (Xn (s), Yn (s − γ)) ∧ N ds
In,f,γ  ≤ C E
t1 +γ
(4.26)
 t2
 



+CE
ΞN Δf (Xn (s), Yn (s)) + ΞN Δf (Xn (s), Yn (s − γ)) ds
t1 +γ

for an arbitrary N ≥ 1. Recall that the function ΞN is introduced in Section 2.3.
Since ΞN is a Lipschitz function with the Lipschitz constant 1, we get
ΞN ◦ Δf

φ2 ,d2 ,p2 ,0

≤ Δf

φ2 ,d2 ,p2 ,0 .

This allows us to use Proposition A.1 with the function ΞN ◦ Δf in place of f and
with Yn (s) and then with Yn (s − γ) in place of the random variable ζ. As a result,



 
E ΞN Δf (Xn (s), Yn (s)) + ΞN Δf (Xn (s), Yn (s − γ))
(4.27)
1/p
≤ κf,N + Cr2 2 (s/εn ) E ψ2 (X(0)),


where
κf,N =

sup ΞN (Δf (x, y)) π(dx).

X y∈Rm

Moreover,
κf,N → 0,

(4.28)

N → ∞,

since (4.23) holds for Δf .
The function Δf (x, ·) is continuous for each x ∈ X by construction, which means
that this function is uniformly continuous in the ball {y : |y| ≤ R} for an arbitrary R.
Therefore
ΘR (x, β) :=

sup
|y1 |≤R,|y2 −y1 |≤β

|Δf (x, y2 ) − Δf (x, y1 )| → 0,

β → 0,

for all x ∈ X. Hence, given an arbitrary δ > 0, there exists βδ,R > 0 such that
(4.29)

π ({x : ΘR (x, βδ,R ) > δ}) < δ.

By Lemma 4.2, there exists Rδ ∈ R+ such that
(4.30)

P(|Yn (s)| > Rδ ) < δ,

s ∈ [t1 , t2 ].

Put βδ = βδ,Rδ and
As,δ = {|Yn (s)| ≤ Rδ , |Yn (s) − Yn (s − δ)| ≤ βδ } .
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Applying Proposition A.2 with ζ1 = Yn (s), ζ2 = Yn (s − γ), and A = As,δ , we obtain



E Δf (Xn (s), Yn (s)) − Δf (Xn (s), Yn (s − γ)) ∧ N As,δ

≤
sup
(|Δf (x, y1 ) − Δf (x, y2 )| ∧ N ) π(dx)
X |y1 |≤Rδ ,|y1 −y2 |≤βδ

(4.31)

1/p2

+ Cr2

(s/εn ) E ψ2 (X(0))
1/p2

≤ δ + 2N π ({x : ΘRδ (x, βδ ) > δ}) + Cr2
≤ (2N + 1)δ +

(s/εn ) E ψ2 (X(0))

1/p
Cr2 2 (s/εn ) E ψ2 (X(0)).

Note that the latter inequality holds in view of (4.29).
By Lemma 4.3, there exists Cδ ∈ R+ such that
 ε 



n
≤ Cδ γ + εn ψ2 (Xn (s − γ))
P |Yn (s) − Yn (s − γ)| > βδ  Fs−γ
almost surely in the set {|Yn (s − γ)| ≤ Rδ } for all s ∈ [t1 + γ, t2 ]. This inequality together
with (4.30) and (4.31) implies that



E Δf (Xn (s), Yn (s)) − Δf (Xn (s), Yn (s − γ)) ∧ N
(4.32)


1/p
≤ (2N + 2)δ + Cr2 2 (s/εn ) E ψ2 (X(0)) + Cδ γ + εn E ψ2 (Xn (s)) .
Now we ﬁx γ∗ ∈ (0, t2 − t1 ) and consider the averages of the bounds (4.24)–(4.27)
and (4.32) with respect to γ ∈ [0, γ ∗ ]. Hence
1/p2

|In,f | ≤ Cγ∗ + Cδ γ∗ + (2N + 2)δ + κf,N + C E ψ2 (X(0)) sup r2


t2

+ Cδ εn
(4.33)

+

C
γ∗

(s/εn )

s≥t1

E ψ2 (Xn (s)) ds


t1
γ∗


1/p2

r2

t2

(γ/εn ) dγ

0

E ψ2 (Xn (s)) ds
t1
1/p2

≤ (C + Cδ )γ∗ + (2N + 2)δ + κf,N + C E ψ2 (X(0)) sup r2
C
+ Cδ +
γ∗



∞


1/p
r2 2 (s) ds

(t)

t≥t1 /εn

t2

εn

E ψ2 (Xn (s)) ds .
t1

0

Then
1/p2

sup r2

(t) → 0,

ε → 0,

t≥t1 /ε

since t1 > 0 and r2 (t) → 0 as t → ∞. Thus
lim sup |In,f | ≤ (C + Cδ )γ∗ + (2N + 2)δ + κf,N
n→∞

by (4.33) and in view of condition W2 (ψ 2 , Q2 ).
We obtain the result desired by passing to the limit as γ∗ → 0, then as δ → 0, and
ﬁnally as N → ∞. When passing to the limit as N → ∞, we use relation (4.28).

4.5. The completion of the proof. Statements I and II of Theorem 3.1 are already
proved in Sections 4.3 and 4.4, and this implies statement III of the same theorem.
We also proved that, under the assumptions of Theorem 3.2, the family {Y ε } is relatively compact in D(R+ , Rm ). This implies that if the martingale problem associated
with (3.9) is well posed, then Y ε weakly converges in D(R+ , Rm ) as ε → 0. Since Y ε ,
ε ∈ (0, 1], as well as the limit diﬀusion process Y have continuous trajectories, the fam
ily Y ε weakly converges in C(R+ , Rm ) as ε → 0.
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Appendix A. Auxiliary estimates
Proposition A.1. Let 1/p + 1/q = 1 and let conditions E(d, r, ψ) and Mq (φ, ψ) hold
for X. Also let f ∈ Hφ,p,0 (d, π). If ζ is an arbitrary random vector assuming values
in Rm and being deﬁned on the same probability space as the process X, then

1/q
1/p
(A.1) E |f (X(t), ζ)| ≤ f π,0 + 2 f φ,d,p,0 r (t)
ψ dπ
E ψ(X(0)),
t ∈ R+ .
X

Proof. Condition E(d, r, ψ) implies the following bound for the distribution μt of the
random variable X(t):
d(μt , π) ≤ r(t) E ψ(X(0)).

(A.2)

Consider an arbitrary pair (ξ, η) ∈ C(μt , π). By the deﬁnition of the class C(μt , π),
the ﬁrst element of this pair has the same distribution as the ﬁrst element of the pair
ˆ η̂, ζ̂) such that
(X(t), ζ). Then, on a certain probability space, there exists a triple (ξ,
ˆ
ˆ
the pair (ξ, η̂) is identically distributed with (ξ, η), while the pair (ξ, ζ̂) is identically
distributed with (X(t), ζ) (see [12, Section 11.8, Problem 8]).
Denote by Ê the mathematical expectation in this new probability space. Then
ˆ ζ̂)| ≤ Ê|f (η̂, ζ̂)| + Ê|f (ξ,
ˆ ζ̂) − f (η̂, ζ̂)|
E |f (X(t), ζ)| = Ê|f (ξ,
ˆ ζ̂) − f (η̂, ζ̂)|
≤ Ê sup |f (η̂, y)| + Ê|f (ξ,

(A.3)

y

= f

π,0

ˆ ζ̂) − f (η̂, ζ̂)|.
+ Ê|f (ξ,

Note that we used the property that η̂ has the same distribution as π. Thus
|f (x, y) − f (x , y)| ≤ f

1/p
(x, x
φ,p,d,0 d

x, x ∈ X, y ∈ Rm .

)(φ(x) + φ(x )),

ˆ x = η̂, and y = ζ̂ and applying (A.3), we conclude that
Substituting x = ξ,
(A.4)

E |f (X(t), ζ)| ≤ f
≤ f

π,0
π,0

+ f
+ f

1/p ˆ
ˆ
(ξ, η̂)(φ(ξ)
φ,p,d,0 Êd
1/p

φ,d,p,0

(E d(ξ, η))

+ φ(η̂))

(E(φ(ξ) + φ(η))q )

1/q

,

ˆ η̂) has the same distribution as (ξ, η). Note also that here we used the Hölder
since (ξ,
inequality. Since the function z → z q is convex,
E (φ(ξ) + φ(η))q ≤ 2q−1 (E φq (ξ) + E φq (η))
 

φq (y)Pt (z, dy) π(dz)
= 2q−1 E φq (y)Pt (X(0), dy) +
X
X
X


q−1
q
E ψ(X(0)) + ψ dπ ≤ 2
ψ dπ E ψ(X(0))
=2
X

X

by condition Mq (φ, ψ). The latter inequality is valid in view of ψ ≥ 1. Then inequality (A.4) can be written as follows:

1/q

1/q
1/p
E ψ(X(0))
(A.5)
E |f (X(t), ζ)| ≤ f π + 2 f φ,p (E d(ξ, η))
ψ dπ
.
X

Since (ξ, η) ∈ C(μt , π) is arbitrary, relations (A.2) and (A.5) complete the proof.



Proposition A.2. Let all the assumptions of Proposition A.1 hold. Also let ζ1 and ζ2
be two random vectors assuming values in the space Rm and that they be deﬁned on the
same probability space (Ω, F, P) as the process X. We further assume that the set A ∈ F
is such that
|ζ1 | ≤ R and |ζ1 − ζ2 | ≤ β
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almost surely in the set A for some β, R > 0. Then

(A.6)

E(|f (X(t), ζ1 ) − f (X(t), ζ2 )| ∧ N )A

≤
sup
(|f (x, y1 ) − f (x, y2 )| ∧ N ) π(dx)
X |y1 |≤R,|y1 −y2 |≤β

+4 f

φ,d,p,0 r

1/p



(t)

1/q

ψ dπ

E ψ(X(0)),

X

t ∈ R+ ,

for an arbitrary N ≥ 1.
Proof. Similarly to the preceding proof we consider an arbitrary pair (ξ, η) ∈ C(μt , π)
ˆ η̂, ζ̂1 , ζ̂2 , Â) such that the pair (ξ,
ˆ η̂) is identically distributed
and construct a family (ξ,
ˆ
with (ξ, η) and the family (ξ, ζ̂1 , ζ̂2 , Â ) is identically distributed with (X(t), ζ1 , ζ2 , A ).
Then


ˆ ζ̂1 ) − f (ξ,
ˆ ζ̂2 )
E |f (X(t), ζ1 ) − f (X(t), ζ2 )|A = Ef (ξ,
Â
(A.7)




ˆ




≤ E f (η̂, ζ̂1 ) − f (η̂, ζ̂2 ) Â + 2Ê f (ξ, ζ̂) − f (η̂, ζ̂) .
The distribution of (ζ̂1 , ζ̂2 , Â ) coincides with the distribution of (ζ1 , ζ2 , A ), whence we
conclude that |ζ̂1 | ≤ R and |ζ̂1 − ζ̂2 | ≤ β almost surely on Â. Hence


sup
|f (η̂, y1 ) − f (η̂, y2 )|
Ef (η̂, ζ̂1 ) − f (η̂, ζ̂2 )Â ≤ E


|y1 |≤R,|y1 −y2 |≤β

=

sup
X |y1 |≤R,|y1 −y2 |≤β

|f (x, y1 ) − f (x, y2 )| π(dx),

since π is the distribution of η̂. A bound for the second term in (A.7) is obtained in the
preceding proof. Therefore

(A.8)

E |f (X(t), ζ1 ) − f (X(t), ζ2 )|A

≤
sup
|f (x, y1 ) − f (x, y2 )| π(dx)
X |y1 |≤R,|y1 −y2 |≤β

+4 f

1/p
φ,p,d,0 (E d(ξ, η))



1/q

ψ dπ


1/q
E ψ(X(0))
.

X

Since (ξ, η) ∈ C(μt , π) is arbitrary, relations (A.2) and (A.8) complete the proof.
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