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DISCRETE REPRESENTATIONS
OF SECOND ORDER RANDOM FUNCTIONS. II
UDC 519.21

O. I. PONOMARENKO
Abstract. This is a continuation of the author’s 2012 paper. We study the discrete
representations of a general basis type for a second order random function assuming
scalar or vector values.

3. Discrete basis type representations
3.1. The representation
(3.1)

ξ(t) =



αj (t)zj ,

t ∈ T,

j∈J

for a scalar second order random function ξ(t) in the set T is called the general discrete
representation if {zj , j ∈ J} is a system of random variables belonging to L2 (Ω) and
E zj z̄r = fjr , and {αj , j ∈ J} is the corresponding set of complex-valued functions
deﬁned on the set T .
We assume that the sum on the right hand side of (3.1) contains at most a countable
number of non-zero terms and that the series in (3.1) converges in a certain sense. If representation (3.1) is unique, then it is called a basis type representation. The uniqueness
is understood in the sense that if a system {zj , j ∈ J} is given, then the coeﬃcients αj (t)
are uniquely determined or, vice versa, if a system of functions {αj (t), j ∈ J} is given,
then the random variables zj are uniquely determined. Representation (3.1) is called
orthogonal if E zj z̄r = δjr fj and fj > 0; similarly, it is called orthonormal if additionally
fj = 1 for all j, r ∈ J.
Obviously, in L2 (ξ) as in any other Hilbert space, there exists an orthonormal basis
{zj , j ∈ J},
and thus every function ξ(t), t ∈ T , admits orthonormal basis representation (3.1), where
αj (t) = (ξ(t)|zj ) are Fourier coeﬃcients for ξ(t) with respect to the basis {zj , j ∈ J}.
Nevertheless, it is a complicated problem to construct such a basis {zj , j ∈ J} (except
for some trivial cases), and thus one needs to develop an approach for obtaining representation (3.1) by using the correlation structure of the function ξ(t) or, alternatively,
by using the results of modern harmonic analysis.
Note that if (3.1) is a basis type representation and the series on the right hand side
converges in the norm of L2 (Ω), then the system {zj , j ∈ J} is complete in L2 (ξ) and is
topologically free. Moreover, the covariance kernel k(t, s) of the function ξ(t) admits the
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discrete representation
(3.2)

k(t, s) =



t, s ∈ T,

αj (t)αr (s)fjr ,

j∈J r∈J

where all square matrices F = (fju jv )nu,v=1 , n ∈ N, ju ∈ J, are non-negatively deﬁnite
and the series on the right hand side of (3.2) converges. Conversely, if representation (3.2)
holds for the correlation kernel k of a function ξ(t), t ∈ T , then Cramér’s theorem on the
representation of random functions implies that representation (3.1) holds, too.
Example 3.1. Let ξ(g), g ∈ G, be a square mean continuous random function deﬁned on
a compact topological group G. Then ξ(g) admits a discrete representation with respect
to the system of “elementary harmonics” in G; in other words, ξ(g) is a harmonizable
function in G.
Indeed, there exists at most a countable system of non-equivalent non-reducible ﬁnitedimensional unitary representations of G (in other words, continuous homeomorphisms
acting from G to the group of unitary matrices of ﬁnite sizes):


(λ)
1 ≤ i, j ≤ dλ < ∞, λ = 1, 2, . . . ,
g → U (λ) (g) = uij (g) ,

−1 
∗
U (λ) (g −1 ) = U (λ) (g)
= U (λ) (g) ,
U (λ) (gs) = U (λ) (g)U (λ) (s),

1
(λ)
(μ)
uij (g)url (g) dg = δλμ δir δjl ·
,
d
λ
G
where dg is the Haar measure in G normalized by unity (in other words, a two sided
(λ)
invariant measure in G). Moreover, the harmonics uij (a), 1 ≤ i, j ≤ dλ , λ = 1, 2 . . . ,
form a complete system in the Hilbert space L2 (G) of functions whose absolute value is
square integrable with respect to dg.
Then ξ(g), g ∈ G, admits a non-orthogonal basis type representation
(3.3)

ξ(g) =

dλ


(λ)

(λ)

g ∈ G,

uij (g)zij ,

λ i,j=1

 (λ)
(λ)
where zij = dλ G uij (g)ξ(g) dg ∈ L2 (Ω) and the series on the right hand side of (3.3)
converges in the square mean sense (note that the set of indices λ is countable).
If a function ξ(g), g ∈ G, is left stationary, that is, if E ξ(g) = const and if its correlation
kernel k is left invariant in the sense that k(gt, gs) = k(t, s) = k(s−1 t), g, t, s ∈ G, then
(λ)
the orthogonality conditions hold for zij , namely
(3.4)

(λ) (μ)

(λ)

E zij zrl = δλμ δir fjl ,

 (λ) 
where fjl = f (λ) is a positive deﬁnite matrix and
(3.5)

dλ


(λ)

fjj =

λ j=1



tr f (λ) < ∞

λ

(see [6]).
Thus the correlation function k̃(g) of the random function ξ(g) admits the following
discrete representation:
(3.6)

k̃(g) =

dλ


(λ)

(λ)

ujl (g)fjl .

λ j,l=1
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3.2. Consider an extension of the results of Section 2 to the case where the correlation
kernel k generates a general Hilbert–Schmidt integral operator.
Let T be a measurable space equipped with a σ-algebra A and positive measure μ, that
is, T ∼
= (T, A, μ). Assume that a second order random function ξ(t), t ∈ T , is measurable
in the strong sense as a vector L2 (Ω)-valued function deﬁned in T (in other words, ξ(t) is
a μ-almost sure limit of a sequence of simple measurable L2 (Ω)-valued functions deﬁned
in T ; see [11]). Then its correlation kernel k(t, s) is a measurable function deﬁned in
(T × T, A ⊗ A, μ × μ) = (T × T, μ × μ).
We further assume that

E |ξ(t)|2 μ(dt) < ∞.
(3.7)
T

Thus the Bochner integrals

ψ(t)ξ(t) μ(dt),

ψ ∈ L2 (T, μ),

T

are well deﬁned in the strong topology of L2 (Ω).
Indeed, this property follows from the inequality


2
ψ(t)ξ(t)L2 (Ω) μ(dt) =
|ψ(t)| E |ξ(t)| μ(dt)
T

T



≤

1/2

(see [11]). Since
 

E |ξ(t)|2 μ(dt)

<∞

T

 
|k(t, s)| μ(dt) μ(ds) =

| E ξ(t)ξ(s)|2 μ(dt) μ(ds)

2

(3.8)

1/2

|ψ(t)| μ(dt)
T

T



2

T

T

 

T



E |ξ(t)|2 E |ξ(s)|2 μ(dt) μ(ds) =

≤
T

T

2

E |ξ(t)|2 μ(dt)

,

T

we conclude that k(t, s) ∈ L2 (T × T, μ × μ).
Hence the integral operator K acting in the space L2 (T, μ) according to

(Kϕ)(t) =
k(t, s)ϕ(s) μ(ds),
ϕ ∈ L2 (T, μ),
T

is a general Hilbert–Schmidt integral operator such that

λj (ψ, ϕj )ϕj ,
ψ ∈ L2 (T, μ),
(3.9)
(Kψ)(t) =
j∈J

where {ϕj (t), t ∈ J} and {λj , j ∈ J} are the orthonormal system of eigenfunctions and
eigennumbers, λj = 0, of the operator K. Moreover, the series on the right hand side
of (3.9) converges in the norm of the space L2 (T, μ) and the kernel k(t, s) of the operator
K admits the representation

(3.10)
k(t, s) =
λj ϕj (t)ϕj (s),
j∈J

where the series on the right hand side of (3.10) converges in the norm of the space
L2 (T × T, μ × μ) (see [6, 9, 16]).
We introduce the random variables zj ∈ L2 (Ω) as follows:

(3.11)
zj =
ξ(t)ϕj (t) μ(dt),
j ∈ J,
T
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where the integrals are understood in the Bochner sense. By equality (3.10),
 
E zj z¯r =
(E ξ(t)ξ(s))ϕj (t)ϕr (s) μ(dt) μ(ds)
T T
(3.12)
=
k(t, s)ϕj (t)ϕr (s) μ(dt) μ(ds) = δjr λj ,
T

T

whence we conclude that zj are orthogonal. Moreover,

k(t, s)ϕj (s) μ(ds) = λj ϕj (t).
(3.13)
E ξ(t)zj =
T

We write the elements of the set J in descending order of their eigennumbers λj (the
multiplicity of an eigennumber is taken into account). Now we consider the approximations of ξ(t) by the sums
n

ϕj (t)zj .
j=1

It follows from (3.12) and (3.13) that the square error of this approximation is equal to
2

n



σn (t) = E |ξn (t)|2 = Eξ(t) −
ϕj (t)zj 
j=1

= k(t, t) − 2

n


(E ξ(t)zj )ϕj (t) +

j=1

n


λj |ϕj (t)|2 = k(t, t) −

j=1

n


λj |ϕj (t)|2 .

j=1

Taking into account the mode of the convergence of the series on the right hand side
of (3.10), we conclude that
(3.14)

σn (t) → 0 in L2 (T, μ)

as n → ∞, since inequality (3.8) for ξn (t) becomes an equality in the diagonal of the
square T × T .
Therefore we prove the following result.
Theorem 3.1. Let ξ(t), t ∈ T , be a measurable second order random function being
measurable in the strong sense and deﬁned in the measurable space (T, A, μ). Assume
that condition (3.7) holds for ξ(t).
Then representation (3.10) holds for the correlation kernel k(t, s). The function ξ(t)
itself admits the following representation:

ϕj (t)zj ,
t ∈ T,
(3.15)
ξ(t) =
j∈J

where the random variables zj are deﬁned by equality (3.11) and where the series on the
right hand side of (3.15) converges in the sense of relation (3.14).
3.3. Let T be an arbitrary non-empty set and let ξ(t), t ∈ T , be a second order random
function deﬁned in T . Denote the correlation kernel of ξ(t) by k(t, s).
Theorem 3.2. I. For a random function ξ(t), t ∈ T , there exists a system of ωindependent complex-valued functions {fj (t), j ∈ J} deﬁned in T and being unique up to
an unitary transformation such that

(3.16)
fj (t)fj (s),
t, s ∈ T,
k(t, s) =
j∈J

(3.17)

ξ(t) =



fj (t)zj ,

t ∈ T,

j∈J
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where zj are orthonormal random variables belonging to L2 (Ω) such that, given an arbitrary pair t and s of T , there is at most countable number of non-zero terms in (3.16)
and (3.17). The series on the right hand side of (3.16) converges for all t and s, while
the series on the right hand side of (3.17) converges in the square mean sense for each t.
II. If T is a topological space and if a function ξ(t) is continuous in T in the square
mean sense, then the functions fj (t) are continuous in T .
III. If T is an interval of R and if a process ξ(t), t ∈ T , is m times diﬀerentiable
in T in the square mean sense, then the functions fj (t) are m times diﬀerentiable in T .
Moreover, if the process ξ(t) is analytical in T , then the functions fj (t) are analytical,
too.
Proof. I. In fact, representation (3.16) is the Krein bilinear expansion of the positive
deﬁnite kernel k (this result follows from Theorem 1 in [8]). Note that one can obtain
such a representation by using the factorization expansion of the positive deﬁnite kernel k
in an appropriate Hilbert space. The most known factorization spaces for k are the
Kolmogorov space of second order random variables, the Krein space of aggregates in T ,
the Aronszajn–Parzen space of functions constructed from the reproducing kernel k, and
space L2 of the factorization representation of k in Karhunen’s theorem [3, 8].
Representation (3.17) for the random function ξ(t), t ∈ T , follows from representation (3.16) by using the Karhunen theorem with counting measure in J.
We deduce from expansion (3.17) that the functions fj (t) are of the form
fj (t) = E ξ(t)zj ,

j ∈ J, t ∈ T,

whence statements II and III of the theorem follow directly.



3.4. The representation
(3.18)

Ξt =



αj (t)Φj ,

t ∈ T,

j∈J

of a generalized second order random function Ξt , t ∈ T , assuming values in a Hilbert
space H is called a basis type discrete representation if representation (3.18) is unique
(in the sense that if Φj are given, then the functions αj (t) are determined uniquely,
and, conversely, if αj (t) are given, then the elements Φj are determined uniquely), if
there are at most a countable number of non-zero terms in (3.18), and if the series on
the right hand side of (3.18) converges in a certain topology of the space L(H, L2 (Ω)),
where Φj , j ∈ J, is a system of random elements in L(H, L2 (Ω)) and {αj (t), t ∈ J} is
the corresponding set of complex-valued functions.
If the elements Φj are orthogonal, that is, if Φ∗j Φr = 0 for j = r, then representation (3.18) is called orthogonal.
If representation (3.18) holds, then the correlation kernel Γ of the function Ξt admits
the following expansion:

αj (t)αr (s)Fjr ,
Fjr ∈ B(H),
(3.19)
R(t, s) =
j,r∈J

where Fjr = Φ∗r Φj . Conversely, if expansion (3.19) holds, where Fjr is a positive deﬁnite
B(H)-valued kernel deﬁned in J ×J, then Theorem 2 of [13] implies representation (3.18),
where Φj ∈ L(H, L2 (Ω)) and Fjr = Φ∗r Φj .
Below are some examples of discrete representations for random functions Ξt being
continuous in the strong topology of L(H, L2 (Ω)). The consideration below is based on
some of the results of harmonic analysis.
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Example 3.2. Let Ξt , t ∈ Rn , be a continuous homogeneous random ﬁeld in H, that
is, E Ξt = const and Ξ∗s Ξt = R(t − s), t, s ∈ Rn . Then Ξt and R(t) admit the spectral
representations


i(λ|t)
(3.20)
Ξt =
e
Φ(dt),
R(t) =
ei(λ|t) F (dλ),
Rn

Rn

where Φ and F are operator L(H, L2 (Ω))-valued and B(H)-valued Radon measures in Rn ,
respectively. Moreover, the measures Φ and F are such that F ( 1 ∩ 2 ) = Φ∗ (Δ2 )Φ(Δ1 )
for Borel sets Δ1 and Δ2 of Rn (see [13]).
If the measure F is concentrated in the parallelepiped ×nr=1 [− r , r ], r > 0, belonging
to the space Rn , then the ﬁeld Ξt admits a non-orthogonal basis type representation of
the following form:
(3.21)

Ξt =


j=(jr )n
r=1 ∈Z

n

sin( r tr − πjr ) 
Φ ,
( r tr − πjr ) j
n r=1

t ∈ Rn ,

where Φj = Ξtj ∈ L(H, L2 (Ω)), tj = (jr π/ r )nr=1 ∈ Rn , and where the series on the
right hand side of (3.21) converges in the strong topology of L(H, L2 (Ω)). Representation (3.21) is an analogue of the Kotelnikov–Shannon formula for scalar random ﬁelds.
Representation (3.21) can be proved by expanding the function g(λ) = ei(λ|t) deﬁned in
×nr=1 [− r , r ] into the multiple Fourier series
e(λ|t) =

n
 
sin ( r tr − πjr ) (λ|tj )
e
,
( r tr − πjr )
n r=1

j∈Z

by applying representation (3.20), and by using the properties of the stochastic integral
with respect to the measure Φ.
Example 3.3. Let Ξq , q ∈ Q, be a continuous homogeneous random function in H
deﬁned on a homogeneous topological space Q with a compact group of transitive transformations of G, that is, E Ξq = const and the correlation kernel R of the function Ξq ∈ G
is invariant, that is, R(gp, gq) = R(p, q) for all g ∈ G and p, q ∈ Q.
Then the random function Ξq admits the discrete expansion with respect to the system
of spherical functions


(λ)
ψij (q), i = 1, . . . , dλ , j = 1, . . . , rλ , λ = 1, 2, . . .
on Q, namely
(3.22)

Ξq =

dλ 
rλ

λ
(λ)

where the random elements Φij

(λ)
Φij =

Q

(λ)

(λ)

ψij (q)Φij ,

q ∈ Q,

i=1 j=1

∈ L(H, L2 (Ω)) are deﬁned by
−1 


 (λ) 2
(λ)
ψij (q)Ξq dq,
ψij (q) dq
Q

where dq denotes a G-invariant measure on Q [17] and where the series on the right hand
side of (3.22) converges in the strong topology of the space L(H, L2 (Ω)).
Example 3.4. Consider an important special case of a general scheme considered in
Example 3.3 if G is a rotation group for the sphere SO(3) centered at the point 0 and
if the space Q coincides with the sphere S2 in R3 centered at 0 and with the spherical
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coordinates (θ, φ). Then expansion (3.22) for a homogeneous ﬁeld Ξθ,ϕ on S2 can be
rewritten as follows:
Ξθ,φ =

(3.23)


∞ 


Ym (θ, φ)Φm ,

=0 m=−

where {Ym (θ, φ); m = − , . . . , ; = 0, 1 . . . } is the system of spherical harmonics in S2 ,
∗
Φm ∈ L(H, L2 (Ω)), and where (Φkj ) Φm = δmj δik Fm for Fm ∈ B+ (H) [17, 18].
A homogeneous ﬁeld deﬁned on the sphere Sn−1 of the space Rn centered at the
point 0 and with the group of rotations of the sphere SO(n) can be represented in terms
of the series with respect to hyper-spherical harmonics
Y,m1 ,...,mn−3 ,±mn−2 (θ1 , . . . , θn−2 , φ),

= 0, 1, 2, . . . ,

0 ≤ mn−2 ≤ mn−3 ≤ · · · ≤ m1 ≤ ,
where (θ1 , . . . , θn−2 , ϕ) are spherical coordinates of a point of Sn−1 and where
Φ,m1 ,...,mn−3 ,±mn−2 ∈ L(H, L2 (Ω))
are uncorrelated random coeﬃcients whose correlation operators depend on
[16, 17]).

only (see

Example 3.5. Let Ξg , g ∈ G, be a continuous homogeneous random function that
assumes values in H and is deﬁned on a compact Abelian group G, that is, E Ξq = const
and Ξ∗s Ξg = R(gs−1 ). Since the group of characters Ĝ of the group G is discrete, we
obtain the expansion

χ(g)Φχ ,
χ(g) ∈ Ĝ, Φχ ∈ L(H, L2 (Ω)),
(3.24)
Ξg =
χ∈Ĝ

of (3.24)
where Φ∗γ Φχ = δχγ Fχ for Fχ ∈ B+ (H), the series on the right hand side 
converges in the strong topology of the space L(H, L2 (Ω)), and where the series χ∈Ĝ Fχ
converges to R(e) (see [13]). Here the symbol e stands for the unit element of the group G.
Example 3.6. Let Ξt , t ∈ T , be a continuous stationary process deﬁned on the torus
T = {t ∈ C : |t| = 1} and let Ξt assume values in H. Then T̂ is isomorphic to the additive
group Z = {0, ±1, ±2, . . . }, that is, T̂ ∼
= Z. Thus the characters of the multiplicative
group T are of the form χn (t) = tn , t ∈ T , n ∈ Z. Therefore
(3.25)

Ξt =



tn Φ n ,

Φn ∈ L(H, L2 (Ω)),

t ∈ T,

n∈Z


where Φ∗m Φn = δnm Fn , Fn ∈ B+ (H), and where the series
n∈Z Fn converges to
R(1) = Ξ∗1 Ξ1 .
For the case of Example 3.5 with G being the m-dimensional torus T m , a homogeneous
random ﬁeld Ξt , t ∈ T m , in H admits the representation

tn1 1 tn2 2 · · · tnmm Φn1 ,...,nm ,
(t1 , . . . , tm ) ∈ T m ,
(3.26)
Ξt1 ,...,tm =
(n1 ,...,nm )∈Zm

where Φn1 ,...,nm are orthogonal random elements of the space L(H, L2 (Ω)).
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Example 3.7. Let Gn be a cyclic group of order n in Example 3.5 (the topology is
discrete). Consider the simplest isomorphic realization of Gn as the set of integer numbers
{0, 1, . . . , n−1} with the mod n addition operation. Then a stationary (or cyclic) random
process Ξs , s ∈ Gn , in H admits the representation


n

i2πλs
(3.27)
Ξs =
exp
Φλ ∈ L(H, L2 (Ω)),
Φλ ,
n
λ=1

where Φ∗μ Φλ = δμλ Fλ ∈ B+ (H).
If G is a direct product of the cyclic groups, G = Gn1 × Gn2 × · · · × Gnm , then a
random ﬁeld Ξs , s ∈ G, considered in Example 3.5 is homogeneous (cyclic) and admits
the following representation:
(3.28)

n1


Ξs1 ,...,sm =

nm 
m


···

e

i2πλr sr
nr

Φλ1 ,...,λm ,

λm =1 r=1

λ1 =1

where Φλ1 ,...,λm are orthogonal random elements in L(H, L2 (Ω)).
Example 3.8. Let Ξt , t ∈ S, be a stationary random function in H deﬁned on an
involutive Abelian semigroup (S, ◦, ∗), where the symbol ◦ stands for the operation in
the semigroup and where ∗ denotes the involution (see [10]), that is, E Ξt = const and
Ξ∗s Ξt = R(t ◦ s∗ ). The function Ξt , t ∈ S, has a discrete spectrum in the semigroup S ∗ of
semicharacters of the semigroup S if there exists at most a countable family of semicharacters {χj , j ∈ J}, χj ∈ S ∗ , such that

R(t) =
χj (t)Fj ,
Fj ∈ B+ (H), t ∈ S,
j∈J

where the series converges in the weak topology B(H). According to Theorem 2 of [13],
the following discrete representation holds:

χj (t)Φj ,
Φj ∈ L(H, L2 (Ω)), t ∈ S,
Ξt =
j∈J

where the series on the the right hand side converges in the strong topology of the space
L(H, L2 (Ω)) and where Φ∗r Φj = δrj Fj .
Example 3.9. Let Ξt , t ∈ [0, ], be a continuous second order process in the space H.
Then its correlation kernel R(t, s) admits a representation in terms of a double Fourier
series, namely
R(t, s) =

∞ 
∞


cos

πmt

cos

πnt

Fnm ,

Fnm ∈ B(H),

n=0 m=0

where Fnm is a positive deﬁnite kernel in the set 0, 1, 2, . . . ,
  
πms
4
πnt
Fnm = 2 anm
cos
R(t, s) dt ds,
cos
0

anm

0

⎧
1
⎪
⎨ 4 , m = n = 0,
= 12 , m > 0, n = 0 or m = 0, n > 0,
⎪
⎩
1, m > 0, n > 0,
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and where the series on the right hand side converges in the weak topology of B(H).
Then we obtain the representation
Ξt =

∞


cos

πnt

Φn ∈ L(H, L2 (Ω)),

Φn ,

n=0

where Φ∗m Φn = Fnm and the series converges in the strong topology of L(H, L2 (Ω)).
Example 3.10. Let D be a connected open domain of the complex plane C and let Ξς ,
ς ∈ D, be a generalized second order random function in H being diﬀerentiable in D in
the weak topology of L(H, L2 (Ω)). Then Ξς is called holomorphic in D. Note that the
random function Ξς is continuous and inﬁnitely many times diﬀerentiable in D for the
uniform topology L(H, L2 (Ω)). Moreover, the following equality holds for the derivatives
(n)
Ξς , n = 0, 1, 2, . . . :

Ξτ dτ
n!
=
,
Ξ(n)
ς
2πi C (τ − ς)n+1
where C is the circumference centered at ς and belonging to D.
If Ξς is holomorphic in the circle Tr (ς0 ) = {ς : |ς − ς0 | < r} and if Ξς  ≤ M , then the
following Taylor expansion holds:
Ξς =

∞

1
(ς − ς0 )n Ξ(n)
ς0 ,
n!
n=0

ς ∈ Tr (ς0 ),

where the series converges in the uniform topology of the space L(H, L2 (Ω)) (see [11]).
Example 3.11. Let Ξt , t ∈ Rn , be a continuous random ﬁeld in Rn whose correlation
kernel can be written as a function that depends on the sum of its arguments,
Ξ∗s Ξt = R(t + s),

t, s ∈ Rn ,

and let E Ξt = const. Then the ﬁeld Ξt is additive homogeneous and admits the following
spectral representation:

Ξt =
e(λ|t) Φ(dλ),
t ∈ Rn ,
Rn

where Φ is an orthogonal L(H, L2 (Ω))-valued measure on the σ-algebra of Borel sets
of Rn . The ﬁeld Ξt has an analytic continuation Ξ̃ς , ς ∈ Cn , that can be represented in
the form of a power series,

ς1m1 ς2m2 · · · ςnmn
Φm1 ,...,mn ,
Ξ̃ς1 ,...,ςn =
m1 ! m2 ! · · · mn !
(m1 ,...,mn )≥0

where


Φm1 ,...,mn =

(m ,...,mn )
Ξ̃0 1

=
Rn

mn
1 m2
λm
1 λ2 · · · λn Φ(dλ1 · · · dλn )

and where the series converges in the strong topology of L(H, L2 (Ω)) (see [19]).
3.5. Let T be an arbitrary non-empty set and let k(t, s) be a complex positive deﬁnite
kernel deﬁned on T × T .
Theorem 3.3. If Ξt , t ∈ T , is a second order random function in H with the correlation
kernel R(t, s) = k(t, s)A, A ∈ B+ (H), then there exists a system of complex-valued ωindependent functions {αj (t), j ∈ J} being deﬁned on T and being unique up to a unitary
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transformation such that
(3.29)
(3.30)

R(t, s) =
Ξt =





αj (t)αj (s)A,

t, s ∈ T,

j∈J

αj (t)Φj ,

Φj ∈ L(H, L2 (Ω)),

j∈J

where at most a countable number of terms are non-zero and Φ∗r Φj = δjr A. The series on
the right hand side of (3.29) converges in the uniform topology of B(H) for all t, s ∈ T ,
while the series on the right hand side of (3.30) converges in the uniform topology of
L(H, L2 (Ω)) for all t ∈ T .
To prove Theorem 3.3 we note that expansion (3.29) follows from Krein’s expansion
for the kernel k(t, s) mentioned in Section 3.3. Expansion (3.30) follows by an application
of Theorem 2 in [13] to expansion (3.29). The convergence of the series in (3.30) in the
corresponding sense follows from that of the series on the right hand side of (3.29).
Example 3.12. Let the kernel k(t, s) of the random function Ξt , t ∈ T , in Theorem 3.3
admit the Karhunen factorization representation

f (t, λ)f (s, λ) μ(dλ),
k(t, s) =
Λ

where f (t, ·) ∈ L2 (Λ, B, μ) and where (Λ, B, μ) is a measurable space with a positive
measure μ. Denote by {gj (λ), j ∈ J} an orthonormal basis in L2 (Λ, B, μ). Then representations (3.29) and (3.30) hold with the functions

f (t, λ)gj (λ) μ(dλ).
αj (t) =
λ

Example 3.13. Let Ξt be a second order random ﬁeld in H with n-dimensional orn
thogonal increments in the n-dimensional cube M n = [0, 2π] of Rn . Assume that the
correlation kernel is such that
 n


R(t, s) =
min(tr , sr ) A,
A ∈ B+ (H).
r=1

Denote by ½t (λ), λ ∈ M n , the indicator function of the parallelepiped ×nr=1 [0, tr ],
t = (t1 , . . . , tn ) ∈ M n . Then ½t (λ) ∈ L2 (M n ) and
R(t, s) = (½t |½s )L2 (M n ) A,
where M n is viewed as a measurable space with the Lebesgue measure.
The functions
−n/2 i(j|λ)
gj (λ) = (2π)
e
,
j ∈ Zn , λ ∈ M n ,
form an orthonormal system in L2 (M n ) and the multiple Fourier series

βj (t)gj (λ)
j∈Z n

for

½t (λ) converges to ½t in L2 (M n ), where
βj (t) = (2π)−n/2



Mn

−n/2

= (2π)

½t (λ)e−i(j|λ) dλ

n 

r=1

tr

e−ijr λr dλr = (2π)−n/2

0
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Then the Parseval equality implies that
⎡
⎤
n
−ijr tr
−ijs ts


(1
−
e
)(1
−
e
)
−n
⎦ A,
R(t, s) = (2π) ⎣
jr2
n n=1
j∈Z

whence

⎡

⎤
n
ijr tr


1
−
e
Ξt = (2π)−n/2 ⎣
Φj ⎦ ,
ijr
n r=1

t = (t1 , . . . , tn ) ∈ M n ,

j∈Z

Φ∗s Φj

by Theorem 3.3, where
orthogonal increments.

= δjs A for j, s ∈ Zn . If n = 1, then the process has

Example 3.14. Let Ξt , t ∈ [0, ], be a real-valued Gaussian process assuming values in
H and let its correlation kernel be given by
 t∧s
R(t, s) =
f (t, λ)f (s, λ)dλ A,
A ∈ B+ (H), t, s ∈ [0, ],
0

where t ∧ s = min(t, s) and
1/2



2hΓ 32 − h


f (t, λ) =
Γ h + 12 Γ(2 − 2h)

h− 12
1
1
h− 1
×
(t − λ) 2 − h −
λ
2

λ

1
2 −h



t

3

h− 12

uh− 2 (u − λ)

du ,

λ

h ∈ (0, 1).
Assume that E Ξt = 0. By analogy with the case of dim H = 1, the process Ξt can
naturally be called a generalized fractional Brownian motion in H with Hurst index h
(see [4]). Thus if gj (t), t ∈ [0, ], is an orthonormal basis in the space L2 [0, ], then Ξt
admits the representation

αj (t)Φj ,
Φj ∈ L(H, L2 (Ω)), Φ∗r Φj = δrj A,
Ξt =
j∈J

where


αj (t) =

t

f (t, λ)gj (λ) dλ,

j ∈ J.

0

In particular, if h =
with f (t, λ) ≡ 1.

1
2,

then the process Ξt is a generalized Brownian motion in H

Example 3.15. Let Ξt , t ∈ R, be a stochastic process in H whose correlation kernel is
given by
 ∞
R(t, s) =
f (t, λ)f (s, λ) μ(dλ), A,
A ∈ B+ (H),
−∞

where μ is a standard Gaussian measure on R, that is, μ possesses a density
 2
−λ
−1/2
(2π)
exp
2
with respect to the Lebesgue measure in R. Then Theorem 3.3 and Example 3.9 imply
that the process Ξt admits the representation of the form (3.30), where J = {0, 1, 2, . . . }
and
 ∞
Hj (λ)
f (t, λ) √
μ(dλ),
j ∈ J,
αj (t) =
j!
−∞
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and where Hj (λ) are Hermite polynomials, since the system
Hj (λ)
gj (λ) = √
j!
forms an orthonormal basis in L2 (R, μ) (see [18]).
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