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DIFFUSION APPROXIMATION OF SYSTEMS WITH WEAKLY

ERGODIC MARKOV PERTURBATIONS. II

UDC 519.21

A. YU. VERETENNIKOV AND A. M. KULIK

Abstract. This paper is a continuation of the paper [A. Yu. Veretennikov and
A. M. Kulik, Diffusion approximation for systems with weakly ergodic Markov per-
turbations. I, Theory Probab. Math. Statist. 87 (2012), 13–29]. Some corollaries of
the general results are given in several particular cases being of their own interest.
An example of a process being a solution of a stochastic differential equation with a
Lévy noise is considered; we show that the assumptions imposed on the process can
effectively be verified.

1. Introduction

This is a continuation of the paper [1]. The continuation is devoted to studies of
an asymptotic behavior as ε → 0 of the family Y ε, ε > 0, of solutions of stochastic
differential equations whose coefficients depend of the “fast” random component

Xε(t) = X
(
tε−1

)
, t ∈ R

+,

where X is a homogeneous Markov process for which the convergence of transition prob-
abilities to the invariant distribution is non-uniform with respect to the initial values
and holds, generally speaking, in a weaker mode of convergence than the convergence in
variation.

In the paper [1], we introduced the main objects of investigation; also we stated
and proved the main result. In the current paper, we provide some corollaries of this
result for two particular cases being of their own interest, namely for the case where the
process X admits a bound of the rate of convergence to the invariant distribution in
the full variation norm being non-uniform with respect to the initial state of the process
and for the case where the process X admits a bound of the rate of convergence in the
Kantorovich–Rubinstein distance.

The central limit theorem for additive functionals of a process X that admits a bound
of the rate of convergence in the Kantorovich–Rubinstein distance is a special case of
our results; we compare this central limit theorem with similar results of the paper [2].
As an example, we consider a process X being a solution of a stochastic differential
equation with a Lévy noise and show that the assumptions imposed on the process X in
the framework of our approach can effectively be verified in this case.

We also provide the proofs of auxiliary results of Section 4.2 of the paper [1] (those
proofs were omitted in [1] because of luck of place there). The notation used throughout
the paper is the same as in [1].

2010 Mathematics Subject Classification. Primary 60H10, 60J10.
Key words and phrases. Diffusion approximation, distance in variation, Kantorovich–Rubinstein dis-

tance, central limit theorem.

c©2014 American Mathematical Society

1

http://www.ams.org/tpms/
http://www.ams.org/jourcgi/jour-getitem?pii=S0094-9000-2014-00915-1


2 A. YU. VERETENNIKOV AND A. M. KULIK

2. Sojourn probabilities for compact sets

and estimates for increments of the process Y ε

In this section, we provide the proofs of the auxiliary results stated in Section 4.2 of
the paper [1]. For convenience, we repeat the statements of these assertions.

Lemma 2.1. Let assumptions (1)–(5) of Theorem 3.1 in [1] hold. We also assume that
relation (4.4) in [1] holds for an arbitrary function f ∈ C3(Rm) satisfying condition (4.1)
in [1].

Then, for an arbitrary T ∈ R
+,

(2.1) sup
ε∈(0,1]

sup
t∈[0,T ]

P (|Y ε(t)| > R) → 0, R → +∞.

Moreover, if X satisfies condition S(ψ1, Q1), then

(2.2) sup
ε∈(0,1]

P

(
sup

t∈[0,T ]

|Y ε(t)| > R

)
→ 0, R → +∞.

Proof. Note that the trajectories of Y ε are continuous. Thus relation (2.2) is equivalent
to

(2.3) sup
ε∈(0,1]

sup
τ∈Sε(T )

P (|Y ε(τ )| > R) → 0, R → +∞.

We prove (2.3); the proof of (2.1) is similar, hence we mention only the differences
between the two proofs.

Consider the function f(y) = ln(1 + |y|2). It is clear that f(y) → +∞ as |y| → +∞,
and thus it is sufficient to show that

(2.4) sup
τ∈Sε(T )

P (f(Y ε(τ )) > R) → 0, R → +∞,

for all T ∈ R
+.

Since (4.1) in [1] holds with the function f(y) = ln(1 + |y|2), the assumptions of the
lemma imply (4.4) in [1]. This means that (2.4) follows if the corresponding terms in (4.4)
of [1] are such that

sup
ε∈(0,1]

sup
τ∈Sε(T )

P
(
ε1/2|uf (X

ε(τ ), Y ε(τ ))| > R
)
→ 0, R → ∞,(2.5)

sup
ε∈(0,1]

sup
τ∈Sε(T )

P

(∣∣∣∣∫ τ

0

Kε
f (X

ε(s), Y ε(s)) ds

∣∣∣∣ > R

)
→ 0, R → ∞,(2.6)

sup
ε∈(0,1]

sup
τ∈Sε(T )

P
(
|Mε

f (τ )| > R
)
→ 0, R → ∞.(2.7)

Using conditions E(d, r1, ψ1) and Mq1(φ1, ψ1) together with assumption 4 of Theo-
rem 3.1 in [1] and bound (3.2) in [3] for the extended potential, we get

|RAi(x, y)| ≤ 2‖Ai‖φ1,p1

(∫ ∞

0

r
1/p1

1 (t) dt

)(∫
X

ψ1 dπ

)1/q1

ψ1(x)(1 + |y|),

i = 1, . . . ,m.

According to equality in (4.7) [1] defining the corrector uf , the latter result implies that

(2.8) |uf (x, y)| ≤ Cψ1(x), x ∈ X, y ∈ R
m,

in view of the bound imposed on the first derivative of f in (4.1) of [1]. Combining this
with condition S(ψ1, Q1) we get
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(2.9) sup
ε∈(0,1]

sup
τ∈Sε(T )

ε1/2 E |uf (X
ε(τ ), Y ε(τ ))| < +∞,

whence (2.5) follows.
If a weaker condition W(ψ1, Q1) is used instead of S(ψ1, Q1), we nevertheless follow

the same reasoning but obtain a weaker version of relation (2.9), namely

(2.10) sup
ε∈(0,1]

sup
t∈[0,T ]

ε1/2 E |uf (X
ε(t), Y ε(t))| < +∞.

It is clear that∣∣∣∣∫ τ

0

Kε
f (X

ε(s), Y ε(s)) ds

∣∣∣∣ ≤ ∫ T

0

|Kε
f (X

ε(s), Y ε(s))| ds

for an arbitrary τ ∈ Sε(T ). This, in particular, means that (2.6) follows from

(2.11) sup
ε∈(0,1]

P

(∫ T

0

|Kε
f (X

ε(s), Y ε(s))| ds > R

)
→ 0, R → ∞.

We apply Proposition A.1 in [1] with d = d2 and ψ = ψ2 to the function Kε
f . Taking

into account representation (4.5) in [1] for this function and relation (4.6) in [1] we get

E
∣∣Kε

f (X
ε(t), Y ε(t))

∣∣ = E
∣∣Kε

f (X(t′), ζ)
∣∣∣∣∣
t′=t/ε,ζ=Y (t/ε)

≤ C(1 + Eψ2(X(0))), t ∈ R
+, ε ∈ (0, 1],

since the function r2 is bounded by assumption. Therefore

(2.12) sup
ε∈(0,1]

E

∫ T

0

|Kε
f (X

ε(s), Y ε(s))| ds ≤ CT
(
1 + Eψ2(X(0))

)
.

It is clear that (2.12) implies (2.11), and this completes the proof of (2.6).
Turning to the proof of (2.5), we first show that

(2.13) sup
ε∈(0,1]

E |Mε
f (T )| < +∞.

Since f is positive, relation (4.4) in [1] implies that

(2.14) |Mε
f (T )| ≤ f(Y ε(T )) + ε1/2|uf (X

ε(T ), Y ε(T ))|+
∫ T

0

|Kε
f (X

ε(s), Y ε(s))| ds.

Moreover, Mε
f is a martingale, and thus

(2.15)

E f(Y ε(T )) = f
(
y0
)
− ε1/2 Euf (X

ε(T ), Y ε(T )) + ε1/2 Euf (X
ε(0), Y ε(0))

+ E

∫ T

0

Kε
f (X

ε(t), Y ε(t)) ds ≤ f(y0) + ε1/2 E |uf (X
ε(T ), Y ε(T ))|

+ ε1/2 E |uf (X
ε(0), Y ε(0))|+ E

∫ T

0

|Kε
f (X

ε(s), Y ε(s))| ds.

Inequalities (2.14), (2.15) and bounds (2.10), (2.12) imply (2.13).
By the Doob optional stopping time theorem applied to the submartingale |Mε

f | we
conclude that

E
∣∣Mε

f (τ )
∣∣ ≤ E |Mε

f (T )|
for all τ ∈ Sε(T ). Recall that τ is a discrete stopping time, and thus we do not need to
impose any additional restriction on the filtration F

ε or on the trajectory Mε
f in order

to apply the Doob theorem. Therefore (2.13) implies that

sup
ε∈(0,1]

sup
τ∈Sε(T )

E
∣∣Mε

f (τ )
∣∣ < +∞,



4 A. YU. VERETENNIKOV AND A. M. KULIK

whence (2.7) follows. The proof of (2.4) is complete.
Note that we did not use condition S(ψ1, Q1) in the proof of relations (2.6) and (2.7),

and thus relations (2.6), (2.7), and (2.10) hold even without condition S(ψ1, Q1). This
observation completes the proof of (2.1). �

Lemma 2.2. If all the assumptions of Lemma 2.1 hold, then, given arbitrary r > 0 and
R > 0, there exists a constant Cr,R ∈ R

+ such that the inequality

(2.16) P [|Y ε(τ + u)− Y ε(τ )| > r | Fε
τ ] ≤ Cr,R

(
u+ εψ2(X

ε(τ ))
)

holds almost surely in the set {|Y ε(τ )| ≤ R} for all u ∈ (0, 1], ε ∈ (0, 1], and

τ ∈
⋃

T∈R+

Sε(T ).

Proof. We cover the ball B̄(0, R) = {|y| ≤ R} by a finite collection of open balls
B(zi, r/3), i = 1, . . . , I, where r > 0 is fixed. Consider the corresponding collection
of functions fi(y) = θ((y− zi)/r), i = 1, . . . , I, where θ ∈ C2(Rd) is a fixed non-negative
function that assumes two values, namely 0 in the set {|y| ≤ 1/3} and 1 in the set
{|y| ≥ 2/3}. Then there exists a constant C depending only on r and θ such that

(2.17)
∣∣∇jfi(y)

∣∣ ≤ C(1 + |y|)−j , j = 1, 2, 3, i = 1, . . . , I.

The derivatives of the function fi equal zero in the ball B(zi, r/3) and outside the
ball B(zi, 2r/3). Now by formula (4.7) in [1] that defines the corrector uf , the equality
ufi(x, y) = 0 holds if |y− zi| < r/3 or if |y− zi| > 2r/3. Thus, given an arbitrary τ ∈ Sε,
the equality

fi(Y
ε(τ )) + ε1/2ufi(X

ε(τ ), Y ε(τ )) = 0

holds in the set {Y ε(τ ) ∈ B(zi, r/3)}. On the other hand, for all u ∈ R
+, the inequality

|Y ε(τ + u)− Y ε(τ )| > r,

being true in the same set, implies the relation |Y ε(τ + u)− zi| > 2r/3. As a result, the
equality

fi(Y
ε(τ + u)) + ε1/2ufi(X

ε(τ + u), Y ε(τ + u)) = 1

also holds. This consideration together with representation (4.4) in [1] and Doob’s op-
tional stopping time theorem yields

(2.18)

P
[
|Y ε(τ + u)− Y ε(τ )| > r, Y ε(τ ) ∈ B(zi, r/3)

∣∣∣ Fε
τ

]
≤ E

[
fi(Y

ε(τ + u)) + ε1/2ufi(X
ε(τ + u), Y ε(τ + u))

− fi(Y
ε(τ ))− ε1/2ufi(X

ε(τ ), Y ε(τ ))
∣∣∣ Fε

τ

]
�Y ε(τ)∈B(zi,r/3)

= E

[∫ u

0

Kε
fi(X

ε(τ + s), Y ε(τ + s)) ds
∣∣∣ Fε

τ

]
�Y ε(τ)∈B(zi,r/3).

Then we get

‖Kε
fi‖d2,φ2,p2,π2

≤ C, ε ∈ (0, 1],

by (2.17) and relations (4.5) and (4.6) in [1].
A minor change of the proof of Proposition A.1 in [1] with f = Kε

fi
, d = d2, and

ψ = ψ2 allows us to prove

E
∣∣Kε

fi(X
ε(τ + s), Y ε(τ + s))

∣∣χ ≤ C E
(
1 + r

1/p2

2 (s)ψ2(X
ε(τ ))

)
χ, s ∈ R

+,



APPROXIMATION OF SYSTEMS WITH WEAKLY ERGODIC PERTURBATIONS 5

for an arbitrary Fε
τ -measurable nonnegative bounded random variable χ. This is equiv-

alent to

E
[∣∣Kε

fi(X
ε(τ + s), Y ε(τ + s))

∣∣ ds ∣∣ Fε
τ

]
≤ C

(
1 + r

1/p2

2 (s)ψ2(X
ε(τ ))

)
, s ∈ R

+,

almost surely.
Therefore relation (2.18) implies that

(2.19)

P
[
|Y ε(τ + u)− Y ε(τ )| > r

∣∣∣ Fε
τ

]
≤ E

[∫ τ+u

τ

Kε
fi(X

ε(s), Y ε(s)) ds
∣∣∣ Fε

τ

]
≤ C

∫ τ+u

τ

(
1 + r

1/p2

2 ((s− τ )/ε)ψ2(X
ε(τ ))

)
ds

= C

(
u+ ε

(∫ u/ε

0

r
1/p2

2 (s) ds

)
ψ2(X

ε(τ ))

)
≤ C

(
u+ εQ

(
ε−1

)
ψ2(X

ε(τ ))
)

in the set {Y ε(τ ) ∈ B(zi, r/3)}. We have used the assumption u ≤ 1 in the latter
inequality. Since the set {|Y ε(τ )| ≤ R} is covered by a finite collection of sets

{Y ε(τ ) ∈ B(zi, r/3)}, i = 1, . . . , I,

inequalities (2.19), i = 1, . . . , I imply the result required. �
Lemma 2.3. Let all the assumptions of Lemma 2.1 hold. Then

(2.20) lim sup
ε→0

sup
t∈[0,T ]

sup
0≤u≤δ

E [|Y ε(t+ u)− Y ε(t)| ∧ 1] → 0, δ → 0,

for all T ∈ R
+. Moreover, if X satisfies condition S(ψi, Qi), i = 1, 2, then

(2.21) lim sup
ε→0

sup
τ∈Sε(T )

sup
0≤u≤δ

E [|Y ε(τ + u)− Y ε(τ )| ∧ 1] → 0, δ → 0.

Proof. Lemma 2.2 implies that

E [|Y ε(τ + u)− Y ε(τ )| ∧ 1]

≤ E
(
E
[
|Y ε(τ + u)− Y ε(τ )| ∧ 1

∣∣ Fε
τ

]
�|Y ε(τ)|≤R

)
+ P(|Y ε(τ )| > R)

≤ r + E
(
P
[
|Y ε(τ + u)− Y ε(τ )| > r

∣∣ FXε

τ

]
�|Y ε(τ)|≤R

)
+ P

(
sup

t∈[0,T ]

|Y ε(t)| > R

)

≤ r + Cr,R

(
u+ εQ2

(
ε−1

)
Eψ2(X

ε(τ ))
)
+ P

(
sup

t∈[0,T ]

|Y ε(t)| > R

)
for all τ ∈ Sε(T ) and positive u, r, and R. Thus condition S(ψ2, Q2) implies that

lim sup
δ→0

lim sup
ε→0

sup
τ∈Sε(T )

sup
0≤u≤δ

E [|Y ε(τ + u)− Y ε(τ )| ∧ 1]

≤ r + sup
ε∈(0,1]

P

(
sup

t∈[0,T ]

|Y ε(t)| > R

)
.

Applying the second statement of Lemma 2.1 (here we use condition S(ψ1, Q1)) we
conclude that both terms on the right hand side of the latter inequality approach zero
as r → 0, R → ∞. This proves (2.21).

The proof of (2.20) is similar, and thus we omit it. �
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3. A particular case: Distance in variation

In this section, we consider an important particular case of a process X that admits
a non-uniform with respect to the initial value bound for the rate of convergence to the
invariant distribution with respect to the distance in variation. This bound is written as
follows.

TV(r, ψ). A process X has a unique invariant distribution π and

(3.1) ‖Pt(x, ·)− π‖var ≤ r(t)ψ(x), x ∈ X, t ≥ 0,

where the function ψ assumes values in [1,+∞) and where the function r : R+ → R
+ is

bounded and such that r(t) → 0 as t → ∞.
There are a number of papers where condition (3.1) is effectively checked for various

classes of Markov processes; see the survey of the literature in [3]. The distance in
variation equals the minimal metric generated by the discrete metric d(x, y) = �x�=y;
see [5]. Thus condition TV(r, ψ) is a particular case of our general condition E(d, r, ψ).

The description of the “weight Hölder spaces” Hφ,d,p, Hφ,p,κ(d, π) and Ĥφ,p,κ(d, π)
explained in [1] is especially simple in the case of the discrete metric d, namely the norms
in these spaces are majorized by the corresponding “weight sup-norms”. This allows us
to simplify essentially the conditions imposed in Theorems 3.1 and 3.2 of [1] on the
coefficients of the initial equation.

Proposition 3.1. Let all the assumptions of Theorem 3.1 in [1] hold, where d1 = d2 = d
is a discrete metric. Then conditions (3.4)–(3.7) in [1] follow from the following inequal-
ities: ∑

i

|Ai(x, y)|+
∑
i,j

|∂yi
Aj(x, y)|+

∑
i,j,k

∣∣∣∂2
yiyj

Ak(x, y)
∣∣∣ ≤ Cφ1(x)(1 + |y|);(3.2)

∑
i

|ai(x, y)|+
∑
i,j

(|Ai(x, y)∂yi
RAj(x, y)|+ |ai(x, y)∂yi

RAj(x, y)|)

+
∑
i,j,k

|bij(x, y)∂2
yiyj

RAk(x, y)|

≤ Cφ2(x)(1 + |y|);

(3.3)

∑
i,j

(|bij(x, y)|+ |Ai(x, y)RAj(x, y)|+ |ai(x, y)RAj(x, y)|)

+
∑
i,j,k

|bij(x, y)∂yj
RAk(x, y)|

≤ Cφ2(x)(1 + |y|2);

(3.4)

∑
i,j,k

|bij(x, y)RAk(x, y)| ≤ Cφ2(x)
(
1 + |y|3

)
.(3.5)

Proof. We drop the subscripts and write φ, p instead of φ1, p1, or φ2, p2, respectively.
It is clear that

‖f‖φ,d,p = sup
x1 �=x2

|f(x1)− f(x2)|
d1/p(x1, x2)(φ(x1) + φ(x2))

≤ 2 sup
x

|f(x)|
φ(x)

=: 2‖f‖φ.

Thus the function f = f(x, y) belongs to Hφ,p,κ(d, π) if

(3.6) sup
x∈X,y∈Rm

|f(x, y)|
φ(x)(1 + |y|)κ +

∫
X

sup
y∈Rm

|f(x, y)|
(1 + |y|)κ π(dx) < ∞.

The expression under the sign of integral in the second term of (3.6) is majorized by
the first term multiplied by φ(x). Assumption (2) of Theorem 3.1 in [1] implies that



APPROXIMATION OF SYSTEMS WITH WEAKLY ERGODIC PERTURBATIONS 7

φ ∈ L1(π). Therefore f ∈ Hφ,p,κ(d, π) if

(3.7) ‖f‖φ,κ := sup
x∈X,y∈Rm

|f(x, y)|
φ(x)(1 + |y|)κ < ∞.

Moreover, the same condition implies that f belongs to Ĥφ,p,κ(d, π), since∫
X

sup
y∈Rm

ΞN

(
f(x, y)

(1 + |y|)κ

)
π(dx) ≤

∫
X

sup
y∈Rm

ΞN (‖f‖φ,κφ(x)) π(dx) → 0,

N → ∞. �

Remark 3.1. Conditions (3.2)–(3.5) correspond to the conditions imposed on the coef-
ficients of the initial equation in [4] (φ, ψ, and r grow slower than polynomials in [4]).
The results of Theorems 3.1 and 3.2 in [1] also correspond to results of Theorem 3 in [4].
This indicates that our approach does not introduce additional restrictions on the model
as compared to [4], but it extends the area of applications essentially (recall that X is a
diffusion process in [4]; in contrast, we do not assume any structure of the process X in
the current paper as well as in [1]).

Remark 3.2. The extended potential Rf of a function f admits a bound for its growth;
see Theorem 3.1 in [3]. This allows one to introduce other sufficient conditions for
(3.3)–(3.5) that do not use extended potentials RAi and their derivatives. For example,
let (3.2) hold and

(3.8)
∑
i,j

|bij(x, y)| ≤ Cφ3(x)(1 + |y|2),

where the function φ3 is such that φ3ψ1 ≤ φ2. Then (3.5) also holds; see bound (3.2)
in [3]. Similar sufficient conditions can also be given for (3.3) and (3.4).

Remark 3.3. The assumption introduced in Section 2.1 of [1] that X possesses the struc-
ture of a metric space is too restrictive. Recall that the distance in variation is the
minimal metric generated by a discrete metric in the general case, that is, this property
holds for any family of probability measures in an arbitrary measurable space; see for
example [6]. One can check explicitly that if d1 = d2 = d is a discrete metric, then the
proof of Theorem 3.1 in [1] is extended without changes to the case where (X,X ) is a
Borel measurable space and X is a measurable process.

Remark 3.4. The following stronger form of property (3.1) can often be found in the
literature:

(3.9) ‖Pt(x, ·)− π‖φ,var ≤ r(t)ψ(x), x ∈ X, t ≥ 0,

where ‖ν‖φ,var is the weighted full variation of the charge ν defined as

‖ν‖φ,var =

∫
X

φ(dν+ + dν−).

Here ν+ and ν− are the components in the Haar decomposition ν = ν+ − ν−. The
class of V -ergodic processes with φ = ψ = V is of special interest. The properties of the
semigroup and potential of a V -ergodic process defined in the space BV (X) of measurable
functions with the weighted sup-norm ‖f‖V = supx |f(x)|/φ(x) are similar to properties
of usual semigroups and potential of a uniformly ergodic Markov process. Thus one may
expect that the classical semigroup proof of theorems on the diffusion approximation
([7, 8]) can be extended to the case of the class of V -ergodic perturbation processes X.
Note, however, that usually the property of being V -ergodic is related to some condition
that a process is “exponentially recursive”. One of the versions of this condition reduces
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to the Lyapunov type condition with the extended generator A (see Definition 2.1 in [3])
of the process X, namely

(3.10) AV ≤ −aV + b

for some a, b > 0. Combined with the corresponding mixing condition, the latter in-
equality implies bound (3.9) with φ = ψ = V and r(t) = Ce−ct; see for example [9]. If
the process X satisfies a weaker form of (3.10) with a sublinear right hand side, then
the process (not necessarily being V -ergodic) may satisfy condition (3.9) with different φ
and ψ and with a subexponential or polynomial function 1/r; see for example [10]–[12] as
well as Remark 5.1 and Example 5.1 below. Therefore, the class of processes X satisfying
condition (3.1) and for which Theorems 3.1 and 3.2 in [1] hold with d1 = d2 = d is wider
than the class of V -ergodic processes.

4. A particular case: The Kantorovich–Rubinstein metric

Let ρ be the initial metric in the space X and let d = ρp, p ∈ [1,+∞). Then the
corresponding minimal probability distance is given by

dp(μ, ν) = [Wp(μ, ν)]
p ,

where Wp is the probability Kantorovich–Rubinstein metric. Note that Wp is often called
the Wasserstein p-metric (see Section 1.1.3 in [13] and the references therein concerning
the history of this notion). Similarly to what has been demonstrated in the preceding
section for the distance in variation, general assumptions of Theorems 3.1 and 3.2 in [1]
can be rewritten in a shorter and more explicit form in this case.

In what follows we assume that

(4.1) W1 (Pt(x, ·), Pt(x
′, ·)) ≤ v1(t)ρ(x, x

′), x, x′ ∈ X, t ≥ 0,

where a bounded function v1 is such that v1(t) → 0 as t → ∞. It is not hard to show
that there exists a unique invariant measure π of the process X and

W1(δx, π) < ∞, x ∈ X.

Theorem 4.1. Let inequality (4.1) hold and, additionally,

(4.2) W2 (Pt(x, ·), π) ≤ v2(t)W2 (δx, π) < ∞, x ∈ X, t ≥ 0,

where a bounded function v2 is such that v2(t) → 0 as t → ∞.
Assume that any function Ai(·, y), y ∈ R

m, i = 1, . . . ,m, is centered and∑
i

|Ai(x, y)−Ai(x
′, y)|+

∑
i

|ai(x, y)− ai(x
′, y)|+

∑
ij

|bij(x, y)− bij(x
′, y)|

≤ Cρα(x, x′) (1 + ρ(x, x∗) + ρ(x′, x∗))
1−α

(1 + |y|);
(4.3)

∑
ij

|∂yi
Aj(x, y)− ∂yi

Aj(x
′, y)|+

∑
ijk

|∂2
yiyj

Aj(x, y)− ∂2
yiyj

Aj(x
′, y)|

≤ Cρα(x, x′) (1 + ρ(x, x∗) + ρ(x′, x∗))
1−α

;

(4.4)

∑
i

|Ai(x, y)|+
∑
i

|ai(x, y)|+
∑
ij

|bij(x, y)| ≤ C(1 + ρ(x, x∗)).(4.5)

Let

(4.6)

∫ ∞

0

(vα1 (t) + vα2 (t)) dt < ∞

for some α ∈ (0, 1] and some (as a consequence, for all) x∗ ∈ X.
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Then statements I–III of Theorem 3.1 in [1] hold. Moreover, if the process X is such
that

(4.7)
1√
T

E�ρ(X(0),x∗)≤R sup
t≤T

ρ2(x∗, X(t)) → 0, T → ∞,

for an arbitrary number R > 0, then the result of Theorem 3.2 in [1] is valid.

Proof. Without loss of generality, we assume that, for some R > 0, the initial value X(0)
belongs to the ball B(0, R) with probability one. The general case can be reduced to
this particular one with the help of a standard localization procedure with respect to the
initial value.

Put p1 = 1/α, q1 = 1/(1− α), r1 = v1, and

d1(x, y) = ρ(x, y), φ1(x) = (1 + ρ(x, x∗))
1−α

, ψ1(x) = 1 + ρ(x, x∗).

By (4.1) and triangle inequality for the metrics W1 and ρ,

W1 (Pt(x, ·), π) = W1

(∫
X

Pt(x
′, ·) δx(dx′),

∫
X

Pt(x
′, ·) π(dx′)

)
≤ r1(t)W1(δx, π)

= r1(t)

∫
X

ρ(x, x′) π(dx′) ≤ r1(t)

[∫
X

ρ(x∗, x
′) π(dx′) + ρ(x, x∗)

]
,

whence condition E(d1, r1, ψ1) follows.
If α = 1, then φ1 ≡ 1 and condition Mq1(φ1, ψ1) obviously holds. If α ∈ (0, 1), then

this condition is equivalent to

(4.8)

∫
X

ρ(x′, x∗)Pt(x, dx
′) ≤ 1 + ρ(x, x∗), t ≥ 0.

Using the triangle inequality for d1 once more, we get

(4.9)

∫
X

ρ(x′, x∗)Pt(x, dx
′) = d1 (δx∗ , Pt(x, ·)) ≤ d1 (δx∗ , π) + d1 (π, Pt(x, ·)) .

Therefore, (4.8) follows from E(d1, r1, ψ1).
Further, we put p2 = 2/α, q2 = 2/(2− α), r2 = v22 , and

d2(x, y) = ρ2(x, y), φ2(x) = (1 + ρ(x, x∗))
2−α , ψ2(x) = 2

(
1 + ρ2(x, x∗)

)
.

Then (4.2) coincides with condition E(d2, r2, ψ2/2) which obviously implies condition
E(d2, r2, ψ2). A reasoning similar to the above one proves that condition Mq2(φ2, ψ2)
holds. A minor difference in the proof is that, instead of the triangle inequality for d2,
the following variant of it holds:

d2(θ, ϑ) ≤ 2
(
d2(θ,κ) + d2(ϑ,κ)

)
.

Since

(4.10) Exψ1(X(t)) = 1 +

∫
X

ρ(x′, x∗)Pt(x, dx
′),

condition (4.9) implies P(ψ1) in view of E(d1, r1, ψ1). Therefore, assumption (1) of
Theorem 3.1 in [1] holds.

As in the case of (4.10), we use (4.9) and E(d1, r1, ψ1):

Eψ1(X(t)) = 1 + E

∫
X

ρ(x′, x∗)Pt(X(0), dx′) ≤ 1 + d1 (δx∗ , π) + E d1 (π, Pt(X(0), ·))

≤ 1 + d1 (δx∗ , π) + r1(t)Ed1(π, δX(0)) ≤ 1 + (1 + r1(t))d1 (δx∗ , π) + E ρ(X(0), x∗).
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Therefore, according to the additional assumption that X(0) ∈ B(0, R) almost surely
and since the function r1 is bounded,

sup
t≥0

Eψ1(X(t)) < ∞,

whence condition W(ψ1, Q1) follows.
Condition W(ψ2, Q2) can be checked in a similar way. Doing so, we take into account

that the function r
1/p2

2 is integrable in R
+ in view of (4.6), and thus the function Q2 is

bounded. Therefore, assumption (2) of Theorem 3.1 in [1] holds.
The same reasoning proves assumption (6) of Theorem 3.1 in [1] with

�(x) = C(1 + ρ(x, x∗)).

Under an additional assumption (4.7), one can also show that condition S(ψi, Qi),
i = 1, 2, holds.

Assumption (3) of Theorem 3.1 in the paper [1] follows from (4.6), while assump-
tion (4) of the same theorem follows from the restrictions imposed on the coefficient A
in Theorem 4.1.

It remains to check assumption (5), that is, in relations (3.5)–(3.7), of Theorem 3.1 in
[1]. We are going to check only the second relation in (3.6) of [1], namely we check that

(4.11) AiRAj ∈ Ĥφ2,p2,2(d2, π).

The proof of other relations is similar and sometimes is even simpler.
Using the elementary inequality (1 + a + b)1−α ≤ (1 + a)1−α + (1 + b)1−α we derive

from (4.3) that

‖Aj(·, y)‖φ1,d1,p1
≤ C(1 + |y|)

for y ∈ R
m. Applying Theorem 3.1 in [3] with f = Aj(·, y), d = d1, p = p1, φ = φ1, and

ψ = ψ1, we obtain

(4.12) |RAj(x, y)| ≤ C (1 + ρ(x, x∗)) (1 + |y|).

Further, condition (4.1) is a stronger version of condition Ê(d1, r1, ψ1) of Section 2
in [3] where the term (ψ1(x) + ψ1(x

′)) is changed by 1. Then a stronger version of
bound (4.2) in [3] holds, where the right hand side contains the factor (ψ1(x)+ψ1(x

′))1/q2

instead of (ψ1(x)+ψ1(x
′)). Integrating this estimate with respect to t ∈ R

+ and reasoning
similarly to the proof of statement 2 of Theorem 3.1 in [3] we get

(4.13) |RAj(x, y)−RAj(x
′, y)| ≤ Cρα(x, x′) (1 + ρ(x, x∗) + ρ(x′, x∗))

1−α
(1 + |y|).

By assumption of the theorem, relations similar to (4.12) and (4.13) hold for the func-
tion Ai. Hence

|Ai(x, y)RAj(x, y)−Ai(x
′, y)RAj(x

′, y)|
≤ |Ai(x, y)−Ai(x

′, y)| · |RAj(x, y)|+ |Ai(x
′, y)| · |RAj(x, y)−RAj(x

′, y)|

≤ Cρα(x, x′) (1 + ρ(x, x∗) + ρ(x′, x∗))
2−α

(1 + |y|)2

≤ C (d2(x, y))
p2 (φ2(x) + φ2(x

′)) (1 + |y|)2,
that is

‖AiRAj‖d2,φ2,p2,2 < +∞.

On the other hand, relation (4.12) and a similar relation for Ai imply

|Ai(x, y)RAj(x, y)| ≤ C
(
1 + ρ2(x, x∗)

)
(1 + |y|)2 = Cψ2(x)(1 + |y|)2.

The function ψ2 is integrable with respect to π, and thus ψ2 is uniformly integrable. The
proof of (4.11) is complete.
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Therefore, all the assumptions of Theorem 3.1 [1] are valid for d1, d2, p1, p2, φ1, φ2,
ψ1, and ψ2 chosen above. If additionally condition (4.7) holds, then the same is true for
the assumptions of Theorem 3.2 in [1]. Using these theorems we complete the proof. �

Below is a particular case being of its own interest. This result can be called the
central limit theorem for additive functionals of the initial Markov process X.

Corollary 4.1. Let conditions (4.1) and (4.2) hold with the functions v1 and v2 satis-
fying (4.6) for some α ∈ (0, 1]. Let f : X → R

m be a centered function such that

(4.14) |f(x)− f(x′)| ≤ Cρα(x, x′)
(
1 + ρ(x, x∗) + ρ(x′, x∗)

)1−α

, x, x′ ∈ X,

for some (as a consequence, for all) x∗ ∈ X.
Then the following statements are true:
I. (Individual central limit theorem). The family of random vectors

1√
T

∫ T

0

f(X(s)) ds

weakly converges as T → ∞ to a Gaussian random vector in R
m with zero mean and

covariance matrix

(4.15)

B = (Bij)
m
i,j=1,

Bij =

∫
X

(fiRfj + fjRfi) dπ =

∫ ∞

−∞
E fi

(
Xst(0)

)
fj

(
Xst(t)

)
dt,

where Xst denotes a stationary version of the process X defined in the whole line R.
II. (Functional central limit theorem). Under an additional assumption (4.7), the

family of stochastic processes

1√
T

∫ Tt

0

f(X(s)) ds, t ∈ R
+,

weakly converges as T → ∞ in the space C(R+,Rm) to a Brownian motion with the
covariance matrix (4.15).

Corollary 4.1 follows from Theorem 4.1 with a ≡ 0, b ≡ 0, and A(x, y) = f(x).
It is worthwhile to compare the first statement of Corollary 4.1 with the individual cen-

tral limit theorem given in [2]. Assumption H1) in [2] coincides with our condition (4.1)
if v1 is an exponential function. Further, there is no counterpart of our condition (4.2)
in [2]; on the other hand, assumptions H2) and H3) in [2] impose restrictions on moments
of order 2+ δ for the function ρ(·, x∗). The differences mentioned above are minor, since
if (4.1) holds, then, typically, all additional conditions can quite easily be checked; see
Section 6 in [2] and Section 5 below.

We impose the “weighted Hölder condition” (4.14) on the function f , which is weaker
than the Lipschitz condition imposed on f in [2] (note that these two conditions coincide
for α = 1). This difference can be significant in some particular but still interesting
cases. The kernels of additive functionals arising in these cases satisfy minimal regularity
assumptions; see, for example, a remark in Section 6 of [2].

Finally, we should like to mention that the assumptions for the individual central limit
theorem of Corollary 4.1 are direct counterparts of those in a more general Theorem 4.1
on the diffusion approximation. The latter assumptions are less restrictive (and more
general, sometimes) than the conditions for the individual central limit theorem in [2].
This indicates once more that the method applied to the diffusion approximation in [1]
as well as in the current paper is rather effective; also see Remark 3.1.
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5. Example: A solution of a stochastic differential equation

with Lévy noise

Consider a Markov process X defined as a solution of a stochastic differential equation
with Lévy noise in R

m:

(5.1) dX(t) = a(X(t)) dt+

∫
|u|≤1

c(X(t−), u)̃ ν(dt, du) +

∫
|u|>1

c(X(t−), u) ν(dt, du).

Here ν is a Poisson point measure in R
+ × R

k with intensity measure dt μ(du), μ is the
Lévy measure of ν, and ν̃(dt, du) = ν(dt, du)−dt μ(dt) is the corresponding compensated
point measure. The coefficients a and c are assumed to satisfy the usual conditions
being sufficient for the existence of a strong solution of (5.1) (namely, we assume the
local Lipschitz property and linear growth). We check the assumptions of Theorems 3.1
and 3.2 in [1] for such a process.

For simplicity, we assume that∫
Rk

|c(x, u)|μ(du) < ∞, x ∈ R
m.

Put

ã(x) = a(x) +

∫
|u|>1

c(x, u)μ(du), ă(x) = a(x)−
∫
|u|≤1

c(x, u)μ(du).

We start with a sufficient condition for the ergodicity of the process X with respect
to the distance in variation. We collect some related results from the paper [14] in the
following assertion.

Proposition 5.1. Assume that the following assumptions hold:

(1) For some R ≥ 0 and α > 0,

(a(x), x) ≤ −α|x|2, |x| ≥ R.

(2) Given an arbitrary vector w ∈ R
k \ {0}, there exists a number � ∈ (0, 1) such

that

μ
(
{u ∈ R

k : (u,w) ≥ �|u||w|, |u| ≤ δ}
)
> 0

for an arbitrary δ > 0; moreover,∫
|u|>1

|u|2 Π(du) < +∞.

(3) The function c admits the representation c = c1 + c2, where

|c1(x, u)| ≤ ϑ(x)|u| and
ϑ(x)

|x| → 0, |x| → ∞;

|x+ c2(x, u)| ≤ |x|, x ∈ R
m, |u| > 1, c2(·, u) ≡ 0, |u| ≤ 1.

(4) For some point x∗, there exists a neighborhood Ox∗ such that

c(x, u) = χ(x)u+ δ(x, u), x ∈ Ox∗ ;

moreover,

|δ(x∗, u)|+ |∇xδ(x∗, u)| = o(|u|), |u| → 0,

and

rank [∇ă(x∗)χ(x∗)−∇χ(x∗)ă(x∗)] = m.

Then the stochastic process X satisfies condition TV(r, ψ) with

r(t) = e−ct and ψ(x) = C
(
1 + |x|2

)
.
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Remark 5.1. Assumptions (2) and (4) above imply the local integral condition that a
process is non-recursive; see condition LD in [14]. Assumptions (1) and (3) imply a
Lyapunov type condition of the form (3.10). If such a condition does not hold, then,
nevertheless, condition TV(r, ψ) may hold for the process X with an appropriate func-
tion ψ and some non-exponential function r. For example, if condition LD in [14] holds
and bounds (5.10) and (5.12) given below are satisfied for an arbitrary γ > 2, then (see
the proof of Theorem 2 in [10]), given an arbitrary number δ > 0, there exists γ > 2 such
that the process X satisfies condition TV(r, ψ) with

r(t) = (1 + t)−δ and ψ(x) = C(1 + |x|γ).

The above sufficient condition for the ergodicity with respect to the distance in vari-
ation involves some (not always very restrictive) assumptions that the Lévy measure μ
and coefficients of equation (5.1) are non-degenerate. The following sufficient condition
for the ergodicity with respect to the Kantorovich–Rubinstein metric does not involve
such assumptions.

Proposition 5.2. Let

(ã(x)− ã(x′), x− x′) ≤ −α|x− x′|2, x, x′ ∈ R
m,(5.2) ∫

Rk

|c(x, u)− c(x′, u)|2 μ(du) ≤ β|x− x′|2, x, x′ ∈ R
m,

for some α and β such that α > β/2.
Then

(5.3) W2 (Pt(x, ·), Pt(x
′, ·)) ≤ e−t(α−β/2)|x− x′|, x, x′ ∈ X, t ≥ 0.

Note that (5.2) is a condition where the coefficient ã is dissipative. Bounds of the
type (5.3) are quite typical for dissipative systems; see, for example, [15], Section 11.5,
or [16], Section 16.2. Thus we omit the corresponding proof. Note that (5.3) implies
conditions (4.1) and (4.2).

Therefore, we can effectively check condition E(d, r, ψ) for a solution of equation (5.1)
by using either condition TV(r, ψ) or the set of conditions (4.1) and (4.2).

Then we show that the rest of assumptions of Theorems 3.1 and 3.2 in [1] also hold
in the case under consideration.

For example, let

(5.4) (a(x), x) ≤ −B1|x|α +B2, x ∈ R
m,

for some α ∈ (0, 2) and B1, B2 > 0 and, for an arbitrary γ > 2,

(5.5) sup
x∈Rm

∫
Rk

(|c(x, u)|+ |c(x, u)|γ) μ(du) < ∞.

Let U ∈ C2(Rm) be a non-negative function such that U(x) ≤ |x|, x ∈ R
m, and let

U(x) = |x|, |x| ≥ 1. By Itô’s formula (Theorem 5.1 of Chapter II in [17]),

(5.6) (1 + U(X(t)) + t)γ =

∫ t

0

QU,γ(X(s), s) ds+MU,γ(t),

where MU,γ is a local martingale and where

QU,γ(x, s) = γ(1 + U(x) + s)γ−1(ă(x), U ′(x))

+

∫
Rk

(
(1 + U(x+ c(x, u)) + s)γ − (1 + U(x) + s)γ

)
μ(du).
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By construction, the function U possesses the Lipschitz property. Applying the mean
value theorem we derive from here that

(1 + U(x+ c(x, u)) + s)γ − (1 + U(x) + s)γ

≤ C
(
(1 + U(x) + s)γ−1|c(x, u)|+ |c(x, u)|γ

)
for some constant C. Taking into account (5.4) and (5.5) we conclude that

(5.7) QU,γ(x, s) ≤ 0 and QU,2γ(x, s) ≤ 0, |x| ≥ R, s ≥ 0,

for some positive R. Thus if E |X(0)|γ < ∞, then the process MU,γ is a martingale. The
proof of this fact is quite standard and thus omitted here (see, for example, the proof of
the first part of Proposition 3.1 in [18]). Therefore,

E(1 + U(X(t)) + t)γ�τR>t ≤ E(1 + U(X(0)))γ,(5.8)

τR := inf{t : |X(t)| ≤ R}

by (5.7). In particular,

E(U(X(t)))γ�τR>t ≤ E(1 + U(X(0)))γ,(5.9)

P(τR > t) ≤ t−γ E(1 + U(X(0)))γ ≤ t−γ E(1 + |X(0)|)γ.(5.10)

Applying analogous inequalities with 2γ instead of γ together with the Cauchy inequality,
we obtain

(5.11) E
(
U(X(t))

)γ
�τR>t ≤ t−γ E

(
1 + U(X(0))

)2γ
.

Repeating the proof of Lemma A.3 in [19] (with minor changes), we deduce from (5.11)
that

sup
|x|≤R,t≥0

E
(
U(X(t))

)γ
< ∞.

In combination with (5.9), the latter relation leads to the inequality

(5.12) E |X(t)|γ ≤ C E(1 + |X(0)|)γ

for some constant C. The proof of (5.12) is based on the strong Markov property of the
process X and on the construction of the function U .

The necessary properties of the process X easily follow from bound (5.12); see Sec-
tion 2.2 in [1]. For example, if one puts φ(x) = 1 + |x|γ/p, then (5.8) implies condition
Mp(φ, ψ) with ψ(x) = C(1 + |x|γ). The same bound for the same function ψ yields
condition P(ψ) and condition W(ψ,Q) if Q is such that

εQ
(
ε−1

)
→ 0, ε → 0.

To check condition S(ψ,Q), we follow the lines of the proof in [4] given for diffusion
processes. Similarly to (5.6), we write

|X(t)|γ =

∫ t

0

ϑγ(X(s)) ds+Mγ(t),(5.13)

Mγ(t) =

∫ t

0

∫
Rk

(|X(s−) + c(X(s−), u)|γ − |X(s−)|γ) ν̃(ds, du).

Applying the Taylor formula we establish the following bound:

(|x+ c(x, u)|γ − |x|γ)2 ≤ C
(
|x|2γ−2|c(x, u)|2 + |c(x, u)|2γ

)
.

Thus inequality (5.12) with 2γ − 2 instead of γ implies that

(5.14) EM2
γ (t) ≤ CtE(1 + |X(0)|)2γ−2.
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Then

|X(t)|γ ≤ |X(0)|γ +

(∫ t

0

ϑγ(X(s)) ds

)
+

+ |Mγ(t)|,

whence

sup
t≤T

|X(t)|2γ ≤ 3

(
|X(0)|2γ + T

∫ T

0

(ϑγ(X(s)))
2
+ ds+ sup

t≤T
M2

γ (t)

)
by the Cauchy and Jensen inequalities applied to the convex function x �→ x2

+.
Similarly to (5.7), one can show that the function (ϑγ)+ is bounded. Now the latter

inequality, Doob’s maximal moment inequality for the martingale Mγ , and (5.14) imply
that

(5.15) E sup
t≤T

|X(t)|2γ ≤ C
(
1 + T 2

)
E(1 + |X(0)|)2γ .

Let ψ(x) = 1 + |x|γ . Using the Hölder inequality with some h > 1 and the preceding
inequality with hγ instead of 2γ, we get

sup
τ∈Sε(T )

Eψ(Xε(τ )) ≤ E sup
t≤ε−1T

ψ(X(t)) ≤ 1 +C1/h
(
1 + ε−2T 2

)1/h (
E(1 + |X(0)|)hγ

)1/h
.

Therefore, condition S(ψ,Q) holds with ψ(x) = 1 + |x|γ if

E |X(0)|hγ < ∞
for some h > 1 and if Q is such that ε1−2/hQ(ε−1) → 0 as ε → 0. In particular, the
above reasoning for h > 4 implies that condition S(ψ,Q) holds for Q1(t) =

√
t.

In conclusion, we briefly discuss two examples.

Example 5.1. LetX be a solution of the following one dimensional stochastic differential
equation:

(5.16) dX(t) = a(X(t)) dt+ dZ(t),

where a(x) = −arctg x and Z is a one dimensional Lévy process. Let the Lévy measure
μ of this process be non-degenerate and such that

(5.17)

∫
R

(|u|+ |u|γ)μ(du) < +∞, γ > 1.

As shown above, bounds (5.10) and (5.12) hold for an arbitrary γ > 2. Thus the pro-
cess X satisfies condition TV(r, ψ) with r(t) = (1 + t)−δ and ψ(x) = C(1 + |x|γ); see
Remark 5.1 (the proof of condition LD in [14] is the same as that of Proposition 0.1 in
[14] and uses Proposition 4.8 in [14]).

As we have seen above, the other restrictions imposed on the process X in The-
orems 3.1 and 3.2 of [1] can easily be checked for such functions ψ in view of the
bound (5.12). Note that if∫

R

(
ec|u| − 1

)
μ(du) = ∞, c > 0,

then one can explicitly check that condition TV(r, ψ) does not hold for the process X
for any function ψ and an exponential function r.

Example 5.2. Let X be a solution in R
2 of a stochastic differential equation (5.16)

with a(x) = −x and Z = (Z1, 0), where Z1 is a square integrable one dimensional Lévy
process. Then the distributions of solutions starting from points (x1, x2) and (x′

1, x
′
2) are

mutually singular if x2 = x′
2. This means that the convergence in variation of transition

probabilities does not hold for the process X.
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On the other hand, applying Proposition 5.2 we get bound (5.3) for the rate of con-
vergence of transition probabilities in the Kantorovich–Rubinstein metric. In turn, this
bound allows one to apply Theorem 4.1 and Corollary 4.1. In this case, condition (4.7)
follows from bound (5.15) if the Lévy measure of the process Z1 satisfies condition (5.17).

Note that several recent publications ([16], [20]–[24]; also see a survey in the introduc-
tion to the paper [3]), contain a wide range of models involving stochastic processes for
which, similarly to the processes considered above, the transition probabilities converge
to the invariant distribution in a weaker mode of convergence than the convergence in
variation.
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