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A MODIFIED KAPLAN–MEIER ESTIMATOR FOR A MODEL

OF MIXTURES WITH VARYING CONCENTRATIONS
UDC 519.21

R. E. MAĬBORODA AND V. G. KHIZANOV

Abstract. A modified Kaplan–Meier estimator for the distribution of components
of a mixture with varying concentrations is constructed from censored data. The
consistency of the estimators in the uniform norm is proved and the upper bound for
the rate of convergence is derived.

1. Introduction

The problem of estimating the expected duration of time until death in biological or-
ganisms and failure in mechanical systems by censored observations appears in a natural
way in actuarial and medical statistics [1, 2]. If the censored observations are indepen-
dent and identically distributed, then the most widely used estimator for the distribution
function is due to Meier and Kaplan [3]. In the current paper, we consider a modified
Meier–Kaplan estimator for the case where the observations are obtained from a mix-
ture with varying mixing probabilities. A similar problem is considered by Ryzhov [6].
Note that the estimation techniques proposed in [6] can only be used in the case where
the concentrations of components in a mixture (i.e. mixing probabilities) assume values
in a certain finite set of numbers. We propose an estimator that can be used for ar-
bitrary concentrations. The construction of this estimator uses the results due to Gill
and Johansen [9], where the Kaplan–Meier estimator is viewed as the product-integral
of an estimator of the integral hazard function. In addition, we use weighted empirical
distributions that have been considered by Măıboroda and Sugakova [4, 5] for mixtures
with varying concentrations. Some problems leading to a consideration of the model with
varying concentrations are discussed in [7, 8].

Section 2 describes the probabilistic model for the data; a modified Kaplan–Meier
estimator is also discussed therein. A theorem on the uniform consistency is stated and
the rate of convergence is considered in Section 2 as well. Some auxiliary definitions and
results concerning the product-integrals are given in Section 3. Section 4 is devoted to
the proof of the consistency theorem. Some analysis of the behavior of the estimator for
simulated data is described in Section 5.

2. Setting of the problem

Consider a sample containing n subjects O1, . . . , On chosen from a mixture with vary-
ing concentrations. In other words, we assume that every Oj belongs to one of M
populations (components of the mixture). Let ind(Oj) be the number of a population
containing a subject Oj . We assume that the values ind(Oj) are unknown but the
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concentrations of components in the mixture are known when Oj is sampled, that is,
the probabilities wm

j = P(ind(Oj) = m), m = 1, . . . ,M , are known. For every Oj ,
there exists a nonnegative characteristic ξj = ξ(Oj) called the life duration of Oj . The
distribution of ξ(O) depends on a component containing O:

Fm(A) = P(ξ(O) ∈ A | ind(O) = m).

We further assume that a random censoring on the right is performed for each sub-
ject Oj . This means that we observe the pair ξ∗j = min(ξj , cj) and δj = �{ξ∗j ≤ cj},
where cj is a nonnegative random variable called a censor. The distribution of cj can
also be different for different components,

Gm(A) = P(cj ∈ A | ind(Oj) = m).

The problem is to estimate the distribution function of ξ(O) for a kth component, that
is, Fk(x) = Fk((−∞, x]), by the observations (ξ∗j , δj)

n
j=1. The random vectors (ξj , cj) are

assumed to be independent for different j, and ξj and cj to be independent for a fixed
ind(Oj). Finally, the concentrations wm

j , j = 1, . . . , n, m = 1, . . . ,M , are assumed to be
known but the distributions Fm and Gm to be unknown.

We study the asymptotic behavior of the estimators as the size of the samples grows.
The observations Oj and corresponding concentrations wk

j are not related each to other
for different n, that is, ξj = ξj;n and wm

j = wm
j;n. We omit the index n in what follows

to make notation easier.
The distribution function is denoted by the same symbol as the corresponding dis-

tribution throughout the paper. For example, Gm(t) = Gm((−∞, t]) and Gm(t−) =
lims↑t Gm(s) = Gm((−∞, t)) is a continuous on the left version of the distribution

function. The corresponding survival function is denoted with a bar, namely Gm(t) =
1−Gm(t) or Fm(t) = 1− Fm(t).

We also put

Nm(t) = P(ξ∗j ≤ t, δj = 1 | ind(Oj) = m) =

∫
(0,t]

Gm(s−)Fm(ds),

Ym(t) = P(ξ∗ ≥ t | ind(Oj) = m) = Gm(t−)Fm(t−).

Then

(1) F k(t) = π
(0,t]

(
1− Nk(ds)

Yk(s)

)
,

where π(1 + dα) denotes the product-integral with respect to the differential of an
additive function α (more details can be found in Section 3).

Fix k, the number of a component for which we perform the estimation. In order to
estimate F k(t) (and, correspondingly, Fk(t) = 1 − F k(t)) we estimate Nk and Yk and
substitute the corresponding estimators in (1) instead of the true values. As shown in [4],
the weighted empirical distribution functions

(2) N̂k,n(t) =
1

n

n∑
j=1

akj�{ξ∗j ≤ t, δj = 1},

(3) Ŷk,n(t) =
1

n

n∑
j=1

akj�{ξ∗j ≥ t}

can serve as estimators of Nk and Yk. Here ak = (ak1 , . . . , a
k
n) are nonrandom weight

coefficients that do not depend on observations but do depend on concentrations. As in
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the case of wm
j , we do not explicitly indicate the dependence of akj on n to make notation

simpler. The estimators (2) and (3) are unbiased if

(4)
1

n

n∑
j=1

wm
j akj = �{k = m}, m = 1, . . . ,M.

As shown in [4], the estimators with weight coefficients

(5) ak = ekΓ−1
n W�

n

are minimax in the class of all unbiased estimators, where ek = (�{k = l})Ml=1 is a vector
row, while Wn = (wm

j )j=1,...,n;m=1,...,M is the n×M matrix of concentrations. Here

Γn =

(
1

n

n∑
j=1

wm
j wl

j

)M

m,l=1

and we assume that detΓn �= 0.
In what follows we study the estimators (2) and (3) whose weight coefficients are given

by (5), although Theorem 2.1 below holds for general weight coefficients satisfying its
conditions.

Therefore, the estimator of Fk(t) can be rewritten as follows:

(6) F̂k,n(t) = 1− π
(0,t]

(
1− dN̂k,n(s)

Ŷk,n(s)

)
= 1−

∏
j:ξ∗j≤t

⎛
⎜⎝1−

akj δj

n−
∑

i:ξ∗i <t

aki

⎞
⎟⎠ .

If all ξ∗j are identically distributed and akj = 1, then estimator (6) is the usual Kaplan–
Meier estimator for the distribution function constructed from homogeneous censored
observations.

Put �n =
√
lnn/n, akn = supj=1,...,n |akj |, and τk = sup{t : F k(t)Gk(t) > 0} for k =

1, . . . ,M .

Theorem 2.1. Let Tk ∈ (0, τk) and condition (4) holds for weight coefficients akj . If

�n(a
k
n)

2 → 0 as n → ∞, then there exists a random variable η such that 0 < η < ∞
almost surely and

sup
t∈[0,Tk]

|F̂k,n(t)− Fk(t)| ≤ η�n
(
akn

)3
.

Corollary 2.1. If the weight coefficients akj are defined by (5) and �n(detΓn)
−3 → 0 as

n → ∞, then F̂k,n(t) is a uniformly strongly consistent estimator for Fk(t) in the interval
[0, Tk].

Indeed, since 0 ≤ wm
j ≤ 1, the weight coefficients akj defined by equality (5) are such

that akn ≤ C detΓn.
Note that the vectors of concentrations for the components of a mixture wm =

(wm
1 , . . . , wm

n ), m = 1, . . . ,M , are linearly dependent if detΓn = 0. In this degenerate
case, the estimation of distribution functions of components is an unidentified problem
even if the censoring is absent [4]. Therefore a consistent estimation is not possible in

this case. Nevertheless, Corollary 2.1 shows that the estimators F̂k,n are consistent if
detΓn → 0 but that the convergence is slow.
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3. Auxiliary results

Following [9], we recall the notion of the product-integral to be used in the proof of
the theorem on the strong consistency of a modified Kaplan–Meier estimator. Consider
a partition of the interval (0, t] and denote it by

(7) P = {0 = t0 < t1 < . . . < t|P | = t}.

The symbol P denotes the class of all sequences of partitions such that

(8) max
i=0,...,|P |−1

|ti+1 − ti| → 0, |P | → ∞.

Definition 3.1. A function α(u, v) defined for 0 ≤ u < v ≤ t is called an additive
function in [0, t] if

α(u, s) = α(u, v) + α(v, s)

for all 0 ≤ u < v < s ≤ t.

Definition 3.2. Let α be a right continuous additive function. Then the limit

(9) π
(0,t]

(1 + dα) = lim
P∈P:
|P |→∞

|P |∏
i=1

(1 + α(ti−1, ti))

is called the product-integral.

Let f, g : [0, t] → R be arbitrary functions such that the Stieltjes integral α(u, v) =∫ v

u
f(s) dg(s) is well defined for 0 ≤ u < v ≤ t. Put

π
(0,t]

(1 + f(s)dg(s)) = π
(0,t]

(1 + dα) .

Fix a number Tk for which the assumption of Theorem 2.1 holds. Put

‖x‖∞ = sup
t∈[0,Tk]

|x(t)|,

where ‖x‖v is the full variation of x(t) in the interval [0, Tk].

Lemma 3.1. Let α and αn be additive functions. Put μn(t) = π
(0,t]

(1 + dαn) and μ(t) =

π
(0,t]

(1 + dα). Then

‖μn − μ‖∞ ≤ 4‖μ‖v exp(‖αn‖∞)‖αn‖v‖αn − α‖∞.

The proof follows from the following inequalities obtained in the course of the proof
of Theorem 7 in [9]:

‖μn − μ‖∞ ≤ 4‖μn‖v‖μ‖v‖αn − α‖∞
and

‖μn‖v ≤ exp(‖αn‖∞)‖αn‖v.

4. Proof of Theorem 2.1

Put

Λk(s, t) =

∫
(s,t]

dNk(u)

Yk(u)
, Λ̂k,n(s, t) =

∫
(s,t]

dN̂k,n(u)

Ŷk,n(u)
,

Λk(t) = Λk(0, t), Λ̂k,n(t) = Λ̂k,n(0, t). Then Λk(t) is called a (integral or cumulative)
hazard function for the life duration with the distribution Fk.
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Lemma 4.1. Let conditions (4) hold for akj . Then there exists a random variable η0
such that 0 < η0 < ∞ almost surely and

‖N̂k,n −N‖∞ ≤ η0�na
k
n,

‖Ŷk,n − Y ‖∞ ≤ η0�na
k
n.

Proof. Consider the random vectors ζj = (ξ∗j , δj). It is easy to see that (ζ1, . . . , ζn) is a
sample from a mixture with varying concentrations,

P(ζj ≤ z) =

m∑
k=1

wk
jHk(z),

where z = (z1, z2) ∈ R2 and

Hk(z) = P
(
min(ξ(Oj), cj) ≤ z1,�{ξ(Oj) ≤ cj} ≤ z2 | ind(Oj) = k

)
is the distribution function of ζj given that a subject Oj belongs to a kth component of
the mixture. Applying Corollary 2.2.4 of [5] to ζj we show that there exists a random
variable η1 such that η1 < ∞ almost surely and

(10) sup
z∈R2

|Ĥk,n(z)−Hk(z)| ≤ η1�na
k
n,

where Ĥk,n(z) =
1
n

∑n
j=1 a

k
j�{ζj ≤ z}. Since Ŷk,n(t) = 1−Ĥk,n(t, 1), Y (t) = 1−Hk(t, 1),

N̂k,n(t) = Ĥk,n(t, 1) − Ĥk,n(t, 0), and Nk(t) = Hk(t, 1) −Hk(t, 0), relation (10) implies
Lemma 4.1. �

Lemma 4.2. Let all the assumptions of Theorem 2.1 hold. Then there exist random
variables η2 such that η2 < ∞ and n0 such that n0 < ∞ almost surely for which

‖Λ̂k,n − Λk‖∞ ≤ η2�na
k
n

for all n > n0.

Proof. We obtain from the definition of Λ and Λ̂ that

(11) ‖Λ̂k,n − Λk‖∞ = sup
t∈[0,T ]

∣∣∣∣∣
∫
(0,t]

dN̂k,n(s)

Ŷk,n(s)
−
∫
(0,t]

dNk(s)

Yk(s)

∣∣∣∣∣ ≤ I1 + I2,

where

I1 = sup
t∈[0,T ]

∣∣∣∣∣
∫
(0,t]

(
1

Ŷk,n(s)
− 1

Yk(s)

)
dN̂k,n(s)

∣∣∣∣∣ ,
I2 = sup

t∈[0,T ]

∣∣∣∣∣
∫
(0,t]

d(N̂k,n(s)−Nk(s))

Yk(s)

∣∣∣∣∣ .
Next we obtain the following bound:

I1 ≤
∥∥∥∥∥ Ŷk,n − Yk

Ŷk,nYk

∥∥∥∥∥
∞

‖N̂k,n‖v.

Since Tk < τk, we conclude that σk := inf{Yk(t) | t ∈ [0, Tk]} > 0 and

inf
t∈[0,T ]

|Ŷk,n(t)| > σk + η0�na
k
n

by Lemma 4.1. If n is sufficiently large, then

‖ Ŷk,n − Yk

Ŷk,nYk

‖∞ ≤ ‖Ŷk,n − Yk‖∞
σk(σk − η0�na

k
n)

≤ η0�na
k
n

σk(σk − η0�na
k
n)

.
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The function N̂k,n is constant in the intervals between the jumps of height 1
na

k
j . Hence

‖N̂k,n‖v ≤ 1

n

n∑
j=1

∣∣akj ∣∣ ≤ akn.

Therefore

(12) I1 ≤
η0�n

(
ak

)2
n

σk

(
σk − η0�na

k
n

) .
Integrating by parts, we estimate I2:

I2 = sup
t∈[0,Tk]

∣∣∣∣∣N̂k,n(s)−Nk(s)

Yk(s)

∣∣∣∣
t

s=0+

−
∫
(0,t]

(N̂k,n(s)−Nk(s))d
1

Yk(s)

∣∣∣∣∣
≤ 2

‖N̂k,n −Nk‖∞
σk

+ ‖N̂k,n −Nk‖∞
∥∥∥∥ 1

Yk

∥∥∥∥
v

.

Since Yk is a nondecreasing function and Yk > σk for t ∈ [0, Tk], we get ‖1/Yk‖v < ∞.
By Lemma 4.1,

(13) I2 ≤ 2

σk
η0�na

k
n + η0�na

k
n

∥∥∥∥ 1

Yk

∥∥∥∥
v

.

Then condition (4) implies that akn ≥ 1. Combining (11), (12), and (13) we complete
the proof of the lemma. �

Now we turn back to the proof of Theorem 2.1. Since

Fk(t) = 1− π
(0,t]

(1− dΛk),

F̂k,n(t) = 1− π
(0,t]

(1− dΛ̂k,n),

Lemma 3.1 implies

‖F̂k,n − Fk‖∞ ≤ 4‖Fk‖v exp(‖Λ̂k,n‖∞)‖Λ̂k,n‖v‖Λ̂k,n − Λk‖∞.

It is clear that ‖Fk‖v ≤ 1, ‖Λ̂k,n‖∞ ≤ ‖Λk‖∞ + η2�n
(
akn

)2
by Lemma 4.2, and that

‖Λ̂k,n − Λk‖∞ ≤ η2�n(a
k)2.

Now we estimate ‖Λ̂k,n‖v, the full variation of Λ̂k,n(t) =
∫
(0,t]

dN̂k,n(t)/Ŷk,n(t). This

function is constant in the intervals between the jumps of height

1

n

akj

Ŷk,n(ξ∗j )
≤ 1

n

ak

σk
,

whence ‖Λ̂k,n‖v ≤ akn/σk. Thus

‖F̂k,n − Fk‖∞ ≤ 4 exp
(
‖Λk‖∞ + η2�n(a

k
n)

2
) ak

σk
η2�n

(
akn

)2
.

Taking into account the convergence �n(a
k
n)

2 → 0 being true by the assumptions of
the theorem, we complete the proof. �
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5. Results of simulation

We conduced a small simulation study to assess the performance of the estimators
proposed above for samples of a moderate size. We considered a model of a mixture of
two components. The distribution of the first component is the χ2 distribution, while
that of the second one is semi-normal (in other words, the distribution of a random
variable |η|, where η is a standard normal random variable). For both components the
distribution of the censor is the same, namely it is the exponential distribution with
parameter λ = 0.1. Note that approximately 20% of observations are censored for such
a distribution of the censor. The concentrations of components in a mixture are w1

j = j
n

and w2
j = 1− j

n , j = 1, . . . , n, correspondingly. For every size n used in the experiment,
1000 samples have been generated from the mixture with varying concentrations. The
distributions of both components are estimated from these samples by using the estimator
F̂k,n(t) defined by equality (6).

To measure the quality of estimators, two approaches have been used. The first
approach is that an estimator is evaluated at the fixed point t = 1.85. Then one evaluates
the median (Median) of the deviation between the estimator and the true value and
determines the interquartile range (IQR). These two are robust estimators of the mean
values and variance; we used them to neglect extreme values that may occur for small
samples. The second approach is to evaluate the supremum of the difference between an
estimator and a true distribution function for every simulated sample. Then the median
of these supremums (Med-Sup) is found over all samples.

Calculations are shown in the following table.

Results for generated samples

First component Second component
n Median IQR Med-Sup Median IQR Med-Sup
100 0.00891 0.13706 0.18477 0.01178 0.13682 0.17725
250 0.00573 0.08855 0.11843 0.00601 0.08707 0.11373
500 0.00444 0.06563 0.08587 0.00018 0.05965 0.07835
1000 0.00339 0.04426 0.06088 0.00072 0.04428 0.05666
2000 0.00063 0.03114 0.04429 -0.0003 0.03106 0.04010

The results in the table above show a rather quick convergence of estimators to the
true values of the distribution functions.

6. Concluding remarks

We constructed a modified Kaplan–Meier estimator for the distribution functions of
components of a sample with varying concentrations from censored data. The consistency
of the estimators is proved under rather wide conditions. The results of a numerical
experiment with simulated samples show a nice behavior of the estimator for a moderate
size of samples.

We conjecture that the technique developed in [9] to prove the asymptotic normality
of ordinary Kaplan–Meier estimators for homogeneous samples is suitable to obtain a
similar result for the modified estimator considered in this paper. This is the topic for
our future scientific research.
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