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AN ESTIMATE OF THE EXPECTATION

OF THE EXCESS OF A RENEWAL SEQUENCE

GENERATED BY A TIME-INHOMOGENEOUS MARKOV CHAIN

IF A SQUARE-INTEGRABLE MAJORIZING SEQUENCE EXISTS

UDC 519.21

V. V. GOLOMOZYĬ

Abstract. We consider sufficient conditions providing the existence of the expec-
tation of the excess of a renewal sequence for a time-inhomogeneous Markov chain
with an arbitrary space of states. For such a chain, we study the behavior of the
corresponding renewal process, the sequence of moments when the chain returns to
a certain set C. The main aim of the paper is to derive a numerical bound for

the expectation of the excess of the renewal sequence defined as the time between a
moment t and the first renewal after t.

1. Introduction

The existence of the coupling moment is studied in the paper [31] for time-inhomo-
geneous Markov chains. Some sufficient conditions are found in [31] for the finiteness
of the coupling moment. However the results obtained in [31] are not easy to apply in
practice for two reasons. First, the checking of assumptions of the main theorem in [31]
is a rather complicated task and, second, a numerical bound for the expectation of the
coupling moment is not obtained in [31].

Therefore it is natural to find other assumptions, even more restrictive than in [31],
allowing one to evaluate the expectation of the coupling moment effectively.

It is worth mentioning that the key ingredient of the proof in [31] is an estimation
of the expectation of the excess for a certain renewal sequence constructed from a time-
inhomogeneous Markov chain, namely for the random time between an arbitrary moment
t and the first renewal after t.

Under quite general assumptions, the results in [31] imply a linear bound for the
expectation of the excess, namely E[Rt] ≤ ρt + C. A similar bound can be found in
the monograph by Lindvall [13] for the coupling of two copies of the same chain in the
time-homogeneous case. However, the result in [13] is not completed with a bound for
the expectation of the coupling moment.

At the same time, there exist papers (see, for example, [28]), where some numerical
bounds are obtained for coupling moments of two different time-homogeneous Markov
chains. The key assumption in [28] is that the second moment exists for the renewal
sequence and the proof in [28] is based on a Daley inequality [23].
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A similar result is obtained in [31] for coupling moments of two different time-homo-
geneous Markov chains under the same assumption on the existence of the second moment
and again by using the Daley inequality.

It is natural to extend the results of [31] to the time-inhomogeneous case. Unfortu-
nately the Daley inequality (meaning, in fact, that the expectation of the excess is finite)
has no counterpart in the time-inhomogeneous case. Instead, we present another result
of the same type in the current paper. Namely, we prove the finiteness of the expectation
of the excess of a renewal sequence generated by a time-inhomogeneous Markov chain
under the assumption that the conditional distributions of renewals are bounded from
above by some square integrable distribution. As a byproduct, we obtain a numerical
bound for the expectation of the excess.

The result obtained in this paper is much easier to apply in practice than the main
result of [31] in the time-inhomogeneous case.

Note that answers to the questions on the finiteness of the expectation of the coupling
moment and estimation of this expectation are very important, since they play a crucial
role when constructing estimates for stability of transient probabilities over n steps for
two time-inhomogeneous Markov chains.

The stability of time-inhomogeneous Markov chains is studied in [25, 26, 34]. The
stability of transient probabilities over n steps are considered in these papers for both
time-homogeneous and time-inhomogeneous cases. The so-called C-coupling is used in
those papers which means that two chains may couple if they simultaneously happen to
be in the same set C. Despite the fact that C-coupling is a widely used tool ([19, 22]),
it finds an application only in the analysis of the stability of a single time-homogeneous
Markov chain for different initial distributions. This method is adjusted correspondingly
in this paper in order to apply it to the analysis of stability of two different (possibly
time-inhomogeneous) chains.

The papers [29, 30, 33] deal with the so-called maximal coupling of chains. It means
that (discrete) chains couple when they meet at a certain point. In the papers mentioned
above, some results are obtained concerning the stability of transient probabilities over n
steps and, which is important, concerning finite dimensional distributions. These results
are proved under the uniform mixing condition for matrices of transient probabilities
which is an analogue of the uniform ergodicity.

The main tool of the proof below is the coupling method. General results concerning
the coupling method can be found in the classical monographs [13, 17]. The coupling
method is a useful tool for various studies of Markov chains (see [4,5,8–10,19,20,22,24]).

The coupling method or similar constructions appear in the pioneering papers [1,7,11].

2. The renewal sequence generated by a time-inhomogeneous

Markov chain

We follow the notation introduced in [31] throughout this paper. The renewal sequence
generated by a time-inhomogeneous Markov chain is introduced and some of its properties
are studied in [31]. We briefly recall the notation of [31].

Let Xt, t ≥ 0, be some time-inhomogeneous Markov chain (with discrete time) as-
suming values in a phase space (E,E). The transient probabilities at step t are denoted
by Pt(x,A).

The symbols P and E stand for the probability and expectation, respectively, generated
by the Markov chain.

Let C be a set, C ∈ E. The main object studied in this paper is the sequence of returns
to the set C. Assume that X0 ∈ C. In contrast to the paper [31], we do not assume
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here that C consists of a single element. Although this assumption (that C consists of a
single element) is not crucial, it simplifies the general construction.

Let

(1)

θ1 = inf{t > 0: Xt ∈ C},
θ2 = inf{t > θ1 : Xt ∈ C},

. . .

θm = inf{t > θm−1 : Xt ∈ C}, m > 1.

Therefore θk is the time between the (k− 1)th and kth returns to C. We also need the
notation for the return moments. Let

(2) τk =
k∑

j=1

θj , k > 0,

be the moment of the kth return, τ0 = 0.
We consider a process without delay in this paper, that is, θ0 = τ0 = 0 or, in other

words, X0 ∈ C. However this assumption is not crucial.
Consider a flow of σ-algebras generated by the sequences θn and τn and values of the

process at renewal moments,

(3) Fn = σ[θk, Xτk , 1 ≤ k ≤ n] = σ[τk, Xτk , 1 ≤ k ≤ n].

The structure of dependence between the random variables θk is worth mentioning.
These random variables are independent in the homogeneous case. This property, how-
ever, is not valid for the time-inhomogeneous case. This is explained by the fact that
the distribution of the next return moment to the set C depends on the initial moment.
Nevertheless the distribution of the random variable θk is completely determined by the
preceding return moment (and by the value of the chain at the return moment if C
consists of more than one element). More precisely,

(4) E[θn+1 | Fn] = E[θn+1 | τn, Xτn ].

It is interesting that the distribution of random variables θn+1 does not depend on
the index n but it depends only on the moment of the preceding return τn as well as on
the values of the process at the return moment. The latter property is crucial only if the
cardinality of C is larger than 1.

In other words, the total number of return moments does not matter; the important
characteristics are the preceding return moment and the value of the process at this
moment.

Therefore we consider the two parameter family of distributions

(5) g
(s,x)
k = P{θn+1 = k | τn = s,Xs = x}.

Note that the analogous distributions in the paper [31] depend on a single parameter,
since the set C consists of a single element in [31].

Properties of the renewal sequence generated by a time-inhomogeneous Markov chain
are described in Sections 2, 3 and 4 of the paper [31].

In what follows we make use of the following condition.
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(A) Existence of a stochastic majorizing sequence. Assume that, for all s and x, the

distribution of g
(s,x)
n , n ≥ 1 (therefore the conditional distribution of θn, as well)

is bounded from above by a sequence of nonnegative numbers ĝ = (ĝk, k ≥ 1),
that is, for all k > 0, ∑

i≥k

g
(s,x)
i ≤

∑
i≥k

ĝi

and, in addition,
∑

k≥1 gk < ∞.

Put

(6) Ĝn =
∑
k≥n

ĝk.

The sequence (gk, k ≥ 1) is called a stochastic majorizing sequence and usually is a
probability distribution. This property however is not important for the purposes of the
current paper.

The proof of the main result requires a more restrictive condition as compared to the
existence of a stochastic majorizing sequence, namely it requires the finiteness of the
second moment of the majorizing distribution.

(A2) Let the sequence θn admit the condition of the existence of a majorizing se-
quence (A). Assume that the second moment of the sequence (ĝn, n ≥ 1) is
finite,

μ̂2 =
∑
k≥1

k2ĝk < ∞.

It is obvious that the first moment is finite under condition (A2). Denote the first
moment by

μ̂ =
∑
k≥1

kgk.

Let Rt = inf{τk > t}− t be the time between a given instance t and the first return to
the set C after t. Also, for every t ≥ 0, we introduce the sequential number of the first
return after t,

N(t) = inf{k ≥ 1: τk > t}.
We agree that N(−1) = 0.

Remark 2.1. Conditions (A) and (A2) hold for a wide class of Markov chains. In fact,
condition (A2) means that the sequence of returns is square integrable. This holds, for
example, in the case of an aperiodic Markov chain.

Therefore
Rt + t = τN(t).

We introduce the random events Ak, k > 1, meaning that a return occurs at the
moment k,

(7) Ak = {Xk ∈ C} = {∃m : τm = k}.
We also introduce the random events Bk and Bk,n meaning that the return does not
happen at the moment k and between the moments k and n, respectively, that is,

(8) Bk = {Xk /∈ C} = Ak,

(9) Bk,n = {Xk /∈ C, . . . , Xn /∈ C} = Ak ∩Ak+1 ∩ . . . An.

We agree that 1Bk,n
= 1 if k > n.

We also use the following condition.



THE EXPECTATION OF THE EXCESS OF A RENEWAL SEQUENCE 57

(B) There are numbers γ > 0 and n0 ≥ 0 such that

P{Bk,n} ≤ (1− γ)(n−k−n0)
+

for all n ≥ k with n− k ≥ n0.

Here x+ = max{x, 0}.

Remark 2.2. Condition (B) means, in fact, that the renewal sequence is separated from
zero. If un is the probability that a renewal happens at a moment n, then condition (B)
follows if there exist γ > 0 and n0 ≥ 0 such that

inf
n≥n0

un > γ.

More detail can be found in [31]. See, in particular, condition 2 of Theorem 5.1 and
Lemma 8.5 in [31].

Remark 2.3. The assumption that the renewal sequence is separated from zero is an
analogue of the renewal theorem in a certain sense for the homogeneous case. Recall
that the latter means un → 1/m > 0, whence we conclude that un is separated from
zero starting with some index n. It is also true that the separation condition holds for
a rather wide class of time-inhomogeneous Markov chains. As mentioned above, it holds
for time-homogeneous Markov chains with an integrable renewal sequence.

3. Main results

Theorem 3.1. Let conditions (A), (A1), and (B) hold. Then the expectation of Rt is
such that

(10) E[Rt] ≤ μ̂2 + μ̂(1/γ + n0).

Corollary 3.1. Put

μ− = inf
n,s,x

E[θn | τn−1 = s,Xτn−1
= x] ≥ 1

and let all assumptions of Theorem 3.1 hold. Then the mean number of renewals during
the time t is such that

E[N(t)] ≤ μ̂2/μ− + μ̂(1/γ + n0)/μ− + t+ 1 ≤ μ̂2 + μ̂(1/γ + n0) + t+ 1.

4. Auxiliary results

Lemma 4.1. The random variable Rt is such that

(11) Rt+1 = 1At+1
θN(t)+1 + 1Bt+1

(Rt − 1).

Proof. It is obvious that if a renewal happens at an instance t+1, then its number is N(t)
and the waiting time until the next renewal is equal to θN(t)+1. Otherwise, if a renewal
does not happen at an instance t+ 1, then the waiting time equals the renewal moment
after the time t minus 1. More precisely,

Rt+1 = 1At+1
Rt+1 + 1Bt+1

Rt+1 = 1At+1
θN(t)+1 + 1Bt+1

(Rt − 1). �
Lemma 4.2. We have

(12) Rt+1 ≤ 1Bt+1
Rt + θN(t)+1.

Proof. According to Lemma 4.1,

Rt+1 = 1At+1
θN(t)+1 + 1Bt+1

(Rt − 1) = 1At+1
θN(t)+1 + 1Bt+1

Rt − 1Bt+1
.

Then we neglect the negative term −1Bt+1
and note that 1At+1

≤ 1:

Rt+1 = 1At+1
θN(t)+1 + 1Bt+1

Rt − 1Bt+1
≤ θN(t)+1 + 1Bt+1

Rt. �
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Lemma 4.3. For all t ≥ 0,

(13) Rt+1 ≤
t+1∑
k=0

θN(k−1)+11Bk+1,t+1
,

where N(−1) = 0 and 1Bt+2,t+1
= 1 as defined above.

Proof. We follow the method of mathematical induction. First we consider the instance
t = 0.

Note that N(0) = 1 and τN(0) = τ1 = θ1. Moreover, R0 = θ1. Two cases are possible,
namely either a renewal occurs at the instance t = 1 or it does not.

If a renewal happens at the instance t = 1, then θ1 = 1 and R1 = θ2.
Otherwise, if a renewal does not happen at the instance θ1 = 1, then θ1 > 1 and

R1 = θ1 − 1. Moreover, N(0) = N(1) = 1 in this case.
Combining the above results,

R1 = 1A1
R1 + 1B1

R1 = 1A1
θ2 + 1B1

(θ1 − 1) = 1A1
θN(0)+1 + 1B1

(θ1 − 1)

≤ θN(0)+1 + 1B1
θ1 = θN(0)+1 + 1B1

θN(−1)+1,

where N(−1) = 0.
Now assume that inequality (13) holds for t + 1 and prove it for t + 2. According to

inequality (12)

Rt+2 ≤ 1Bt+2
Rt+1 + θN(t+1)+1.

Then we use the assumption of the induction and obtain

Rt+2 ≤ 1Bt+2

t+1∑
k=0

θN(k−1)+11Bk+1,t+1
+ θN(t+1)+1

≤
t+1∑
k=0

θN(k−1)+11Bk+1,t+1∩Bt+2
+ θN(t+1)+1 =

t+2∑
k=0

θN(k−1)+11Bk+1,t+2
. �

Lemma 4.4. Assume that conditions (A), (A1), and (B) hold. Then

(14) E[θN(k)+11Bk+1,t
] ≤ μ̂(1− γ)(t−k−1−n0)

+

.

First we make some comments concerning inequality (14). Consider the random vari-
able θN(k)+11Bk+1,t

for some t ≥ k + 1. The random event Bk+1,t means that a renewal
does not happen during the period between k + 1 and t. This, in turn, means that a
renewal next to k happens after the instance t. In other words, τN(k) > t. This means
that the random event Bk+1,t belongs to the σ-algebra Ft, while the event τN(k) > t
belongs to the σ-algebra FN(k). On the other hand, θN(k)+1 depends on the σ-algebra
FN(k) via the values τN(k) and the conditional expectation θN(k)+1 is bounded from
above by μ̂ whatever τN(k) is.

At the same time, the probability that a renewal does not happen during the period

from k + 1 to t does not exceed (1− γ)(t−k−1−n0)
+

as follows from condition (B).

Proof. Now we can write the above reasoning more precisely:

E[θN(k)+11Bk+1,t
] =

∑
s>t

E[θN(k)+11Bk+1,t
1τN(k)=s]

=
∑
j≥0

∑
s>t

E[θj+11Bk+1,t
1τj=s1N(k)=j ].
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Note that N(k) is a stopping time and hence {N(k) = j} ∈ Fj , whence

E[θN(k)+11Bk+1,t
] =

∑
j≥0

∑
s>t

E[E[θj+11Bk+1,t
1τj=s1N(k)=j | Fj ]]

=
∑
j≥0

∑
s>t

E[E[θj+1 | Fj ]1Bk+1,t
1τj=s1N(k)=j ]

=
∑
j≥0

∑
s>t

E[E[θj+1 | τj , Xτj ]1Bk+1,t
1τj=s1N(k)=j ]

=
∑
j≥0

∑
s>t

E[E[θj+1 | τj = s,Xs]1Bk+1,t
1N(k)=j1τj=s]

≤ μ̂
∑
j≥0

∑
s>t

E[1Bk+1,t
1N(k)=j1τj=s] = μ̂P{Bk+1,t}

≤ μ̂(1− γ)(t−k−1−n0)
+

.

Here we used equality (4) and the condition on the existence of a stochastic majorizing
sequence. �

Lemma 4.5. We have

(15)

t+1∑
k=0

E[θN(k)+11θN(k)+1>t−k−2] ≤ μ̂2.

Proof. First

E[θN(k)+11θN(k)+1>t−k−2] =
∑
j,s

E[θj+11θj+1>t−k−21τj=s1N(k)=j ]

=
∑
j,s

E[E[θj+11θj+1>t−k−2 | τj = s,Xs]1τj=s1N(k)=j ].

Then

E[θj+11θs+1>t−k−2 | τj = s,Xs] =
∑

i>t−k−2

ig
(s,Xs)
i =

∑
i>t−k−2

G
(s,Xs)
i ≤

∑
i>t−k−2

Ĝi.

Substituting this result into the preceding equality, we obtain

E[θN(k)+11θN(k)+1>t−k−2] =
∑
j,s

E[E[θj+11θj+1>t−k−2 | τj = s,Xs]1τj=s1N(k)=j ]

≤
∑

i>t−k−2

Ĝi.

Consider the sum
t+1∑
k=0

E[θN(k)+11θN(k)+1>t−k−2] ≤
t+1∑
k=0

∑
i>t−k−2

Ĝi =
t−2∑
k=0

∞∑
j=k

Ĝj

≤
∞∑
k=0

∞∑
j=k

Ĝj =

∞∑
k=0

(k + 1)Ĝk = μ̂2. �

5. Proof of the main theorem

Using Lemma 4.3 we rewrite equality (13) as follows:

Rt+1 ≤
t+1∑
k=0

θN(k−1)+11Bk+1,t+1
.
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Consider θN(k)+11Bk+2,t
for some t ≥ k + 2. It is clear that

θN(k)+11Bk+2,t
= θN(k)+1(1Ak+1

+ 1Bk+1
)1Bk+2,t

= θN(k)+11Ak+1
1Bk+2,t

+ θN(k)+11Bk+1,t
.

Now consider the random event

Ak+1 ∩Bk+2,t.

This random event means that a renewal occurs at an instance k+1 and the next renewal
does not happen until t. On the other hand the number of the next renewal is equal to
N(k) + 1, since τN(k) = k + 1. Thus

(16) θN(k)+11Ak+1∩Bk+2,t
≤ θN(k)+11θN(k)+1>t−k−2

.

Now we pass to the expectation on both sides of equality (13) and substitute there
expressions from both (15) and (16):

E[Rt+1] ≤
t+1∑
k=0

E[θN(k−1)+11Bk+1,t+1
]

≤
t+1∑
k=0

E[θN(k−1)+11Ak
1Bk+1,t+1

] +

t+1∑
k=0

E[θN(k−1)+11Bk,t+1
]

≤
t+1∑
k=0

E[θN(k−1)+11θN(k−1)+1>t−k−2
] +

t+1∑
k=0

E[θN(k−1)+11Bk,t+1
]

≤ μ̂2 +

t+1∑
k=0

μ̂(1− γ)(t−k+1−n0)
+ ≤ μ̂2 + μ̂

∞∑
k=−n0

(1− γ)k
+

= μ̂2 + μ̂

(
n0 +

∞∑
k=0

(1− γ)k
)

= μ̂2 + μ̂(1/γ + n0).

6. Proof of the corollary

Note that the Wald identity holds in the homogeneous case,

E[SN(t)] = E[θ1]E[N(t)].

This is not the case if the chain is time-inhomogeneous. However

E[Rt] + t = E[τN(t)] =
∑
k≥1

E[τk1N(t)=k] =
∑
k≥1

E[τk−11N(t)=k E[θk | τk−1, Xτk−1
]]

≥
∑
k≥1

μ− E[τk−11N(t)=k]] ≥
∑
k≥1

μ− E[(k − 1)1N(t)=k]

= μ−(E[N(t)]− 1).

This yields

E[N(t)] ≤ (E[Rt] + t)/μ− + 1 ≤ (μ̂2 + μ̂(1/γ + n0) + t)/μ− + 1

≤ μ̂2 + μ̂(1/γ + n0) + t+ 1.
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chains. II, Teor. Ĭmovir. Mat. Stat. 87 (2012), 58–70; English transl. in Theory Probab. Math.
Statist. 87 (2013), 65–78. MR3241447

[31] V. V. Golomozy̆ıand M. V. Kartashov, On coupling moment integrability for time-nonhomogeneous
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A. A. Series, Springer, 2014, 223–237. MR3330687

Department of Probability Theory, Statistics, and Actuarial Mathematics, Faculty for

Mechanics and Mathematics, National Taras Shevchenko University, Academician Glushkov

Avenue, 6, Kyiv 03127, Ukraine

E-mail address: mailtower@gmail.com

Received 10/APR/2016
Translated by S. KVASKO

http://www.ams.org/mathscinet-getitem?mr=2857418
http://www.ams.org/mathscinet-getitem?mr=2986452
http://www.ams.org/mathscinet-getitem?mr=3241447
http://www.ams.org/mathscinet-getitem?mr=3241859
http://www.ams.org/mathscinet-getitem?mr=3553437
http://www.ams.org/mathscinet-getitem?mr=3330687

	1. Introduction
	2. The renewal sequence generated by a time-inhomogeneous Markov chain
	3. Main results
	4. Auxiliary results
	5. Proof of the main theorem
	6. Proof of the corollary
	Bibliography

