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This paper is dedicated to Professor N.N. Leonenko on the occasion of his 65th birthday

Abstract. This paper surveys some recent developments in non-central limit theo-
rems for long-range dependent random processes and fields. We describe an increasing
domain framework for asymptotic behavior of functionals of random processes and

fields. Recent results on the rate of convergence to the Hermite-type distributions in
non-central limit theorems are presented. The use of these results is demonstrated
through an application to the case of Rosenblatt-type distributions.

1. Introduction

In this paper we review some developments of non-central asymptotic theory. The
main purpose of this article is two-fold. First, we give a survey of some key results on
non-central limit theorems for functionals of random processes and fields. Second, we
discuss some new results on the rate of convergence in non-central limit theorems and
present an application that improves the known results for the Rosenblatt-type case.
These results highlight some of Professor Leonenko’s contributions in this area.

The case when the summands/integrands are functionals of a long-memory Gaussian
process or a long-range dependent random field is of great importance in the asymptotic
theory. It was shown that, compared with classical Donsker-Prohorov results, long-
range dependence can result in non-Gaussian limits. The non-central limit theorems for
functionals of long-memory Gaussian processes were investigated by Rosenblatt [23], Do-
brushin and Major [6,7], Taqqu [24,25], Giraitis and Surgailis [9,10], Oppenheim, Haye,
and Viano [22], Doukhan, Oppenheim, and Taqqu [8]. For multidimensional versions of
this type of results see [1, 17, 21, 27]. Detailed accounts of results on long-range depen-
dent random fields, their asymptotics and statistical applications can be found in the
monographs [11, 15] by Professor Leonenko.

There is a very rich literature on non-central limit theorems; therefore, in this article
we cite only some key publications related to the integral functionals. At the same
time there has been little fundamental theoretical study on rates of convergence in non-
central limit theorems. The rate of convergence to the Gaussian distribution for a local
functional of Gaussian random fields with long-range dependence was first obtained in
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[14]. The only publications, which are known to the authors, on the rate of convergence
to Hermite-type distributions are [1, 2, 5, 16].

Non-central limit theorems are not only of their own interest but also have numerous
applications. In spatial statistics, models with long-range dependence have been used
to study data in physics, environmental sciences, geology, and image analysis, just to
mention a few examples. Recently, asymptotics of functionals of random fields played a
crucial role in investigations of cosmic microwave background radiation; see [19].

The rest of the paper is organized as follows. In Section 2 we recall some basic
definitions and formulae. Section 3 discusses non-central limit theorems. Results on
the rate of convergence in non-central limit theorems are presented in Section 4. In
Section 5 we obtain the upper bound on the rate of convergence to the Rosenblatt-type
distribution. Finally, some open problems are presented in Section 6.

2. Notation and definitions

In what follows |·| and ‖·‖ denote the Lebesgue measure and the Euclidean distance
in R

d, respectively.

Definition 1 ([24]). A measurable function L : (0,∞) → (0,∞) is called slowly varying
if for all t > 0,

lim
λ→∞

L(λt)

L(λ)
= 1.

Definition 2 ([4]). A measurable function g : (0,∞) → (0,∞) is said to be regularly
varying, denoted g(·) ∈ Rτ , if there exists τ such that, for all t > 0, it holds that

lim
λ→∞

g(λt)

g(λ)
= tτ .

Definition 3 ([4]). Let L(·) be a slowly varying function and let g : (0,∞) → (0,∞)
be measurable and g(x) → 0 as x → 0. Then L(·) is said to be slowly varying with
remainder of type 2, or that it belongs to the class SR2, if

∀λ > 1:
L(λx)

L(x)
− 1 ∼ k(λ)g(x), x → ∞,

for some function k(·).
If there exists λ such that k(λ) �= 0 and k(λμ) �= k(μ) for all μ, then g(·) ∈ Rτ for

some τ ≤ 0 and k(λ) = chτ (λ), where

hτ (λ) =

{
ln(λ) if τ = 0,
λτ−1

τ if τ �= 0,

and c is a constant.

Definition 4. The polynomials defined by

Hn(x) = (−1)nex
2/2 dn

dxn
e−x2/2

are called Hermite polynomials of rank n ∈ N. The first three Hermite polynomials are
H0(x) = 1, H1(x) = x, and H2(x) = x2 − 1.

The Hermite polynomials form a complete orthogonal system in the Hilbert space

L2(R, φ(w) dw) =

{
G :

∫
R

G2(w)φ(w) dw < ∞
}
, φ(w) :=

1√
2π

e−w2/2.
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An arbitrary function G(·) ∈ L2(R, φ(w) dw) admits the mean-square convergent ex-
pansion

(1) G(w) =

∞∑
j=0

CjHj(w)

j!
, Cj :=

∫
R

G(w)Hj(w)φ(w) dw,

where, by Parseval’s identity,
∞∑
j=0

C2
j

j!
=

∫
R

G2(w)φ(w) dw.

Definition 5 ([4]). Let G(·) ∈ L2(R, φ(w) dw) and assume there exists an integer κ ≥ 1
such that Cj = 0 for all 0 ≤ j ≤ κ − 1, but Cκ �= 0. Then κ is called the Hermite rank
of G(·) and denoted by HrankG.

Definition 6. Fractional Brownian motion is a continuous-time Gaussian process BH(t)
that starts at zero almost surely, with EBH(t) = 0 and covariance function

EBH(t)BH(s) =
1

2

(
|t|2H + |s|2H − |t− s|2H

)
,

for any t, s ∈ R. The parameter H ∈ (0, 1) is called the Hurst index.

Definition 7. d-dimensional fractional Brownian sheet is a centered Gaussian random
field {BH

t : t = (t1, . . . , td) ∈ R
d} with Hurst multi-index H = (H1, . . . , Hd) ∈ (0, 1)d.

It is equal to zero almost surely on the hyperplanes {t : ti = 0}, 1 ≤ i ≤ d, and its
covariance function is given by

BH(t, s) = EBH
t BH

s =

d∏
i=1

|ti|2Hi + |si|2Hi − |ti − si|2Hi

2
.

Consider a measurable mean-square continuous zero-mean homogeneous isotropic real-
valued random field η(x), x ∈ R

d, defined on a probability space (Ω,F ,P), with covari-
ance function B(r) := Cov (η(x), η(y)) where r := ‖x− y‖, x, y ∈ R

d. In this case there
exists the following representation of B(·):

B(r) =

∫ ∞

0

Yd(rz) dΦ(z),

where Φ(·) is an isotropic spectral measure, and the function Yd(·) is defined by

Yd(z) := 2(d−2)/2Γ

(
d

2

)
J(d−2)/2(z) z

(2−d)/2, z ≥ 0,

J(d−2)/2(·) being the Bessel function of the first kind of order (d− 2)/2.

Definition 8. The random field η(x), x ∈ R
d, as defined above, is said to possess an

absolutely continuous spectrum if there exists a non-negative function f(·) such that

Φ(z) = 2πd/2Γ−1 (d/2)

∫ z

0

ud−1f(u) du, z ≥ 0, ud−1f(u) ∈ L1(R+).

The function f(·) is called the isotropic spectral density function of the field η(x).

The field η(·) with an absolutely continuous spectrum has the isonormal spectral
representation

η(x) =

∫
Rd

ei(λ,x)
√
f (‖λ‖)W (dλ),

where W (·) is the complex Gaussian white noise measure on R
d.

In the following we will consider random processes or fields with covariance functions
satisfying the following assumption:
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Assumption L. Let X(x), x ∈ R
d, be a homogeneous isotropic Gaussian random field

with EX(x) = 0 and the covariance function B(·) such that

B(0) = 1, B(x) = EX(0)X(x) = ‖x‖−α
L(‖x‖),

where L(‖·‖) is a slowly varying function, and α ∈ (0, d/κ), where κ = HrankG in
Definition 5.

It follows from the assumption α ∈ (0, d/κ) that the covariance function B(·) is
non-integrable. In this case we will call the random field X(·) strongly dependent (or
long-range dependent). For each Hermite rank κ of G(·) we will use a corresponding
class of covariance functions in Assumption L. These classes are ordered by inclusion
when κ increases.

Definition 9. Let Y1 and Y2 be arbitrary random variables. The uniform (Kolmogorov)
metric for the distributions of Y1 and Y2 is defined by the formula

ρ (Y1, Y2) = sup
z∈R

|P (Y1 ≤ z)− P (Y2 ≤ z)| .

Definition 10. Let Y1 and Y2 be arbitrary random variables. The total variation metric
for the distributions of Y1 and Y2 is defined by the formula

ρTV (Y1, Y2) = sup
A∈F

|P (Y1 ∈ A)− P (Y2 ∈ A)| .

3. Non-central limit theorems

Let Xi, i = 1, 2, . . . , be a stationary Gaussian sequence of identically distributed
random variables with EXi = 0 and let EX2

i = 1, G(·) be a function such that EG(Xi) =
0, the variance of G(Xi) is finite and HrankG = κ.

Motivated by the dependence structure of some geophysical phenomena [18], Taqqu
[24] was one of the first authors to consider non-central limits of the normalized sums

(2) ZN (t) =
1

dN

[Nt]∑
i=1

G(Xi), 0 ≤ t ≤ 1,

where N is a positive integer number, [x] denotes the integer part of x, and d2N is

asymptotically proportional to Var
∑N

i=1 G(Xi).
The necessary condition for the sum (2) to be convergent is that d2N ∼ N2HL(N) as

N → ∞ for some constant H and some slowly varying function L(·); see [13]. The case
H = 1/2 is well known and leads to the central limit theorem. Taqqu [24] focused his
attention on the case 1

2 < H < 1. Under the assumption EXiXi+k ∼ k−αL(k) as k → ∞
for some slowly varying function L(·) and the constant α < 1/κ, he proved that the
sum (2) is convergent and the limit is an a.s. continuous process depending on κ. It was
shown that in the case κ ≥ 2 this process is not Gaussian. Note that the conditions used
by Taqqu are standard and all the results in this present paper assume those conditions,
or their multidimensional versions.

One of the important results of [24] is the reduction theorem:

Theorem 1. Let the Hermite rank of G be equal to κ. Under the assumptions of Theo-
rem 4.1 [24], if, for N → ∞ the finite-dimensional distributions of

ZN,κ(t) =
1

dN

[Nt]∑
i=1

Hκ(Xi)

converge, then the finite-dimensional distributions of ZN (t) also converge and their limits
are the same.
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This theorem allows us to considerHκ instead ofG to investigate the finite-dimensional
distributions of the limit processes. As a result, it simplifies the theory, as now we only
have to deal with Hermite polynomials instead of general functions from L2(R, φ(w) dw).

The paper [24] also derives the limits for the cases κ = 1 and κ = 2.

Theorem 2 ([24]). Let HrankG = 1. Under the assumptions of Theorem 1, the process
ZN (t), defined by (2), converges weakly, as N → ∞, to E(XG(X))BH(t), where BH(t)
is a fractional Brownian motion with parameter H and X is a random variable with the
same distribution as Xi, i = 1, 2, . . . .

Theorem 3 ([24]). Let HrankG = 2. Under the assumptions of Theorem 1, the pro-
cess ZN (t), defined by (2), converges weakly, as N → ∞, to E(X2G(X))Z̄(t), where X is
a random variable with the same distribution as Xi, i = 1, 2, . . . , Z̄(·) is a separable, a.s.
continuous, semi-stable of order H = 1 − α, zero-mean stochastic process with strictly
stationary increments, such that Z̄(0) = 0 a.s., and E |Z|γ < ∞, γ ≤ 1

H ; see [24]. The

characteristic function of the random vector (Z̄(t1), Z̄(t2), . . . , Z̄(tp)) admits the following
representation valid for small values of |u1|, |u2|, . . . , |up|:

φ(u1, u2, . . . , up) = exp

⎧⎪⎨
⎪⎩

1

2

∞∑
j=2

(2i)j

j

∑
s1+···+sp=j

s1,...,sp≥0

p!

s1! s2! . . . sp!
us1
1 us2

2 . . . usp
p Sα

(
a(j)

)
⎫⎪⎬
⎪⎭ ,

where a(j) ↔ (t(p), s(p)), that is, a(j) = (a1, . . . , aj), where the first s1 parameters ai are
equal to t1, the next s2 parameters are equal to t2, . . . , the last sj parameters ai are equal
to tj, and

Sα(a
(j)) =

∫ a1

0

dx1

∫ a2

0

dx2· · ·
∫ aj

0

dxj |x1−x2|−α|x2−x3|−α . . . |xj−1−xj |−α|xj−x1|−α.

Note that in Theorem 3 the distribution of Z̄ coincides with the Rosenblatt distribu-
tion. Hence, the limit is non-Gaussian.

In [7] the authors considered a similar sum with Xi replaced by a stationary d-
dimensional isotropic random field with mean-zero, variance 1, and correlation function

r(n) ∼ ‖n‖−α L(‖n‖) a
(

n

‖n‖

)
, min

1≤i≤d
ni → ∞,

where n = (n1, . . . , nd) denotes the vector between two points in d-dimensional space,
L(·) is a slowly varying function, a(·) is a continuous function on the unit sphere in R

d

and 0 < α < d/κ. The main result of [7] is a theorem that provides the limit random
field in terms of multiple Wiener-Itô stochastic integrals:

Theorem 4. Consider the sum

ZN
n = N

κα
2 −d(L(N))−κ/2

∑
i∈BN

n

G(Xi), 0 < α < d/κ, n ∈ Z
d, N = 1, 2, . . . ,

where BN
n =

{
j | j ∈ Z

d, n(i)N ≤ j(i) ≤
(
n(i) + 1

)
N, i = 1, . . . , d

}
, L(·) is a slowly

varying function, and X = {Xi, i ∈ BN
n } is a stationary d-dimensional random field.

Then its finite-dimensional distributions converge to those of the random field Zn, given
by the formula

Zn =

∫ ′

Rdκ

ei(n,x1+···+xκ)
d∏

j=1

ei(x
j
1+···+xj

κ)−1

i(xj
1 + · · ·+ xj

κ)
ZQ0

(dx1) . . . ZQ0
(dxκ),

where Q0(A) = limN→∞ Nα/L(N)Q(N−1A), with Q(·) being the spectral measure of X,

and
∫ ′
Rdκ denotes the multiple Wiener–Itô stochastic integral.
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For the one-dimensional continuous case, [25] proved an analogous result for the ran-

dom variables
∫ rt

0
G(X(s)) ds.

Ivanov and Leonenko in their monograph [11] generalized the above results. The main
object of their studies were functionals

(3) Xr(t) = A(r, d)

∫
Δ(rt1/d)

G(η(s)) ds, 0 ≤ t ≤ 1,

where Δ(r), r > 0, is the homothetic image of the bounded set Δ ⊂ R
d, with the centre

of homothety at the origin and the coefficient r > 0, and η(·) is a random field defined
on R

d.
For these functionals the conditions for convergence to the Gaussian and non-Gaussian

processes were provided. Also, a reduction theorem, analogous to the one obtained in
[24], was proved. Once again, this allows us to consider only Hermite polynomials of
different ranks κ instead of an arbitrary function G(·).

In the non-central limit case, similarly to [7], Ivanov and Leonenko [11] obtained the
limit process of (3) in terms of the Wiener–Itô stochastic integrals, where Δ(r) is a
multidimensional ball v(r) = {x ∈ R

d : ‖x‖ ≤ r}.

Theorem 5 ([11]). Let η(x), x ∈ R
d, be a homogeneous isotropic Gaussian random field

with E η(x) = 0. If Assumption XXI [11] holds and α ∈ (0,min{d/κ, (d + 1)/2}), then,
as r → ∞ the finite-dimensional distributions of

Xr,κ(t) := r(κα)/2−dL−κ/2(r)

∫
v(rt1/d)

Hκ(η(x)) dx, t ∈ [0, 1],

converge weakly to the finite-dimensional distributions of

Xκ(t, v(1)) := c
κ/2
2 (d, α)

√
t

∫ ′

Rdκ

Jd/2(‖λ1 + · · ·+ λκ‖ t1/d)
‖λ1 + · · ·+ λκ‖d/2

W (dλ1) . . .W (dλκ)

‖λ1‖(d−α)/2 · · · ‖λκ‖(d−α)/2
.

Further generalization was obtained by Leonenko and Olenko in [17], where an arbi-
trary set Δ was considered. Let KΔ(·) be the Fourier transform of the indicator function
of the set Δ:

(4) KΔ(x) :=

∫
Δ

ei(x,u) du, x ∈ R
d.

Theorem 6. Let η(x), x ∈ R
d, be a homogeneous isotropic Gaussian random field with

E η(x) = 0. Then, under Assumptions 1 and 2 from [17], as r → ∞ the distributions of

Xr,κ := r(κα)/2−dL−κ/2(r)

∫
Δ(r)

Hκ(η(x)) dx

converge weakly to the distributions of

Xκ(Δ) := c
κ/2
2 (d, α)

∫ ′

Rdκ

KΔ(λ1 + · · ·+ λκ)
W (dλ1) . . .W (dλκ)

‖λ1‖(d−α)/2 · · · ‖λκ‖(d−α)/2
.

Remark 1. The probability distribution of X2(Δ) is called the Rosenblatt-type distri-
bution. This distribution belongs to the class of Hermite-type distributions and is the
most studied distribution from this class. For more information about this distribution
we refer to [26] and the references therein.

Remark 2. There are some well-known particular cases of the kernel KΔ(·) used in the
literature.
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In the case of Δ being a multidimensional unit ball v(1) = {x ∈ R
d : ‖x‖ ≤ 1},

Kv(1)(x) =

∫
v(1)

ei(x,u) du = (2π)d/2
Jd/2(‖x‖)
‖x‖d/2

, x ∈ R
d.

If Δ is the multidimensional rectangle [a,b] := {x ∈ R
d : xj ∈ [aj , bj ], j = 1, . . . , d}

and aj < 0 < bj , j = 1, . . . , d, then

K[a,b] (x) =

∫
[a,b]

ei(x,u) du =
d∏

j=1

eibjxj − eiajxj

ixj
.

The representation (4) allows us to compute KΔ(·) and generalize classical asymptotic
results for specific increasing domains. For example, let us consider the two-dimensional
rhombus A with centre at zero. In this case,

KA(x1, x2) =

∫
A

ei(x1u1+x2u2) du1 du2 = |u1 − u2 = z;u1 + u2 = y|

=
1

2

∫ 1

−1

∫ 1

−1

e
1
2 iy(x1+x2)e

1
2 iz(x1−x2) dy dz = 4

cos(x2)− cos(x1)

x2
1 − x2

2

.

As an alternative to the direct probability approach, [20] offered a new method that
is based on the combination of Malliavin calculus and Stein’s method. At the present
time, the Stein–Malliavin approach is well developed for stochastic processes and is still
developing fast. However, many problems concerning non-central limit theorems for
random fields remain unsolved. The most general results, that are known to the authors,
that concern non-central limit theorems for the functionals of random fields based on
this approach can be found in [3]. These results coincide with those of Theorem 4, but
were obtained under weaker conditions.

In [12] Leonenko and his co-authors also used the Stein-Malliavin method to investi-
gate weighted functionals of random processes. The following central limit theorem was
proved.

Theorem 7. Consider a Gaussian stationary process X(t) and G(·) ∈ L2(R, φ(w) dw),

where φ(w) = e−
w2

2 /
√
2π. Consider the random vector

ZT = W−1
T

∫ T

0

w(t)G(X(t)) ν(dt),

where w(t) = (w1(t), . . . , wd(t))
′, W 2

T = diag(W 2
iT )

d
i=1 , W

2
iT =

∫ T

0
w2

i ν(dt), and ν(dt)
represents a counting measure in the case of discrete time and the Lebesgue measure in
the case of continuous time. Suppose that conditions (A1)–(A4), (B1)–(B3), and (C)
of [12] hold; then for T → ∞, ZT converges in distribution to the Gaussian random
vector Z with zero-mean and covariance matrix

B = 2π

∫
R

G2(x)φ(x) dx

∫
Λ

f∗(j)(λ)μ(dλ),

where μ(·) is the weak-sense limit of the family of matrix-valued measures introduced in
(4.1) [12] and

f∗(j)(λ) =

∫
Λj−1

f(λ− λ2 − · · · − λj)

j∏
i=2

f(λi) dλ2 . . . dλj ,

where f(·) is a spectral density of X(·) and the set Λ = (−π, π] in the discrete case, and
Λ = R in the continuous case.
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The approaches taken in [11,21] complemented this line of investigations for the case
of random fields, but used direct probability methods. In particular, [21] investigated the
limit behavior of weighted linear functionals of Gaussian random fields. Limit theorems
for random fields, which also hold for the case of stochastic processes, were established.
It was shown that for a wide class of weighted functionals, that include the Donsker
scheme, the limit is not affected by the location of the spectral singularity. On the other
hand, for general schemes, in contrast to the Donsker scheme, the singularity may play
a significant role even for the linear case.

4. Rate of convergence in non-central limit theorems

For practical applications, it is not enough to know only the limit of a process, but
the speed of convergence to this limit is also required. Leonenko and Anh in [16] used
a direct probability approach to obtain the first result for the speed of convergence in a
non-central limit theorem for random fields with long-range dependence.

There is only one similar result for the multidimensional case in the literature. In [5]
the author considered the generalized increments of fractional Brownian sheet (fBs) that
form long-range dependent random fields. The following theorem was obtained:

Theorem 8. Let κ = HrankG ≥ 2 and BH be a d-dimensional fBs with multi-Hurst
index H ∈ (1− 1/2κ,1). Consider the process

VN := [N]κ−1−κH
∑

i∈[0,N−1]

Hκ

(
[N]HΔi,N(BH)

)
,

where Δi,N(BH) denotes the generalized increments of BH on the block

Δi,N =

[
i

N
,
i+ 1

N

]
=

d∏
j=1

[
ij
Nj

,
ij + 1

Nj

]

given by

Δi,N(BH) :=
∑

ε∈{0,1}d

(−1)d−
∑d

j=1 εkBH
(i1+ε1)/N1,...,(id+εd)/Nd

,

where N = (N1, . . . , Nd) and for a = (a1, . . . , ad), [a]
b =

∏d
i=1 a

bi
i .

Then,

dTV (VN, Z) ≤ O

(
d∑

i=1

N
(2κ−1−2κHi)/2κ
i

)
, min

1≤i≤d
Ni → +∞,

where dTV denotes the total variation distance, and Z is a value of a d-dimensional
Hermite sheet Zκ(t) at (1, . . . , 1). Zκ(t) = Iκ(h(t)), t ∈ [0, 1]d, where Iκ denotes multiple
Wiener–Itô stochastic integral and h(t) is the limit of the expression

hN(t) =
Nκ−1

κ!

∑
i∈[0,(N−1)t]

1⊗κ
Δi,N

.

Finally, in [1], Anh, Leonenko and Olenko obtained the rate of convergence for the
functionals of the type (3), where the integration is taken over an arbitrary set Δ. Recall
that Xr(1) = r(κα)/2−dL−κ/2(r)

∫
Δ(r)

G(η(x)) dx.

Theorem 9. Let HrankG = 2, then, under Assumption L and Assumption 2 from [1],
for any κ < 1

3 min (α(d− 2α)/(d− α),κ1),

ρ (Xr(1), X2(Δ)) = o(r−κ), r → ∞,
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where ρ(·) denotes Kolmogorov’s distance, and

κ1 := 2min

(
q,

(
2

d− 2α
+

2

d+ 1− 2α
+

1

υ

)−1
)
.

Here α is a parameter in Assumption L, q gives the order for the upper bound of the
slowly varying function with remainder L(·), and υ describes the magnitude of deviations

of the spectral density from c2(d, α) ‖λ‖α−d L (1/ ‖λ‖) at the origin.

Additionally, it was proved that the Rosenblatt-type distribution posseses a bounded
probability density function.

The results similar to [1] were proved for an arbitrary Hermite rank in [2]. The re-
sults were obtained under the assumption that the limiting distribution has to possess a
bounded probability density function. Also, [1] used more natural and general assump-
tions on spectral densities. Namely,

Assumption S. The random field η(x), x ∈ R
d, has the spectral density

f(‖λ‖) = c2(d, α) ‖λ‖α−d L

(
1

‖λ‖

)
,

where

c2(d, α) :=
Γ
(
d−α
2

)
2απd/2Γ

(
α
2

) ,
and L(‖·‖) is a locally bounded function which is slowly varying and satisfies for suffi-
ciently large r the condition

(5)

∣∣∣∣1− L(tr)

L(r)

∣∣∣∣ ≤ C g(r)hτ (t), t ≥ 1,

where g(·) ∈ Rτ , τ ≤ 0, such that g(x) → 0, x → ∞, and hτ (t) is defined by (3).

The following rate of convergence was obtained:

Theorem 10 ([2]). Under Assumption S and Assumption 1 from [2], if τ ∈
(
−d−κα

2 , 0
)
,

then for any κ < 1
3 min

(
α(d−κα)
d−(κ−1)α ,κ1

)
ρ (Xr(1), Xκ(Δ)) = o(r−κ), r → ∞.

If τ = 0, then

ρ (Xr(1), Xκ(Δ)) = g2/3(r), r → ∞,

where ρ(·) denotes Kolmogorov’s distance, τ and g(·) are given in Assumption S, and

κ1 := min

(
−2τ,

1
1

d−2α + · · ·+ 1
d−κα + 1

d+1−κα

)
.

5. Rate of convergence to Rosenblatt-type distributions

In this section we specify a novel approach suggested in [2] to the case of Rosenblatt-
type distributions (compare with the result in [1]).

In what follows we use the symbol C with subscripts to denote various constants which
are not important for our discussion.



12 VO ANH, ANDRIY OLENKO, AND V. VASKOVYCH

Theorem 11. Let Assumptions S and 1 [2] hold and HrankG = 2.

If τ ∈
(
−d−2α

2 , 0
)
, then for any κ < 1

3 min
(

α(d−2α)
d−α ,−2τ, 1

1
d−2α+ 1

d+1−2α

)

ρ

(
2

C2
Xr(1), X2(Δ)

)
= o(r−κ), r → ∞,

where C2 is a first non-zero coefficient in the Hermite expansion of G.

Proof. Since HrankG = 2, it follows that Kr =
∫
Δ(r)

G(η(x)) dx can be represented in

the space of squared-integrable random variables L2(Ω) as

Kr = Kr,2 + Sr :=
C2

2

∫
Δ(r)

H2(η(x)) dx+
∑
j≥3

Cj

j!

∫
Δ(r)

Hj(η(x)) dx,

where Cj are coefficients of the Hermite series (1) of the function G(·).
Notice that EKr,2 = ESr = EX2(Δ) = 0, and

Xr,2 =
2Kr,2

C2 rd−αL(r)
.

It follows from Assumption 1 [2] that |L(u)/uα| = |B(u)| ≤ B(0) = 1. Thus, by estima-
tor (17) in [17],

VarSr ≤ |Δ|2r2d−2αL2(r)
∑
j≥3

C2
j

j!

∫ diam{Δ}

0

z−2αL
2 (rz)

L2(r)

L (rz)

(rz)α
ψΔ(z) dz.

We represent the last integral as the sum of two integrals I1 and I2 with the ranges
of integration [0, r−β1 ] and (r−β1 , diam {Δ}], respectively, where β1 ∈ (0, 1).

Using the same arguments as in [2], one can estimate these integrals as

I1 ≤ C r−β1(d−2α−δ)

(d− 2α− δ) |Δ| ,

and

I2 ≤ C · o
(
r−(α−δ)(1−β1)

)
,

when r is sufficiently large and δ is an arbitrary number in (0,min(α, d− 2α)).
Therefore, we obtain that for sufficiently large r

VarSr ≤ Cr2d−2αL2(r)r−
α(d−2α)

d−α +δ.

It follows from Lemma 3 [1] that

ρ (X2(Δ) + ε,X2(Δ)) ≤ ε sup
z∈R

pX2(Δ) (z) ≤ εC.

Similarly to [2], we get

ρ

(
2Kr

C2 rd−αL(r)
, X2(Δ)

)
≤ ε1 C + ε−2

1 Var (Xr,2 −X2(Δ)) + C r−
α(d−2α)
3(d−α)

+δ.

Now we show how to estimate Var (Xr,2 −X2(Δ)).
Using the arguments from [2], by the isometry property of multiple stochastic integrals

Rr :=
E |Xr,2 −X2(Δ)|2

c22(d, α)
=

∫
R2d

|KΔ(λ1 + λ2)|2 (Qr(λ1, λ2)− 1)
2

‖λ1‖d−α ‖λ2‖d−α
dλ1 dλ2,

where

Qr(λ1, λ2) :=
r(α−d)

L(r) c2(d, α)

[
‖λ1‖d−α ‖λ2‖d−α

f

(
‖λ1‖
r

)
f

(
‖λ2‖
r

)]1/2
.



NON-CENTRAL LIMIT THEOREMS AND CONVERGENCE RATES 13

Let us rewrite the integral Rr as the sum of two integrals I3 and I4 with the integration
regions A(r) := {(λ1, λ2) ∈ R

2d : maxi=1,2(||λi||) ≤ rγ} and R
2d \ A(r), respectively,

where γ ∈ (0, 1). Our intention is to use the monotone equivalence property of regularly
varying functions in the regions A(r).

Following the steps from [2], we obtain for sufficiently large r

I3 ≤ C g2(r)

∫
A(r)∩R2d

h2
τ

(
1

‖λ1‖

)
·max

(
‖λ1‖−δ

, ‖λ1‖δ
)
|KΔ(λ1 + λ2)|2 dλ1dλ2

‖λ1‖d−α ‖λ2‖d−α

≤ C g2(r),

and

I4 ≤ Cr−(γ−γ0)(d−2α−2δ) + C r−γ0(d+1−2α−2δ),

where γ > γ0 > 0. For any δ > 0 we can estimate g(r) as g(r) ≤ C rτ+δ. Hence, by
choosing ε1 := r−β, we obtain

ρ

(
2Kr

C2 rd−αL(r)
, X2(Δ)

)

≤ C
(
r−

α(d−2α)
3(d−α)

+δ + r−β + r2τ+2δ+2βr−(γ−γ0)(d−2α−2δ)+2β + r−γ0(d+1−2α−2δ)+2β
)
.

Therefore, for any κ̃1 ∈ (0, 3κ0) one can choose a sufficiently small δ > 0 such that

(6) ρ

(
2Kr

C2 rd−αL(r)
, X2(Δ)

)
≤ Crδ

(
r−

α(d−2α)
3(d−α) + r−

κ̃1
3

)
,

where

κ0 := sup
1>γ>γ0>0

β>0

min (β,−2τ − 2β, (γ − γ0)(d− 2α)− 2β, γ0(d+ 1− 2α)− 2β) .

Note, that for fixed γ ∈ (0, 1)

sup
γ0∈(0,γ)

min ((γ − γ0)(d− 2α), γ0(d+ 1− 2α)) =
γ

1
d−2α + 1

d+1−2α

,

and

sup
γ∈(0,1)

γ
1

d−2α + 1
d+1−2α

=
1

1
d−2α + 1

d+1−2α

.

Let us denote

κ1 := min

(
−2τ,

1
1

d−2α + 1
d+1−2α

)
.

Then κ0 = supβ>0 min (β,κ1 − 2β) = κ1

3 .
Thus, κ̃1 can be selected from the interval (0,κ1). Therefore, by (6) the upper bound

on the rate of convergence is o(r−κ), where κ < min
(

α(d−2α)
3(d−α) ,

κ1

3

)
, and the statement

of the theorem follows. �

Remark 3. Note that Assumption S is weaker than Assumption 2 in [1]. It is formulated
only in terms of the slowly varying function L(·). Contrary to Assumption 2 in [1] it
does not require additional terms to bound deviations from L(·).
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6. Conclusions

The results presented in the paper pose some new problems and provide a theoretical
framework for studying more complex models. It would be interesting:

• to generalize the approaches in Section 3 and [11, 12, 21] and obtain non-central
limit theorems for weighted functionals of Hermite polynomials of random fields
when the Hermite rank κ > 1;

• to derive the rate of convergence for functionals of vector random fields under dif-
ferent assumptions on the covariance functions depicting long-range dependence
(consult [17]);

• to obtain sharp rates of convergence at least for some cases when κ > 1.
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