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CONSISTENT ESTIMATION IN COX PROPORTIONAL HAZARDS
MODEL WITH MEASUREMENT ERRORS AND UNBOUNDED

PARAMETER SET
UDC 519.21

A. G. KUKUSH AND O. O. CHERNOVA

ABSTRACT. We study the Cox problem with proportional risks and measurement
errors. The asymptotic properties of the simultaneous estimator A, (:), Bn of the
baseline hazard function A(-) and regression parameter 3 are considered in the papers
[6] and [3] for the case of a bounded set of parameters © = © X ©3. In the current
paper, the set ©) is unbounded from above and is not separated from zero. The
estimator is constructed in the following two steps. First, one obtains a strictly
consistent estimator and, second, this estimator is corrected in order to obtain an
asymptotically normal estimator.

1. INTRODUCTION

We consider the Cox proportional hazards model [4]. According to this model, the
intensity function T" of the lifetime is of the following form:

(1) AtX; A, B8) =A@t exp (B7X), t>0.

Here the regressor X is a random vector in R™, [ is the regression parameter in the set
O C R™ and A(+) € ©) C C[0, 7] is the baseline hazard function.

Observed are the censored data rather than the duration of life 7'; namely one ob-
serves the random variables Y := min{T, C'} and censorship indicator A := I;r<¢y. The
censor C' is random and distributed in the interval [0, 7]. The survival function of the
censor Go(u) = 1 — Fo(u) is unknown, while 7 is known. The conditional density of T'
given X is given by

t
(XA 8) = XX Do ([ AxiA ) ds)

The variable W = X +U is observed instead of X, where the moment generating function
My (B) := Eef"U of the random measurement error U is known. The pair (T, X), cen-
sor C, and error U are stochastically independent.

Consider independent copies of the model (X;,T;,C;,Y;, Ay, Ui, W3), i = 1,...,n.
Based on the observations (Y;, A;,W;), i« = 1,...,n, our aim is to estimate the true
parameters Sy and Ao (¢), ¢ € [0, 7].

Following the paper [2], we use the corrected likelihood function

cor . 1 - . . .o
Qn ()‘7 ﬁ) L n Z q(Y:n Azu Wz, )\7 ﬁ)7

i=1
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where ( . ) v
exp (' W
Y,A, Wi\ B):=A(In\Y) +8TW —7/ Au) du.
The corrected estimator is given by

(2) (Ans Ba) = argmax Q5" (x, 8),
\,B)e©
where © := O, x ©g. If the sets of parameters are compact, then © is compact as well,
and the maximum on the right hand side of equality (2) is attained at a point of ©.
Many papers are devoted to the estimation of §y and cumulative risks

A(t) = /OtA(t|X; A, B) dt.

In particular, Andersen and Gill [I] introduce general ideas of estimation by using the
partial likelihood function. A model with measurement errors is considered in [5], where
consistent and asymptotically normal estimators of 8y and A(t) are obtained with the
help of the corrected score method. Royston in [8] describes the problems where the
estimators of the risk function A(-) rather than those of the cumulative risk A(t) play a
crucial role.

The model studied in the current paper is introduced in [2]. However, the risk function
belongs to a finite set of parameters in [2], while we consider the risk function in C10, 7].

The consistency of estimator (2] is proved in [6] for the case of a bounded set of
parameters. An asymptotically normal estimator is obtained in [3]. Note that the set ©
is defined in [6] without an assumption that the values A(0) are bounded, while the proof
in [6] uses this property. We weaken this strong assumption as well as the assumption
that A(+) is separated from zero.

The paper is organized as follows. The estimator is introduced in Section 2] under the
assumption that the set of parameters is unbounded. The consistency of the estimator
is also proved, and the procedure for calculating the estimator is described in Section
The estimator considered in Section [2] is modified in Section Bl in such a way that the
resulting estimator is asymptotically consistent. Some concluding remarks are given in
Section [l

2. STEP 1: CONSISTENT ESTIMATION

Below are the assumptions imposed on the set of parameters.

(i) Kx C C[0,7] is a closed convex set of non-negative functions,

Ky = {f 0,7] = R | ft)>0,vt €0,7]
and |f(t) — f(s)| < L|t—s|,Vt,s € [O,T]},
where L > 0 is a fixed constant.

(ii) ®3 C R™ is a compact set.
The following assumptions (iii)—(vi) are introduced in the paper [6].

(ifi) EU = 0 and

EePIUIl < 0o,  where D := max ||| +¢
BEBg

for some ¢ > 0.

(iv) EePIXI < 0o, where the number D is defined in assumption (iii).

(v) 7 is the right end point of the distribution of the censor C, that is, a number
such that P(C' > 7)=0and P(C >7—¢) >0 for all e > 0.

(vi) The covariance matrix of the random vector X is positive definite.
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Let
3) K = Ky x 6.
If A(Y) = 0, then we put In A(Y') = —co. For the same case of A(Y') = 0, we also put
if A=
Anay)y=3% 1 0
—o0, ifA=1.

Definition 1. Let {¢,,} be a fixed sequence of positive numbers such that e,, | 0, n — cc.
The modified estimator (5\511), A,(LD) for (A, B) is defined as a Borel function of observations
(Y, Ay, W;),i=1,...,n, assuming values in K and such that
(4) Qwr (MD.A0) = sup QEF(A,B) — e,
(MB)EK

Results of the paper [7] guarantee that such an estimator exists. A crucial property
here is that the upper bound in (@) is finite.

Below is an additional assumption.

(vii) The true values of parameters (A, 5p) belong to the set K defined in @), and

moreover

Ao(t) > 0, t €0, 7]

Definition 2. Let A, = A,(w), n > 1, be a sequence of statements that depend on
an elementary random event w € ). We say that statements A,, hold eventually if, for
almost all w € 2, there exists a positive integer number ng = ng(w) such that statement

A, (w) holds for all n > ng(w).
Theorem 3. Assume that assumptions (1)—(vii) hold. Then (5\511), A,(ll)) is a strongly
consistent estimator of the true parameters (Ao, Bo); that is,
max AV (t) = (1) =0,  BY = By
t€(0,7]
almost surely as n — oco.
Proof. For R > 0, denote
K = K\nB(0,R), K® =K' x 0,

where B(0, R) is the closed ball in C[0, 7] of radius R centered at the origin.
1. In the first part of the proof, we show that

(5) sp QLA > s QM)
(N\,B)EKE (X\B)EK\KE
eventually for sufficiently large non-random numbers R > || o]
The Lipschitz condition for A € K implies that
(6) A(0) — LT < A(t) < A(0) + L,
whence
exp (B7W;) Y,
My (8)
Using the Lipschitz condition for A € K, one can show that A(t) > R— L7 for all
t € [0,7] if A(¢t1) > R for some ¢; € [0,7]. On the other hand, A\(0) > R implies that
A(t) > R— L7, t € [0,7]. Thus the supremum on the right hand side of inequality (&)

can be considered in the set {\ € K: A\(0) > R} x Og.
Put

q(Yi, Ay, Wiz A, B) < A, (In(A(0) + L) + BTW;) — (M(0) — L7).

D; = ma .
= a3
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We have
sup  QpT(A\,B) < I+ sup I+ 13,
(N,B)EK\KE AEK y:
A0)>R
where
1 -D NY;
Ilz_(R_LT)_ Z eXp( 1||V‘/Z||) (3

i8=0  jedy My (8)

b= +Ir) - Y A= (A0 +In) Y expé;fﬁj&l)m,
BEBg

1 1 exp(—D1 [Wi]))Yi

I3 =— D1 ||W; 2L7T— .
5= > Dy Wil + T > éH%XMU(ﬁ)

€03

The strong law of large numbers yields
E[C - 1(A = 0) exp (= Dy [ W])]
max My ()

BEOg

11 — —(R — LT)

almost surely as n — oco. This means that
Il S —(R - LT)DQ

eventually where Do > 0.
Let

max My (5)

i=1 BEOs
Since A, > 0 and B,, > 0 eventually, we obtain
A,
I < rilga((An Inz—2B,)=A, (ln (B—L) - 1)

n

1 < 1 < exp(—Dy |W;|)Y;
An:—§ A, Bn:—E Tia —11.
n =1 n {Al 1}

for A(0) > R. By the strong law of large numbers,
E[T - I(A =) exp(—D; [W])]

M
oo v(B)

>0

A, > P(A=1)>0, B, —

almost surely as n — oco. Hence I, is eventually bounded from above by some positive
constant Ds.
Further, it follows from the strong law of large numbers that I3 is eventually bounded
from above by some positive constant D,. Hence
lim sup  QS"(\,B) < —(R—L7)Dy+ D3 + Dy.
OO (N,B)EK\KE
Note that the constants Dy, D3, and Dy introduced above do not depend on 3 € Og.
Letting R — +o00, we get
lim sup QYr (N, B) = —o0, R — +o00.
OO (X,B)EK\K R
This proves that inequality (Bl) holds eventually for sufficiently large R. In particular,
one can substitute K® for K in Definition [II
Therefore, we can assume that

(7) Qr (ADAD) = swp QA B) —

(AB)eKT

and (5\511), Ar(ll)) € KT for all n > 1. Note that K is a compact set in C|0, 7.
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2. Since R > ||Aol|, we have (X, B0) € K. Then the inequality
(8) Qe (AL, A1) = Q5" (Mo, o) — e

follows from ([@). Fix w € A C Q, where P(A) = 1. In what follows we impose on A some
extra assumption. Our aim is to show that

(ADLBD) = (ho, Bo)
at a point w. We have

9) Q%" (Mo, Bo) = goo (Ao, Bo) = E[q(Y, A, W5 Ao, Bo)]-

This relation holds almost surely, and we can assume that (@) holds for a fixed w. This
means that the first extra condition on A is

Q7" (Ao, Bos w) — oo Mos Bo), we A

The sequence {(X%l)(w), Ar(ll)(w)),n > 1} belongs to the compact set K. Consider an
arbitrary convergent subsequence

(10) (&5}) (), B,SP(@) = (M, Ba) € KR
It follows from (8) and (@) that

Goo (Mo, o) < lim Q5" (A“?,ﬁfﬁ))

n’—o0

:hm— Aln)\()

n—oo T i—1
n' ( T Y;
1 W; i
e i MU(ﬁn/ ) Jo

The second extra condition which is imposed on A reads as follows: for every w € A,
the sequence of random functions

l - BT -_4GXP(BTWi) b u) du
nZ<A26 Y ) /0 M) d )

i=1

converges uniformly in (A, ) € K% to

Ty P (BTW) Y .
ABTW Vo (5) /0 Au) du] =: g5, (\, B).

This condition does not restrict the generality, since, for fixed (), 3) € KT,

(1) the above sequence converges almost surely to g2,
(2) this sequence is equicontinuous almost surely in the compact set K%,
(3) the limit function is continuous in K*.

These three properties imply that the above sequence converges almost surely to ¢2, in
the set K.
Note that the function g%, is continuous with respect to (), 3) € K%, whence

gso(Ao, Bo) < lim —ZA AL (V) + g2 (A, B).

n’—oo i=1
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For sufficiently large n/,
AV <A ) +e,  telo,r],
where € > 0 is fixed.

In what follows we assume that

%f:Ai I A(Y;) = E[AA(Y)]
=1

uniformly with respect to (\,5) € (Kf”’“ NA{A: A(t) > 0x}) x Op for all k > 1 and
w € A, where 6, | 0 and {0y} is a fixed sequence of positive numbers.
Then the strong law of large numbers implies that

n’ n’
lm — S AWADY) < m - > A (ALY +)
i=1

n/—oo 1 i—1 n/—oo 1 P

=E[A-In(\(Y) + )] = ¢.F(\)),

whence

oo (Ao, Bo) < q(;’as()‘*) + ng()‘*v B+)
for all € > 0. Letting ¢ — 0 we obtain

(M) =E[A-In(A(Y) + )] (A(Y) > D] +E[A-In(A(Y) + )] (A (Y) <

)]

[N

The first expectation converges to
E[A-In(\ (V) (A(Y) > 3)]

as ¢ — 0 by the Lebesgue dominated convergence theorem. Accordingly, the second
expectation converges to

E[A - (L (V) (. (Y) < 3)]
as € — 0 by the Lebesgues monotone convergence theorem. Then
45 (M) = g (M) :== E[A - In A.(Y)]
as € = 0. Thus
oo (A0, B0) < qh (M) + 2 (M Ba) = Goo (A Be)-
According to [6],
o0 (A0s B0) = oo (A, Brc).-

Moreover, the inequality becomes an equality if and only if A, = A\g and B, = §y. Hence
subsequence () converges to (Ao, Bp). Since the whole sequence belongs to a compact
set, we conclude that

(AD @), 80 @) = (o, Bo), 1= .
This relation holds for almost all w € Q. The strong consistency is proved. ]

Our next aim is to explain the procedure for calculating such an estimator. Similarly
to [3] we prove that the function A that minimizes Q5" is a linear spline for a fixed

ﬂ€@ﬁ.
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Theorem 4. Assumptions (i) and (i) imply that the function AD that minimizes Qe
is a linear spline.

Proof. Let (Y;,,...,Y;, ) denote the order statlstlcs constructed from the observations
Yi,...,Y,. Fix § € O3 and assume that A e ©, maximizes Q5" (+, 8). Along with

(5\511), 6) consider (j\n, ﬁ), where )\, is the function constructed below. Put

A (Vi) = A (v;,), k=1,....n

1k n

On each interval [V;,,Y;

in> Yie s k=1,...,n — 1, consider the segments of the two straight
lines

L} (1) = MP(Y;,) + L(Yi, — 1),
L2 (t) = X’rll) (YikJrl) + L (t - Yikﬂ) )

where L is defined in (i). By B;,, we denote the point of intersection of Lj, (¢) and L (t).

We also agree that B;, := 0, B;, := 7 and Y;, :==0, Y; ,, := 7. Then the function X, ()
is constructed as follows:
L2 (1), ift €10,Y;],
(1) Mlt) = max{L] (t),0}, %fte Y., Bi.], k=1,...,n—1,
max{L? (t),0}, ifte[B;,Y; k=1,...,n—1
L} (t), iftely;, 7.

n

k+1]

It is easy to see that \, € ©y. By construction, Ay > \,. Thus
Qwr (AD.8) < Qe (M. 8)
whence 5\511) = MA,. This completes the proof. O

Note that \,(B;,) > 0 eventually, whence we conclude that the minimum in (II)) is
not needed anymore.
Having constructed linear spline

An(B) = argmax Q5
A (A\,B)€0
we minimize Q(8) := Q5" (S\n(ﬁ), [3) with respect to 8 € ©g. In other words, we search
for 3 € ©4 such that
Q (ﬂ) > sup Q(B) —en.

BEOS

Since Q(f) is bounded, such a number B exists.
Now

T (5\” (B) ﬁ) > sup max Q(B) —e, = sup QYT(A, B) —en.

BEOz AEOX (A\.B)ed

Hence the estimator (/_\,L (B),B) satisfies conditions of Definition [I, and its evaluation is
a parametric problem.

3. STEP 2: CONSTRUCTION OF AN ASYMPTOTICALLY NORMAL ESTIMATOR

Our aim in this section is to modify the estimator (X;l)(w), Ar(ll)(w)) constructed in

Definition [l in order to obtain an asymptotically normal estimator.
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Definition 5. A modified estimator (5\512), A,(L2)) for (), ) is defined as a Borel function
of observations (Y;, A;, W;), i =1,...,n, assuming values in K and such that

(5\(2) 8(2)> B arg max {Q%OI‘()\, B) ’ ()‘7ﬁ) € K7 X 2 %M}\g)} ) if MXS) > 07
o (5\511)’ BT(LI)) ) if .u“;\(l) S 07
where juy := mingc(o - A(t).

The existence of such an estimator follows from some results of the paper [7].
According to Theorem [3] Hs ) = pa, > 0 almost surely and hence

Ky :={(\B) € Klux > Spx, } C {()‘7ﬁ) € Klux > %M;\;m}
C LN B) € Klur = g, } = Ko
eventually. The estimator
(12) (5\7(13), BS’)) = argmax Q7 (A, 8)
(AB)EK2
is strongly consistent under the assumptions (i)—(vii), since, in view of Theorem [B] this
estimator can eventually be chosen as the estimator (5\7(11), A,(LD). Thus (5\513), A7(13)) c Ky
eventually, and (5\513), A,(ZS)) can be chosen as the estimator (5\512), A,(lz)). This implies the
strong consistency of (5\512), Ar(?)).
Below are some extra conditions needed for an estimator (;\512), Aff)) to be asymptot-
ically consistent.
(viil) Bo is an inner point of G 4.
(ix) Ao € ©5 for some € > 0, where
Se={f:[0,7] = R| f(t) > ¢, VLt [0,7],
|f(t) = f(s)] < (L —e)|t — s|,Vt,s € [0,7]}.
(x) P(C>0)=1.
(xi) EU =0 and
Ee?PIVIN < oo, D := max ||8|| + ¢
BEOs
for some € > 0.
(xii) Ee?PIXI < 0o, where the number D is defined in condition (xi).

In what follows we use the notation introduced in [3]. Let

alt) = E [XeﬂoTXGT(uX)}, b(t) = E [eﬂoTXGT(t\X) ,

p(t) = E[XXTeHXGrX)] . T() = p)b(t) —a(a” (1), K(t) = 2T,

A=E
0

Y T
XXTeBoTX/ Ao (u) du], M:/O T(u)K (u)Ge(u) du.

For i > 1, consider the random vectors
~ Aa(Y;) | exp (BEW;)
b(Y;) My (Bo)

Y; aq
/ a(u) K (u) du + = (Ys, Ai, Wi, Bo, M),
o 95

G =

where
9/6 ) ) Y Y

My (B)W — E(UeP"V)
My (B)?

%
exp(BTVV)/0 Au) du.
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Let

S5 = 4- Cov(Gy), "K@A)—téTwAOUa@OGOOOdU

ol =4 Var(q (Y, A, W, Ao, Bo), @)

A-pr(Y) exp(BIW) ¥ -
B Ay, e AW

My (Bo)W —E (Uefa U Y
+ gog MU(ﬁo)g ) exp (BOTW)/O Ao (u) du

=4-Var

with ¢ = (¢, pg) € C[0, 7] x R™, where the symbol ¢’ stands for the Frechet derivative.
Now we are in position to apply Theorem 1 of [3] and obtain the asymptotic normality

of BA,(LQ) and 5\%2). Note that this result follows from the asymptotic normality of the
: : 5(3) 1(3)
consistent estimators [, and A,

Theorem 6. Let assumptions (i), (ii), (v)—(xii) hold. Then M is nonsingular and
Vi (B2 = 80) % Now (0, M1 25M7Y)
Moreover,
Vit [ (3= o) () 0)Geu)du % N (0.02()

for all continuous functions f satisfying the Lipschitz condition in the interval [0,7],
where ai(f) = 03,, 0= (ox,08), s = —A7Im(py), and @y is a unique solution of the
integral Fredholm equation

i - —
Ty~ ¢ WATm(es) = f).

One can use the method of [3] to evaluate the estimator (5\512), B,(f)).

4. CONCLUDING REMARKS

In this paper, an estimator is constructed for the baseline hazard function A(-) and
parameter [ in the Cox proportional risks model with measurement errors under com-
paratively weak assumptions. In contrast to the papers [6] and [3], the set of parameters
is unbounded in our setting. The estimator considered is consistent and can be modified
in such a way that the modified estimator is asymptotically normal. The procedure for
evaluating the estimators is described. Further investigations will be devoted to con-
structions of confidence regions.
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