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MILD SOLUTION OF THE PARABOLIC EQUATION
DRIVEN BY A ¢-FINITE STOCHASTIC MEASURE

O. O. VERTSIMAKHA AND V. M. RADCHENKO

ABSTRACT. Stochastic parabolic equation driven by a o-finite stochastic measure
in the interval [0,7] x R is studied. The only condition imposed on the stochastic
integrator is its o-additivity in probability on bounded Borel sets. The existence,
uniqueness, and Holder continuity of a mild solution are proved. These results gen-
eralize those known earlier for usual stochastic measures.

INTRODUCTION

The following stochastic equation:

1) Lu(t,z)dt + f(t,z,u(t,z))dt + o(t,z) du’(z) =0,
(0, z) = uo(x),

is considered in this paper, where (t,z) € [0,T] x R, u” is a o-finite stochastic mea-
sure defined for bounded Borel subsets of R and £ is the parabolic differential operator
(necessary definitions and conditions are given below in Sections [Il and [2).

The only condition imposed on the stochastic integrator u” is its o-additivity in prob-
ability for bounded Borel subsets of R. We prove the existence of a mild solution of
equation () above (see definition (2) below) and Holder continuity of its trajectories.

Stochastic parabolic equations have been considered by many authors (see, for examp-
le, [I,2]). Detailed studies are known for equations and systems driven by various types
of stochastic processes. The results are presented in [3] for the Wiener process, in [4]
for the infinite dimensional Wiener process, in [5] for martingale measures, and in [6]
for a-stable processes. Certain assumptions are imposed on the stochastic integrator in
all those papers, namely either the existence of certain moments, or martingale prop-
erty, or independence of increments. We consider a more general integrator under the
assumption that the stochastic term does not depend on an unknown function. The sto-
chastic integrator below is defined on the set of values of the spatial variable. Analogous
equations driven by du(t) are considered in [7] and [§].

Equations of type () driven by a usual stochastic measure u are considered in [9].
The reasoning below is based on the results and methods presented in [9]. Similar results
for the heat equation are obtained in [I0]. In [9] and [I0], p is such that p(R) is an
almost surely finite random variable and moreover every measurable bounded function
is integrable on R with respect to p. This assumption essentially restricts the set of
possible stochastic integrators. Here we generalize the results obtained in [9] and [10] to
the equations driven by o-finite random functions of sets.
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The paper is constructed as follows. Section [I] contains some preliminary definitions
and results about usual and o-finite stochastic measures. The definition of a solution of
problem () is given in Section 2l Necessary assumptions to be imposed on elements of
the equations are also collected in Section 2l The main result of the paper concerning the
solutions of equation (IJ) is stated and proved in Section [8l Some auxiliary propositions
used in our proofs are discussed in Section El

1. PRELIMINARY DEFINITIONS AND RESULTS

Let Lo = Lo(€2, F, P) be the set of all real valued random variables defined on a com-
plete probability space (2, F,P). The convergence in the space Lg is understood in the
sense of the convergence in probability. Also let X be an arbitrary set and let B be some
o-algebra of subsets in X.

Definition 1.1. An arbitrary o-additive mapping pu: B — Lo is called a stochastic
measure.

Below is an example of a stochastic measure, namely

T
p(4) = [ 14 ax (o),

where X(s) is either a square integrable martingale or a fractional Brownian motion
with Hurst index H > 1/2. Other examples of stochastic measures and conditions under
which the increments of a stochastic process with independent increments generate a
stochastic measure can be found in Sections 7 and 8 of [I1].

The theory of integration of real valued functions with respect to a stochastic measure
is developed in [I1,[12]. In particular, every bounded measurable function is integrable
with respect to any p (see [IIL12]). Also, an analogue of the Lebesgue dominated con-
vergence theorem is valid (see [11l Proposition 7.1.1] or [I2, Corollary 1.2]).

Stochastic measures are an analogue of finite measures in the sense that p(A) is an
almost surely finite random variable. In order to generalize the notion of a o-finite real
measure, we adopt the following definition from [12] Section 2].

Definition 1.2. A random function of sets u is called a o-finite stochastic measure if
there exists a representation

00
(1) X = U Xj, Xj € B, Xj C Xj-i-lv
j=1

such that ;7 is a random measure on BN X; for all j > 1.

Such a measure p? is not defined on the whole o-algebra B. Rather, it is defined on
the class of sets |J j>1(B NX;). Obviously, a usual stochastic measure is a particular case
of a o-finite stochastic measure with X; = X.

Definition 1.3. A measurable function g: X — R is called integrable with respect to
a o-finite stochastic measure u” if g is integrable with respect to u” on every set X;
involved in representation (see equation (IJ) in this section) and the limit

(2) p lim gdu”

3= J Anx;

exists in probability for every A € B. In such a case we define [ 4 9du as the limit in (2).
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Example. Let B be the Borel g-algebra in [0,+00), X; = [0,4], X(s), s > 0, be a
martingale, and let E X2(j) < +oo for all j. Then

H(ANX,) = /leA(s)dX(s)

is a o-finite stochastic measure. If a measurable function g: [0, +00) — R is such that
e[ X X)) < 4,
[0,+00)

then g is integrable on [0, 400) with respect to u”. The corresponding limit in (2]) exists
in the square mean sense.

Integrals of real valued functions with respect to a o-finite stochastic measure are
considered in detail in Section 2 of [I2]. In particular, the following results are proved
in [12].

Theorem 1.1 ([I2} Lemma 2.2, Theorem 2.2]). 1. Let a function g be integrable with
respect to u°. Then the function of sets

n(A) = / gdu’, A€ B,
A

is a stochastic measure.
2. A measurable function h: X — R is integrable with respect to a stochastic measure
n if and only if gh is integrable with respect to u°. Moreover

VAeB: /hdn:/ghdu”.
A A

Theorem 1.2 ([12] Theorem 2.1)). Let a function g: X — R be integrable with respect
to u?, let a function h: X — R be measurable, and let |h(z)| < |g(z)| for all x. Then h
is integrable with respect to ue.

Theorem 1.3 ([12, Theorem 2.4]). Let g be integrable with respect to u° in the sense of
Definition [L3] with a given representation (see [dl) in this section). Then g is integrable
with respect to u® with any other representation (see () in this section) such that u° sat-
1sfies Definition [L2 Moreover the integrals ngd,u” for two representations are almost
surely equal for every A € B.

2. SETTING OF THE PROBLEM

In what follows let X = R, let B be the Borel o-algebra of subsets of R, and let 1 be
a o-finite stochastic measure satisfying Definition with X; = [—7,j]. Thus p7(A) is
defined for all bounded Borel sets A C R.

Consider the differential operator

2ult, x u(t,
(1) Lu(t,x) = a(t,z)% + b(t,z)% + c(t, z)u(t, )

where the functions a, b, and ¢ are defined in the cylinder

S=[0,T| xR={(t,z): t €[0,T],z € R}.

_ Ou(t, @)
ot

Our aim is to study a mild solution of equation () in the Introduction. In other
words, we study a function

u(t,z) =u(t,z,w): [0,T] x Rx Q=R
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for which

(2)

u(t, ) Z/RP(tw;Oyy)uO(y) dy+/0 ds/Rp(t,a?;s,y)f(&y,u(&y)) dy
+ / i () / plt, 3 5,4)0(5, ) ds

almost surely for every pair (¢,2) € (0,7] x R.
Here p(t, z; s, y) denotes the fundamental solution of the operator L.
The following conditions are used throughout the paper.

Ay,

Ay

Ap

uo(y) = up(y,w): R x  — R is measurable and bounded, |ug(y,w)| < Cy, (w).
Also, up(y) is Holder continuous with respect to the argument y € R, that is,

[uo (1) = wo(2)| < Lug (@) lyr =30/, Blug) > 1/2.
f(s,9,2): [0,T] xR xR — R is measurable and bounded, |f(s,y,z)| < Cy. Also,
f(s,y, z) satisfies the Lipschitz condition with respect to the arguments y € R
and z € R, that is,

‘f(87yluzl) - f(37111272'2)‘ < Lf (|y1 - y2‘ + |Zl - Z2|) .

o(s,y): [0,T] x R — R is measurable and such that

9(s,y) = o(s,y)e %’

is bounded for all # > 0, that is, |og(s,y)| < Cre. Also og(s,y) is Holder
continuous with respect to the argument y € R, that is,

00 (s,51) — 00(5,42)| < Lo lyn — 12”7 B(o,0) > 1/2.

The functions a(t,z), b(t, z), and ¢(¢,x) in equation () in Section 2 are contin-
uous and bounded in S and such that, for some Ly > 0 and « > 0,

’a(t,x) —a (to,x0)| <L, (|x —$0|a + |t—t0|a) ,
b(t,z) — b (t,2°)| < Ly |z — 2°|“, and
|b(t,x) = b (¢,2°)] |

le(t, x) — c(t,zo)} <Lz —xo}a

everywhere in S. Moreover the operator £ is uniformly parabolic in the cylin-
der S, that is, there are positive constants Ag and A\; such that A\g < a(t,z) < A
for all pairs (¢,z) € S.

The fundamental solution of the operator £ is homogeneous with respect to
spatial arguments, that is,

p(t,l’; 87y) = p(tx —Y;s, 0)

Note that condition A, is equivalent to the following one: the functions a, b, and c on
the right hand side of equation ({IJ) in Section 2 do not depend on the spatial variable x.
If condition A, holds, then Theorem 1 of [I3], Section 4] yields the following bounds:

N — ul2
Ip(t, z;5,y)| < M(t - S)éexp{_u},

t—s
Ap(t, x;5,y) 1 Az —yl?
I < Mt — B b4 B
‘ oz S M{t—s)" exp t—s |’
8p(t,:1c;s,y) —3 )\‘.’L’ _y|2
— - T I< — 2 [ D L
' oy < M(t—s) 2exp a— ,

where A and M are some positive constants.
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Throughout below the symbols C', C, Cs5, C3 denote positive constants whose precise
values do not matter for our reasoning.

3. MAIN RESULT

Theorem 3.1. Let conditions Ay, Ay, Ay, and Az hold and a function e~ be inte-
grable on R with respect to p° for all @ > 0. Then

1. Equation @) in Section 2 possesses a solution u(t,x). If v(t,x) is another solution
of @), then u(t,z) = v(t,z) almost surely for all (t,x) € S.

Assume, in addition, that condition A, holds. Then

2. For all fizedt € [0,T], K > 0, and v, < 1/2, there exists a version of the stochastic
process u(t, ), x € [ K, K|, being Hélder continuous of order ;.

3. For all fited 6 > 0, K > 0, v1 < 1/2, and vo < 1/4, there exists a version a(t,x)
of the random function u(t,z) such that

[@(t1, z1) — A(t, x2)| < Calw)(t1 — t2|”* + |21 — z2|™), tels,T), z € [-K, K]
for some Cy(w) > 0.

Proof. We will apply Lemmas 1] and whose proof is given in Section @l In what
follows we consider versions (I@) for all integrals with respect to stochastic measures.
First we rewrite equation () in Section 2 in the following form:

" u(t, ) :/Rp(tyx;(),y)w(y) dy+/0 dS/Rp(t,r;S,y)f(svy,U(s,y)) dy
+/Rdne(y)/0 po(t,x;5,9)09(s,y) ds,

where oy is defined in condition A,

A
po(t,x;8,y) = eQeyzp(t,x; $,Y), 0<0< —,
2T
and A is such that inequalities [B)—(@]) hold. The stochastic measure 7y is defined by the
following equality:

ne(A):/e’edeu"(y% AeB.
A

The integrals with respect to 7y in (@) and with respect to p? in equation ([2]) in Section
2 coincide in accordance with Theorem [I.11

Using @B)-([@) for a fixed K and some M = Mgy and A = A\g > 0 we obtain the
following bounds:

2
%0 Ipo(t, @5 5,9)] < Mio(t — )% exp {—Lf_ syl } !
8p9(t,x;s,y) —1 A9“/13_y|2
TP T2 I — -
(8) ‘ 5 < Mg o(t—s) " exp o )
Ipe(t, x;s,y) -3 Aolz = yI®
ARt P _ 2 _—_
(9) ‘ 5 < Mgt —s)"2exp ro—
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for all |z| < K. Let us prove, for example, bound (7). For 0 < & < (A —276)/T, we
derive from (8] that

Az — yl2}

|po(t, z; 8,9)] < exp{29y2}M(t — s)_% exp {— P

(A—2T0 —Te)|z — yz}

=M(t—s)"? exp{—

t—s
270 + Te)|x — y|?
Xexp{29y2_< 0+ Te)la —y }
t—s
2T0 + T —y|? t=s<T
10) gy~ BTOETOR T T g 40 o) a2

Put \p =\ —27T0 — Te. Then
max (26 (y* — (z — y)*) —e(z — y)?) = 2? 27 +26
yeR e
|z|<K 2
< K? (% +29) =: M;.

One can choose Mg g = Mexp{M;}. It is obvious that bounds (§) and (@) hold with
the same constants A\g and M g.

Proof of statement 1 of Theorem Bl We apply the fixed-point iteration similarly to
the reasoning in [10]. Put u(®)(¢,2) = 0 and

(11)

W (¢, 2) = [ p(t, @0, y)uo(y) dy + tds p(t,z;s,9)f (59,0 (s,y)) dy
= [ fpemsns o)

t
+ [ i) [ potassontsds, o
R 0
Then
Ay t
(13) [ut0) = u )| < 1y [ s [ attasn) [u 5.0 =000 s dy
0

for all w € Q and n > 2.
The assumptions of the theorem and equality fR e M4z = Cb imply that

(14) /R Ip(t, x; s,y)| dy < M/R(t - s)_%e_klf:-?y‘z dy = C.
Hence
‘u(z)(t,x) - u(l)(t,x)} <20y /t ds/ Ip(t, x; 8,y)| dy < 2Ct.
Considering i )
gn(t) = sgg ‘u(”ﬂ)(t,x) —u™ (t,x)’ , n>1,

we derive from (3] that

gn(t) < Lf/o gn—1(8) ds.

Using the induction,

oyt
< n_~
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whence we conclude that the sequence Y | g, (¢) converges uniformly in [0,7]. Put
u(t,x) :== lim u™(t,z).
n—oo

Passing to the limit in (I2) as n — oo we prove ().
Now we prove that a solution is unique. If u(¢, z) and v(t, z) are two different solutions
of equation (2) in Section 2, then

t
u(t.o) = v(t.) = [ ds [ pltiais) [£(spuls) - F(s,.005.0)] do
0 R
Based on condition Ay, one can repeat the same reasoning for
g(t) = sup |u(t,z) — v(t,z)|.
z€R

Then we obtain
n+1 n+1

n
) = 2O
Passing to the limit as n — oo we conclude that ¢ = 0, whence the uniqueness of a
solution follows.

Proof of statement 2 of Theorem B We apply the Holder property with respect to
the variable x on bounded subsets of R. Using the induction, we prove that for any n > 0
there exists L, (t) > 0 such that

g(t) <2C¢LY%

™ (t,x1) — ul™ (8, 20)| < Ly (t) |1 — 22"

We have L, ) = 0.

With the help of equality ([[2]), Lemma 1] the change of the variable y — y+ 2o — 21
in the integrals with respect to y containing the variable x5, and taking into account the
initial conditions we get

WD) (0, 2)

< /p<t7x1;o,y> luoy) — uoly + 2 — 21| dy
R

_|_/Otds/RP(tvwl;S’y)’f (S,y,u(")(s,y)>

- f (S7y+x2 _xluu(n)(‘s?y—i_:EQ _:El))‘dy
+Clxy — 2™

< Ly, |$1 N $2|ﬁ(uo)

# [ [ olt=sm1 =)y (1 = a2l Ly 0 o = ™)y
+Clry — x| .
Thus .
L,n(t) <L+ L/ L, (s)ds
for some constant L. Statement 2 is proved. Byoinduction7 we find an upper bound
Ly (t) < Le* < Lel™

and this proves the Holder continuity with respect to the variable x. Note that the
constant L does not depend on t.
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Proof of statement 3 of Theorem Bl We follow the lines of the proof of Proposition 3
in [9] and use Lemma .2 O

Remark 3.1. If u° in Theorem [B.Ilis an ordinary stochastic measure, then the function
e‘ng, as a bounded function, is integrable with respect to u”. This implies the inte-
grability of the function \y|76_992. Therefore Theorem of the paper [9] is a particular
case of Theorem [Bl In addition, the result of Theorem of [9] remains valid without the
assumption that |y|™ is integrable with respect to a stochastic measure.

4. AUXILIARY RESULTS

Consider the Besov space B%,([c,d]), 0 < a < 1. A function g belongs to the space
B3%([c, d]) if its norm in the Besov space,

dec 1/2
2 _op_
91l B, (te.ary = N9l Lo (e + (/O (wa(g, 7)) r™> 1d7"> ,

is finite, where

d—h 1/2
wa(g,7) = sup (/ lg(v+h) = g(v)[? dv) :
0<h<r \Je
For an arbitrary j € Z, let
AL’ZZ(j+(k—1)2*",j+/c2*”], n>0,1<k<2"

Let Z be an arbitrary set and let a function g(z,v): Z x [j,7 + 1] = R be continuous
with respect to the second argument for all z € Z. Put

gn(z,0) = gz N1+ Y gz + (k=1)27") 1,0 (v).

1 <pean kn
Then
(=) = / gz 0)dulv), ez,
[4,5+1]

has a version

i) = /[ )

(16)
i n%:l </b3j+1] iz o) dute) = /[j,j+1] gn=1(2v) d”(“)>
such that
S < Lotz i+ 1)
(17)

1
N2 2
+Clg( ')||B32<u7j+11>{2 270720 37 fu (ag)] }
n>1 1<k<2n
for all w € Q and z € Z. This follows from Lemma 3 in [14] and Theorem 1.2 in [I5].
The following result is an analogue of Lemma 1 of [9]. Note, however, that we do not

impose the restriction that the function pg is homogeneous with respect to the spatial
variables.
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Lemma 4.1. Let conditions A,, Az, and A, hold. Given arbitrary t € [0,T], K > 0,
and v, < 1/2, the stochastic process

t
%w=/dmw/pmwmwm@ww o) < K
R 0

has a Hélder continuous version of order ~y;.

Proof. We consider version ([If) for all stochastic integrals. Now we follow the lines of
the proof of an analogous result in [J].
For fixed ¢t and xy < x5, consider

t t
q@w:/mwmmw@@w@—/mwmmw@@wm
0 0

z = (t,x1,22), y € R.

Our current aim is to estimate the norm of the function ¢(z, ) in the Besov space in the
interval [7,j + 1]. We have

q(z,y+h) —q(z,y) = /0 (po(t, x5 5,y) — po(t, w25 5,9)) (06(s,y + h) — o9(s,y)) ds

t
+/ (pG(t>$1§ S,y + h) _pe(tﬂﬂl; S>y) —pg(t,l‘g; S$,Y + h)
0

+p9(t,ﬂ?2; S, y))09(57y + h’) ds
=1 + L.

First we assume that |y| < K + 1. Similarly to the corresponding reasoning in [9] we
apply the bound

t oo 1 0o
1 b 1 1
/ —e_%dr: —:Z‘:/ —e_zdzgl{bb}/ —dZ+/ e_zdzﬁ
o’ r b/t # b/t 1

and conclude that

! t C T2 agle—yl?
/ o (t, x1;5,9) — po(t, x2;5,y)| ds S/ ( / e s dx) ds
0 0o \t—5Ja,
vz ¢ 1 lz—y|?
:‘t—s:’]"‘:/ d{L‘/ _e_MT d'f‘
] 0 r
To T
(18) S/ ( +1) d$§01|$1—l‘2|+02/
T x

|1 —w2]/2
Scl\I1—I2\+C3/ [In z| dz
0

b

T
ln—’-l—l

x

2
1 In|z — yl| dx

h— -
Aolz —yl[? L

|z1—z2]/2

:Cl\xl—xg\—i—cg(z—zlnz)o < Clzy — x2|7,

where 0 < v < 1 is arbitrary and the constant C' depends on vy, A\, K, and T. Here we used
the fact that if |x; —zo| < 1is fixed and either x; or z2 belongs to the interval [y—1, y+1],
then the value of the integral fff |1n|az — y|| dz is maximal if z; and z9 are symmetric
around y. Otherwise [z1,22] C [-K, K] and |y| < K + 1, whence the integral does not
exceed |In(2K + 1) - |x1 — @2|. We also used the inequality|x; — xo|' ™7 In|z; — 22| <
C for z1,20 € {x € R: |z|] < K} and for all v < 1. This inequality follows from
|z1 — 22|' ™ In |21 — 22| — 0 as |z1 — 23] — 0.
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If ly| > K+ 1, then |z —y| > 1 in (I8) and the corresponding integral does not exceed

t o
/ ( ¢ / e_t% das) ds = C|zy — x2].
o \t—8Ju

This implies the bounds

t
|11 S/ (Ipe(t,x1:s,y) — po(t, z2;5,9)|) (loa (s, y + h) — oa(s, y)|) ds
0

< Chﬁ("’e)\xl — x|,
(20) |12‘ S C|l‘1 — l‘2|’y.

(19)

Now we estimate those terms in I5 that contain x;. The terms with x5 are considered
similarly. We have

t
/ (po(t, 158,y + h) — po(t, 15 5,y))oa(s, y + h) ds
0

t
S 00'79/ ‘629(y+h)2p(tax1;57y + h) - ezeyzp(tvxl;say)‘ ds
0
t
2
< C/ 629(y+h) }p(taxl;S,y—’_ h) _p(t,fl;say” ds
0

t
I C’/ ‘62‘9(y+h)2 _ ezezf‘" Ip(t, x1:s,y)| ds
0

=:CJy + CJs,

t

A

Jy :v/ 20(y+h)? |pt;p1 h;s,y)—p(t,xl;S,y)‘dS
0

t T .
:/ dS/ y—i—h)2 ap(tuaxasvy)d '

1— h

xr
= C/ ds / 20(y+h)? 2= y|2d
xr1— —h

Similarly to (I0)—(II) we obtain for 0 < h <1 that

2
200y )? = 2522 <MK0€XP{ (’thi_yl}
-5

Also if 0 < 8 < Ag/T, then

t
Jo :/ ‘629((“")2‘”2) - 1‘ Ipo(t, z1;8,y)| ds
0

le*—1|<|z]el*l <1
<

t
29h/ 20D (2)y| + 1)|pg(t, 21; 5, y)| ds
0

t
- 20h/ 20CIIHD=8" (91| 4 1) ‘eﬁfpa(t,xl;s,y)‘ ds.
0
Here ¢2(2l41+1)=5v* (2|y| 4+ 1) is a bounded function and thus one can obtain an inequality
similar to (@) for pgg = €% py, whence fotpf})e ds < Cfot(t —5)7/2ds = C. Hence
|J2| < Ch.
For v < 1,

(21) L] < Ch.
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Now we estimate the modulus of continuity,

9 j+1-h j+1-h
(wg(q,r)) <2 sup / I?dy +2 sup / I2 dy.
o<h<rJ;j o<h<rJj

According to relations (I9),

J+1—h
sup / IZdy < Clzy — 29> sup 2PN (1—h) < Cr2@0|g — oy,
0<h<rJj 0<h<r

Reasoning similarly to the case of the integral I, we obtain from bounds 20) and (2]
that

J+1—h
sup / I3 dy < Clay — x2|*"
0<h<rJ;j

and

j+1—h
sup / I2dy < Cr?.
j

0<h<r
The latter two inequalities for the integral f] g+1=h I2 dy imply that, for some number
0<d<1,
j+1—h
sup / 122 dy < C’r27(175)|3:1 — zy]?70,
0<h<rJ;
Therefore,

(wg(q,r))Q < CT25(0’9)|$1 - JT?2|2AY + CTQW(176)|$1 - Jl?2|2w

< Clzy — xo?° (7,2/3(0—,9) + r27(1—5)) _

Note that the integral involved in the definition of the norm in the Besov space is finite
if and only if

29(1—=9) >2a v <v—a.

Now the Hoélder order is such that y§ — 1/2— as v — 1— and o — 1/24. This means
that, given 0 < 3 < 1/2, there exists & > 1/2 such that

l9(z; ) B, 1j.g+1) < Clan — x|

The same reasoning as those that led us to bound 20) proves the following two
inequalities with some constant C,

lg(z,7)| < Clzy — 227, (2 M Lo < Clzr — x2™.



28 O. O. VERTSIMAKHA AND V. M. RADCHENKO

Now we are ready to prove the Holder property of g:

j+1
wa(xl)—ﬂe(zg)—\ [swant| < S| [ s )
R jez Wi
b o
< lalz,5)me(li. g + 1))
JEL
1/2
C : gn(1-2a) A2
+ ZHQ(% g, (15.5+1) Z Z no { Agy,
JEZ n>1 1<k<2n
r 1/2
. 2
< Claz =™ | 3o (g + I+ 24 32702 3 |y (aF)
JEL jez | n>1 1<k<2n
- 1/2 1/2
< Clas—an [ | [ S0+ D2 o g+ 1007|301 +1)2
JEZ JEZ
1/2
(1—2a) . 2 @M\ |?
2 Y | ()]
n>1 JEL 1<k<2n
1/2
<SS+ .

JEZ
where the sums with stochastic measures are of the form

§;</szd779>2,

{filw), 1 = 1} = {(lil + D 140 ), 7 € Z},
{hil, 1213 = {31+ 12" 07221, () e Zon 21, 1<k < 2"}

Theorem [[.1] implies

/ (o] + 1) dy = / (Il + Ve dye ().
A A

Since (|y| —4—1)6_9?/2 < Ce=0/2%" and e(=9/2v" is integrable with respect to the stochastic
measure 12, Theorems [[LT] and imply that the function Y_,°, f; is integrable. Now
Lemma 3.1 of [10] yields

oo 2
Z ( / Ji dne) < 400 almost surely
1=1 X

and this completes the proof of the theorem. O

The following result is an analogue of Lemma 2 in [9].
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Lemma 4.2. Let conditions Ay, Ay, Az, and A, hold. Let x € R and o < 1/4 be fized.
Then the stochastic process

Qg(t):/Rdng(y)/O po(t,x;8,y)oo(s,y)ds, te€10,T),

has a Hélder continuous version of order ~ys.

Proof. Let x € R and 0 < t; < t3 < T be arbitrary fixed numbers. Put

to ty
i(zy) = / po(ta, z; 8, 9)00(s,y) ds — / po(ty, z:5,9)o0(s,y) ds, 2= (ta,12,2).
0 0

Then relation (I7) holds for the version (8] of the stochastic integral
i) = [ ).
7.3 +1]

Now we estimate the norm of the function §(z,-) in the Besov space. First we represent
the increment ¢(z,y + h) — 4(z,y) as follows:

(j(Z,y + h) - Cj(z’ y)

t1
- / (Po(ta,@: 5,y + h) — poltr, @ s,y + h))oo(s,y + h) ds
0

ty
_/ (pg(tg,x;s,y)—pg(tl,m;s,y))ag(s,y) ds
0
to

ta
+/ pe(tz,x;s,erh)de(s,erh)ds—/ po(te, x;s,y)o0(s,y) ds

t1 t1

t
=/l(pe(tz,w;s,erh)—pe(t1,x;s,y+h))(o—e(s7y+h)—oe(&y)) ds
0 .
—|—/ (pg(tg,x;s,y+h)—pg(tg,z;s,y))ag(s,y)ds
()t1
~ [ ottrs 1) = poler, ) ol 0) ds

to
+/ po(ta, x; s,y + h)(oo(s,y + h) — oo(s,y)) ds

t1

ta
+/ (po(ta, m; 5,y + h) — polta, x5 8,y))o0(s, y) ds
ty

=:Ji1 + Jizg — Ji3 + Jo1 + Ja2
=:J1 + Jo.

Then we obtain from (7))

>\9|z—y7h\2

to to
| Ja1| < CRAD) / (tg —s) Y2~ =+ ds < ChPD / (ta — 5)" /2 ds
(22) (31 ty

= ChP O (ty —1)'/?
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by condition A,. Further,

tz t2
al < | [ paltacis,+ Woas,ds| + | [ pattaszisg)on(s,) ds
tl tl
2 Aglz—y—h|2 t2 Aglz—y|?
(23) <C [ (ty—s)"H2% S ds+C | (ta—s)"Y2%e” e ds
t] tl

< Oty — 1)V

On the other hand, applying the same reasoning as that leading to ([20]) we obtain

|[Jao| < C /

Aglv—yl?
/ (ty —s)"te” %= dvds < Ch™,

Ops t2’v 5 y) dv ds

(24)

where 0 < 79 < 1 is an arbitrary number and the constant C' depends on .
Raising both sides of inequality (23)) to the power dy and both sides of inequality (24])
to the power 1 — dy with some g € (0,1) and taking into account ([22]) we conclude that

‘J2| < Chﬁ(a’,@) (tg _ t1)1/2 + Ch(l—éo)fyo (t2 _ t1)50/2
< C(tg _ t1)60/2 (hﬁ(oﬁ) + h(l—éo)’)/o).
Passing to the limit as 79 — 1— and 1 — 69 — 1/24 we prove that (1 — dg)yo > 1/2 and

Using condition A, and relation ([@) we get

t1 pta2 .
|Ji1| < Lo ehﬁ(g’e)/ / Opo(r, 75,y + h)‘ drds
' or
tr pto oy
(25) < CRP@?) / / —3/2g- 2t
t1
< ChPl 9>/ / “32drds < ChP0) (ty — 1)/
t1

Similarly, condition A, implies

ty
‘JIQ_J13| = / (p@(t27x;87y+h)_pe(thx;s7y+h))09(s7y)d8
0

t1
- / (po(ta, x;5,y) — polti, x; s,y))oa(s,y) ds
0

t1 to
(26) <C// 8p97msy+h)‘dd8
0
t1 to
+C// ‘9"”““1’)‘de5
t1

< Oty — t1)V2.

On the other hand, we repeat the same reasoning as that used to prove inequality ([24)
and obtain the following bound:

(27) |J12 — Jis| < |Ji2| + |J13] < Ch.



MILD SOLUTION OF THE PARABOLIC EQUATION 31

Raising both sides of inequality (26]) to the power §; and both sides of inequality (27]) to
the power 1 — §y and taking into account inequality (28] we derive the bound

‘Jll < C'hB(e:0) (tg _ t1)1/2 + Ch—%)70 (t2 . t1)50/2
< C(tg _ t1)60/2 (hﬁ(oﬁ) + h(l—éo)’)/o).

Therefore

iy + ) = ()] < Clta — t2)/2 (WD) 4 p0=0),

whence

1/2

(Auwx%r»%'“%h)

1 1 1/2
<Oty —t)%/2 (/ F28(0,0)—2a—1 . +/ T2(1—50)70_2a_1dr)
0 0

< Cty —t1)%/?

for an appropriate 1/2 < oo < min{(1 — d¢)v0, 3(c,0)}.
Moreover, relations ([23) and (26]) yield

4(z, )| =

t1 t2
/ (pe(t2>x;s7y) _pe(t17$§57y))06(37y) d8+/ Pe(t2a$§37y)00(37y)ds
0 t1

< Cty —t)Y?

for y € R and thus

14(2, ) oqja)y < Clta —t1)*2, |G(2,§)| < C(ta —t1)2.

The rest of the proof follows the lines of that of Lemma [£.1l O

5. CONCLUDING REMARKS

We proved the existence and uniqueness as well as the Holder continuity of trajectories
for a solution of the stochastic parabolic equation driven by a o-finite stochastic measure.
An equation with such an integrator is considered for the first time. A result of the
paper [9] is generalized and some of the conditions used in [9] are weakened.
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