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CONSISTENCY OF THE ORTHOGONAL REGRESSION ESTIMATOR
IN AN IMPLICIT LINEAR MODEL WITH ERRORS IN VARIABLES
UDC 519.21

0. O. DASHKOV AND A. G. KUKUSH

ABSTRACT. An implicit linear regression model with errors in variables is studied
for which the true points belong to a certain hyperplane in Euclidean space and the
joint covariance matrix of errors is proportional to the unit matrix. The orthogonal
regression estimator for this hyperplane is considered. Some sufficient conditions for
the consistency as well as for the strong consistency are given. Some applications
to the explicit multiple regression model with a free term and errors in variables are
shown.

1. INTRODUCTION

The multiple functional linear regression model with a free term and errors in variables
is described by the following equalities:

(1) yi =bo+x'& + e,
z; =& + ;.

Here &; € R™ ! are unknown non-random vectors, ¢; and §; are random errors, and by €

R and z € R™~! are regression parameters that need to be estimated from observations

(yi, i), i = 1,...,n. Similar models of observations occur often in econometrics and in

signal processing. Here and in what follows all vectors are column vectors.

This model is reduced usually to a linear regression without free term and then the least
square estimator is considered for the reduced model (total least squares estimator). In
particular, this estimator is studied in the papers [TH3}[5], where some sufficient conditions
for the weak as well as for strong consistency are obtained for the total least squares
estimator under various assumptions concerning the model of observations. The least
restrictive conditions for the case considered in the current paper are obtained in [7].

In order to cancel the free term in the model (I]) one introduces an additional regressor
which is constant and equal to unity and is observed without errors. Such an approach
has a drawback, since the regressors in the resulting model are unequal. To avoid this
problem, we consider an implicit linear model for observations in the Euclidean space R™,
m > 2, where the hidden variables belong to a certain hyperplane and this hyperplane
needs to be estimated.

The most frequently used estimator for such an implicit model is the orthogonal re-
gression estimator. The orthogonal regression estimator defines a hyperplane with the
least sum of distances from observations. Since all variables are equally treated in this
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case, one can apply some geometrical intuition and reasoning when studying properties
of the estimator.

Using all benefits of an implicit model, we are able to find sufficient conditions for the
consistency as well as for the strong consistency of the orthogonal regression estimator.
These conditions are imposed on eigenvalues of the sample covariance matrix of hidden
variables. Note that the conditions do not follow from the corresponding conditions for
consistency in [7] in the case of the reduced model without free term.

The paper is organized as follows. We describe the implicit linear model in Section
for observations in the Euclidean space. In Section 2] the orthogonal regression estima-
tor is introduced and the assumptions concerning the errors of observations are stated.
Sections [3] and @l contain sufficient conditions for the consistency and strong consistency,
respectively, of the orthogonal regression estimator. These results are used in Section
for the total least squares estimator for the multiple linear regression with a free term
and errors in variables. In Section [ the multiple model with a free term is reduced to a
model without free term. We also compare our results with known theorems concerning
the total least squares estimators in Section [l In Section [l we briefly discuss a possible
direction for further investigations.

Throughout this paper the bar above a letter, say u, means the averaging of the first
n members of a sequence u of numbers, vectors, or matrices.

A number in brackets written as an upper index, say 7™, denotes the index of a
member of an averaged sequence 7. If this index is absent for a member of an averaged
sequence, then the index of this member equals n.

2. THE ESTIMATOR AND ASSUMPTIONS CONCERNING THE MODEL

Consider the following implicit regression linear model of observations in the Euclidean
space R™, m > 2:

) {%‘—WH‘%

(nia T) =d.

Here z; denote the observed vectors in R™, 7; are hidden variables that belong to the
hyperplane

(3) Ig={ueR™: (u,7) =d},

7 is the unit vector being normal to the hyperplane, d € R, and ~; are random errors of
observations. Using the observations z;, ¢ = 1,...,n, we need to estimate the hyperpla-
ne (3).
Below we list the assumptions concerning model (2)).
(i) The vectors v;, @ > 1, are jointly independent and have zero mean.
(i) The vectors ;, i > 1, have identical covariance matrix cov(vy;) = 021,,, where
o2 > 0 is unknown.
For given sets u;, i = 1,...,n, and v;, i = 1,...,n, of vectors of the space R™, we
consider the sample covariance matrix

n

1 1 1
Suv:_ i_7 i_7T7 U= — 79 U= — i
Z(u @) (v; — D) a nZu v v

"= i=1 i=1
The orthogonal regression estimator of parameters 7 and d in model ([)) is defined by the
pair 7 and d for which the goal function

Q(r,d) = sz(zi,FTd), ITl=1, deR,
i=1
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attains its minimum, where p (z,T") denotes the distance between the point z and hyper-
plane I'.

It is shown in [6] that the orthogonal regression estimator 7 is a normalized eigenvector
of the function S,, corresponding to the minimal eigenvalue Ay, (S,.) and that

d=(z,7).
Given a symmetric matrix Sy, we write its eigenvalues with their multiplicities in the
ascending order:
)‘min(snn) < >\2(Sm7) << AmaX(Snn)-

In what follows, ¥ means 021, = cov(7;).

3. SUFFICIENT CONDITIONS FOR CONSISTENCY OF THE ORTHOGONAL
REGRESSION ESTIMATOR

Theorem 1. Assume that conditions (i) and (ii) hold for models @)-@l). We further
assume that, for some 1 <r < 2,

sup E [[7]|*" < oo,
i>1
)\max (57(777;))
———— =0, n — 0o,
n3 (S5)
nt=lr (5'7(72)) — 00, n — 00.

Then the estimator T is consistent, that is,
min{||7 — 7, |7 + ]|} & 0
as n — 0o.

Proof. Since the orthogonal regression estimator is equivariant with respect to orthogonal
transformations (this property of the estimator is discussed in [6]), we assume that 7 =
(1,0,...,0) " without loss of generality. In this case,

g(n) — ( 0 le(ml)) ’
i O(mfl)xl An

where A,, is a square matrix of order m — 1, since the vectors 1, — (") belong to a
hyperplane being perpendicular to the vector 7. Moreover,

Amin(An) = Ao (s};ﬁ) .

Then

(4) Se2T = Amin(S22)7, Szz =S+ Spy + Sy + 544
Since S, is a symmetric matrix,

(5) Amin(S:2) < (2.7, 7) = (Syy 7, 7) = 02 + ((Syy — 2)7,7).

On the other hand,
/\min(Szz) = (Szzﬁ 72) = (Snn%v 72) + (Snwf'v 72) + (S"m%v 72) + (Swf'v 7A')-
Further, the matrix S, is non-negative definite and ||7|| = 1, whence
(6) Amin(822) = 0% = =(1Ssl| + [1S5n ]l + 154 — D).
It follows from () and (@) that
(7) [Amin (822) = 2| < (Sl + 1950l + 154 — 2.
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We rewrite the first equality in (@) as follows:

(8) 5171772 = (()‘min(szz) - ‘72) I — Sm - Svn - (Sw - E)>7A'-
Let

0 le(ml))
B, = m
(O(ml)xl ALt

and let P, be the matrix of the orthogonal projector to the hyperplane {T}l. Then

0 0
sgm=ms = (0 )=

Multiplying from the left on both sides of equality (§) by B,,, we obtain
Pa7 = Bu((Amin(S2) = 0) I = Sypy = S = (S5 = %In) ) 7.
Taking into account inequality (@) we conclude that

9) 17| < 20 Bull - ISy llF + 1Sl 7 + 1S4y = 0* Inllr)

since the operator norm of a matrix does not exceed its Frobenius norm. Here and in
what follows, ||A]|F denotes the Frobenius norm of a matrix defined as the square root
of the sum of squares of all matrix entries. Recall that the operator norm of a matrix is
defined as the norm of the corresponding operator in an Euclidean space.

Since ||7]| = 1, we have ||[P27|* + (7, 7)2 = 1 and hence

2
(10) min(||7 — 7, | + 7]l) = \/(1 —yi- IIszllz) + || P

Therefore we only need to prove the convergence Py7 LN 0, n — oo. In turn, this follows

from the convergence ||B,|| - ||S%) P, 0 and

I
n P
1Bull-[s& - S0, noo,

in view of inequality ([@).

Since B,, is a block diagonal matrix and since A, ! is a symmetric matrix,
B 1

Yo (S5)

To estimate [|S,y| -, we apply the Rosenthal inequality for 2 > 2 (written in a special
form suggested in [7]):

(11) | By || = max (0,

A ) = Amax (457)

1 2r
= 2r E

2r
F n

s

n
Z Yilmi — 1) "
i=1 F

n n T
o 2 12 /8 2 12
D Ellll™ llms = ™" + (ZEII%-II i — 7l > :
i=1

i=1

(12)
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Further,
E el < supE g (Ell®) < swE gl i1,
j=1 jz1
> s — all* = tr (Zm — ) (i — ﬁ)T> =n-tr (S5) < nmma (S57)
i=1 i=1
S s —al* < (an—mF) < n'm A (S5
=1 i=1
Thus
p O (A (S5)))
(13) E 1Syl = p , mroo.

Then (), (@3), and assumptions of the theorem imply that

14 B, -HS(”) P, = .
(14 1Bl )] n— o
Now we estimate
. - r\1l/r __r\1/7\ "
) Elsy-zlhs ([T -2) T+ €A )

By assumptions of Theorem [0 the sequence {E ||%’y;r — Z’ "> 1} is bounded and
the random matrices {%%T —2,1 > 1} are jointly independent. Hence one can use the
Rosenthal inequality for 1 < r < 2 (again in a special form as in [7]):

- r 1 n "
EHWT—E L= BN (i - 3)
(16) et F
< =Y Elv ~Slp=0 ().
=1
In addition,
ST ESTEIE U K
EHFYFY HFﬁEH’Y :nQTE ;%

< S S EllP 4 o (EIl?) =0 ().
=1

Therefore inequality (IH) implies that || B,]| - HSA(Y?,) —EH 2 0, n — oo, and this completes
the proof of the theorem. O

Theorem 2. Let all assumptions of Theorem [ hold and let the sequence 7, n > 1,
be bounded. Then the orthogonal regression estimator (f’; d) is consistent, that is,

(18) min {||# = 7l| + |d = d|, |7 +7]| + |d+d| } 50
as n — o0.

Remark. The convergence in (I8) is explained by the property that the pair 7 = 7o,
d = dy determines the same hyperplane as the pair 7 = —7p, d = —dp.
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Proof. By the properties of the orthogonal regression estimator, d= (7; %), whence d =
(r;7). Thus

17 =7l +1d = d| = || =7l +[(7,2) = (r.0)| = |# = 7] + |(F,3) = (F = 7,7)]
<7 =7l dial + 1) + - 171 -
Similarly we prove that
1747l + |d+d| <17+ 7] (all+ 1) + 150 171 -
Therefore
min { | 7+l + d+al}
(19) '
< mind|7 + 7, |17 =71} (7l + 1) + 51 - 7] -

In view of assumptions of Theorem 2] we get
min{||# + 7|, ||# = 7|} =0, n— occ.

Taking into account that ||7|| = 1, Hﬁ(”)H = O(1) as n — oo, and that 5™ Bo,n— 00,
we derive the result of the theorem from ([I9) by the law of large numbers. O

Remark. The presence of an extra assumption in Theorem [] saying that the sequence
7", n > 1, is bounded can be explained as follows. Even if the normal vector to the
necessary hyperplane is estimated quite precisely, the distance to this hyperplane is not
always estimated with the accuracy needed.

4. SUFFICIENT CONDITIONS FOR THE STRONG CONSISTENCY OF THE ORTHOGONAL
REGRESSION ESTIMATOR

Theorem 3. Assume that conditions (i) and (ii) hold. We further assume that, for
somer > 2 and ng > 1,

||2r

sup E ||v]|*" < oo,
i>1

. (A (557

>

ooy | =%
n=no \ A3 (Snn )

oo

1
,LZZ,LO 7\/77)\2 (S,,(’:L’)) < 0.

Then the estimator T s strictly consistent, that is,
min{||# — 7|, |7 + 7]} =0  as.
as n — 0o.

Proof. Tt follows from (1) and (I3) that
2
E Z 1Bl -85

whence ||B,|| - HS"(/77L7)||F

remains to prove the convergence || B, || - ||SA(,2) - EH — 0 almost surely as n — oco. For

(n) (n) HB ||27" < 00,

— 0 almost surely as n — oo. Considering (@) and (10, it
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this, again apply the Rosenthal inequality for r > 2:
r K
1

S
/rLT

n

> (wvl - %)

i=1

Ellvy

’—Tm) _5

r F

- r/2
< %ZEH%%T—ZH’;Jrg (ZEH%%T_szw) :O(n—r/Q).
i=1

Then ([I3) and ([I7) together with assumptions of Theorem Bl imply that

EY IBall" 185 = Zlp = > EllSsy = Sl [1Ball” < co.

n=ngo n=ngo

Therefore || B, | - Sy, — 2| — 0 almost surely as n — oo and this proves the theorem.
(I

The following result is proved similarly to Theorem 21
Theorem 4. Let all assumptions of Theorem B hold and let the sequence 7™, n > 1, be
bounded. Then the orthogonal regression estimator (f'; d) is strictly consistent, that is,

min{||%—7’|| + ‘ci—d|, 7+ 7| + |CZ—|— d’} =0 as.
as n — .
5. AN APPLICATION TO THE MULTIPLE LINEAR MODEL

The results of the previous sections can be used to study model (). To transform this

model to the form of implicit model (@), we put

, Te. .
(20) 2 = (yz) , = (bo +€j: Ez) , Ny = (‘(‘;1) 7 i=1,...,n,

X
.
1 —z" b
(21) T = ; < , d= —2
2 2 2
Vit el 1+ 1+ 2]

Then we apply Theorems [[H4] to the transformed model (@) in order to derive some
corollaries for model (Il). First we describe the corresponding conditions. As far as
model () is concerned, we keep assumptions (i) and (ii) where ~; is given by (20).

Using the estimators 7 and d we construct estimators # and b of the regression param-
eters x and by. Let 71 denote the first coordinate of the vector 7, while P7 denotes the
remaining part of the vector 7 without the first coordinate. The corresponding notation

is introduced for the vector 7, as well. If 71 # 0, then we set

-1 “ d
(22) &t=—Pf, b=_—.
T1 T1

Otherwise both estimators are equal to zero.
Now we are ready to state the results.
Theorem 5. Let assumptions (i) and (ii) hold for model [{). Further, we assume that,

for some 1 <r <2,
sup E || [|*" < oo,
i>1

(23)
)‘maX(Sﬁﬁ)
24 —_—
29 W2 (See) 0o
nlfl/’“)\min(S&) — 00, n — 0.

(25)
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. P
Then & — x as n — 00.

Theorem 6. Assume that all assumptions of Theorem Bl hold and that the sequence €™,
n > 1, is bounded. Then b 3> by as n — oo.

Theorem 7. Let conditions (i) and (ii) hold for model [{l). We further assume that,
for somer >2 and ng > 1,

sup E || [|*" < oo,
i>1
- )‘maX(Sﬁﬁ) "
(26) n;() (n)\fnin(sss) =0
(21) S () <
n=no \/ﬁ)‘min(SEE) .

Then & — x almost surely as n — oo.

Theorem 8. Let assumptions of Theorem [0 hold and let the sequence €™, n > 1, be
bounded. Then b — by almost surely as n — oo.

To prove Theorems BHR| we first discuss the assumptions imposed on the eigenvalues
of the matrix S¢¢. Since

S o LL'TS§§{E (ETS§§ o 1 :L'T 0 0 1 0
m Sggx Sgg o 0 Im,1 0 Sgg x Im,1 ’

the Courant—Fisher principle of the minimax characterization of eigenvalues of a sym-
metric matrix (see [4]) implies that Apin(See) < const -Aa(Sy,). Further,

Amax(Sn) < 66(Syg) < (1+ 2] tr(See) < m (14 2]*) Amax(See):

This proves that if assumptions of one of Theorems BHY are satisfied, then so are the
assumptions of the corresponding theorem among Theorems [HZ] for the transformed
model (2).
Considering the estimators in ([22), we see that if the estimators 7 and d are changed
by the opposite ones, then the expressions for & and b are not changed. Since
—Pr d

= ) bp = —, TI7£07
T1 T1

the convergence min{||7 — 7||,||7 + 7]} — 0 as n — oo (either in probability or almost
surely) implies the corresponding convergence & — x as n — oo. Similarly we show that
the result of every of the Theorems [[H4l for implicit model (2]) implies the result of the
corresponding theorem among Theorems BHS] for model ().

Therefore, Theorems EHY] are corollaries of Theorems [TH4] indeed.

6. A COMPARISON WITH KNOWN RESULTS ON CONSISTENCY

Our current aim is to compare Theorems BHE with known results on the consistency
of total least squares estimators in the case where our theorems are applied for the
transformed regression model without free term

bi =z al + b,
» fu-sgt
a; = a; + ag,
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which is obtained from model () by using the substitutions

1 1 - 0 b
(29) a; = (1[,'1), a?: (52)7 a; = <5z>7 bi:yia Ty = <£)a

bi:é‘i, ’L:L,ﬂ

- T 7T . . . . .

Put ¢ = (@, ; b;) . Then assumptions (i) and (ii) concerning model () are rewritten
as follows in the case under consideration:
(iii) The vectors ¢, ¢ > 1, are jointly independent and have zero mean.
(iv) The vectors ¢;, ¢ > 1, have an identical covariance matrix
cov () = 0% - diag (0,1,1,...,1)
where 02 > 0 is unknown.

The total least squares estimator Z1s of the parameter z( in model (28] is a solution
of the optimization problem

n

i A % 2 Abl 2)
(Aaieﬂgll,nAbigR);(l ail|® + |Ab;]

if there exists a vector z € R™ such that
bi—Abi:xT(ai—Aai), izl,...,n.

The least restrictive sufficient conditions for the consistency as well as for the strong
consistency of the total least squares estimator for model ([28) are given in the paper [7]

under assumptions (iii) and (iv). For convenience, we provide the statements of the
corresponding two theorems from [7] with Ag:=[a{,a9,...,a2]T.

Theorem 9. Let conditions (iii) and (iv) hold for model 28). Further assume that, for
some 1 <r <2,

(30) sup E [|&(]*" < oo,
i>1
(31) 2" Amin (A(—)I—Ao) — 00, n — 00.

. P
Then TTLs — g as n — oo.

Theorem 10. Let conditions (iii) and (iv) hold for model 28)). Further assume that,
for somer >2 and ng > 1,

sup E HEZ-HQT < 0,
i>1

o > (rotaan) <

n=ngo
Then Trrs — xo almost surely as n — co.
Since Theorems [0l and [I0 provide the consistency for estimators of both parameters by
and x, we compare these results with our Theorems[fland[8l Note that assumptions (23])

and ([B0) are the same, while conditions (BI]) and (32]) follow from (25) and (27]), respec-
tively, if Amin(See) is changed by %)\min (A(—)r Ao). First we consider the matrix A(—)r Ap. In

view of notation (29), we get
< 11 .1 >T
Ag = .
& & ... &
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Then

1 1 & T (1 &7
ZA A, = = 99" = (2 =>—].
n 0 410 n a; a; (5 §§T>

i=1

To compare the numbers Apin(See) and %)\min (Ag AO) we use properties of symmetric
non-negative definite matrices. For such a matrix A € R™*™  denote

(33) det(A — M) = (=1)™A™ + -+ + b(A)A? — c(A)A + det(A).

Then ¢(A) is equal to the sum of the cofactors of the diagonal entries of the matrix A.
Now we order the eigenvalues of the matrix A in the ascending order:

By Vieta’s theorem

ZA A2 A
(35) det(A) =AA2... A, c(A) :;T .
Since the eigenvalues are non-decreasing,
(36) Ly o MdeAn_det(d) Ada Am

m T mA s Am (A T AdAs . Am

If, for every i = 2, m, we subtract the first row of the matrix A multiplied by the (i —1)th
element of the vector £ from the ith row of the matrix -+ Aj Ao, then we conclude that

1
(37) det <EAOTAO> = det (See) -
Using the latter result for the dimension m — 1 we obtain
(38) ¢ +AJ Ao ) = e(See) + det (gg ) > ¢(See)-

Taking into account 1) and [BY)) we derive from (B4 that

mdet (LAJ Ap) < m det(See)

> S mAmin S .
¢ (Ag Ao) c(See) (Sce)

1

(39) Arﬂin (_AJAO> S
n

This means that conditions (28) and (27]) are less restrictive than conditions ([B1l) and (B2)),

respectively. For the typical case where Amax(See) = O(Amin(See)) as n — oo, condi-
tions ([24) and (26]) follow from conditions (28] and (21), respectively.

7. CONCLUDING REMARKS

We considered a linear regression implicit model with errors in variables and found
comparatively mild conditions for the consistency of the orthogonal regression estimator.
As a corollary, we obtained results concerning the consistency of the total least squares
estimator in the multiple linear regression with a scalar response, free term, and errors in
variables. Note that these results do not follow from the corresponding results of [7]. It
is of interest to investigate the total least squares estimator further in the corresponding
multiple regression with a vector response and free term.
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