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SIMULATION OF A FRACTIONAL BROWNIAN MOTION
IN THE SPACE L,([0,T])
UDC 519.21
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Dedicated to the memory of our teacher Mykhailo Yosypovych Yadrenko

ABSTRACT. A model that approximates the fractional Brownian motion with param-
eter a € (0,2) with a given reliability 1 — 4, 0 < § < 1, and accuracy € > 0 in the
space Lp([0,T1]) is constructed. An example of a simulation in the space L2 ([0, 1]) is
given.

1. INTRODUCTION

Stochastic simulation of stochastic processes and fields is used in various fields of
natural and social science such as economics, mathematics, physics, engineering, meteor-
ology, biology, and sociology where it provides the base for thorough analysis and decision
making. Stochastic simulation has been an actively developing area since the second half
of the 20th century. A special place in stochastic simulation is occupied by methods and
procedures for simulation of Wiener and generalized Wiener processes (like a fractional
Brownian motion). Many studies (see, for example, [35]) exhibit the properties of the
self-similarity and long-range dependence of the data observed in queuing theory and
telecommunication networks. Ome of the processes possessing those properties is the
fractional Brownian motion. Kolmogorov [§] was the first to consider this process when
studying some problems in the theory of turbulence [9]. Kolmogorov [§] investigated
the fractional Brownian motion in a Hilbert space, in particular he found the covariance
function for this process by using a condition known today as self-similarity.

Among earlier papers, one should mention Yaglom [37] where stochastic processes
with stationary nth order increments are studied in order to extend the spectral theory
of a stationary process to a wider class of processes. The fractional Brownian motion is
considered in Yaglom [37] as an example of a stochastic process with stationary incre-
ments of the first order. Yaglom [37] defines the fractional Brownian motion in terms of
its spectral density.

Mandelbrot and van Ness [23] represent the fractional Brownian motion as an integral
with respect to a Wiener process over the whole real line. Since then the fractional Brow-
nian motion has been studied extensively. In particular, some classical representations
for the fractional Brownian motion are obtained in the papers [29/32]. The paper [34] is a
brief survey of properties of fractional Brownian motions, while the books [11[24] contain
a systematic analysis as well as generalizations and applications of results concerning
this process.
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A detailed survey of methods for simulation of fractional Brownian motions is given
in [2] and [4]. A discrete sequence of independent Gaussian random variables is used in
earlier papers as a model of generalized Wiener processes. Models of this kind are used,
for example, for numerical evaluation of integrals [6] and solving stochastic boundary
value problems [33]. The spectral representation of a generalized Wiener process is used
in [BI251B0,BI] to construct a spectral model for this process. Expansions in the form of
random series (see, for example, [5L[I0,[19]) are used in [7, 11} 12} 1517 212627 [36] to
construct the models in the form of finite sums of these series and to study the reliability
and accuracy of these procedures. The papers [I3,[I4,[16] are devoted to simulation of
stochastic processes and fields. In particular, the case of Gaussian processes and fields is
considered in [22126], while a more general case of p-sub-Gaussian processes is studied
n [18,36].

The approaches mentioned above have their own advantages and drawbacks. The
main drawback of the procedure based on the representation of the fractional Brownian
motion in the form of a random series is an enormous amount of preliminary calculations
needed to model this stochastic process. For example, the papers [21,26] determine the
parameters of a model with a given accuracy in terms of zeros of two Bessel functions
of the first kind. A numerical evaluation of these zeros with a given accuracy is a time-
consuming procedure even for modern computers. In contrast, this drawback is not
present if one uses a spectral representation to model the fractional Brownian motion.

The papers cited above propose spectral models for simulation of the fractional Brow-
nian motion and study the convergence of covariance functions and finite-dimensional
distributions of models to those of the fractional Brownian motion. On the other hand,
the reliability and accuracy of the models are not investigated in those papers.

In the current paper, we construct a spectral model that approximates a fractional
Brownian motion with a given reliability 1 — 4, 0 < § < 1, and accuracy € > 0 in the
space L,([0,T]).

The paper is organized as follows. We provide some auxiliary results in Section 21 and
define a model for a fractional Brownian motion with parameter o € (0,2). Conditions
for a model to approximate a fractional Brownian motion with a given reliability and
accuracy in the space L,([0,T]) are obtained in Section[Bl A particular case of the space
L-([0,T7) is also discussed in Section[3l Section [ contains an example of simulation of a
fractional Brownian motion with a given reliability and accuracy in the space Lo ([0, 1])
for certain values of the parameter a.

2. A MODEL FOR THE FRACTIONAL BROWNIAN MOTION

Let (Q, X, P) be a standard probability space and let T be a parameteric set (7' = [0, T']
or T = [0, x0]).

Definition 2.1. A stochastic process {W,(t),t € T} is called a fractional Brownian
motion with a parameter o € (0,2) if it is a zero mean Gaussian process, EW,(t) = 0,
whose covariance function is given by

R(t,s) = 5 (It + sl — |t — 5I)

N~

and such that W, (0) = 0.

It is known that a fractional Brownian motion with a parameter a € (0,2) can be
represented as follows:

walt) = ([T e - [T ) e,
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(see, for example, [20H31]), where £(\) and n()) are independent real-valued standard
Wiener processes such that

EC(A) = En(A) =0,
E(d¢(N)? = E(dn(\)* = dn,

2 [ 1—cos(\t) -t 2 ar\] "
2_ )~ _J_fp_ an
A {7"/0 ol d)\} { 7TI‘( a)cos(Q)} .
Fix an interval [0, A], A > 0, and represent the process W, = {W,(¢),t € [0,T]} as
Wo(t) = Wu(t, [0,€]) + Wol(t, [, A]) + Wa(t, [A, o0]),
where 0 < € < A and
A b cos(At) — 1 b sin(\t)
Wal(t, [a,b]) = 7 (/a /\a?df()\) —/a )\a?dﬁ()\))-

Let 0 = Ao < A1 < -++ < Ay = A be a partition of the interval [0,A] with \; = e.
Then a model of the process W, is constructed as a sum

Su(t.A) = ‘= (Z_ OOD e —€)

sin(A;t
=3 D ) n(A»))
i=1 /\Z 2
M-1 M—1
A it) — 1 t
_ 4 ( COS(A;JI X, — Smfﬁi )Yi> . tel0,T], MeN,
A=y =1 A7
where {X;,Y;}, ¢ = 1,2,...,M — 1, are independent Gaussian random variables such

that
EX; =EY; =0, EX? =EY? = \iy1 — A\
The following result is used in the rest of this paper (Proposition 2] below is a
particular case of Theorem 2.1 and Corollary 2.1 of [7]).

Proposition 2.1 ([7]). Let X = {X(t),t € [0,T]} be a centered Gaussian stochastic
process such that

T
/ c:=(E(X(#)2)"”* dt < .
0

Then the integral fOT | X (¢)|P dt is well defined with probability one and

T » 62/17

3. SIMULATION OF A FRACTIONAL BROWNIAN MOTION WITH A GIVEN RELIABILITY
AND ACCURACY IN THE SPACE L,([0,T)

P
2

for all e > cp=.

Definition 3.1. We say that a model Sy = {Snm(t,A),t € [0,T]} approximates the
stochastic process W, = {W,(t),t € [0, T]} with a given reliability 1 — 4§, 0 < § < 1, and
accuracy € > 0 in the space L,([0,T7]), p > 1, if

1/p

T
P (/ |Wa(t)—SM(t,A)|pdt> >e <4
0
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Since the deviation Xps(t,A) := Wy (t) — Sar(¢,A), t € [0,T], is a centered Gaussian
stochastic process, one can apply Proposition Il As a result, we obtain sufficient
conditions under which the model Sy (¢,A), t € [0,T], approximates the process W,
with a reliability 1 — 4, 0 < § < 1, and accuracy € > 0 in the space L, ([0, T]).

Theorem 3.1. A model Sy; approximates the process W, with a given reliability 1 — 6,
0 <d <1, and accuracy € > 0 in the space L,([0,T]), p > 1, if

—a M- 1
/T g 223 — 4 942 Z Aig1 —
0 T \2(2—- a) /\(erl

1 1
< P - min 78
PE (C2m )’

in the case of o € (0,1], or if
—a M-1
/T 27 (AT L e 3 Qigr = A
0 T \22—a) aA~ - g ott

M—1 a.z\\ P2
)\i — )\i Ft3
+ a2y %)) it
. 2

1 1
< &P - min I A
v (C2my)

in the case of a € (1,2), where M € N and 0 = \g < A\ < -+ < Ay = A is a partition
of the interval [0, A].

Proof. As mentioned above, one can apply Proposition 2] to the deviation process
Xn(t,A), t € [0,T]. This means that the process X/ (¢, A) admits the inequality

2

’ P
P{/ |XM(t,A)|Pdt>u}SQeXp{_u2}
0 2cr

for all u > ¢p%, where

T
c:/o (E(Xar(t, A)2)" at.

If we choose € = u!/P and

u2/p 52
5226Xp{—267/p}—2€xp{—m}, O<6<1,
then the above bound is rewritten as
1/p

T
P (/ |X]V[(t,A)‘p dt) >ep <6
0

Note that the latter inequality coincides with that of Definition [3.} Therefore, in order
to obtain sufficient conditions under which the model Sj; approximates the process W,
with a given reliability 1 — ¢ and accuracy ¢ > 0 in the space L,([0,T]) one only needs
to choose appropriate parameters to satisfy the assumptions of Proposition 2.1
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First, the condition u > ¢p?/? implies € = u'/? > (cpp/z)l/p = cV/Ppl/2 whence

gp
C<W.
Second, if § € (0,1) is such that
g2
5226}(1:){—207/;0},
then
2 § g2 ) 2 g2
exps —— ¢ < —; — <In—; 2cr < 5
2cr 2 2ce 2 —1115
()
c _
2In 3 (—2mn )"
Hence
T p/2 1 1
1 c= E(Xar(t,A))? dt <e? -min —, ——— ».
1) | €2 {g(mn)m}

Further we consider the second moment E(X (¢, A))%:
E(Xu(t,A)? = E(Wa(t) — Sar(t, A))?
= E(Walt,[0, \a]) + Walt, [\, A]) + Wa(t,[A, o0]) = Sar(t, A))°
= E(Wa(t,[0, M) + E(Walt, [A, o))" + E(Walt, [\, A]) = S (£, A)) "
Now we estimate each term in the above expression separately:

2 A? M cos(At) — 1 M sin(At) 2
E(Wal(t,[0,M]))" = 7E</0 /\a#df(k)—/ W@O\))

A? M cos (At) — 1 A sin(\t 2
A ) o )
B A2 (cos( )\t sin?

o )\a—i-l /\a+1
A2 (cos(At) — 1) + sin ( )
- ? Ao+l
_ A? /)‘1 2 — 2 cos(\t) i A2 /’\1 4sin®(2ah) "
T 0 >\O¢+1 T o )\oz+1
2 2 22—«
§A—{t2/ A O‘d)\} A {t A }
i 0 2 —

The second term in that expression admits the bound

E(Woa(t, A, 00])) —E(f/ %d&(A)—/wiﬂf_ﬁf)dn<A>)2

A 2
A% [ [%°2—2cos(At) A% ([ dA
= il o) <2
al =2 )
242

A )\O‘+1 ™
~ amAe’
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The third term E(Wy (¢, [A1, A]) — SM(t,A))2 is such that

E(Walt, [>\1,AD - SM(t A))2

™ A%2 1 AT
M-1
cos(\;t)
a+1 5(/\1'-&-1) - E()‘z))
=1 ,L
M—1 2
sin )\it
+ Z %(n()‘ﬁl) —77()\1))>
=1 A °
A2 i cos(At) —1  cos(N\t) — 1
IR N 2T U e ke
=1 A Ai
ML phie (gin(t sin(\;t ’
_ / ( 00 _sinOut))
i=1 YA A2 )‘2 2

M-1

Aig1
/
j=1 N

1= v

2
sin(At)  sin(\;t)
(o s’

A2
= Ecos Esin .
(S + T

Now we estimate the integral

2
/’\"*1 (sin()\t) sm()@)) I\
a+1 a+1
i A2 )\iT

2
Ao fgin(A)  sin(Agt)  sin(\t)  sin(Agt)
= s s e e NS dX
A A2 )2

i ATz A2 ;

Ait1 : o . 2 Ait1 2
<o [ (RTEAY ns [T nn0)? (i - )
A A2 s A2 A2

=2(Wi1 + Wi2)

and W;; and W;5 on the right-hand side of the latter inequality:

Aitt 4 (sin (AALL (= )22 2(Nig1 — Ni)®
(2) Wué/ %ﬂ))dx</ U dh =
A A A A; 3\

i i

When estimating W;q, we consider separately the cases a <1 and 1 < a < 2. In the
case of a < 1, we apply the inequality |sinz| < |z|?, 0 < 8 < 1. Then
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2 a+1
Ait1 1 1 Ait1 ( z+1 — 1 )
(3) Wiz < P L [ ) \28,26
v NEONE oo gl g1y 2
i i i1 i ()\1 Al o )
for B < a.

Recalling the inequality a¥ —b” < (a —b)” if v <1 and a > b we deduce from (@]) that

Wiz < 2282 Qirt = AT et e d>\:t25—(/\1+1 X
=14 )\2(0""1) N /\( 8)+2 7’

since 0 < A; < Aji41 and (o +1)/2 < 1 for v < 1. Choose 8 = 3. Then

(4) Wi < 3¢

In the case of 1 < a < 2, we have

A Y
Ait1 ( i1 TN )

Wiy < A2t? d\
2= / ! (Aidigp1)ett

at1 at1y 2 at1 at1y 2
Aig1 )‘z 41 — >‘i 4 /\z 41 + >‘i 4
:/ A$t2(+ ) (L )d)\
(5) Ai ()")\iJrl)a

, ot o
- /)\H»l >\2t2 (>\1+1 i ) 4>\’L+1 A\ — t2(>\2+1 M\ )5+%
I ' (Aidipr)ott AST 1)\z+1

Nlw

. 4t2()\i+£a— A5t
A

K3

[SIE

Therefore inequalities ([2)—(@) imply that

M—1 3 M—1 at2
2 (Nig1 — i) 3 (Nit1 = A\i)

(6) Esin S 2 (t - ?))\;T —|—t2a Zl T
for o <1, or that

M—1 < M—1 o 3

Nit1 — Ai)3 A Njg1 — Ni)=T2

7 S < 262 [ 3 Lt = A7
" <o (X Ot o X

forl<a<?2.
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2
Now we estimate the integral f;i“ <C°s(i‘?1_l — Cos(ﬁf2_1> d\:
i AT A2

a+1

A2 A 2

2
<cos(/\t) —1  cos(Nit) — 1 . COS()\Q_ 1 cos()\ﬁ— 1) O\

=2(Wys + Wia).

For the term W;3, we get

Ait1 (cos()\t) — cos(\; t i+1 2sm /\t'g’\it) sin (’\"'t;)‘t))2

Wiz = / ot d/\ / e dA
A

(8)

Ai jt=At |2 it1 42 2 2 3
== g ()\z _/\i) t ()\7, _)\z)
2 +1 _ +1
< [ E e [ R A EOa A

i

For a < 1, the term W, is estimated as follows:

2
Ait1 1 1
Wiy = / (cos()\it) — 1)2 (a—ﬂ - T) dX

%
K2

Xit1 At 1 ?
As 2 /\iT
2
it
:/ 4sin? > 1 — alﬂ dX
As AT A2
atl atiy 2
)\i+1 ( — >‘i 2 )
e ’
s

) )\ )\2+1)0¢+1

< 92-26 28,28 (Nig1 — Aottt prins A\ — 22728428 (N1 — Ni) T2
- i )\2((’(""1) N o )\2(0—/@)4‘2 ’
(3 (3

4

We choose = 4a again. Then

3

22 atza()\H_l M\ )oc+2

NS

9) Wiq <
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In the case of 1 < a < 2, we get

Nig1 .t ()\GJFT-T —>\-(¥Tl)2
Wia = / 4sin? (—Z> d\
A

i

(10) <[ (
Xi

Ait1 a+14
. / Ot — Ao anE
A

1
At
2

2 _
i+1 d\ < -

\2t2 &
’ (/\Z,)\H_l)aJrl - )\T_E

i

Therefore inequalities (8)—([I0) imply that

M—-1

M—-1 3 a+2
2 § : ()"iJrl - )‘2) 2—2a,3a E ()\iJFl — )\")
(11) Zcos é 2 <t s W + 2 27¢2 2 )\%_"_2

for a < 1, or that

M—-1

Aig1 — Ai)3 A i1 — A;) 53
12 Seos <267 [ > Qs = A)7 2
- - <i—1 3T ! i=1 AT TE

forl <a<?2.
Therefore,

E(Walt, [\, A]) = Sur(t, A))°

2 _ . —).)3 a+2
2,4 (2152 Zf\ill (Ag;?ﬁl) + (1+22__a>t aZM 1 ‘M;(f“) )

i

< a <1

o4 3
14242 M—=1 (Aig1—Xi) iv1—X) 22
T(Zz 1 ( +)\104+1 +4E % ) I<a<2.
)‘7‘,

The second moment E(X (¢, A))? is estimated as follows:

2 2V2—a M—1 ‘ Y
E(Xu(t,A)* < 2 ( e Loy i =4

T \22-—a) aA~ : g otl
(13) =t '
o e (N — )2
_3 3 41 T A\
(14227 2%)¢z N ) ; a <1,
=1 i
and
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Finally, we conclude from bounds (EB]%(IEI) that condition () holds if

/T % t2)\%70¢ Z+1
0 Vs 2(2 — O{) )\a+1
M-—1 a+2 p/2
1 2-30) pto § Qir — )
(15) +(1+2 2)152 > NE dt
i=1 i
< P - min L ; a<l
pg ’ (—2In ¢ )P/2 ’ -7
and
/T % t2)\%70¢ 7.+1
o \ ™ \2(2- ) SA‘““

g+§ p/2
—_ 2 2
(10 4 Z +—>> "

3a_ 1
2 2
1 1
<efmin g —, —————p 5, l<a<?2.
v (C2mgy
Therefore if conditions (I5)—(I8) hold, then Theorem Bl is proved. O

Corollary 3.1. A model Sy approzimates the process W, with a given reliability 1 — 6,
0 <0 <1, and accuracy € > 0 in the space Lo([0,T]) if
219 M—1
24% [ T3)\2 T 2T (Nig1 — N)?
6(2—a) alA” 9 Pran

™ X
=1

(14 22-3a)piatl I‘il (Aig1 — Ag)>+2
50[ + 1 g+2

i=1 AS
2 5 -1
<%-min{1, <—1n§> }

in the case of o € (0,1], or if

M—-1

28 (TN | T 9T O — )" ATY N (e - A)8HE
6(2—a) alA“ 9 ol 3 51

i=1 i i=1 i

2 -1
< % -min{l7 (—lng) }

in the case of a € (1,2), where M € N and 0 = \g < A1 < -+ < Ay = A is a partition
of the interval [0, A].

™

Proof. If p =2, then

2 —1
eP - min L ; ze—-min 1 —lné .
p%’( 2In 2 )10/2 2 ’ 2

Further, substituting p = 2 into the integrands in the assumptions of Theorem [3.1] and
then integrating over ¢ € [0,T] we prove Corollary Bl O
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4. A PROCEDURE FOR SIMULATION IN THE SPACE Ly ([0, 1])

Note that A A A
i
A)\—/\iﬂ—)\i—ﬁ, )q—M, )\i_M
for a uniform partition of the interval [0, A]. Corollary B1] allows one to easily obtain
conditions for evaluating the parameters A and M of the model for the space L2([0,1]).

For example, if a € (0, 1], then

2A2 A27o¢ N 1 N A2 a M-1 1 (1
7 |\ 6(2—a)M2—>  aqA>  9M2-o < za‘H (2a

g2 . s\ 7!
< 5~m1n{1, (—1n§> }

The trajectories of some models of the fractional Brownian motion are depicted in
Figures [H4] for the reliability 1 — 6 = 0.95 and accuracy € = 0.05 for several values of
the parameter a.

R T o

m\w I |
. , ‘\ J M" M ,‘ |z ‘MWL?M‘W‘ !

FIGURE 1. a =04 FIGURE 2. a = 0.6

FIGURE 3. o = 0.8 FIGURE 4. a« = 1.2

As expected, a larger value of « results in a smoother trajectory of a model of the
fractional Brownian motion.

The procedure for simulation of a fractional Brownian motion presented in the pa-
per [26] is based on a representation of this process in the form of a random series [5].
This procedure requires enormous preliminary work needed to evaluate the zeros of a
Bessel function with a given accuracy. Instead, the procedure presented in the current
paper is based on the spectral representation of the fractional Brownian motion and is
more effective as far as the running time is concerned.
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5. CONCLUDING REMARKS

A new procedure for simulation of a fractional Brownian motion with a given relia-
bility and accuracy in the space L,([0,T]) is proposed in the paper. The general results
obtained for p > 1 are used for a particular example for simulation of the fractional
Brownian motion in the space Ly(][0, 1]).
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