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Introduction.

The English term field, equivalent to the German term Xörper, has the same

significance as the terms domain of rationality and realm of rationality, but is to

be preferred to the latter as a designation for the concept apart from its applica-

tions.

The ordinary definition of a field is as follows.f A set of elements forms a

field if the elements can be combined by operations called addition and multipli-

cation, subject to the associative, commutative, and distributive laws, as well as

by the inverse operations called subtraction and division, the divisor not being the

unique element having the additive and multiplicative properties of zero ; and

and if the resulting sum, product, difference, or quotient is uniquely determined

as an element of the set. A field may therefore be defined by the property that

the rational opérations of algebra can be performed within the field.

Under the operation addition, the elements of a field form a commutative group ;

under the operation multiplication, the elements other than zero form a commu-

tative group.

The preceding definition involves numerous redundancies since it includes

various properties which can be deduced from a portion of the properties. The

present paper gives two definitions free from redundancies. Between the first

definition, by means of nine independent postulates, and the second definition,

by means of eleven independent postulates, the same contrast exists as between

the (second) definition of a group by Huntington % and the definition of a

group by Moore. § My second definition of a field has two advantages over

my first, the greater ease || in deriving the further properties of a field and the

* Presented to the Society at Evanston Septemher 2, 1902. Received for publication July

21, 1902.
f Compare. Mooee, Mathematical Papers, Chicago Congress of 1893 ; Dickson, Linear Groups,

p. 5.
^Bulletin, second series, vol. 9 (1902), .p. 389.

§ Transactions, vol. 3 (1902), pp. 485-492.

|| To emphasize this point, I have derived the desired properties from the two sets of postu-

lates independently, although either set of postulates is readily derived from the other.
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suitableness in testing for the field property a given set of elements and laws of

combination. To test by the first definition, one would naturally test 4' and

4" (from which 4 follows, but not inversely) and 8' and 8" (from which 8 fol-

lows, but not inversely), for the reason that x in either 4 or 8 might depend

upon both a and 6 (compare S3 and S7 below).

First Definition of a Field.

A set of elements with two rules of combination denoted by o and a is called

a field if the following nine postulates hold :

1. If a and b belong to the set, then a ob belongs to the set.

2. aob = boa, whenever aob and boa belong to the set.

3. (aoo)oc=ao(ooc), whenever aob, boc, (aob)oc, and ao(boc)

belong to the set.

4. For any two elements a and b of the set, there exists in the set an element

x such that (a o x) o b = b.

5. If a and b belong to the set, then a o b belongs to the set.

6. a a b = b a a, whenever a a b and baa belong to the set.

7. (a a b) a c = a a (b a c), whenever a a b, b a c, (a a b) a c, and

a a (b a c) belong to the set.

8. For any two elements a and b of the set, such that* c d a + a for

at least one element c of the set, there exists in the set an element x such that

(a a x) a b = b.

9. a a (boc) = (a a b) o (a a c), whenever 6oc, a a b,a a c,a a (boc),

and (a a b)o(a a c) belong to the set.

Properties Derived from the Xine Postulates.

10. For any two elements a and 6 of the set there exists in the set an element

y such that aoy = b.

In view of 4, take« so that (a ox) ob = 6. Then ao(*o6) = 6 by 3.

Then y = xob belongs to the set, by 1, and makes aoy = b.

11. If a o z = a for a particular element a, then b oz = 6 for every element

b of the set.

In view of 10, take y so that aoy=b. Then yoa=b by 2. Then

y o(aoz) = b by hypothesis.    Hence (y o a) oz = b by 3, so that boz = b.

12. If aob = aob', then b = b'.

In view of 10, take y so that b'oy=b.     Then ao(6'oy) = ao6' by

* Another definition is obtained by replacing 8 by the postulate : For any two elements a,

b, such that e o a =f= c for at least one element c, there exists an element x such that (a a x) o b = b.

In the proofs of independence given below, system S3 must now be modified.
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hypothesis. Then (aob')oy = (aob') by 3. Hence b'oy = b'by 11, so

that b = 6'.

13. It follows from 10 and 12 that for any given elements a and b an element

y is uniquely determined by a O y = b. Hence, by 2, the same element y is

uniquely determined by y oa=b.

14. For any two elements a and o such that c g a =f= a for at least one ele-

ment c, there exists in the set an element y such that a a y = b.

In view of 8, take x so that (a a x) a b = b. Then a a (x a b) = b by 7.

Then y = x a 6 belongs to the set, by 5, and makes a a y — b.

15. If a a u = a for a particular element a and if c d a + a for at least

one element c, then b a u = b for any element b.

In view of 14, take y so that a o y = b. Then 7/ o a = 6 by 6. Hence

y a (a a u) = b by hypothesis. Then (y a a) a u = b by 7. Hence

b a u = b.

16. If a a 6 = a a 6' and c a a + a for at least one element c, then b = b'.

Let first A a b' + 6' for at least one element k.    In view of 14, take y so

that 6' a y = b.    Then aa(6'a7/) = aa6' by hypothesis.     Then by 7

(e) (a a 6') n y = (a a 6').

If c a (a a 6') + (a a 6') for some element c, then 6' a y = b' follows from

(e) by 15, so that 6 = b'. In the contrary case, c a (a a b')= a a b' for

every element c. But c a (a □ 6') = (c o a) D 6' = (a a c) ab' by 7 and

6, and the latter equals b' for a suitable value of c by 8. Hence ao6'= 6',

so that (e) becomes b' a y= b', whence b = b'.

Similarly, if k a b + b for at least one element k, then 6 = 6'.

Finally, if k a 6' = 6' and k a b = b for every element A, we take k = a and

apply the hypothesis, and get 6 = 6'.

17. We conclude from 14 and 16 that for any given elements a and 6 such that

c d a Ar a for cd least one element c, an element y is uniquely determined by

a a y = 6 ; whence by 6, the same element y is uniquely determined by y o a= b.

18. If c o 6 = c, then l o (a a 6) = I for all elements I and a.

Hy 9, (a a c)o (a a b) = a a (cob) = a n c. Hence lo(a a b) = I by

11.

19. If cob = c, then a a b = 6 for every element a.

By 18 for ¿ = c, co(ao6) = c = co6.    Then a d 6 = 6 by 12.

20. If ko (a a b) = k and c a a 4= a for at least one elemente, then lob = 1

for every element I.

By 19, a; o (a a b) = (a a b ) for every element x.    But

a; d(«d 6) = (aDa;) d6
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by 6 and 7.    In view of 8, take x so that (a a x) n b = b.    Then 6 = a o 6.

Applying the nypothesis, kob = k.    Hence lob == I by 11.

21. If c d a = a for every c, then loa = l for every I.

By6,OD c=a.    Then by 9 for b = c, a = aoa.    Hence loa= I by 11.

Consistency of the Xine Postulates.

There exist sets of elements with two rules of combination aob and a a b

for which the nine postulates hold. We may take as elements all the rational

numbers and take aob = a + b, a o b = a x b . Again, we may take as ele-

ments 0, 1, 2, • • •, p — 1, where p is a prime number, and take aob and a a b

to be the least positive residues modulo p of a 4- b and a x b respectively.

Comparison with the Ordinary Definition of a Field.

When expressed in the terminology used in the ordinary definition of a field,

the postulates 1—9 and the derived properties 10—21 include all the properties

required by the ordinary definition. For comparison we write a + b for aob,

a x b for a a b, 6 — a for the unique element y determined byaoy = yoa= b

(§ 13), b/a for the unique element y determined by a a y = y a a = b, provided

c □ a 4= a for at least one element c (§ 17). By 11, a — a, 6 — 6, c — c, ■ • •

all equal the same element z, called a zero. Then a + z = a for every a.

There is a single zero by 13. By 19, ax 2 = 2 for every a. Hence 2 has the

additive and multiplicative properties of zero. If c x a = a for every c, then

a = 2 by 21, so that there is a single element having the multiplicative property

of zero. Hence the set is a field according to the ordinary definition given in

the introduction.

Independence of the Xine Postulates.

For k = 1, • • •, 9 is exhibited a system Sk of elements with rules of combi-

nation aob and a a b, such that the ktb postulate is not satisfied while the

remaining eight postulates are satisfied.

Sx. The set of elements 0, + 1, — 1, with ao6 = a+6,aD b = a x 6.

S2. All positive rational numbers, with ao6 = 6,«D6 = ax 6.

/Sj. All rational numbers, with a 0 6 = — a—b, a a 6 = a x 6.

Here 3 fails since — ( — a — b) — c + — a — ( — 6 — c)in general. Postu-

late 4 is satisfied if we take x = 26 — a.

tS4. All positive rational numbers, with aob = a 4- b, a a b = a x b.

S5. The set of all numbers nV 2 in which n is rational, with a o b = a + 6,

a a b = a x b.
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Here ni/2 q mi/2 = 2mn is not in the set unless m = n = 0.    For 8,

(nV2 a x) d mi/2 = mi/2

is satisfied by x = ¡¿ i/2 if « + 0.

Äj. All rational numbers, with aob = a A-b, a a 6=6.

Here 8 holds but has no content, since c d a — a for every c. [We may

also take the totality of quaternions with a o 6 = a + 6, a a b = a x 6.]

jS,.. All complex numbers a,e, + a2e2, where a, and a2 take all real values,

positive, negative, or zero, and

ei = 61 > 6162 =       S2> e2 ei =       S2> e2 =        e 1 >

while a o 6 = a + 6 , a a b = a x 6.

Evidently postulates 1, 2, 3, 4 are satisfied; 7 is not satisfied, since

(e2e2)ei=-ei= ~ei>        e2(e2ei)= -e2= +ei-

To show that 5, 6, 8, and 9 are all satisfied, we form the product

(axex + a2e2)(6,e, + 62e2) = (a,6, - a262)e, + ( - a,62 - a2bx)e2.

Hence, if a = axex4- a2e2 and 6 = 6,e, + 62e2, then ab = ba.    Given a and c,

where a, and a2 are not both zero, we can find 6, and 62 so that ab = c:

b,=
a{4-a22   ' 2 a[ + a'2

It follows readily that 8 can be satisfied.    Evidently 9 holds.

8g. All positive and negative integers and zero, with a o 6 = a 4- 6 and

a a b = a x b. [We may also take a complete set of residues modulo n,

where « is a composite number, a o 6 and a □ 6 being the residues of a + 6 and

a x b respectively.]

S9. All rational numbers, with ao6=«D 6 = a + 6. [Again, all positive

rational numbers, with ao6 = «G 6 = ax6.]

Second Definition of a Field.

A set of elements with two rules of combination designated o and d is called

a field if the following eleven postulates hold :  1, 2, 3, 5, 6, 7, 9, and

4'. There exists in the set an element z such that 206 = 6 for every element 6.

4". If elements z of character 4' exist, then for some such element 2 and for

every element a, there exists in the set an element x for which aox = 2.

Trans. Am. Math. Soc. %
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8'. There exists in the set an element u such that u a 6 = 6 for every ele-

ment 6.

8". If elements u of character 8' exist, then for some such element u and for

every element a such that c d a =f= a for at least one element c, there exists an

element x for which a a x = u.

Properties Derived From the Eleven Postulates.

22. For any two elements a and 6 of the set, there exists in the set an ele-

ment y such that aoy = 6.

By 4" take x so that aox=z. Then (aox)o b = 206 = 6. Hence

a o (x ob) =6 by 3. Hence y = xob is an element (by 1) which makes

ao y = 6.

23. If ao6 = ao6', then 6 = 6'.

Take a o a' = 2 by 4".    Then a' oa= 2 by 2.    Hence, by 3 and 4',

a' o(aob) = (a' o a)o6 = 206 = 6,        a' o(a 06') = 6',        6 = 6'.

24. Hence, for any given elements a and 6, an element y of the set is uniquely

determined by a o y = 6, and, by 2, the same element y is uniquely determined

by y o a — 6.

25. For any two elements a and 6 such thatc o a 4= a for at least one element

c, there exists in the set an element y such that a a y = b.

By 8" take x so that o a x = u.    Then by 7 and 8'

aD(*ra6) = (aD-r)a6 = wa6 = 6.

Hence y = a o 6 is an element (by 5) which makes a a y = b.

26. If a a 6 = a a 6' and c a a 4= a for at least one c, then 6 = 6'.

Take a a x = u by 8".    Then x a a = u by 6.    Hence, by 7 and 8',

x d (a d 6) = (x a a) a 6 = u a 6 = 6, a a (a a 6') = 6', 6 = 6'.

27. Hence, for any given elements a and 6 such that c d a 4= a for at least

one element c, an element y of the set is uniquely determined by a a y = 6,

and by 6, the same element y is uniquely determined by y a a = 6.

28. If 20a = a for a particular element a, then 206 = 6 for every ele-

ment 6.

By 22 take y so that aoy = b.    Applying 3 and the hypothesis,

(zoa)oy = b,        zo(aoy) = b,        206 = 6.

29: If u a a = a for a particular element a and if c □ a 4= a for at least one

element c, then « d* 6 = 6 for every element 6.
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By 25 take y so that a o y = 6.    Applying 7 and the hypothesis,

(uaa)ay = b,        ua(aay) = b,        uab = b.

Properties 18, 19, 20, 21 follow as before, noting in the proof of 20 that 8

can be deduced from 8' and 8".

Independence of the Eleven Postulates.

A system 24 is exhibited such that the postulate k does not hold while the

remaining ten postulates hold.    We take

2,= Sx,        22 = /S2, 24, = Si} 26 = 6'6, 2g„ = fS8, 2, = /S9,

the S( being defined above, and

24„. All positive rational numbers, together with zero, with a o 6 = a + 6

and a a 6 = a x 6.

Sg„ The set of elements 0, 2, — 2, with a ob and a d 6 the residues modulo

6 of a + 6 and a x b respectively.

23. The set of elements * z, r, s, with the rules of combination :

zoa= aoz = a, for any a, ros= sor = z, ror = z,       sos = z,

r a a = a a r = a, for any a,     zas = saz = zf     z a z = z,     s a a = r.

Evidently 1, 2, 4', 4", 5, 6, 8' and 8" are satisfied.    But 3 fails, since

(ror)os = zos= s,       'ro(r os) = r02 = r.

Finally, 7 and 9 are evidently satisfied when a = r or a = z, and, by trial,

when a = s.

2S. The set of elements f e and /, with the rules of combination :

eoe=e, eof=f, /oe=/, fof=e,

eoe=e,        eaf = f,       faf=e,       f a e not in set.

Evidently 1, 2, 3, 4' and 4" (with z = e), 6, 8' and 8" (with u = e) all hold,

while 5 fails. For a = e, 7 holds since e d 6 = 6 for every 6 ; for a =/and

b = e, the first member of 7 is not in the set; for a=f, b =/, the second

member of 7 is / o (/ □ c) and is in the set neither for c = e nor for c =/.

For a = e, 9 is evident ; for a=f, the cases 6 = e and c = e have no content ;

for a = 6 = c =/, the first member of 9 is / q (fof) =f d e, not in the set.

* Taking r = l, z = 0, s = —1, aoi = »xl, we obtain a multiplicative-field. Henoe 7

holds.

t Taking e = 0,/=l, aob — a4-b (mod 2), we obtain an additive-field.    Hence 3 holds.
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27. The set of eight * elements e..k, the suffixes i,j, k being taken modulo 2,

with

eijk ° er.< = ei+r /+. *+( >

eiik D eooi = eooi D eijk = eijk> e%jk D eooo = eooo D eijk mm eooo>

eno a eno == eoio > eni D ein = eon » eoio D eon = eoio > eoio a "noo = eon »

eoio D eioi = eooi > eoio D eno = eou > eoio D em = eooi > eou D eioo = em >

eon n ^îoi= eioo ' eon a eno == eioi > eon a eiu = eno ' eioo a eioi = ^no »

^lnn D ^llil *==  ^nill ) ^inn   D   "-in  *:::= ̂ ini I *3im   D   ^iin ******''  ^111 » ^inl G £nl  ^  6.Ill — °010>

""100'

with relations derived from the last fifteen by interchanging the elements in their

left members. Since the elements from an additive-field under the operation o,

postulates 1, 2, 3, 4' and 4" hold.    Evidently 5 and 6 hold ; while 7 fails since

( coio D eoio ) D em == eooo D em = eooo > eow D ( ^oio D ein ) = eoio D eooi = eoio •

Also 8' and 8"(with u= em) hold. Finally, 9 is evidently satisfied if a, 6,

or cise000, orif6 = c = eool.    For

" = eooi > c = coio >      " = eooi > c = eioo >      " = eooi > ° = eno >      " == eoio > ° mm eioo >

formula 9 becomes, respectively,

a a em = ao(a a em),        a o em = ao(a a e100),

a a exxx = ao(a a euo),        a a eno = (a a eoxo)o(a a em).

From these follow at once (in view of the simple character of the operation o )

all the remaining cases of 9.    In this manner 9 is readily seen to hold.

The University op Chicago,

July 19, 1902.

* Smaller sets forming additive-fields with respect to the operation o do not lead to a system

2,. Thus the p elementa e¡, where i is taken modulo p, with e¡ o e¡ = e¡+, and e¡oo = aaíi = o,

for every a and a particular a, and with 6 and 9 satisfied, form a field if p be prime, and do not

satisfy 8// if p be composite. Likewise one or the other conclusion holds for a set of 4 elements

combining under o as the marks of the GF [22] under addition.


